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Âåðîÿòíîñòíàÿ è äåòåðìèíèðîâàííàÿ çàäà÷è î

ìèíèìàëüíîì ïðîìåæóòêå

Ïîñâÿùàåòñÿ Í.Â. Êóçíåöîâó â ñâÿçè ñ 70-ëåòèåì

Çàäà÷à î ìèíèìàëüíîì ïðîìåæóòêå ìåæäó ñîñåäíèìè òî÷êàìè íà îòðåçêå âîçíèêàåò

â ñàìûõ ðàçíîîáðàçíûõ ïðèëîæåíèÿõ: â ôèçèêå òâåðäîãî òåëà, â ôèçèêå ïîâåðõíîñòè,

â ìàòåìàòè÷åñêîé ýêîíîìèêå, â èññëåäîâàíèè îïåðàöèé è âî ìíîãèõ äðóãèõ. Â ìàòå-

ìàòè÷åñêîì ïëàíå ýòè çàäà÷è íåñòàíäàðòíû è òðåáóþò äëÿ ñâîåãî ðåøåíèÿ ðàçðàáîòêè

ñïåöèàëüíûõ ïðèåìîâ. Â ðàáîòå ðàçáèðàþòñÿ êàê âåðîÿòíîñòíàÿ, òàê è äåòåðìèíèðîâàí-

íàÿ ïîñòàíîâêà çàäà÷è. Ñòðîÿòñÿ îðèãèíàëüíûå àëãîðèòìû ðåøåíèÿ è àñèìïòîòè÷åñêèå

ñîîòíîøåíèÿ.

Êëþ÷åâûå ñëîâà: çàäà÷à î ìèíèìàëüíîì ïðîìåæóòêå, óðàâíåíèå Áåëëìàíà, òåîðåìà

Êàðëèíà

1. Âåðîÿòíîñòíàÿ ïîñòàíîâêà çàäà÷è

Â ôèçèêå òâåðäîãî òåëà âîçíèêàåò çàäà÷à î ìèíèìàëüíîì èíòåðâàëå ìåæäó ñîñåäíèìè
n òî÷êàìè. Äëÿ åå ðåøåíèÿ â ãðóïïå À.À. Ñàðàíèíà ìåòîäîì Ìîíòå-Êàðëî áûë ïðîâåäåí
îáúåìíûé âû÷èñëèòåëüíûé ýêñïåðèìåíò è ñôîðìèðîâàíà ãèïîòåçà îá ýêñïîíåíöèàëüíîì
õâîñòå ðàñïðåäåëåíèÿ ìèíèìàëüíîãî èíòåðâàëà. Îäíàêî ôèçèêè íóæäàëèñü íå òîëüêî â
ñòàòèñòè÷åñêîì, íî è â àíàëèòè÷åñêîì îáîñíîâàíèè ýòîé ãèïîòåçû. Â íàñòîÿùåì ïàðàãðàôå
ýòî îáîñíîâàíèå äàåòñÿ ñ ïîìîùüþ àèñìïòîòè÷åñêèõ ìåòîäîâ è èçâåñòíûõ òåîðåì òåîðèè
âåðîÿòíîñòåé.

Ðàññìîòðèì n íåçàâèñèìî è ðàâíîìåðíî ðàñïðåäåëåííûõ íà îòðåçêå [0, 1] òî÷åê. Îáî-
çíà÷èì u1, u2, . . . , un èõ êîîðäèíàòû, óïîðÿäî÷åííûå ïî âåëè÷èíå, 0 ≤ u1 ≤ . . . ≤ un ≤ 1.
Îïðåäåëèì ïîñëåäîâàòåëüíûå ðàçíîñòè

w1 = u1, w2 = u2 − u1, . . . , wn = un − un−1

è âû÷èñëèì âåðîÿòíîñòü

Q(t) = P (min(w1, . . . , wn, 1− w1 − . . .− wn) > t), 0 < t < 1/n.

