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Ýêñïåðèìåíòàëüíîå èññëåäîâàíèå ïðîáëåìû

Ôðîáåíèóñà äëÿ òðåõ àðãóìåíòîâ

Â ñòàòüå îïèñàíû ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ, ñâÿçàííûõ ñ ïðîáëåìîé Ôðî-

áåíèóñà. Â ÷àñòíîñòè, ïîñòðîåíû ãðàôèêè ïëîòíîñòè ðàñïðåäåëåíèÿ âåëè÷èí f(a,b,c)√
abc

,
N(a,b,c)√

abc
è N(a,b,c)

f(a,b,c) , ãäå f(a, b, c) � ìîäèôèöèðîâàííîå ÷èñëî Ôðîáåíèóñà (íàèáîëüøåå öå-

ëîåM òàêîå, ÷òî óðàâíåíèå ax+by+cz = M íå èìååò ðåøåíèé â íàòóðàëüíûõ ÷èñëàõ) è
N(a, b, c) � ìîäèôèöèðîâàííûé ðîä ïîëóãðóïïû, ïîðîæäåííîé ÷èñëàìè a, b, c. Äëÿ òåõ
æå îòíîøåíèé íàéäåíû ïðèáëèæåííûå çíà÷åíèÿ ìàòåìàòè÷åñêèõ îæèäàíèé. Â ñòàòüå

òàêæå äîêàçàíî íîâîå íåðàâåíñòâî äëÿ ðîäà N(a, b, c) > 5
√
3

9

√
abc.

Êëþ÷åâûå ñëîâà: öåïíûå äðîáè, ÷èñëà Ôðîáåíèóñà.

1. Ââåäåíèå

Ïóñòü äàí íàáîð a = (a1, a2, ..., ak) âçàèìíî ïðîñòûõ â ñîâîêóïíîñòè ïîëîæèòåëüíûõ
öåëûõ ÷èñåë. Ðàññìîòðèì ëèíåéíóþ ôîðìó

ϕa = a1x1 + a2x2 + . . .+ akxk.

Áóäåì íàçûâàòü öåëîå ÷èñëî L ïðåäñòàâèìûì ôîðìîé ϕa, åñëè îíî óäîâëåòâîðÿåò óêàçàííî-
ìó ðàâåíñòâó ïðè ôèêñèðîâàííûõ a1, a2, . . . , ak è ïðè íåîòðèöàòåëüíûõ öåëûõ x1, x2, . . . , xk.
×èñëîì Ôðîáåíèóñà g(a1, a2, . . . , ak) íàçûâàþò ñàìîå áîëüøîå íåïðåäñòàâèìîå ôîðìîé ϕa

÷èñëî ïðè çàäàííûõ a1, a2, . . . , ak. Ìîäèôèöèðîâàííûì ÷èñëîì Ôðîáåíèóñà íàçûâàþò

f(a1, a2, . . . , ak) = g(a1, a2, . . . , ak) + a1 + a2 + . . .+ ak.

Òàêæå ðàññìîòðèì âåëè÷èíó n(a1, a2, . . . , ak) � êîëè÷åñòâî öåëûõ íåîòðèöàòåëüíûõ ÷è-
ñåë, íåïðåäñòàâèìûõ ôîðìîé ϕ, è ñîîòâåòñòâóþùåå ìîäèôèöèðîâàííîå çíà÷åíèå

N(a1, a2, . . . , ak) = n(a1, a2, . . . , ak) +
a1
2

+
a2
2

+ . . .+
ak
2

− 1

2
.

Çàäà÷à î íàõîæäåíèè âåëè÷èí f è N íàçûâàåòñÿ çàäà÷åé Ôðîáåíèóñà [1].
Ïðè k = 2 èçâåñòíû ÿâíûå ôîðìóëû äëÿ ïîëó÷åíèÿ ÷èñåë f è N :

f(a1, a2) = a1a2, N(a1, a2) =
a1a2
2

.

1Òèõîîêåàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, 680035, ã.Õàáàðîâñê, óë.Òèõîîêåàíñêàÿ, 136.

