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Ââåäåíèå

Â ðàáîòå Ãàóññà [1, ñ. 472], äàòèðîâàííîé 6 àâãóñòà 1827 ã. è îïóáëèêîâàííîé ëèøü

â 1866 ã. â òðåòüåì òîìå ñîáðàíèÿ ñî÷èíåíèé, ñîäåðæèòñÿ òîæäåñòâî

(θ, 2α) · (θ, 2β) =
= (2θ, α+ β) · (2θ, α− β) + (2θ, α+ β + 1/2) · (2θ, α− β + 1/2),

ãäå

(θ, α) =
∞∑

k=−∞

e−θ(k+α)2 .

Ñ ïîìîùüþ çàìåíû ïåðåìåííûõ

q = eπiτ = e−θ (Im τ > 0),

α =
1

2τ
(z + w), β =

1

2τ
(z − w),

îíî ïðåîáðàçóåòñÿ ê âèäó

ϑ3(z + w; q)ϑ3(z − w; q) = ϑ3

(
2z; q2

)
ϑ3

(
2w; q2

)
+ ϑ2

(
2z; q2

)
ϑ2

(
2w; q2

)
, (1)
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ãäå ϑ2 è ϑ3 � äâå èç ÷åòûðåõ òåòà-ôóíêöèé ßêîáè

ϑ1(z; q) = −i
∞∑

n=−∞
(−1)ne2i(n+

1
2 )zq(n+

1
2 )

2

, ϑ2(z; q) =
∞∑

n=−∞
e2i(n+

1
2 )zq(n+

1
2 )

2

,

ϑ3(z; q) =

∞∑
n=−∞

e2inzqn
2

, ϑ4(z; q) =

∞∑
n=−∞

(−1)ne2inzqn
2

.

Ïðîèçâåäÿ â (1) çàìåíó

z → z +
1

2
π +

1

2
πτ,

ñ ïîìîùüþ ñîîòíîøåíèé

ϑ3

(
z +

1

2
π +

1

2
πτ ; q

)
= iq−

1
4 e−izϑ1(z; q),

ϑ3

(
2z + π + πτ ; q2

)
= q−

1
2 e−2izϑ2(2z; q

2),

ϑ2

(
2z + π + πτ ; q2

)
= −q−

1
2 e−2izϑ3(2z; q

2)

ïîëó÷èì

−ϑ1(z + w; q)ϑ1(z − w; q) = ϑ2

(
2z; q2

)
ϑ3

(
2w; q2

)
− ϑ3

(
2z; q2

)
ϑ2

(
2w; q2

)
. (2)

Åùå îäíà çàìåíà

z → z +
1

4
π, w → w +

1

4
π

ïðèâîäèò ê òîæäåñòâó

ϑ2(z + w; q)ϑ1(z − w; q) = −ϑ1(2z; q
2)ϑ4(2w; q

2) + ϑ4(2z; q
2)ϑ1(2w; q

2),

êîòîðîå â âèäå

H(x, q)Θ(X, q)−H(x, q)Θ(x, q) = H

(
x−X

2
,
√
q

)
H

(
π

2
− x+X

2
,
√
q

)
âïåðâûå áûëî îïóáëèêîâàíî ßêîáè [2, ñ. 257] â 1828 ãîäó.

Â ðàáîòå ïðåäëàãàåòñÿ ìåòîä ïîñòðîåíèÿ áîëåå øèðîêîãî êëàññà òîæäåñòâ òè-

ïà (1) è (2) ñ ïîìîùüþ ãèïåðýëëèïòè÷åñêèõ ñèñòåì ïîñëåäîâàòåëüíîñòåé, ââåäåííûõ

â ðàáîòå [3].

1. Ãèïåðýëëèïòè÷åñêèå ñèñòåìû ïîñëåäîâàòåëüíîñòåé

Ïóñòü A,B :Z→C � äâå ïîñëåäîâàòåëüíîñòè, îòëè÷íûå îò òîæäåñòâåííîãî íóëÿ.