Òåîðåìà 1. 1) Âûïîëíÿåòñÿ ñîîòíîøåíèå

Q(t) = (1− (n+ 1)t)n, 0 < t <
1

n+ 1
.

⋆ Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè Äàëüíåâîñòî÷íîãî Îòäåëåíèÿ ÐÀÍ, 690041, Âëàäèâîñòîê,
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2) Åñëè α > 1 è t =
τ

nα
, òî

− lnQ
( τ

nα

)
∼ τ

nα−2
, Q

( τ

n2

)
∼ exp(−τ), n → ∞.

Ä î ê à ç à ò å ë ü ñ ò â î. 1) Î÷åâèäíî, ÷òî Q(t) = P (w1 > t,w1 > t, . . . , wn, 1−w1− . . .−
wn > t). Ñëó÷àéíûå âåëè÷èíû w1, . . . , wn èìåþò ñîâìåñòíîå ðàâíîìåðíîå ðàñïðåäåëåíèå
[1, ãë. 9] íà ìíîæåñòâå Z0 = {z1, . . . , zn ≥ 0,

∑n
k=1 zk ≤ 1}. Èç íåñëîæíûõ ãåîìåòðè÷åñêèõ

ïîñòðîåíèé íàõîäèì, ÷òî ïðè 0 < t < 1/(n + 1) ìíîæåñòâî Z1 = {z1, . . . , zn ≥ t,
∑n

k=1 zk ≤
1− t} èçîìîðôíî ìíîæåñòâó Z2 = {z1, . . . , zn ≥ 0,

∑n
k=1 zk ≤ 1− (n+ 1)t}. Â ñâîþ î÷åðåäü,

ìíîæåñòâî Z2 ìîæåò áûòü ïîëó÷åíî èç ìíîæåñòâà Z0 ðàñòÿæåíèåì ïî âñåì n êîîðäèíàòàì
â (1− (n+ 1)t) ðàç, ñëåäîâàòåëüíî, ïîëó÷àåì ðàâåíñòâî

Q(t) = (1− (n+ 1)t)n, 0 < t <
1

n+ 1
.

2) Äîêàçàòåëüñòâî àñèìïòîòè÷åñêèõ ôîðìóë î÷åâèäíî.

2. Äåòåðìèíèðîâàííàÿ ïîñòàíîâêà çàäà÷è

Â ìàòåìàòè÷åñêîé ýêîíîìèêå è òåîðèè èññëåäîâàíèÿ îïåðàöèé âîçíèêàåò çàäà÷à î âû-
áîðå âíóòðè ïîäîòðåçêîâ íåêîòîðîãî îòðåçêà òàêèõ òî÷åê, ÷òî ìèíèìàëüíîå ðàññòîÿíèå
ìåæäó ñîñåäíèìè òî÷êàìè ìàêñèìàëüíî. Â êà÷åñòâå ïðèìåðà ïðèâåäåì çàäà÷ó î ðàñïîëî-
æåíèè âäîëü òðàññû ïðèäîðîæíûõ êàôå äëÿ äàëüíîáîéùèêîâ. Êîìïàíèÿ ñòàâèò ðîâíî îäíî
êàôå â êàæäîì ðåãèîíå (èëè ðàéîíå êðàÿ), ÷òî îáúÿñíÿåòñÿ èñêëþ÷èòåëüíûì ïðàâîì òîð-
ãîâëè, âûäåëÿåìûì îäíîìó ïðîäàâöó íà ýòîé òåððèòîðèè. Òîãäà íóæíî ìàêñèìèçèðîâàòü
ìèíèìàëüíîå ðàññòîÿíèå ìåæäó áëèæàéøèìè êàôå, ÷òîáû äàëüíîáîéùèêè �óñïåëè ïðîãî-
ëîäàòüñÿ�. Äëÿ ýòîé çàäà÷è â ïàðàãðàôå ïîëó÷åí àíàëîã óðàâíåíèÿ Áåëëìàíà. Äîêàçàíà
òåîðåìà î ñóùåñòâîâàíèè ðåøåíèÿ çàäà÷è è åãî åäèíñòâåííîñòè è ïðåäëîæåí àëãîðèòì åãî
íàõîæäåíèÿ.