Ýëåêòðîííàÿ ïî÷òà: vorobeymc@mail.ru
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Íàñ áóäåò èíòåðåñîâàòü ñëó÷àé çàäà÷è, â êîòîðîì k = 3. Âìåñòî a1, a2, a3 áóäåì ïèñàòü
a, b, c è ïðåäïîëàãàòü, ÷òî ýòè ÷èñëà ïîïàðíî âçàèìíî ïðîñòû. Åñëè ýòî íå òàê, òî íàõîæ-
äåíèå çíà÷åíèé f è N ìîæíî ñâåñòè ê ïîïàðíî âçàèìíî ïðîñòûì àðãóìåíòàì ïðè ïîìîùüþ
ôîðìóë Äæîíñîíà [2]

f(da, db, c) = df(a, b, c)

è Ð¼äñåòà[3]

N(da, db, c) = dN(a, b, c). (1)

Òåïåðü ìû ìîæåì âîñïîëüçîâàòüñÿ ôîðìóëàìè èç [3]:

f(a, b, c) = b sv + c pv+1 −min(b sv+1, c pv),

N(a, b, c) =
1

2

[
b (sv − sv+1) + c pv+1 +

1

a
sv+1 (pv+1 − pv) (b sv − c pv)

]
. (2)

Íóëåâîé ÷ëåí ïîñëåäîâàòåëüíîñòè {si} îïðåäåëÿåòñÿ ñðàâíåíèåì

bs0 ≡ c (mod a), 0 ≤ s0 < a.

Äàëåå ïîñëåäîâàòåëüíîñòü ñòðîèòñÿ ïðèìåíåíèåì ñîîòâåòñòâóþùåãî âàðèàíòà àëãîðèò-
ìà Åâêëèäà ê ÷èñëàì a è s0 [4]:

a = s−1 =q1s0 − s1, 0 ≤ s1 < s0;

s0 =q2s1 − s2, 0 ≤ s2 < s1;

s1 =q3s2 − s3, 0 ≤ s3 < s2;

. . .

sm−2=qmsm−1 − sm, 0 ≤ sm < sm−1;

sm−1=qm+1sm, 0 = sm+1 < sm, ãäå q1, . . . , qm+1 ≥ 2.

Ïîñëåäîâàòåëüíîñòü {pi} îïðåäåëÿåòñÿ ïî íàéäåííûì q1, . . . , qm+1 òàêèì îáðàçîì:

p−1 = 0, p0 = 1, pi+1 = qi+1pi − pi−1, i = 0,m.

Òàê êàê qi ≥ 2, òî pi+1 > pi, çíà÷èò,

0 =
sm+1

pm+1
<

sm
pm

< . . . <
s0
p0

<
s−1

p−1
= ∞,

è íàéäåòñÿ åäèíñòâåííîå öåëîå ÷èñëî −1 ≤ v ≤ m, äëÿ êîòîðîãî

sv+1

pv+1
≤ c

b
<

sv
pv

.

Â íàñòîÿùåå âðåìÿ èìååòñÿ ðÿä ãèïîòåç, ñâÿçàííûõ ñ ÷èñëàìè Ôðîáåíèóñà.
Ãèïîòåçà 1. Ñóùåñòâóåò ñëàáàÿ àñèìïòîòèêà (òî÷íîå îïðåäåëåíèå ñì. â [1]) âèäà

f(a1, a2, . . . , ak) ∼ C(k) k−1
√
a1a2 . . . ak [1, çàäà÷à 1999-8], [5].

Èç [6] èçâåñòíî, ÷òî C(3) = 8
π .

Ãèïîòåçà 2. Îòíîøåíèå N(a1,a2,...,ak)
f(a1,a2,...,ak)

äëÿ áîëüøèõ âåêòîðîâ a â ñðåäíåì ðàâíî 1− 1
k [1,

çàäà÷à 1999-9].
Ýòà ãèïîòåçà íå ïîäòâåðäèëàñü, òàê êàê äëÿ ñëó÷àÿ k = 3 â ðàáîòå [8] äîêàçàíî, ÷òî

1

2
≤ N(a, b, c)

f(a, b, c)
<

5

9
. (3)
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Ãèïîòåçà 3 (Âîïðîñ Âèëüôà). Äëÿ ëþáîãî ôèêñèðîâàííîãî ÷èñëà k ñïðàâåäëèâî
íåðàâåíñòâî

n(a1, a2, . . . , ak)

g(a1, a2, . . . , ak) + 1
≤ 1− 1

k
,

(ñì. [9]). Èçâåñòíî, ÷òî ïðè k = 3 ýòà îöåíêà âåðíà è òî÷íà, íî àñèìïòîòè÷åñêè (äëÿ áîëüøèõ
íàáîðîâ àðãóìåíòîâ) êîíñòàíòà 2

3 ìîæåò áûòü çàìåíåíà ìåíüøåé êîíñòàíòîé 5
9 èç (3).