Ïðåäïîëîæèì, ÷òî íàéäóòñÿ 2k0+2k1 äðóãèõ ïîñëåäîâàòåëüíîñòåé

C
(0)
1 , ... , C

(0)
k0

, D
(0)
1 , . .. , D

(0)
k0

: Z → C,

C
(1)
1 , ... , C

(1)
k1

, D
(1)
1 , . .. , D

(1)
k1

: Z → C,
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äëÿ êîòîðûõ ïðè ëþáûõ öåëûõ m è n âûïîëíÿþòñÿ ðàâåíñòâà

A(m+ n)B(m− n) =

k0∑
j=1

C
(0)
j (m)D

(0)
j (n), (3)

A(1 +m+ n)B(m− n) =

k1∑
j=1

C
(1)
j (m)D

(1)
j (n). (4)

Â òàêîì ñëó÷àå íàçîâåì ïàðó (A,B) ãèïåðýëëèïòè÷åñêîé ñèñòåìîé ñ 0-ðàíãîì k0=

R0(A,B), 1-ðàíãîì k1 =R1(A,B) è ðàíãîì k=R(A,B)=max(k0,k1), ãäå k0 è k1 �

ìèíèìàëüíî âîçìîæíûå íåîòðèöàòåëüíûå öåëûå ÷èñëà. Òàê êàê A è B � íå òîæ-

äåñòâåííûå íóëè, òî k≥1. Ðàâåíñòâî kj =0(j=0,1) îçíà÷àåò, ÷òî ñîîòâåòñòâóþùàÿ

ëåâàÿ ÷àñòü îäíîãî èç ðàçëîæåíèé ðàâíà íóëþ ïðè âñåõ öåëûõ m è n.

Ïðèìåð (ýêñïîíåíöèàëüíàÿ ñèñòåìà) Ïóñòü α1,α2,β1,β2,γ � ïðîèçâîëüíûå êîì-

ïëåêñíûå ÷èñëà è

A(n) = exp
(
α1 + β1n+ γn2

)
, B(n) = exp

(
α2 + β2n+ γn2

)
.

Òîãäà
A(m+ n)B(m− n) = C

(0)
1 (m)D

(0)
1 (n)

ñ

C
(0)
1 (m) = exp

(
α1 + (β1 + β2)m+ 2γm2

)
,

D
(0)
1 (n) = exp

(
α2 + (β1 − β2)n+ 2γn2

)
è

A(1 +m+ n)B(m− n) = C
(1)
1 (m)D

(1)
1 (n)

ñ

C
(1)
1 (m) = exp

(
α1 + β1 + γ + (β1 + β2 + 2γ)m+ 2γm2

)
,

D
(1)
1 (n) = exp

(
α2 + (β1 − β2 + 2γ)n+ 2γn2

)
.

Çàìå÷àíèå 1. Ïóñòü (A1, B1) è (A2, B2) � äâå ãèïåðýëëèïòè÷åñêèå ñèñòåìû ðàí-

ãîâ k1 è k2. Òîãäà (A1A2, B1B2) � ãèïåðýëëèïòè÷åñêàÿ ñèñòåìà è

R(A1A2, B1B2) ≤ k1k2.

Ýòî óòâåðæäåíèå ëåãêî ïðîâåðÿåòñÿ ïóòåì óìíîæåíèÿ ëåâûõ è ïðàâûõ ÷àñòåé

ðàçëîæåíèé (3) è (4).

Åñëè â çàìå÷àíèè 1 âûáðàòü â êà÷åñòâå (A2,B2) ýêñïîíåíöèàëüíóþ ñèñòåìó, òî

ìû ïîëó÷èì ñëåäóþùåå óòâåðæäåíèå.

Çàìå÷àíèå 2. Åñëè (A,B) � ãèïåðýëëèïòè÷åñêàÿ ñèñòåìà, òî äëÿ ëþáûõ êîì-

ïëåêñíûõ α1, α2, β1, β2, γ ïàðà (Ã, B̃), îïðåäåëåííàÿ ïî ôîðìóëàì

Ã(n) = exp
(
α1 + β1n+ 2γn2

)
A(n),

B̃(n) = exp
(
α2 + β2n+ γn2

)
B(n),
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òàêæå ãèïåðýëëèïòè÷åñêàÿ ñèñòåìà, è

R(A,B) = R(Ã, B̃).

