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Î ñõîäèìîñòè ïîëèíîìèàëüíûõ ðÿäîâ Ôðåäãîëüìà

Ïîñâÿùàåòñÿ Í.Â. Êóçíåöîâó â ñâÿçè ñ 70-ëåòèåì

Â ñòàòüå ðàññìàòðèâàåòñÿ áåñêîíå÷íàÿ ñèñòåìà ðÿäîâ Ôðåäãîëüìà èç ïîëèíîìîâ ïî λ, ñî-
ñòàâëåííûõ êëàññè÷åñêèì ñïîñîáîì äëÿ îïðåäåëåííîãî íà R2 ÿäðà âèäàH(s, t)− λS(s, t),
ãäå λ � êîìïëåêñíûé ïàðàìåòð. Èçó÷àåòñÿ ñõîäèìîñòü ýòèõ ðÿäîâ â êîìïëåêñíîé ïëîñ-

êîñòè ïî sup-íîðìàì ðàçëè÷íûõ ïðîñòðàíñòâ íåïðåðûâíûõ ôóíêöèé. Ðåçóëüòàòû î ñõî-

äèìîñòè ïðèìåíÿþòñÿ ê ðåøåíèþ èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ñ ÿäðîì, ëè-

íåéíûì îòíîñèòåëüíî ïàðàìåòðà.

Êëþ÷åâûå ñëîâà: ÿäåðíûé îïåðàòîð, èíòåãðàëüíûé îïåðàòîð, èíòåãðàëüíîå óðàâíåíèå

Ôðåäãîëüìà, ðÿä Ôðåäãîëüìà, îïðåäåëèòåëü Ôðåäãîëüìà, ìèíîð Ôðåäãîëüìà.

Ïîëîæèì R = (−∞,+∞) è ðàññìîòðèì ãèëüáåðòîâî ïðîñòðàíñòâî L2 êîìïëåêñíîçíà÷-
íûõ èçìåðèìûõ â R ôóíêöèé, êâàäðàò ìîäóëÿ êîòîðûõ èíòåãðèðóåì ïî Ëåáåãó, ñî ñêàëÿð-
íûì ïðîèçâåäåíèåì ⟨f, g⟩ =

∫
f(s)g(s) ds è íîðìîé ∥f∥ = ⟨f, f⟩

1
2 (çäåñü è äàëåå èíòåãðàëû

áåç óêàçàíèÿ îáëàñòè èíòåãðèðîâàíèÿ áåðóòñÿ ïî R). Îáîçíà÷èì ÷åðåç R(L2) áàíàõîâó àë-
ãåáðó ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ, äåéñòâóþùèõ â L2. Íàïîìíèì, ÷òî îïåðàòîð
A ∈ R(L2) íàçûâàåòñÿ ÿäåðíûì îïåðàòîðîì, åñëè

∑
n |⟨Aun, un⟩| <∞ äëÿ ëþáîãî îðòîíîð-

ìèðîâàííîãî áàçèñà {un} â L2.
Oïåðàòîð T ∈ R(L2) íàçûâàåòñÿ èíòåãðàëüíûì, åñëè ñóùåñòâóåò îïðåäåëåííàÿ íà R2

èçìåðèìàÿ ôóíêöèÿ T (ÿäðî) òàêàÿ, ÷òî äëÿ êàæäîé f ∈ L2

(Tf)(s) =

∫
T (s, t)f(t) dt äëÿ ï.â. s ∈ R. (1)

Èíòåãðàëüíûé îïåðàòîð T íàçûâàåòñÿ áèèíòåãðàëüíûì, åñëè ñîïðÿæåííûé ê íåìó îïåðà-
òîð T ∗ òàêæå ÿâëÿåòñÿ èíòåãðàëüíûì îïåðàòîðîì. Áèèíòåãðàëüíûé îïåðàòîð íàçûâàåòñÿ
áèêàðëåìàíîâñêèì, åñëè åãî ÿäðî óäîâëåòâîðÿåò óñëîâèÿì Êàðëåìàíà: T (s, ·) ∈ L2 äëÿ ïî-
÷òè âñåõ s ∈ R è T (·, t) ∈ L2 äëÿ ïî÷òè âñåõ t ∈ R. Â ýòîì ñëó÷àå ÿäðî ïîðîæäàåò äâå
ôóíêöèè Êàðëåìàíà t, t∗ : R → L2 ïî ôîðìóëàì t(s) = T (s, ·), t∗(t) = T (·, t) äëÿ âñåõ òåõ
s, t ∈ R, äëÿ êîòîðûõ T (s, ·) ∈ L2 è T (·, t) ∈ L2.

Ïóñòü X � ëîêàëüíî êîìïàêòíîå ïðîñòðàíñòâî, B � áàíàõîâî ïðîñòðàíñòâî ñ íîðìîé
∥ · ∥B. Îáîçíà÷èì ÷åðåç C(X,B) áàíàõîâî ïðîñòðàíñòâî ñ íîðìîé ∥f∥C(X,B) = supX ∥f(x)∥B
âñåõ íåïðåðûâíûõ èç X â B ôóíêöèé, îáðàùàþùèõñÿ â íóëü �íà áåñêîíå÷íîñòè� (ïîñëåäíåå
îçíà÷àåò, ÷òî äëÿ ëþáîé f ∈ C(X,B) è ëþáîãî ε > 0 íàéäåòñÿ êîìïàêò X(ε, f) ⊂ X, âíå
êîòîðîãî âûïîëíÿåòñÿ íåðàâåíñòâî ∥f(x)∥B < ε). Áóäåì íàçûâàòü ðÿä

∑
n fn B-àáñîëþòíî

ñõîäÿùèìñÿ â C(X,B), åñëè fn ∈ C(X,B) (n ∈ N) è supx∈X
∑m

n ∥fn(x)∥B → 0 ïðè n,m→ ∞.
Íóëü ïðîñòðàíñòâà C(R2p,C), ãäå C � êîìïëåêñíàÿ ïëîñêîñòü, áóäåì îáîçíà÷àòü ÷åðåç θp, à
ïðè n = 0 ïðîñòðàíñòâî C (Rn, B) áóäåì îòîæäåñòâëÿòü ñ B.