Â íàñòîÿùåé ðàáîòå îïèñûâàþòñÿ ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ, ñâÿçàííûõ ñ
ïîâåäåíèåì ÷èñåë Ôðîáåíèóñà â ñðåäíåì: äëÿ âåëè÷èí f(a,b,c)√

abc
, N(a,b,c)√

abc
è N(a,b,c)

f(a,b,c) ïîñòðîåíû

ãðàôèêè ïëîòíîñòè ðàñïðåäåëåíèÿ è äëÿ êàæäîé èç íèõ íàéäåíî ïðèáëèçèòåëüíîå çíà÷åíèå
ìàòåìàòè÷åñêîãî îæèäàíèÿ. Àíàëèç ïîëó÷åííûõ äàííûõ ïðèâåë ê ñëåäóþùåìó óòâåðæäå-
íèþ.

Òåîðåìà. Ñïðàâåäëèâà îöåíêà
N(a,b,c)√

abc
> 5

√
3

9 , â êîòîðîé êîíñòàíòà 5
√
3

9 òî÷íà.

Ðåçóëüòàòû äðóãèõ ÷èñëåííûõ ýêñïåðèìåíòîâ îïóáëèêîâàíû â ðàáîòàõ [10]�[12].

2. Ñõåìû âû÷èñëåíèé è ðåçóëüòàòû ýêñïåðèìåíòà

Îïèøåì ñõåìó âû÷èñëåíèÿ ñðåäíèõ çíà÷åíèé âåëè÷èí f(a,b,c)√
abc

, N(a,b,c)√
abc

è N(a,b,c)
f(a,b,c) äëÿ áîëü-

øèõ âåêòîðîâ (a, b, c). Óñðåäíåíèå îñóùåñòâëÿåòñÿ ïî òðîéêàì (a, b, c), â êîòîðûõ a � áîëü-
øîå ïðîñòîå ÷èñëî, b + c < 2a, (b, c) ∈ [1, a]2 . Íàëîæåííûå îãðàíè÷åíèÿ îáåñïå÷èâàþò
âûïîëíåíèå óñëîâèé (a, b) = (a, c) = 1. Îïðåäåëèì ñóììû

Sf (a) =
1

2

 1

a2 − 1

a∑
b,c=1

b+c<2a

f(a, b, c)√
abc

+
1

(a− 1)2

a−1∑
b,c=1

f(a, b, c)√
abc

 , (4)

Sn(a) =
1

2

 1

a2 − 1

a∑
b,c=1

b+c<2a

N(a, b, c)√
abc

+
1

(a− 1)2

a−1∑
b,c=1

N(a, b, c)√
abc

 , (5)

Sn/f (a) =
1

2

 1

a2 − 1

a∑
b,c=1

b+c<2a

N(a, b, c)

f(a, b, c)
+

1

(a− 1)2

a−1∑
b,c=1

N(a, b, c)

f(a, b, c)

 , (6)

êîòîðûå âåäóò ñåáÿ áîëåå ðåãóëÿðíî, ÷åì ñðåäíèå çíà÷åíèÿ ñîîòâåòñòâóþùèõ âåëè÷èí ïî
êâàäðàòàì (b, c) ∈ [1, a− 1]2 è (b, c) ∈ [1, a]2.

Íà ðèñ. 1 èçîáðàæåíû ãðàôèêè çàâèñèìîñòè Sf (a), Sn(a) è Sn/f (a) îò ïàðàìåòðà a (âåðõ-
íèé, ñðåäíèé è íèæíèé ñîîòâåòñâåííî). Ïî èõ âèäó ìîæíî ïðåäïîëîæèòü, ÷òî âåëè÷èíû (4)�
(6) ïðè a → ∞ ñòðåìÿòñÿ ê íåêîòîðûì êîíñòàíòàì. Çíà÷åíèÿ, ïîñ÷èòàííûå ïðè a = 1229

Sf = 2.5255230341, Sn = 1.2858966570, Sn/f = 0.5101058242,

ïðåäïîëîæèòåëüíî îòëè÷àþòñÿ îò ýòèõ êîíñòàíò íå áîëåå ÷åì íà 0.03.
Èçâåñòíî, ÷òî ñóùåñòâóåò ïðåäåëüíàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ íîðìèðîâàííûõ ÷èñåë