Ïðåäïîëîæèì, ÷òî ñ ïîìîùüþ òî÷åê 0 = z0 < z1 < . . . < zn−1 = 1 ïîñòðîåíî ðàçáèåíèå
îòðåçêà [0, 1] íà ñîâîêóïíîñòü ñìåæíûõ è íåïåðåñåêàþùèõñÿ ïîäîòðåçêîâ [zk−1, zk], 1 ≤ k ≤
n− 1. Îáîçíà÷èì

∆k = zk − zk−1, 1 ≤ k ≤ n− 1.

Ââåäåì â ðàññìîòðåíèå ìíîæåñòâî

W = {{wk = uk − uk−1, 1 ≤ k ≤ n : u0 = 0, uk ∈ [zk, zk−1], 1 ≤ k ≤ n− 1, un = 1}}.

Íàøåé çàäà÷åé ÿâëÿåòñÿ âû÷èñëåíèå max
W∈W

min
1≤k≤n

wk.

Òåîðåìà 2. Åñëè ∆k =
1

n− 1
, 1 ≤ k ≤ n− 1, òî

max
W∈W

min
1≤k≤n

wk =
1

n
.

Ä î ê à ç à ò å ë ü ñ ò â î. Îáîçíà÷èì

Ŵ = {{wk = uk − uk−1, 1 ≤ k ≤ n : 0 = u0 ≤ u1 ≤ ... ≤ un−1 ≤ un = 1}}.

Î÷åâèäíî, ÷òî

Ŵ ⊃ W, min
1≤k≤n

wk ≤ 1

n
, (w1, . . . , wn) ∈ W. (1)
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Òîãäà
1

n
≥ max

W∈Ŵ
min

1≤k≤n
wk ≥ max

W∈W
min

1≤k≤n
wk, (2)

ïðè÷åì min
W∈Ŵ

max
1≤k≤n

wk äîñòèãàåòñÿ â åäèíñòâåííîé òî÷êå W = (wk =
1

n
, 1 ≤ k ≤ n), W ∈

Ŵ, è çíà÷èò, ñîâïàäàåò ñ 1/n. Ïîñëåäîâàòåëüíîñòè W ñîîòâåòñòâóåò ïîñëåäîâàòåëüíîñòü

uk =
k

n
, 0 ≤ k ≤ n. Íåïîñðåäñòâåííîé ïðîâåðêîé ïîëó÷àåì, ÷òî

uk =
k

n
∈ [zk−1, zk] =

[
k − 1

n− 1
,

k

n− 1

]
, 1 ≤ k ≤ n− 1,

è çíà÷èò, ÷òî

min
W∈W

max
1≤k≤n

wk = max
1≤k≤n

wk =
1

n
, W ∈ W. (3)

Òåîðåìà 3. Åñëè ∆k, 1 ≤ k ≤ n, íå óäîâëåòâîðÿþò ðàâåíñòâó ∆1 = . . . = ∆n è

xk = uk − zk−1 ≥ 0, 1 ≤ k ≤ n, òî ðåêóððåíòíî îïðåäåëÿåìûå ôóíêöèè

T1(t) = t, Tn+1(t) = max
0≤xk≤∆k, 1≤k≤n

min(x1,∆1 − x1 + x2, . . . ,∆n − xn + t), n ≥ 1, (4)

óäîâëåòâîðÿþò àíàëîãó óðàâíåíèÿ Áåëëìàíà

Tn+1(t) = max
0≤xn≤∆n

min(Tn(xn),∆n − xn + t). (5)