⋆ Õàáàðîâñêîå îòäåëåíèå Èíñòèòóòà ïðèêëàäíîé ìàòåìàòèêè Äàëüíåâîñòî÷íîãî Îòäåëåíèÿ

ÐÀÍ, 680000, Õàáàðîâñê, óë. Äçåðæèíñêîãî, 54. Ýëåêòðîííàÿ ïî÷òà: novim@iam.khv.ru
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Ôóíêöèÿ T ∈ C
(
R2,C

)
íàçûâàåòñÿ K0-ÿäðîì, åñëè îíà ïîðîæäàåò ïî ôîðìóëå (1) áè-

êàðëåìàíîâñêèé îïåðàòîð T è åe ôóíêöèè Êàðëåìàíà, îïðåäåëåííûå äëÿ âñåõ s ∈ R ðàâåí-
ñòâàìè t(s) = T (s, ·), t∗(s) = T (·, s), ïðèíàäëåæàò C(R, L2).

Ïóñòü T ∈ R(L2) è TR(L2) = {TV | V ∈ R(L2)}, R(L2)T = {V T | V ∈ R(L2)}. Îïðå-
äåëèì ìíîæåñòâo îïåðàòîðîâ M(T ) = (TR(L2) ∪ T ∗R(L2)) ∩ (R(L2)T ∪R(L2)T

∗) . Ðàçëî-
æåíèå îïåðàòîðà T ∈ R(L2) â ïðîèçâåäåíèå T = WV ∗, ãäå W , V ∈ R(L2) òàêèå, ÷òî
WW ∗, V V ∗ ∈ M(T ), íàçûâàåòñÿ M-ôàêòîðèçàöèåé îïåðàòîðà T .

Ïðèìåð 1. Ïóñòü T ∈ R(L2) � ïðîèçâîëüíûé îïåðàòîð. ÏîëîæèìW = U |T |
1
2 , V = |T |

1
2 ,

ãäå |T | = (T ∗T )
1
2 è U � ÷àñòè÷íàÿ èçîìåòðèÿ èç ïîëÿðíîãî ïðåäñòàâëåíèÿ T = U |T | [1, ñ. 21�

22]. Ïîñêîëüêó T = WV ∗, WW ∗ = U |T |U∗ = TU∗ ∈ M(T ), V V ∗ = |T | = T ∗U ∈ M(T ), òî
ðàçëîæåíèå T =WV ∗ ÿâëÿåòñÿ îäíîé èç M-ôàêòîðèçàöèé îïåðàòîðà T .

Ïóñòü T � ÿäðî èíòåãðàëüíîãî îïåðàòîðà T ∈ R(L2). Òîãäà T íàçûâàåòñÿ K0-ÿäðîì
ìåðñåðñêîãî òèïà èëè ìåðñåðñêèì K0-ÿäðîì, åñëè êàæäûé îïåðàòîð A ∈ M(T ) ÿâëÿåòñÿ
èíòåãðàëüíûì îïåðàòîðîì ñ K0-ÿäðîì.

Ïðåäëîæåíèå 1 ([2]). Ïóñòü S = {Sα | α ∈ A} ⊂ R(L2) � ñåìåéñòâî îïåðàòîðîâ, äëÿ

êîòîðîãî ñóùåñòâóåò îðòîíîðìèðîâàííàÿ ïîñëåäîâàòåëüíîñòü {en} â L2 òàêàÿ, ÷òî

lim
n→∞

sup
α∈A

∥S∗
αen∥ = 0, lim

n→∞
sup
α∈A

∥Sαen∥ = 0.

Òîãäà íàéäåòñÿ óíèòàðíûé îïåðàòîð U : L2 → L2 òàêîé, ÷òî âñå îïåðàòîðû Tα = USαU
−1

(α ∈ A) è èõ ëèíåéíûå êîìáèíàöèè ÿâëÿþòñÿ èíòåãðàëüíûìè îïåðàòîðàìè ñ ìåðñåðñêèìè

K0-ÿäðàìè.

Ïðåäëîæåíèå 2 ([2], [3]). Ïóñòü T � èíòåãðàëüíûé îïåðàòîð c ìåðñåðñêèì K0-ÿäðîì

T . Òîãäà äëÿ ëþáîé M-ôàêòîðèçàöèè T = WV ∗ îïåðàòîðà T è äëÿ ëþáîãî îðòîíîðìè-

ðîâàííîãî áàçèñà {un} â L2 ÿäðî T ïðåäñòàâëÿåòñÿ C-àáñîëþòíî ñõîäÿùèìñÿ â C(R2,C)
áèëèíåéíûì ðÿäîì

T (s, t) =
∑
n

Wun(s)V un(t) äëÿ âñåõ s, t ∈ R.