Ôðîáåíèóñà îò ïðîèçâîëüíîãî êîëè÷åñòâà àðãóìåíòîâ (ñì. [5]). Åå ÿâíûé âèä èçâåñòåí òîëü-
êî äëÿ ñëó÷àÿ òðåõ àðãóìåíòîâ (ñì. [13], [15]). Ìîæíî ïðåäïîëîæèòü, ÷òî è äðóãèå âåëè÷èíû,
ñâÿçàííûå ñ ïðîáëåìîé Ôðîáåíèóñà, îáëàäàþò ïðåäåëüíûìè ðàñïðåäåëåíèÿìè. ×èñëåííûé
ýêñïåðèìåíò áûë ïðîâåäåí äëÿ âåëè÷èí f(a,b,c)√

abc
, N(a,b,c)√

abc
è N(a,b,c)

f(a,b,c) . Ãðàôèêè ïëîòíîñòè ñòðî-

èëèñü ñëåäóþùèì îáðàçîì. Â êà÷åñòâå a âûáèðàëèñü ïðîñòûå ÷èñëà. Äëÿ ôóíêöèé ðàñïðå-
äåëåíèÿ áûëè èñïîëüçîâàíû íàáîðû ÷èñåë, ïîñ÷èòàííûå äëÿ âñåõ òðîåê (a, b, c) òàêèõ, ÷òî
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(b, c) ∈ [1, a]2. Ïëîòíîñòü ðàñïðåäåëåíèÿ íàéäåíà ïðè ïîìîùè ÷èñëåííîãî äèôôåðåíöèðî-
âàíèÿ ôóíêöèè ðàñïðåäåëåíèÿ.

200 400 600 800 1000 1200
a

0.5

1.0

1.5

2.0

2.5

Ðèñ. 1. Ãðàôèêè ôóíêöèé Sf (a), Sn(a) è Sn/f (a).

Íà ðèñóíêàõ íèæå èçîáðàæåíû ãðàôèêè ïëîòíîñòåé ðàñïðåäåëåíèÿ, ïîñ÷èòàííûå ïðè
a = 173. Ãðàôèê íà ðèñ. 2 ïîäòâåðæäàåò òî÷íîñòü îöåíêè f(a,b,c)√

abc
≥

√
3 (ñì. [7]) è ñîãëàñóåòñÿ

ñ òåîðåòè÷åñêîé ïëîòíîñòüþ ðàñïðåäåëåíèÿ èç [13] (îáîçíà÷åíà ïóíêòèðîì):

p(t) =


0, t ∈ [0,

√
3];

12
π

(
t√
3
−

√
4− t2

)
, t ∈ [

√
3, 2];

12
π2

(
t
√
3 arccos t+3

√
t2−4

4
√
t2−3

+ 3
2

√
t2 − 4 log t2−4

t2−3

)
, t ∈ [2,+∞).

Íà îñíîâàíèè äàííûõ, ïðåäñòàâëåííûõ íà ðèñóíêå 3, ñôîðìóëèðîâàíà òåîðåìà 1. Ãðàôèê
íà ðèñ. 4 ïîäòâåðæäàåò, ÷òî êîíñòàíòû â íåðàâåíñòâàõ (3) ÿâëÿþòñÿ òî÷íûìè.

3. Íèæíÿÿ ãðàíü äëÿ N(a, b, c)

Ä î ê à ç à ò å ë ü ñ ò â î òåîðåìû. Ââåäåì âåëè÷èíó Θ(a, b, c) = N(a,b,c)√
abc

è ïîêàæåì, ÷òî

Θ(a, b, c) > 5
√
3

9 . Ìîæíî ïðåäïîëàãàòü, ÷òî ÷èñëà a, b, c ïîïàðíî âçàèìíî ïðîñòû. Â ïðî-
òèâíîì ñëó÷àå îáùèå äåëèòåëè ìîæíî óáðàòü, èñïîëüçóÿ ôîðìóëó (1). Íàïðèìåð, åñëè
d = (a, b), òî

Θ(a, b, c) =
dN(ad ,

b
d , c)

d
√

a
d
b
dc

=
N(ad ,

b
d , c)√

a
d
b
dc

= Θ

(
a

d
,
b

d
, c

)
.
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Ðèñ. 2. Ïëîòíîñòü ðàñïðåäåëåíèÿ âåëè÷èíû f(a,b,c)√
abc

.
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Ðèñ. 3. Ïëîòíîñòü ðàñïðåäåëåíèÿ âåëè÷èíû N(a,b,c)√
abc

.
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Ðèñ. 4. Ïëîòíîñòü ðàñïðåäåëåíèÿ âåëè÷èíû N(a,b,c)
f(a,b,c) .