Çàìå÷àíèå 3. Ïðîèçâåäÿ çàìåíó n → −n â (3) è n → −n − 1 â (4) ïîëó÷èì, ÷òî

(A,B) è (B,A) ÿâëÿþòñÿ îäíîâðåìåííî ãèïåðýëëèïòè÷åñêèìè ñèñòåìàìè îäèíàêî-

âîãî ðàíãà.

Ïðåäëîæåíèå 1. Ïóñòü k, l, r � öåëûå ÷èñëà ñ k ̸= 0 è (A,B) � ãèïåðýëëèïòè�

÷åñêàÿ ñèñòåìà. Îïðåäåëèì ïàðó (Ã, B̃) ïî ôîðìóëàì

Ã(n) = A(kn+ l), B̃(n) = B(kn+ r).

Òîãäà, åñëè Ã è B̃ � íå òîæäåñòâåííûå íóëè, òî (Ã, B̃) � ãèïåðýëëèïòè÷åñêàÿ ñèñòå�

ìà è R(Ã, B̃) ≤ R(A,B).

Ä î ê à ç à ò å ë ü ñ ò â î. Óòâåðæäåíèå íåïîñðåäñòâåííî ñëåäóåò èç ðàâåíñòâ

k(m+ n) + l =

(
km+

l + r

2

)
+

(
kn+

l − r

2

)
,

k(m− n) + r =

(
km+

l + r

2

)
−
(
kn+

l − r

2

)
äëÿ l+r≡0(mod 2) è ðàâåíñòâ

k(m+ n) + l = 1 +

(
km+

l + r − 1

2

)
+

(
km+

l − r − 1

2

)
,

k(m− n) + r =

(
km+

l + r − 1

2

)
−
(
kn+

l − r − 1

2

)
äëÿ l+r≡1(mod 2). 2

Òåîðåìà 1. Ïóñòü (A,B) � ãèïåðýëëèïòè÷åñêàÿ ñèñòåìà ïîñëåäîâàòåëüíîñòåé.

Òîãäà äëÿ íåêîòîðîãî âåùåñòâåííîãî ∆ = ∆(A,B) âûïîëíÿåòñÿ îöåíêà

|A(m)|+ |B(m)| ≪
A,B

exp
(
∆m2

)
.

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ ëþáûõ öåëûõ mi è nj èç (3) è (4) ñëåäóþò ðàâåíñòâà

D(0)
A,B

(
m0, ... ,mk0

n0, ... , nk0

)
=

= det

 A(m0 + n0)B(m0 − n0) . . . A(m0 + nk0
)B(m0 − nk0

)
. . . A(mi + nj)B(mi − nj) . . .

A(mk0
+ n0)B(mk0

− n0) . . . A(mk0
+ nk0

)B(mk0
− nk0

)

=0,

(5)

D(1)
A,B

(
m0, ... ,mk1

n0, ... , nk1

)
=

=det

A(1+m0 + n0)B(m0 − n0) . . . A(1+m0 + nk1
)B(m0−nk1

)
. . . A(1+mi + nj)B(mi − nj) . . .

A(1+mk1
+n0)B(mk1

−n0) . . . A(1+mk1
+nk1

)B(mk1
−nk1

)

=0.

(6)
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Ïåðåõîäÿ, â ñëó÷àå íåîáõîäèìîñòè, îò ïîñëåäîâàòåëüíîñòè A(n) ê A(n+1) è ïðîèç-

âîäÿ çàìåíû m→m+1 è n→n+1, ìû ïîìåíÿåì ìåñòàìè (3) è (4). Ïîýòîìó íàéäóòñÿ

òàêèå öåëûå m1,...,mk0 ,n1,... ,nk0 , äëÿ êîòîðûõ

D(0)
A,B

(
m1, . .. ,mk0

n1, . .. , nk0

)
̸= 0.

Ïðèíèìàÿ âî âíèìàíèå ïðåäëîæåíèå 1, ìû ìîæåì ñ÷èòàòü, ÷òî A(0) ̸=0 è B(0) ̸=0.

