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Òî÷íîå ðåøåíèå çàäà÷è À.À. Íîâèêîâà î ìîìåíòàõ

äîñòèæåíèÿ äëÿ àâòîðåãðåññèîííîé

ïðîñëåäîâàòåëüíîñòè

Ïîñâÿùàåòñÿ Í.Â. Êóçíåöîâó â ñâÿçè ñ 70-ëåòèåì

Â ñòàòüå ðàññìàòðèâàåòñÿ ìîäåëü Ëàïëàñà, îïèñûâàåìàÿ àâòîðåãðåññèîííîé ñëó÷àéíîé

ïîñëåäîâàòåëüíîñòüþ. Íàøåé çàäà÷åé ÿâëÿåòñÿ âû÷èñëåíèå â ýòîé ìîäåëè ðàñïðåäåëå-

íèÿ ìîìåíòà äîñòèæåíèÿ êðèòè÷åñêîãî óðîâíÿ. Ýòà çàäà÷à áûëà ïîñòàâëåíà À.À. Íî-

âèêîâûì è ïîëó÷èëà â ñòàòüå òî÷íîå ðåøåíèå, äîïóñêàþùåå ïðîñòóþ êîìïüþòåðíóþ

ðåàëèçàöèþ.

Êëþ÷åâûå ñëîâà: ìîäåëü Ëàïëàñà, ìîìåíòû äîñòèæåíèÿ, ñóììû ýêñïîíåíò, ðåêóð-

ðåíòíûå èíòåãðàëüíûå ñîîòíîøåíèÿ

Ââåäåíèå

Â ñòàòüå ðàññìàòðèâàåòñÿ ìîäåëü Ëàïëàñà, îïèñûâàåìàÿ àâòîðåãðåññèîííîé ñëó÷àéíîé

ïðîñëåäîâàòåëüíîñòüþ

Xk = RXk−1 + ηk, X0 = 0, τ = inf(k : Xk ≥ X) (1)

ñ íåçàâèñèìûìè ñëó÷àéíûìè âåëè÷èíàìè ηk, èìåþùèìè ðàñïðåäåëåíèå

P (ηk > t) =
exp(−λt)

2
, t > 0, P (ηk ≤ t) =

exp(λt)

2
, t ≤ 0.

Íàøåé çàäà÷åé ÿâëÿåòñÿ âû÷èñëåíèå ðàñïðåäåëåíèÿ ìîìåíòà äîñòèæåíèÿ τ. Çàäà÷à âîç-

íèêëà â òåîðèè ðèñêà è â òåîðèè íàäåæíîñòè è áûëà ïîñòàâëåíà À.À. Íîâèêîâûì. Ì. Äæå-

êîáñîí (M. Jacobson) è Â.Â. Ìàçàëîâ íàøëè ïðèáëèæåííîå ðåøåíèå çàäà÷è ïðè R < 1 ñ

ïîìîùüþ ìàðòèíãàëüíîé òåõíèêè. Â íàøåé ðàáîòå âûâåäåíû ðåêóððåíòíûå èíòåãðàëüíûå

ñîîòíîøåíèÿ, êîòîðûå ïîçâîëÿþò ïðåäñòàâèòü ðåøåíèå íå ïðèáëèæåííî, à òî÷íî ÷åðåç ñóì-

ìû ýêñïîíåíò. Ýòî ðåøåíèå èëëþñòðèðóåòñÿ êîìïüþòåðíûìè âû÷èñëåíèÿìè. Ïðåäëîæåííîå

ðåøåíèå ìîæåò áûòü ðàñïðîñòðàíåíî íà ñëó÷àé ïðîèçâîëüíûõ R è X, çàâèñÿùèõ îò k.

1. Îñíîâíûå ðåçóëüòàòû

Îáîçíà÷èì Xk
k = 0, Xk−s

k = XRk−s, s = 1, . . . , k, è ïîëîæèì ïðè k ≥ 1

Tk(x) = P (Xk > x, τ ≥ k), x ≥ 0, Sk(x) = P (Xk ≤ x, τ ≥ k), x < 0,

⋆ Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè Äàëüíåâîñòî÷íîãî Îòäåëåíèÿ ÐÀÍ, 690041, Âëàäèâîñòîê,

óë. Ðàäèî, 7. Ýëåêòðîííàÿ ïî÷òà: guram@iam.dvo.ru, mao1975@list.ru
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P (τ = k) = Tk(X).