B [4] àâòîðîì íàñòîÿùåé ñòàòüè óñòàíîâëåíî, ÷òî èíòåãðàëüíîå óðàâíåíèå âòîðîãî ðîäà
â L2

f(s)− λ

∫
S(s, t)f(t) dt = g(s) äëÿ ïî÷òè âñåõ s ∈ R, (2)

ãäå λ ∈ C � êîìïëåêñíîå ÷èñëî, f è g � ñîîòâåòñòâåííî èñêîìàÿ è çàäàííàÿ ôóíêöèè èç L2, a
S � ìåðñåðñêîå K0-ÿäðî, ïîðîæäàþùåå ÿäåðíûé îïåðàòîð S â L2, ìîæåò áûòü ðåøåíî ÿâíî
ìåòîäîì, ïîëíîñòüþ àíàëîãè÷íûì êëàññè÷åñêîìó ìåòîäó Ôðåäãîëüìà [5] äëÿ óðàâíåíèé íà
êîíå÷íîì îòðåçêå. ×òîáû îïèñàòü ìåòîä, ðàññìîòðèì ïðè p = 0, 1, 2, . . . ðÿäû Ôðåäãîëüìà
äëÿ S:

∆

(
s1 . . . sp
t1 . . . tp

; λ; S

)
=

∞∑
n=0

(−λ)n

n!

∫
. . .

∫
S

(
s1 . . . sp ξ1 . . . ξn
t1 . . . tp ξ1 . . . ξn

)
dξ1 . . . dξn.

(3)

Çäåñü èñïîëüçóåòñÿ âîñõîäÿùåå ê Ý. Ôðåäãîëüìó îáîçíà÷åíèå äëÿ p-ãî êîìïàóíäa ÿäðà S:

S

(
s1 . . . sp
t1 . . . tp

)
=


det

S(s1, t1) . . . S(s1, tp)

. . . . . . . . . . . . . . . . . . . . . . .

S(sp, t1) . . . S(sp, tp)

 ïðè p > 0,

1 ïðè p = 0.
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Ñóììà ðÿäà (3) ïðè p > 0 íàçûâàåòñÿ p-ûì ìèíîðîì Ôðåäãîëüìà, ïðè p = 0 � îïðåäåëèòåëåì
Ôðåäãîëüìà ÿäðà S; â ïîñëåäíåì ñëó÷àå îíà îáîçíà÷àåòñÿ ÷åðåç ∆(λ; S). Â [4] äîêàçàíî, â
÷àñòíîñòè, ÷òî p-ûé ìèíîð ïðèíàäëåæèò C

(
R2p,C

)
ïðè ëþáûõ ôèêñèðîâàííûõ λ ∈ C, òàê

êàê ïðåäñòàâëÿþùèé åãî ðÿä ñõîäèòñÿ ðàâíîìåðíî â R2p äëÿ êàæäîãî λ. Ðåøåíèå óðàâíåíèÿ
(2) ìåòîäîì Ôðåäãîëüìà îñóùåñòâëÿåòñÿ ÷åðåç ñèñòåìó ôóíêöèé (3) è ñîñòîèò â ñëåäóþùåì.
Çàôèêñèðóåì ëþáîå λ ∈ C è òîãäà íàéäåì íàèìåíüøèé íîìåð d = d(λ) ñî ñâîéñòâîì

∆

(
s1 . . . sd
t1 . . . td

; λ; S

)
̸= θd. (4)

Çàôèêñèðóåì ÷èñëà s1, . . . , sd, t1, . . . , td èç R, ïðè êîòîðûõ ëåâàÿ ÷àñòü âûïèñàííîãî íåðà-
âåíñòâà îòëè÷íà îò θ0. Òîãäà ôóíêöèè

vi(s) = ∆

(
s1 . . . si−1 s si+1 . . . sd
t1 . . . . . . . . . . . . . . . . . . . . . . td

; λ; S

)
(i = 1, . . . ,d)

îáðàçóþò áàçèñ ïðîñòðàíñòâà ðåøåíèé îäíîðîäíîãî óðàâíåíèÿ (2) (êîãäà g = 0), à ôóíêöèè

ui(t) = ∆

(
s1 . . . . . . . . . . . . . . . . . . . . . . sd
t1 . . . ti−1 t ti+1 . . . td

; λ; S

)
(i = 1, . . . ,d)

îáðàçóþò áàçèñ ïðîñòðàíñòâà ðåøåíèé ñîïðÿæåííîãî îäíîðîäíîãî óðàâíåíèÿ

f(t)− λ

∫
S(s, t)f(s) ds = 0.

Óðàâíåíèå (2) ðàçðåøèìî òîãäà è òîëüêî òîãäà, êîãäà∫
ui(s)g(s) ds = 0, i = 1, . . . ,d,

ïðè ýòîì åãî îáùåå ðåøåíèå äàåòñÿ ôîðìóëîé

f(s) = g(s) + λ

∫ ∆

(
s s1 . . . sd
t t1 . . . td

; λ; S

)
∆

(
s1 . . . sd
t1 . . . td

; λ; S

) g(t) dt+

d∑
i=1

civi(s),

ãäå c1, . . . , cd � ïðîèçâîëüíûå ïîñòîÿííûå. Â ÷àñòíîñòè, åñëè ∆(λ; S) ̸= θ0, ò.å. d = 0, òî
(åäèíñòâåííîå) ðåøåíèå óðàâíåíèÿ (2) èìååò âèä

f(s) = g(s) + λ

∫
Γ λ(s, t)g(t) dt,

ãäå ôóíêöèÿ Γ λ îïðåäåëÿåòñÿ ðàâåíñòâîì

Γ λ(s, t) =

∆

(
s
t
; λ; S

)
∆(λ;S)

.