Ñ ïîìîùüþ ôîðìóëû (2) îòíîøåíèå Θ(a, b, c) = N(a,b,c)√
abc

ìîæåò áûòü çàïèñàíî â âèäå

Θ(a, b, c) = F (x1, x2, y1, y2),

ãäå
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x1 =
b (sv − sv+1)√

abc
, x2 =

b sv+1√
abc

,

y1 =
c (pv+1 − pv)√

abc
, y2 =

c pv√
abc

,

F (x1, x2, y1, y2) = x1 + y1 + x2 + y2 − x2y2(x1 + y1).

Ïàðàìåòðû sv, sv+1, pv+1, pv ñâÿçàíû ñîîòíîøåíèåì svpv+1 − sv+1pv = a [6], ïîýòîìó
ôóíêöèîíàë F (x1, x2, y1, y2) îïðåäåëÿåòñÿ íà ìíîæåñòâå

S = {(x1, x2, y1, y2) : x1, x2, y1, y2 ≥ 0, x1y1 + x1y2 + y1x2 = 1} ⊂ R4.

Ïðèìåíÿÿ ìåòîä ìíîæèòåëåé Ëàãðàíæà, ïîëó÷àåì, ÷òî ôóíêöèîíàë F (x1, x2, y1, y2) íà

ìíîæåñòâå S èìååò ìèíèìóì 5
√
3

9 , êîòîðûé äîñòèãàåòñÿ ïðè

x1 = x2 = y1 = y2 =
1√
3
.

Òàêèì îáðàçîì, Θ(a, b, c) > 5
√
3

9 . Íåâîçìîæíîñòü ðàâåíñòâà Θ(a, b, c) = 5
√
3

9 ñâîäèòñÿ ê

ïðîâåðêå òðîéêè (a, b, c) = (1, 1, 3n), äëÿ êîòîðîé Θ(1, 1, 3n) =
√
3
2 ≥ 5

√
3

9 .

Çàìå÷àíèå. Êîíñòàíòà 5
√
3

9 â òåîðåìå 1 òî÷íà. Äëÿ äîêàçàòåëüñòâà äîñòàòî÷íî ðàñ-

ñìîòðåòü ïðèìåðû èç [14], äëÿ êîòîðûõ f(a,b,c)√
a,b,c

→
√
3. Äëÿ òðîéêè (3, 3k + 1, 3k + 2), ãäå

k > 0,

N(3, 3k + 1, 3k + 2) = 5k +
5

2
,

Θ(3, 3k + 1, 3k + 2) =
5k + 5

2√
3(3k + 1)(3k + 2)

→ 5
√
3

9
(k → ∞).

Äðóãîé ïðèìåð ïîêàçûâàåò, ÷òî ìîæíî íàéòè òðîéêó ñêîëü óãîäíî áîëüøèõ ïîïàðíî

âçàèìíî ïðîñòûõ ÷èñåë, äëÿ êîòîðûõ Θ ñêîëü óãîäíî áëèçêî ê 5
√
3

9 . Ïðè m ≥ 6 è m ≡ 0èëè2
(mod 6)

N(3m2 − 5m− 1, 3m2 − 5m, 3m2 − 2m− 1) = 5m3 − 10m2 +
5

2
m− 1

2
,

Θ(3m2 − 5m− 1, 3m2 − 5m, 3m2 − 2m− 1) =

=
5m3 − 10m2 + 5

2m− 1
2√

(3m2 − 5m− 1)(3m2 − 5m)(3m2 − 2m− 1)
→ 5

√
3

9
(k → ∞).
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ABSTRACT

The paper describes some numerical results concerning Frobenius problem. Density
distribution functions are calculated for f(a,b,c)√

abc
, N(a,b,c)√

abc
and N(a,b,c)

f(a,b,c) , where f(a, b, c)

is modi�ed Frobenius number (largest integerM such that equation ax+by+cz = M
does not have positive integer solution) and N(a, b, c) is modi�ed genus of nu-
merical semigroup generated by a, b, c. Expectations of the same ratios are cal-
culated numerically. The paper also contains new sharp lower bound for genus:

N(a, b, c) > 5
√
3

9

√
abc.

Key words: continued fractions, Frobenius numbers.