Ïóñòü

B1(k, s, j) = exp

(
−λXk+2−s

k+1

(
1

Rj+1
− 1

))
,

B2(k, s, j) = exp

(
λXk+2−s

k+1

(
1

Rj+1
+ 1

))
,

B3(k, s, j) = exp

(
−λXk+1−s

k+1

(
1

Rj+1
+ 1

))
,

B4(k, s, j) = exp

(
λXk+1−s

k+1

(
1

Rj+1
− 1

))
,

A1(k, s, j) = B1(k, s, j)−B−1
4 (k, s, j), A2(k, s, j) = B2(k, s, j)−B−1

3 (k, s, j),

A3(k, s, j) = B−1
2 (k, s, j)−B3(k, s, j), A4(k, s, j) = B−1

1 (k, s, j)−B4(k, s, j).

Òåîðåìà. Äëÿ k ≥ 1 ñïðàâåäëèâû ñëåäóþùèå ôîðìóëû:

ïðè x ≥ 0

Tk(x) =

k−s∑
j=0

ak k−s j exp

(
−λx

Rj

)
+

k−s∑
j=0

bk k−s j exp

(
λx

Rj

)
+ ck k−s, (2)

ãäå Xk−s+1
k ≤ x ≤ Xk−s

k , s ∈ {1, . . . , k};
ïðè x < 0

Sk(x) =

k−1∑
j=0

dk j exp

(
λx

Rj

)
. (3)

Çäåñü

a100 =
1

2
, b100 = 0, c10 = 0, d10 =

1

2
, c1 −1 = 0, (4)

ak+1 k+1−s j = −ak k−s j−1
R2j

1−R2j
, 0 < j ≤ k − s+ 1, 1 ≤ s ≤ k, (5)

bk+1 k+1−s j = −bk k−s j−1
R2j

1−R2j
, 0 < j ≤ k − s+ 1, 1 ≤ s ≤ k, (6)

ak+1 k+1−s 0 =
1

2

k−1∑
j=0

dk j

1 +Rj+1
+

+

s−1∑
t=1

k−t∑
j=0

[
A1(k, t, j)ak k−t j

1−Rj+1
+

A2(k, t, j)bk k−t j

1 +Rj+1

]
+

+

k−s∑
j=0

[
B1(k, s, j)ak k−s j

1−Rj+1
+

B2(k, s, j)bk k−s j

1 +Rj+1

] , 1 ≤ s ≤ k + 1, (7)

bk+1 k+1−s 0 = −1

2

 k∑
t=s+1

k−s∑
j=0

[
A3(k, t, j)ak k−s j

1 +Rj+1
+

A4(k, t, j)bk k−s j

1−Rj+1

]
+

(8)

+

k−s∑
j=0

[
B3(k, s, j)ak k−s j

1 +Rj+1
+

B4(k, s, j)bk k−s j

1−Rj+1

] , 1 ≤ s ≤ k, bk+1 0 0 = 0,
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ck+1 k+1−s = ck k−s − ak 0 0 exp(−λX), 1 ≤ s ≤ k, ck+1 0 = ck+1 −1 = 0, (9)

dk+1 0 =
1

2

k−1∑
j=0

dk j

1−Rj+1
+

k∑
s=1

k−s∑
j=0

ak k−s j

1 +Rj+1
A3(k, s, j)+

(10)

+

k∑
s=1

k−s∑
j=0

bk k−s j

1−Rj+1
A4(k, s, j)

 ,

dk+1 j+1 = −dk j
R2(j+1)

1−R2(j+1)
, 0 ≤ j ≤ k − 1. (11)

Òîãäà ñëó÷àéíàÿ âåëè÷èíà τ èìååò ðàñïðåäåëåíèå

P (τ = k) = ak 0 0 exp(−λX), k > 0. (12)

Çàìå÷àíèå. Ïîëó÷åííûå ôîðìóëû îñòàþòñÿ âåðíûìè â ñëó÷àå ìåíÿþùèõñÿ ãðàíèöû X =
X(k) > 0 è êîýôôèöèåíòà ðåãðåññèè R = Rk > 0 â ìîäåëè

Xk = Rk−1Xk−1 + ηk−1, τ = inf(k : Xk ≥ X(k))

ïîñëå ïåðåîáîçíà÷åíèé

Xk
k = 0, X0

k = X(k), Xj
k = min

(
Xj−1

k−1Rk−1, X(k)
)
,

R0
k = 1, Rj

k = Rj−1
k−1Rk−1 ̸= 1, 0 ≤ j ≤ k − 1,

è çàìåí Rj íà Rj
k â (2), (3), R2j íà (Rj

k+1)
2 â (5), (6), Rj+1 íà Rj+1

k+1 â (7), (8), (10), R2(j+1)

íà (Rj+1
k+1)

2 â (11). Ïðè÷åì ïðåäïîëîæåíèå Rk−1 < 1 â ýòîì ñëó÷àå èçëèøíå.