Óðàâíåíèå (2) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì èíòåãðàëüíîãî óðàâíåíèÿ

f(s) +

∫
(H(s, t)− λS(s, t)) f(t) dt = g(s) äëÿ ïî÷òè âñåõ s ∈ R, (5)
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ãäå, òàê æå, êàê è S, ôóíêöèÿ H ̸= θ1 ÿâëÿåòñÿ ìåðñåðñêèì K
0-ÿäðîì íåêîòîðîãî ÿäåðíîãî

îïåðàòîðà H â L2. Ïðèìåíèâ, åñëè íåîáõîäèìî, ïðåäëîæåíèe 1 ê ñåìåéñòâó

S =
{
H,S,A =: (H∗H + S∗S)1/2, Ã =: (HH∗ + SS∗)1/2

}
,

ìû ìîæåì è áóäåì ïðåäïîëàãàòü, íå îãðàíè÷èâàÿ îáùíîñòè, ÷òî äëÿ ëþáîãî λ ∈ C K0-ÿäðî
T λ = H−λS ìåðñåðñêîå è ÷òî èíòåãðàëüíûå (ÿäåðíûå) îïåðaòîðû A, Ã èìåþò K0-ÿäðà A,
Ã ñîîòâåòñòâåííî, òàê ÷òî trÃ =

∫
Ã(s, s) ds < ∞, trA =

∫
A(s, s) ds < ∞ (ñì, íàïðèìåð,

[4, ëåììà 3.1]).
Íàøà öåëü � ðàñïðîñòðàíèòü âûøåèçëîæåííûé ìåòîä Ôðåäãîëüìà, èñïîëüçîâàííûé äëÿ

ðåøåíèÿ óðàâíåíèÿ (2), íà ðåøåíèå óðàâíåíèÿ (5). Ñ ýòîé öåëüþ äëÿ ëþáûõ ôèêñèðîâàííûõ
n, p = 0, 1, 2 . . . è si, ti ∈ R (1 ≤ i ≤ p) îïðåäåëèì ïîëèíîì ïî λ ñòåïåíè, íå ïðåâîñõîäÿùåé
p+ n, ïî ôîðìóëå

Bn,p[T λ]

(
s1 . . . sp
t1 . . . tp

)
:=

1

n!

∫
. . .

∫
T λ

(
s1 . . . sp ξ1 . . . ξn
t1 . . . tp ξ1 . . . ξn

)
dξ1 . . . dξn,

(6)

ãäå, êàê è âûøå,

T λ

(
x1 . . . xν
y1 . . . yν

)
=


det

T λ(x1, y1) . . . T λ(x1, yν)

. . . . . . . . . . . . . . . . . . . . . . . . . . .

T λ(xν , y1) . . . T λ(xν , yν)

 ïðè ν > 0,

1 ïðè ν = 0.

Çàìå÷àíèå 1. Ïðè ëþáûõ λ ∈ C, p ≥ 1 è n ôóíêöèÿ(
s1 . . . sp
t1 . . . tp

)
→ Bn,p[T λ]

(
s1 . . . sp
t1 . . . tp

)
ëåæèò â C

(
R2p,C

)
, à ôóíêöèè(

s1 . . . sm sm+1 . . . sp
t1 . . . tm−1 tm+1 . . . tp

)
→ Bn,p[T λ]

(
s1 . . . sm−1 sm sm+1 . . . sp
t1 . . . tm−1 � tm+1 . . . tp

)
,(

s1 . . . sm−1 sm+1 . . . sp
t1 . . . tm tm+1 . . . tp

)
→ Bn,p[T λ]

(
s1 . . . sm−1 � sm+1 . . . sp
t1 . . . tm−1 tm tm+1 . . . tp

)
ïðèíàäëåæàò C

(
R2p−1, L2

)
äëÿ ëþáîãî m (1 ≤ m ≤ p). Ýòî ñëåäóåò èç òîãî, ÷òî ïðè ëþáîì

ôèêñèðîâàííîì λ ∈ C êàæäàÿ èòåðàöèÿ

T ν
λ(s, t) =

∫
. . .

∫
︸ ︷︷ ︸

ν−1

T λ(s, ξ1) . . .T λ(ξν−1, t) dξ1 . . . dξν−1 (ν > 1)

K0-ÿäðà T λ ÿâëÿåòñÿ K0-ÿäðîì. Êðîìå òîãî, òàê êàê T λ è åãî èòåðàöèè ÿâëÿþòñÿ ÿä-
ðàìè Ãèëüáåðòà � Øìèäòà íà R2, òî ïðè ëþáîì λ ôóíêöèè Bn,p[T λ] â (6) ìîæíî òàêæå
èíòåðïðåòèðîâàòü êàê ýëåìåíòû ïðîñòðàíñòâà C

(
R2p−2, L2

(
R2
))
, ãäå L2

(
R2
)
ìîæåò áûòü

çàôèêñèðîâàíî îòíîñèòåëüíî ëþáîãî àðãóìåíòà âèäà (si, tj) (1 ≤ i, j ≤ p).