Ôóíêöèÿ Tn(t), 0 ≤ t, 1 ≤ n, ÿâëÿåòñÿ ìîíîòîííî íåóáûâàþùåé, íåïðåðûâíîé è êóñî÷íî-

ëèíåéíîé c ÷èñëîì ëèíåéíûõ êóñêîâ, íå ïðåâîñõîäÿùèì n.
Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó ðàâåíñòâ

Tn+1(t) = max
0≤xk≤∆k, 1≤k≤n

min[ min(x1,∆1 − x1 + x2, . . . ,∆n−1 − xn−1 + xn),

∆n − xn + t] = max
0≤xn≤∆n

min[ max
0≤xk≤∆k, 1≤k≤n−1

min(x1,∆1 − x1 + x2, . . . ,

∆n−1 − xn−1 + xn),∆n − xn + t]

ïîëó÷àåì àíàëîã óðàâíåíèÿ Áåëëìàíà (5). Ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè äîêàæåì, ÷òî
ôóíêöèÿ Tl(t), 0 ≤ t, 1 ≤ l, ÿâëÿåòñÿ ìîíîòîííî íåóáûâàþùåé, íåïðåðûâíîé è êóñî÷íî-
ëèíåéíîé, ïðè÷åì ÷èñëî ëèíåéíûõ êóñêîâ â íåé íå ïðåâîñõîäèò l.

Ïðè l = 1 ýòî óòâåðæäåíèå î÷åâèäíî. Ïóñòü îíî ñïðàâåäëèâî ïðè l = n > 1 è ôóíêöèÿ
Tn(t), 0 ≤ t, ÿâëÿåòñÿ ëèíåéíîé íà ñìåæíûõ îòðåçêàõ

[t0, t1], [t1, t2], . . . , [tmn−1, tmn ], [tmn ,∞); t0 = 0, tmn = ∆n, mn ≤ n− 1.

Îáîçíà÷èì Xk = Tn(tk), 0 ≤ k ≤ mn. Ïî ïðåäïîëîæåíèþ èíäóêöèè, ñïðàâåäëèâû íåðàâåí-
ñòâà X0 ≤ X1 ≤ . . . ≤ Xmn . Òîãäà

Z0 ≤ Z1 ≤ . . . ≤ Zmn , Zi = ti +Xi −∆n, 0 ≤ i ≤ mn.

Ïîñòðîèì íåïðåðûâíóþ, ìîíîòîííî íåóáûâàþùóþ ôóíêöèþ S(t), t ≥ min(0, Z0), êîòîðàÿ
ÿâëÿåòñÿ ëèíåéíîé íà îòðåçêàõ [Zi−1, Zi], 1 ≤ i ≤ mn, è óäîâëåòâîðÿåò ðàâåíñòâàì S(Zi) =
Xi. Ïðè t ≥ Zmn ïîëàãàåì S(t) = Xmn , à ïðè 0 ≤ t ≤ Z0 (åñëè Z0 > 0) ïîëàãàåì S(t) = ∆n+
t. Òàêèì îáðàçîì, îïðåäåëåíà ìîíîòîííî íåóáûâàþùàÿ, íåïðåðûâíàÿ è êóñî÷íî-ëèíåéíàÿ
ôóíêöèÿ S(t), t ≥ 0, ÷èñëî ëèíåéíûõ êóñêîâ ó êîòîðîé íå áîëåå n + 1. Òîãäà Tn+1(t) =
S(t), t ≥ 0,� ìîíîòîííî íåóáûâàþùàÿ, íåïðåðûâíàÿ è êóñî÷íî-ëèíåéíàÿ ôóíêöèÿ ñ ÷èñëîì
ëèíåéíûõ êóñêîâ, íå ïðåâîñõîäÿùèì n+ 1.
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Çàìå÷àíèå 1. Ôîðìóëèðîâêè òåîðåì 2, 3 îñòàíóòñÿ ïðåæíèìè, åñëè ïîìåíÿòü ìèíèìóì
è ìàêñèìóì ìåñòàìè. Îäíàêî ïîñòðîåíèå ôóíêöèè S(t) â òåîðåìå 3 ìåíÿåòñÿ ñëåäóþùèì
îáðàçîì: ïðè t ≥ Zmn ïîëàãàåì S(t) = Xmn + (t − Zmn), à ïðè 0 ≤ t ≤ Z0 (åñëè Z0 > 0)
ïîëàãàåì S(t) = X0.