2. Äîêàçàòåëüñòâî òåîðåìû

Î÷åâèäíî, ÷òî

T1(x) =
exp(−λx)

2
, x > 0, S1(x) =

exp(λx)

2
, x ≤ 0, (13)

P (τ = 1) =
exp(−λX)

2
.

Âû÷èñëèì òåïåðü ïðè x ≥ 0

T2(x) =

(∫ 0

−∞
dS1

( u
R

)
−
∫ min(x,XR)

0
dT1

( u
R

)) exp(−λ(x− u))

2
−

−
∫ XR

min(x,XR)
dT1

( u
R

)(
1− exp(λ(x− u))

2

)
.

Â ðåçóëüòàòå ïîëó÷èì

T2(x) =
1

2(1−R2)

(
exp(−λx)−R2 exp

(
−λx

R

))
− 1

2
exp(−λX)+

(14)
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+
exp(λx) exp(−λX(1 +R))

4(1 +R)
, 0 ≤ x ≤ XR,

T2(x) =
exp(−λx)

2

(
1

1−R2
− exp (λ (R− 1)X)

2(1−R)

)
, XR ≤ x. (15)

Âû÷èñëèì òåïåðü ïðè x < 0

S2(x) =

∫ x

−∞
dS1

( u
R

)(
1− exp(−λ(x− u))

2

)
+

+

(∫ 0

x
dS1

( u
R

)
−
∫ XR

0
dT1

( u
R

)) exp(λ(x− u))

2
.

Â ðåçóëüòàòå ïîëó÷èì

S2(x) = exp

(
λx

R

)(
1

2
− 1

4(1 +R)
− 1

4(1−R)

)
+

(16)

+
exp(λx)

2

(
1

2(1−R)
+

1

2(1 +R)
(1− exp(−λX(1 +R)))

)
, x < 0.

Â ñîîòâåòñòâèè ñ (14)�(16) ïðåäïîëîæèì ïî èíäóêöèè, ÷òî ïðè x ≥ 0 ñïðàâåäëèâà ôîðìóëà
(2), à ïðè x < 0 ñïðàâåäëèâà ôîðìóëà (3). Òîãäà ïðè x ≥ 0

Tk+1(x) = J1(x) + J2(x) + J3(x) + J4(x), (17)

ãäå

J1(x) =

∫ 0

−∞
dSk

( u
R

) exp(−λ(x− u))

2
,

J2(x) = −
∫ min(x,X1

k+1)

0
dTk

( u
R

) exp(−λ(x− u))

2
,

ïðè Xk+2−s
k+1 ≤ x ≤ Xk+1−s

k+1 , s ∈ {1, . . . , k + 1}

J3(x) = −
∫ X1

k+1

min(x,X1
k+1)

dTk

( u
R

)
,

J4(x) =

∫ X1
k+1

min(x,X1
k+1)

dTk

( u
R

) exp(λ(x− u))

2
.

Âû÷èñëèì J1(x), J2(x), J3(x), J4(x) :

J1(x) =
exp(−λx)

2

k−1∑
j=0

dk j

1 +Rj+1
, (18)

J2(x) =
exp(−λx)

2

k∑
t=1

k−t∑
j=0

ak k−t j

1−Rj+1
exp

(
−λu

(
1

Rj+1
− 1

)) ∣∣∣∣min(x,Xk+2−t
k+1 )

min(x,Xk+1−t
k+1 )

+

(19)

+
exp(−λx)

2

k∑
t=1

k−t∑
j=0

bk k−t j

1 +Rj+1
exp

(
λu

(
1

Rj+1
+ 1

)) ∣∣∣∣min(x,Xk+2−t
k+1 )

min(x,Xk+1−t
k+1 )

.
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Ïðè Xk+2−s
k+1 ≤ x ≤ Xk+1−s

k+1 , s ∈ {1, . . . , k + 1}

J3(x) = −ak 0 0 exp(−λX) +
k−s∑
j=0

ak k−s j exp

(
− λx

Rj+1

)
+

(20)

+

k−s∑
j=0

bk k−s j exp

(
λx

Rj+1

)
+ ck k−s.