Òåîðåìà 1. Ïîëèíîìèàëüíûé p-ûé ðÿä Ôðåäãîëüìà

Dp[T λ]

(
s1 . . . sp
t1 . . . tp

)
=

∞∑
n=0

Bn,p[T λ]

(
s1 . . . sp
t1 . . . tp

)
(7)
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(a) àáñîëþòíî ñõîäèòñÿ â C
(
R2p,C

)
ðàâíîìåðíî ïî λ íà ëþáîì êîìïàêòíîì ïîäìíîæå-

ñòâå â C,

(b) ïðè p ≥ 1 àáñîëþòíî ñõîäèòñÿ â C
(
R2p−1, L2

)
ðàâíîìåðíî ïî λ íà ëþáîì êîìïàêòíîì

ïîäìíîæåñòâå â C,

(c) ïðè p ≥ 1 àáñîëþòíî ñõîäèòñÿ â ïðîñòðàíñòâå C
(
R2p−2, L2

(
R2
))

ðàâíîìåðíî ïî λ
íà ëþáîì êîìïàêòíîì ïîäìíîæåñòâå â C,

(d) ïðè íåêîòîðîì p èìååò ñóììó Dp[T λ] : C → C
(
R2p,C

)
, íå ðàâíóþ θp ïðè íåêîòîðîì

λ ∈ C.

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ êàæäîãî ôèêñèðîâàííîãî λ ∈ C ðàññìîòðèì M-
ôàêòîðèçàöèþ Tλ = H − λS = Wλ (Vλ)

∗, ãäå Wλ = Uλ|Tλ|
1
2 , Vλ = |Tλ|

1
2 (ñì ïðèìåð 1).

Ïóñòü F λ è Gλ (λ ∈ C) � ìåðñåðñêèå K0-ÿäðà èíòåãðàëüíûõ îïåðàòîðîâ Fλ = Vλ (Vλ)
∗ è

Gλ = Wλ (Wλ)
∗ (λ ∈ C) ñîîòâåòñòâåííî è ïóñòü {un} � ïðîèçâîëüíûé îðòîíîðìèðîâàííûé

áàçèñ â L2. Òîãäà â ñèëó ïðåäëîæåíèÿ 2 äëÿ ëþáîãî ôèêñèðîâàííîãî λ ∈ C è âñåõ s, t ∈ R

T λ(s, t) =
∑
n

Wλun(s)Vλun(t),

F λ(s, t) =
∑
n

Vλun(s)Vλun(t), Gλ(s, t) =
∑
n

Wλun(s)Wλun(t),
(8)

ãäå ðÿäû C-àáñîëþòíî ñõîäÿùèåñÿ â C
(
R2,C

)
. Áîëåå òîãî, äëÿ âñåõ f ∈ L2 è âñåõ λ ∈ C

ìîæíî íàïèñàòü⟨
(Fλ)

2f, f
⟩
=
⟨
|Tλ|2 f, f

⟩
=
⟨
|H|2f, f

⟩
− λ ⟨Sf,Hf⟩ − λ ⟨Sf,Hf⟩+ |λ|2

⟨
|S|2f, f

⟩
= ∥Hf∥2 − 2Re (λ ⟨Sf,Hf⟩) + |λ|2 ∥Sf∥2 ≤ ∥Hf∥2 + 2|λ| ∥Hf∥ ∥Sf∥+ |λ|2 ∥Sf∥2

≤ 2
(
∥Hf∥2 + |λ|2 ∥Sf∥2

)
≤ 2

(
1 + |λ|2

) (
∥Hf∥2 + ∥Sf∥2

)
=
⟨
2
(
1 + |λ|2

) (
|H|2 + |S|2

)
f, f

⟩
=
⟨
2
(
1 + |λ|2

)
A2f, f

⟩
.

Òàêèì îáðàçîì, äëÿ ëþáîãî êîìïàêòíîãî ïîäìíîæåñòâà K â C âûïîëíÿåòñÿ íåðàâåíñòâî
Fλ ≤ c(K)A äëÿ âñåõ λ ∈ K, ãäå c(K) = supλ∈K

√
2 (1 + |λ|2). Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî

Gλ = |(Tλ)∗| ≤ c(K)
(
|H∗|2 + |S∗|2

) 1
2 = c(K)Ã äëÿ âñåõ λ ∈ K. Ñëåäîâàòåëüíî,

F λ(s, s) ≤ c(K)A(s, s), Gλ(s, s) ≤ c(K)Ã(s, s) (9)

äëÿ âñåõ s ∈ R è âñåõ λ ∈ K.
Äëÿ óäîáñòâà ââåäåì îáîçíà÷åíèå

f

(
n1 . . . np
s1 . . . sp

)
= det

fn1(s1) . . . fnp(s1)
...

...
fn1(sp) . . . fnp(sp)

 .