Â ñîîòâåòñòâèè ñ (5), ðàñêëàäûâàÿ îïðåäåëèòåëü ïî ïåðâîé ñòðîêå, ïîëó÷èì ðà-

âåíñòâî

D(0)
A,B

(
m,m1, ... ,mk0

m,n1, ... , nk0

)
= A(2m)B(0)D(0)

A,B

(
m1, ... ,mk0

n1, ... , nk0

)
−

−A(m+ n1)B(m− n1)D(0)
A,B

(
m1,m2, ... ,mk0

n1, n2, . .. , nk0

)
+ .. .+

+(−1)k0A(m+ nk0
)B(m− nk0

)D(0)
A,B

(
m1,m2, .. . ,mk0

m,n1, . .. , nk0−1

)
= 0.

Îòñþäà ïîëó÷àåì îöåíêó

|A(2m)| ≪
A,B

max
|l|≤T

|A(m+ l)|2 max
|l|≤T

|B(m+ l)|2, (7)

ãäå T =max{|m1|,..., |mk0
|, |n1|,... ,|nk0

|}.
Åñëè k1 =0, òî äëÿ ëþáûõ öåëûõ m è n âûïîëíÿåòñÿ ðàâåíñòâî A(1+m+n)×

×B(m−n)=0, à ïðè m=n A(2m+1)B(0)=0. Ïîñêîëüêó B(0) ̸=0, òî A(m)=0 äëÿ

âñåõ íå÷åòíûõ íîìåðîâ, è ìû ìîæåì íàïèñàòü, ÷òî

|A(2m+ 1)| ≪ max
|l|≤T+1

|A(m+ l)|2 max
|l|≤T+1

|B(m+ l)|2. (8)

Ïóñòü òåïåðü k1 > 0. Äåéñòâóÿ òî÷íî òàê æå, êàê ïðè äîêàçàòåëüñòâå íåðàâåí-

ñòâà (7), ñ ïîìîùüþ ðàâåíñòâà (4) ïîëó÷èì îöåíêó (8). Ïî ïðè÷èíå ñèììåòðèè (cì.

çàìå÷àíèå 3) îöåíêè (7) è (8) ñïðàâåäëèâû ïðè çàìåíå A íà B.

Ïîëîæèì äëÿ M>0

G(M) = max
|m|≤M

max{|A(m)|, |B(m)|}.

Èç (7) è (8) ñëåäóåò íåðàâåíñòâî

G(2M) ≤ QG4(M + F )

c F =T+4 è ïîëîæèòåëüíîé êîíñòàíòîé Q=Q(A,B). Èòåðèðóÿ ýòî íåðàâåíñòâî äëÿ

M ≥2, ïîëó÷èì

G(M) ≤ QG4

(
M

2
+ F

)
≤ Q1+4G42

(
M

22
+

F

2
+ F

)
≤

≤ Q1+4+...+4l−1

G4l
(
M

2l
+

F

2l−1
+ ...+

F

2
+ F

)
.
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Âûáåðåì íàòóðàëüíîå l èç óñëîâèÿ

1

2
F <

M

2l
≤ F.

Òîãäà

4l < 4

(
M

F

)2

, 1 + 4 + .. .+ 4l−1 =
4l − 1

3
< 2

(
M

F

)2

,

G(M) ≤ Q2(M
F )

2

G(M
F )

2

(2F ) ≤ exp
(
∆ ·M2

)
ñ íåêîòîðûì ∆=∆(A,B). Ïîýòîìó

|A(m)|+ |B(m)| ≤ 2G(|m|) ≤ 2 exp
(
∆m2

)
.

Òåîðåìà 1 äîêàçàíà. 2
2. Ãèïåðýëëèïòè÷åñêèå ñèñòåìû ôóíêöèé

Ïóñòü (A,B) � ãèïåðýëëèïòè÷åñêàÿ ñèñòåìà ïîñëåäîâàòåëüíîñòåé ñ ðàçëîæåíè-

ÿìè (3) è (4). Èç òåîðåìû 1 ñëåäóåò, ÷òî ñóùåñòâóåò

lim
|m|→∞

1

m2
log (1 + max{|A(m)|, |B(m)|}) = ∆(A,B) = ∆,

êîòîðûé ìû íàçîâåì ïîêàçàòåëåì ñõîäèìîñòè ïàðû (A,B).