Â ñâîþ î÷åðåäü,

J4(x) =
exp(λx)

2

k∑
s=1

k−s∑
j=0

ak k−s j

1 +Rj+1
exp

(
−λu

(
1

Rj+1
+ 1

)) ∣∣∣∣min(max(x,Xk+1−s
k+1 ),X1

k+1)

min(max(x,Xk+2−s
k+1 ),X1

k+1)
+

(21)

+
exp(λx)

2

k∑
s=1

k−s∑
j=0

bk k−s j

1−Rj+1
exp

(
λu

(
1

Rj+1
− 1

)) ∣∣∣∣min(max(x,Xk+1−s
k+1 ),X1

k+1)

min(max(x,Xk+2−s
k+1 ),X1

k+1)

ïðè s ∈ {1, . . . , k},
J3(x) = J4(x) = 0, s = k + 1. (22)

Èç ôîðìóë (17)�(22) ïðè x ≥ 0, s ∈ {1, . . . , k} ïîëó÷àåì

Tk+1(x) = −ak 0 0 exp(−λX) +
exp(−λx)

2

k−1∑
j=0

dk j

1 +Rj+1
+ (23)

+
exp(−λx)

2

k∑
t=1

k−t∑
j=0

ak k−t j

1−Rj+1
exp

(
−λu

(
1

Rj+1
− 1

)) ∣∣∣∣min(x,Xk+2−t
k+1 )

min(x,Xk+1−t
k+1 )

+

+
exp(−λx)

2

k∑
t=1

k−t∑
j=0

bk k−t j

1 +Rj+1
exp

(
λu

(
1

Rj+1
+ 1

)) ∣∣∣∣min(x,Xk+2−t
k+1 )

min(x,Xk+1−t
k+1 )

+

+
k−s∑
j=0

ak k−s j exp

(
− λx

Rj+1

)
+

k−s∑
j=0

bk k−s j exp

(
λx

Rj+1

)
+ ck k−s+

+
exp(λx)

2

k∑
t=1

k−t∑
j=0

ak k−t j

1 +Rj+1
exp

(
−λu

(
1

Rj+1
+ 1

)) ∣∣∣∣min(max(x,Xk+1−s
k+1 ),X1

k+1)

min(max(x,Xk+2−s
k+1 ),X1

k+1)
+

+
exp(λx)

2

k∑
t=1

k−t∑
j=0

bk k−t j

1−Rj+1
exp

(
λu

(
1

Rj+1
− 1

)) ∣∣∣∣min(max(x,Xk+1−s
k+1 ),X1

k+1)

min(max(x,Xk+2−s
k+1 ),X1

k+1)
,

à ïðè s = k + 1

Tk+1(x) =
exp(−λx)

2

k−1∑
j=0

dk j

1 +Rj+1
+ (24)

+
exp(−λx)

2

k∑
t=1

k−t∑
j=0

ak k−t j

1−Rj+1
exp

(
−λu

(
1

Rj+1
− 1

)) ∣∣∣∣min(x,Xk+2−t
k+1 )

min(x,Xk+1−t
k+1 )

+
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+
exp(−λx)

2

k∑
t=1

k−t∑
j=0

bk k−t j

1 +Rj+1
exp

(
λu

(
1

Rj+1
+ 1

)) ∣∣∣∣min(x,Xk+2−t
k+1 )

min(x,Xk+1−t
k+1 )

.

Èñïîëüçóÿ ôîðìóëó (2), ïåðåïèøåì ôîðìóëû (23), (24) ñëåäóþùèì îáðàçîì:

ïðè s ∈ {1, . . . , k}

Tk+1(x) = −ak 0 0 exp(−λX) +
exp(−λx)

2

k−1∑
j=0

dk j

1 +Rj+1
+ (25)

+

s−1∑
t=1

k−t∑
j=0

[
A1(k, t, j)ak k−t j

1−Rj+1
+

A2(k, t, j)bk k−t j

1 +Rj+1

]
+

+

k−s∑
j=0

[
B1(k, s, j)ak k−s j

1−Rj+1
+

B2(k, s, j)bk k−s j

1 +Rj+1

]−

−1

2

k−s∑
j=0

[
exp(− λx

Rj+1 )ak k−s j

1−Rj+1
+

exp( λx
Rj+1 )bk k−s j

1 +Rj+1

]
+

+

k−s∑
j=0

ak k−s j exp

(
− λx

Rj+1

)
+

k−s∑
j=0

bk k−s j exp

(
λx

Rj+1

)
+ ck k−s−

−exp(λx)