Èñïîëüçóÿ áèëèíåéíîå ðàçëîæåíèå ÿäðà T λ â (8), âû÷èñëèì åãî p-ûé êîìïàóíä (p > 0)
ñëåäóþùèì îáðàçîì:

T λ

(
s1 . . . sp
t1 . . . tp

)
=
∑
σ∈Sp

sgnσT λ(s1, tσ(1)) · . . . · T λ(sp, tσ(p))

=
∑
σ∈Sp

(
sgnσ

∑
n

Wλun(s1)Vλun
(
tσ(1)

)
· . . . ·

∑
n

Wλun(sp)Vλun
(
tσ(p)

))
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=

∞∑
n1,...,np=1

∑
σ∈Sp

sgnσWλun1(s1)Vλun1

(
tσ(1)

)
· . . . ·Wλunp(sp)Vλunp

(
tσ(p)

)
=

∞∑
n1,...,np=1

Wλun1(s1) · . . . ·Wλunp(sp)Vλu

(
n1 . . . np
t1 . . . tp

)

=
∑

0<n1<...<np<∞

∑
σ∈Sp

Wλun1

(
sσ(1)

)
· . . . ·Wλunp

(
sσ(p)

)
Vλu

(
n1 . . . np
tσ(1) . . . tσ(p)

)
=

∑
0<n1<...<np<∞

Wλu

(
n1 . . . np
s1 . . . sp

)
Vλu

(
n1 . . . np
t1 . . . tp

)
,

ãäå Sp � ãðóïïà ïåðåñòàíîâîê ïîðÿäêà p. Àíàëîãè÷íûå ïðåäñòàâëåíèÿ ðÿäàìè, òàêæå C-
àáñîëþòíî ñõîäÿùèìèñÿ â C

(
R2p,C

)
, èìåþò p-ûå êîìïàóíäû ÿäåð F λ è Gλ:

F λ

(
s1 . . . sp
t1 . . . tp

)
=

∑
0<n1<...<np<∞

Vλu

(
n1 . . . np
s1 . . . sp

)
Vλu

(
n1 . . . np
t1 . . . tp

)
,

Gλ

(
s1 . . . sp
t1 . . . tp

)
=

∑
0<n1<...<np<∞

Wλu

(
n1 . . . np
s1 . . . sp

)
Wλu

(
n1 . . . np
t1 . . . tp

)
.

Èñïîëüçóÿ èõ è íåðàâåíñòâî Êîøè äëÿ ðÿäîâ, ìîæíî ïîëó÷èòü ñëåäóþùåå íåðàâåíñòâî:∣∣∣∣T λ

(
s1 . . . sp ξ1 . . . ξn
t1 . . . tp ξ1 . . . ξn

) ∣∣∣∣
≤
(
Gλ

(
s1 . . . sp ξ1 . . . ξn
s1 . . . sp ξ1 . . . ξn

)
F λ

(
t1 . . . tp ξ1 . . . ξn
t1 . . . tp ξ1 . . . ξn

)) 1
2

.

(10)

Äàëåå íàì ïîíàäîáèòñÿ íåðàâåíñòâî Ôèøåðà [6, ñ. 159]: detC ≤ detC0 detC1, ãäå C
� ýðìèòîâà ìàòðèöà ïîðÿäêà n ñ íåîòðèöàòåëüíûìè ãëàâíûìè ìèíîðàìè, C0 � ìàòðèöà
ïîðÿäêà k < n â ëåâîì âåðõíåì óãëó, C1 � ìàòðèöà ïîðÿäêà n − k â ïðàâîì íèæíåì óãëó
ìàòðèöû C.

Ïðîäîëæèì îöåíêó ïîäûíòåãðàëüíîãî êîìïàóíäà â (6). Ê êàæäîìó èç ñîìíîæèòåëåé â
ïðàâîé ÷àñòè (10) ïðèìåíèì íåðàâåíñòâî Ôèøåðà, â êîòîðîì C0 � ìàòðèöà ïîðÿäêà p, à C1

� ìàòðèöà ïîðÿäêà n. Òîãäà ïîëó÷èì∣∣∣∣T λ

(
s1 . . . sp ξ1 . . . ξn
t1 . . . tp ξ1 . . . ξn

)∣∣∣∣
≤
(
Gλ

(
s1 . . . sp
s1 . . . sp

)
F λ

(
t1 . . . tp
t1 . . . tp

)) 1
2
(
Gλ

(
ξ1 . . . ξn
ξ1 . . . ξn

)
F λ

(
ξ1 . . . ξn
ξ1 . . . ξn

)) 1
2

≤ 1

2

(
Gλ

(
s1 . . . sp
s1 . . . sp

)
F λ

(
t1 . . . tp
t1 . . . tp

)) 1
2
(
Gλ

(
ξ1 . . . ξn
ξ1 . . . ξn

)
+ F λ

(
ξ1 . . . ξn
ξ1 . . . ξn

))
.

Ïðèìåíÿÿ ìíîãîêðàòíî íåðàâåíñòâî Ôèøåðà ñ k = 1 ê êîìïàóíäàì ÿäåð â ïðàâîé ÷àñòè
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ïîñëåäíåãî ñîîòíîøåíèÿ, à çàòåì èñïîëüçóÿ íåðàâåíñòâà (9), ïðèäåì ê íåðàâåíñòâàì∣∣∣∣T λ

(
s1 . . . sp ξ1 . . . ξn
t1 . . . tp ξ1 . . . ξn

) ∣∣∣∣
≤ 1

2

(
p∏

i=1

Gλ (si, si)F λ (ti, ti)

) 1
2
(

n∏
i=1

Gλ (ξi, ξi) +

n∏
i=1

F λ (ξi, ξi)

)

≤ 1

2
(c (K))p+n

(
p∏

i=1

Ã (si, si)A (ti, ti)

) 1
2
(

n∏
i=1

Ã (ξi, ξi) +

n∏
i=1

A (ξi, ξi)

) (11)

äëÿ âñåõ λ ∈ K. Âçÿâ n-êðàòíûé èíòåãðàë ïî îáëàñòè Rn îòíîñèòåëüíî ïåðåìåííûõ ξ1, . . . , ξn
îò êðàéíèõ ÷àñòåé ýòîãî íåðàâåíñòâà, ïîëó÷èì, ÷òî äëÿ âñåõ λ ∈ K∣∣∣∣Bn,p[T λ]

(
s1 . . . sp
t1 . . . tp

) ∣∣∣∣
≤ (c (K))p+n

2n!