Òåîðåìà 4. Ïðè t = xn+1 = 0 ñóùåñòâóåò âåêòîð (x1, . . . , xn), óäîâëåòâîðÿþùèé ðà-

âåíñòâó (4).
Ä î ê à ç à ò å ë ü ñ ò â î. Îïèñàííûé â òåîðåìå 3 àëãîðèòì ïîçâîëÿåò ïîñòðîèòü ôóíêöèè

T1(t), . . . , Tn+1(t). Èç óðàâíåíèÿ (5)

Tn+1(0) = max
0≤xn≤∆n

min(Tn(xn),∆n − xn). (6)

Ïîýòîìó à) åñëè Tn(0) ≥ ∆n, òî xn = 0, â) åñëè Tn(0) < ∆n, òî â ñèëó ìîíîòîííîãî íåóáû-
âàíèÿ ôóíêöèè Tn(t), 0 ≤ t, ñóùåñòâóåò xn, 0 ≤ xn ≤ ∆n, óäîâëåòâîðÿþùåå óðàâíåíèþ (6).
Íàéäÿ òàêèì îáðàçîì xn, ìîæíî ïåðåéòè ê îïðåäåëåíèþ xn−1, ðåøàÿ óðàâíåíèå

Tn(xn) = max
0≤xn−1≤∆n−1

min(Tn−1(xn−1),∆n−1 − xn−1 + xn)

îòíîñèòåëüíî íåèçâåñòíîãî xn−1, 0 ≤ xn−1 ≤ ∆n−1, è óáåæäàÿñü àíàëîãè÷íûì ïðåäûäóùå-
ìó ñïîñîáîì, ÷òî ýòî ðåøåíèå ñóùåñòâóåò. Ïîâòîðÿÿ îïèñàííóþ ïðîöåäóðó åùå n − 2 ðàç,
íàõîäèì âåêòîð (x1, . . . , xn), óäîâëåòâîðÿþùèé ðàâåíñòâó (4), â êîòîðîì t = xn+1 = 0. Ìîæ-
íî ïðèâåñòè ïðèìåðû, êîãäà âåêòîð (x1, . . . , xn), óäîâëåòâîðÿþùèé ðàâåíñòâó (4), ÿâëÿåòñÿ
íååäèíñòâåííûì.
Çàìå÷àíèå 2. Åñëè â èñõîäíîé çàäà÷å ïîìåíÿòü ìèíèìóì è ìàêñèìóì ìåñòàìè, òî óòâåð-
æäåíèå òåîðåìû 4 áóäåò âåðíûì. Îäíàêî îïðåäåëåíèå âåêòîðà (x1, . . . , xn) â äîêàçàòåëüñòâå
ýòîé òåîðåìû èçìåíèòñÿ: óñëîâèÿ ïóíêòîâ à), â) ïîìåíÿþòñÿ ìåñòàìè.
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ABSTRACT

A problem of a minimal interval between neighbor points appears in di�erent ap-
plications: in the solid state physics, in the surface physics, in the mathematical
economics, in the operations research and etc. From a mathematical point of view
these problems are su�ciently substandard and demand a creation of special ap-
proaches. In this paper as probability so deterministic formulations of this problem
are considered. Original algorithms of the problem solution and asymptotic formulas
are constructed.
Key words: a minimal interval problem, the Bellman equation, the Karlin theorem