2

 k∑
t=s+1

k−s∑
j=0

[
A3(k, t, j)ak k−s j

1 +Rj+1
+

A4(k, t, j)bk k−s j

1−Rj+1

]
−

−
k−s∑
j=0

[
B3(k, s, j)ak k−s j

1 +Rj+1
+

B4(k, s, j)bk k−s j

1−Rj+1

]−

−1

2

k−s∑
j=0

[
exp(− λx

Rj+1 )ak k−s j

1 +Rj+1
+

exp( λx
Rj+1 )bk k−s j

1−Rj+1

]
=

=

k+1−s∑
j=0

ak+1 k+1−s j exp

(
−λx

Rj

)
+

k+1−s∑
j=0

bk+1 k+1−s j exp

(
λx

Rj

)
+ ck+1 k+1−s,

à ïðè s = k + 1

Tk+1(x) =
exp(−λx)

2

k−1∑
j=0

dk j

1 +Rj+1
+ (26)

+

s−1∑
t=1

k−t∑
j=0

[
A1(k, t, j)ak k−t j

1−Rj+1
+

A2(k, t, j)bk k−t j

1 +Rj+1

]
+

+
k−s∑
j=0

[
B1(k, s, j)ak k−s j

1−Rj+1
+

B2(k, s, j)bk k−s j

1 +Rj+1

] = ak+1 0 0 exp(−λx).

Âû÷èñëèì òåïåðü ïðè x < 0

Sk+1(x) =

∫ x

−∞
dSk

( u
R

)(
1− exp(−λ(x− u))

2

)
+ (27)
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+

(∫ 0

x
dSk

( u
R

)
−
∫ X1

k+1

0
dTk

( u
R

)) exp(λ(x− u))

2
=

=

k−1∑
j=0

dk j exp

(
λx

Rj+1

)(
1− 1

2(1 +Rj+1)
− 1

2(1−Rj+1)

)
+

+
1

2

k−1∑
j=0

dk j exp(λx)

1−Rj+1
+

exp(λx)

2

k∑
s=1

k−s∑
j=0

ak k−s j

1 +Rj+1
exp

(
−λu

(
1

Rj+1
+ 1

)) ∣∣∣∣Xk+2−s
k+1

Xk+1−s
k+1

+

+
exp(λx)

2

k∑
s=1

k−s∑
j=0

bk k−s j

1−Rj+1
exp

(
λu

(
1

Rj+1
− 1

)) ∣∣∣∣Xk+2−s
k+1

Xk+1−s
k+1

=

=

k−1∑
j=0

dk j exp

(
λx

Rj+1

)(
1− 1

2(1 +Rj+1)
− 1

2(1−Rj+1)

)
+

+
exp(λx)

2

k−1∑
j=0

dk j

1−Rj+1
+

k∑
s=1

k−s∑
j=0

[
A3(k, s, j)ak k−s j

1 +Rj+1
+

A4(k, s, j)bk k−s j

1−Rj+1

] =

=

k∑
j=0

dk+1 j exp

(
λx

Rj

)
.

Èç ðàâåíñòâ (13)�(16), (25)�(27) ïîëó÷àåì ôîðìóëû (5)�(12). Òåîðåìà äîêàçàíà.

3. ×èñëåííûå ðàñ÷åòû

Äîêàçàòåëüñòâî òåîðåìû ñîäåðæèò ñëîæíûå è äëèííûå ñèìâîëüíûå âû÷èñëåíèÿ, êî-

òîðûå ÿâëÿþòñÿ èñòî÷íèêîì ìíîãî÷èñëåííûõ îøèáîê. ×òîáû èçáåæàòü ýòèõ îøèáîê, ïðè-

õîäèòñÿ òåñòèðîâàòü ðåçóëüòàòû ñèìâîëüíûõ âû÷èñëåíèé ÷èñëåííûìè ðàñ÷åòàìè.

Ïðåäïîëîæèì, ÷òî X = 1, R = 0.5, λ = 0.4491, òîãäà, â ñîîòâåòñòâèè ñ òåîðåìîé 1,

ïîëó÷àåì ÷èñëåííûå ðåçóëüòàòû, ïðåäñòàâëåííûå â òàáëèöå 1.

Òàáëèöà 1.

k P (τ = k)

10 0.03052

20 0.00512968

30 0.000861841

40 0.000144798

50 0.0000243276

60 4.08729×10−6

70 6.86708×10−7

80 1.15374 ×10−7

90 1.93841×10−8

100 3.25672×10−9

Àâòîðû áëàãîäàðÿò À.À. Íîâèêîâà çà ïîëåçíûå îáñóæäåíèÿ.
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ABSTRACT

In this paper the Laplas model described by an autoregressive random sequence is

considered. Our problem is to calculate a distribution of a reaching moment in the

model. The problem is put by A.A. Novikov and obtained in the paper an accuracy

solution. This solution may be realized su�ciently simple numerically.
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