(
p∏

i=1

Ã (si, si)A (ti, ti)

) 1
2 ((

trÃ
)n

+ (trA)n
)

≤
M2p (c (K))p+n

((
trÃ
)n

+ (trA)n
)

2n!
,

(12)

ãäå M = max

{
sups∈R

(
Ã(s, s)

) 1
2
, supt∈R (A(t, t))

1
2

}
. Èç ýòîé îöåíêè ñëåäóåò, ÷òî ðÿä

∞∑
n=0

sup
λ∈K

∥Bn,p[T λ]∥C(R2p,C)

ñõîäèòñÿ, ÷òî äîêàçûâàåò óòâåðæäåíèå (a).
Ïåðåõîäÿ â ïåðâîì íåðàâåíñòâå ôîðìóëû (12) ê íîðìå C

(
R2p−1, L2

)
, ãäå L2-íîðìà áå-

ðåòñÿ èíòåãðèðîâàíèåì ïî ëþáîé èç ïåðåìåííûõ si èëè ti, ïîëó÷èì äëÿ âñåõ λ ∈ K

∥Bn,p[T λ]∥C(R2p−1,L2)
≤
M2p−1 (c (K))p+n

(
max

{
trÃ, trA

}) 1
2
((

trÃ
)n

+ (trA)n
)

2n!
.

Òàê æå, êàê è âûøå, çàêëþ÷àåì òîãäà, ÷òî ðÿä â (7) àáñîëþòíî ñõîäèòñÿ â C
(
R2p−1, L2

)
ðàâíîìåðíî ïî λ íà êàæäîì êîìïàêòå K ⊂ C è óòâåðæäåíèå (b) òåîðåìû äîêàçàíî.

Èç (12) ïîëó÷àåì òàêæå îöåíêó (ñì çàìå÷àíèå 1)

∥Bn,p[T λ]∥C(R2p−2,L2(R2)) ≤
M2p−2 (c (K))p+n

(
trÃ · trA

) 1
2
((

trÃ
)n

+ (trA)n
)

2n!

äëÿ âñåõ λ ∈ K, èç êîòîðîé ñëåäóåò, ÷òî ðÿä â (7) ïðè p ≥ 1 àáñîëþòíî ñõîäèòñÿ â
C
(
R2(p−1), L2

(
R2
))

ðàâíîìåðíî ïî λ íà êàæäîì êîìïàêòå K ⊂ C. Òàêèì îáðàçîì, óòâåð-
æäåíèå (ñ) òîæå äîêàçàíî.

Äîêàæåì òåïåðü óòâåðæäåíèå (e). Çàìåòèì, ÷òî ïî ïîñòðîåíèþ äëÿ âñåõ p = 0, 1, 2, . . .

Dp[T λ=0]

(
s1 . . . sp
t1 . . . tp

)
= ∆

(
s1 . . . sp
t1 . . . tp

; −1; H

)
(ñð. (6), (7) è (3)). Ñëåäîâàòåëüíî, íàéäåòñÿ p òàêîå, ÷òî Dp[T λ=0] ̸= θp (ñð. (4)). Òåîðåìà
äîêàçàíà.
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Ïóñòü D
(j)
i [T λ] îáîçíà÷àåò j-óþ ïðîèçâîäíóþ ïî λ öåëîé C

(
R2i,C

)
-çíà÷íîé ôóíêöèè

Di [T λ] : C → C
(
R2i,C

)
(ñì òåîðåìó 1(a)).

Òåïåðü ðåøåíèå óðàâíåíèÿ (5) ìåòîäîì òèïà ìåòîäà Ôðåäãîëüìà ìîæíî ïðåäñòàâèòü
ñëåäóþùåé òåîðåìîé.

Òåîðåìà 2. (A) Äëÿ êàæäîé ôèêñèðîâàííîé òî÷êè λ0 ∈ C íàéäåòñÿ åäèíñòâåííàÿ

ïàðà íåîòðèöàòåëüíûõ öåëûõ ÷èñåë d = d(λ0), r = r(λ0) òàêèõ, ÷òî D
(r)
d [T λ0 ] ̸= θd,

D
(k)
p [T λ0 ] = θp äëÿ âñåõ 0 ≤ k < r è p = 0, 1, 2, . . . , à D

(r)
p [T λ0 ] = θp äëÿ âñåõ 0 ≤ p < d;

(B) Ïðè ýòîì åñëè òî÷êà (
s′1 . . . s′d
t′1 . . . t′d

)
∈ R2d

óäîâëåòâîðÿåò íåðàâåíñòâó

δ := D
(r)
d [T λ0 ]

(
s′1 . . . s′d
t′1 . . . t′d

)
̸= θ0,

òî ôóíêöèè

ϕi(s) = D
(r)
d [T λ0 ]

(
s′1 . . . s′i−1 s s′i+1 . . . s′d
t′1 . . . . . . . . . . . . . . . . . . . . . . . t′d