Èç ðàâåíñòâ (5) è (6) ïðè m0=m è n0=n ñëåäóåò, ÷òî êàæäàÿ èç ïîñëåäîâàòåëü-

íîñòåé C
(0)
j è D

(0)
j , C

(1)
j è D

(1)
j ìîæåò áûòü ïðåäñòàâëåíà êàê ëèíåéíàÿ êîìáèíàöèÿ

ïîñëåäîâàòåëüíîñòåé
A(m+mi)B(m+m′

i) (m ∈ Z)

ñ íåêîòîðûìè öåëûìè mi è m′
i. Ïîýòîìó ìû ìîæåì ñ÷èòàòü, ÷òî äëÿ ëþáîãî ε>0 è

ëþáîãî öåëîãî m

max
{∣∣∣C(0)

j1
(m)

∣∣∣ , ∣∣∣D(0)
j2

(m)
∣∣∣ , ∣∣∣C(1)

j3
(m)

∣∣∣ , ∣∣∣D(1)
j4

(m)
∣∣∣} ≪

A,B
exp

(
(∆ + ε)|m|2

)
.

Ïóñòü q=exp(πiτ) c Imτ >0. Îïðåäåëèì äâå ôóíêöèè

f(z) =
∞∑

m=−∞
A(m)e2imzqm

2

, g(z) =
∞∑

n=−∞
B(n)e2inzqn

2

.

Òåîðåìà 2. Ïàðà (f, g) ÿâëÿåòñÿ ãèïåðýëëèïòè÷åñêîé ñèñòåìîé ôóíêöèé ñ

R(f, g) ≤ k0 + k1.

Ä î ê à ç à ò å ë ü ñ ò â î. Çàìåòèì, ÷òî ñîîòâåòñòâèå

(m,n) →
(
1

2
(m+ n),

1

2
(m− n)

)
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Ðèñ. 1. Ïðèìåð ðèñóíêà. Ïîãðåøíîñòü íåïîëíîãî ìåòîäà Íüþòîíà íà ïåðâîì òåñòå.

ïåðåâîäèò Z2 â Z2 ∪ (Z2 + (1/2, 1/2)). Ïðèíèìàÿ âî âíèìàíèå ðàçëîæåíèÿ (3) è (4)

ïîëó÷èì

f(z + w)g(z − w) =

∞∑
m,n=−∞

A(m)B(n)e2i(m(z+w)+n(z−w))qm
2+n2

=

=
∞∑

m1,n1=−∞
A(m1 + n1)B(m1 − n1)e

2i2zm1e2izn1q2m
2
1+2n2

1+

+
∞∑

m1,n1=−∞
A(1 +m1 + n1)B(m1 − n1)e

2i2z(m1+
1
2 )e2iw(n1+

1
2 )q2(m1+

1
2 )

2

q2(n1+
1
2 )

2

=

=

k0∑
j=1

( ∞∑
m1=−∞

C
(0)
j (m1)e

2πi2zm1q2m
2
1

)( ∞∑
n1=−∞

D
(0)
j (n1)e

2i2wn1q2n
2
1

)
+

+

k1∑
j=1

( ∞∑
m1=−∞

C
(1)
j (m1)e

2i2z(m1+
1
2 )q2(m1+

1
2 )

2

)( ∞∑
n1=−∞

D
(1)
j (n1)e

2i2w(n1+
1
2 )q2(n1+

1
2 )

2

)
.

Òåîðåìà 2 äîêàçàíà. 2
Ññûëêà íà ðèñ. 1 � 1.

Ïðèìåð Åñëè (A,B) � ýêñïîíåíöèàëüíàÿ ñèñòåìà ïîñëåäîâàòåëüíîñòåé, òî ñ ïî-

ìîùüþ òåîðåìû 2 ïîëó÷èì âñå âîçìîæíûå ïàðû ãèïåðýëëèïòè÷åñêèõ ñèñòåì ôóíê-

öèé ðàíãà 2 (ýëëèïòè÷åñêèå ñèñòåìû). Ýòî óòâåðæäåíèå ñëåäóåò èç ðåçóëüòàòîâ

ðàáîòû [4]. Â ÷àñòíîñòè, äëÿ A è B òîæäåñòâåííî ðàâíûõ 1, ïîëó÷èì òîæäåñòâî

Ãàóññà (1).
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ABSTRACT

The article offers a new method for constructing the pairs of functions which

are holomorphic on the whole complex plane and satisfy functional equations

such as the addition theorem for theta functions.
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