)
(s ∈ R, 1 ≤ i ≤ d)

îáðàçóþò áàçèñ ïðîñòðàíñòâà ðåøåíèé f îäíîðîäíîãî óðàâíåíèÿ

f(s) +

∫
T λ0(s, t)f(t) dt = 0,

à ôóíêöèè

ψl(t) = D
(r)
d [T λ0 ]

(
s′1 . . . . . . . . . . . . . . . . . . . . . . s′d
t′1 . . . t′l−1 t t′l+1 . . . t′d

)
(t ∈ R, 1 ≤ l ≤ d)

îáðàçóþò áàçèñ ïðîñòðàíñòâà ðåøåíèé f ñîïðÿæåííîãî îäíîðîäíîãî óðàâíåíèÿ

f(t) +
∫
T λ0(s, t)f(s) ds = 0. Óðàâíåíèå f(s) +

∫
T λ0(s, t)f(t) dt = g(s)

äëÿ ïî÷òè âñåõ s ∈ R ðàçðåøèìî òîãäà è òîëüêî òîãäà, êîãäà ⟨g, ψl⟩ = 0 (1 ≤ l ≤ d); â
ýòîì ñëó÷àå åãî îáùåå ðåøåíèå äàåòñÿ ôîðìóëîé

f(s) = g(s)− 1

δ

∫
D

(r)
d+1 [T λ0 ]

(
s s′1 . . . s′d
t t′1 . . . t′d

)
g(t) dt+

d∑
i=1

ciϕi(s), (13)

ãäå c1, . . . , cd ∈ C � ïðîèçâîëüíûå ïîñòîÿííûå;

(C) Äëÿ êàæäîãî λ0 ∈ C ÷èñëî r(λ0) ðàâíî 0, è åñëè m := inf
λ∈C

d(λ), òî d(λ0) = m äëÿ

âñåõ òî÷åê λ0 ∈ C, çà èñêëþ÷åíèåì íóëåé öåëîé ôóíêöèè Dm [T λ] : C → C
(
Rd,C

)
.

Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó òåîðåìû 1(d) íàéäóòñÿ p ≥ 0 è λ ∈ C òàêèå, ÷òî

θp ̸= Dp[T λ] =

∞∑
n=0

D
(n)
p [T λ0 ]

n!
(λ− λ0)

n.

Ñëåäîâàòåëüíî, ñóùåñòâóåò ν òàêîå, ÷òî D
(ν)
p [T λ0 ] ̸= θp. Òàêèì îáðàçîì, âñåãäà íàéäåòñÿ

ïàðà íåîòðèöàòåëüíûõ ÷èñåë p, ν òàêàÿ, ÷òî D
(ν)
p [T λ0 ] ̸= θp. Âîçüìåì òîãäà â êà÷åñòâå

÷èñëà r = r(λ0) íàèìåíüøåå ν, äëÿ êîòîðîãî D
(ν)
p [T λ0 ] ̸= θp ïðè íåêîòîðîì p, a â êà÷åñòâå

d = d(λ0) � íàèìåíüøåå p òàêîå, ÷òî D
(r)
p [T λ0 ] ̸= θp. Òîãäà ïàðà ÷èñåë d, r åñòü òà ïàðà,

ñóùåñòâîâàíèå êîòîðîé óòâåðæäàåòñÿ â ÷àñòè (A) òåîðåìû.
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Äîêàçàòåëüñòâî ÷àñòè (Â) òåîðåìû îïóñêàåòñÿ: îíî ïî÷òè äîñëîâíî ïîâòîðÿåò äîêà-
çàòåëüñòâî òåîðåìû èç [7, c. 187�193], ãäå ñâîéñòâà ïîëèíîìèàëüíûõ ðÿäîâ Ôðåäãîëüìà,
óñòàíîâëåííûå â òåîðåìå 1 âûøå, ëèøü òîëüêî ïîñòóëèðóþòñÿ.

Òî, ÷òî r(λ0) = 0 äëÿ ëþáîãî λ0 ∈ C, ñëåäóåò èç ðåøåíèÿ Ôðåäãîëüìà äëÿ óðàâíåíèÿ (2)
è îïðåäåëåíèÿ ñàìîãî ÷èñëà r(λ0) (ñì (A)). Ïîñêîëüêó Dm[T λ] ̸≡ θm â C, äëÿ ëþáîé òî÷êè
λ0 òàêîé, ÷òî Dm[T λ0 ] ̸= θm, òî ÷èñëî d(λ0) äîëæíî áûòü íå áîëüøå m è óòâåðæäåíèå (C)
äîêàçàíî. Îòìåòèì, ÷òî ýòî óòâåðæäåíèå ñîãëàñóåòñÿ ñ òåîðåìîé î ãîëîìîðôíîé îïåðàòîð-
ôóíêöèè [1, Òåîðåìà 5.1, c. 39].
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ABSTRACT

In this note, we study the in�nite system of Fredholm series of polynomials in λ,
formed, in the classical way, for a kernel on R2 of the form H(s, t)− λS(s, t), where
λ is a complex parameter. We establish a convergence of these series in the complex
plane with respect to sup-norms of various spaces of continuous functions. The con-
vergence results apply to solving a Fredholm integral equation with a kernel that is
linear with respect to parameter.
Key words: linear nuclear operator, linear integral operator, Fredholm integral equa-

tion, Fredholm series, Fredholm determinant, Fredholm minor


