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Î ñðåäíåé äëèíå äèàãîíàëüíûõ äðîáåé Ìèíêîâñêîãî

Ïîëó÷åíà àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ äëèí êîíå÷íûõ
äèàãîíàëüíûõ äðîáåé Ìèíêîâñêîãî. Â äîêàçàòåëüñòâå èñïîëüçóþòñÿ ìåòîäû ïîëó÷åíèÿ
àñèìïòîòè÷åñêèõ îöåíîê, îïóáëèêîâàííûå â ðàáîòàõ Áûêîâñêîãî, Óñòèíîâà.

Êëþ÷åâûå ñëîâà: Àëãîðèòì Ýâêëèäà, íåïðåðûâíûå äðîáè, ãåîìåòðèÿ ÷èñåë, ðåøåòêè.

Îñíîâíûå îáîçíà÷åíèÿ

1) Äëÿ èçìåðèìîãî ïî Æîðäàíó ìíîæåñòâà X ÷åðåç mX áóäåì îáîçíà÷àòü ìåðó Æîð-
äàíà ìíîæåñòâà X.

2) Äëÿ ðàöèîíàëüíîãî ÷èñëà r çàïèñü r = [t0; t1, . . . , ts] îçíà÷àåò êàíîíè÷åñêîå ðàçëîæå-
íèå â ïðàâèëüíóþ íåïðåðûâíóþ äðîáü äëèíû s.

3) Çàïèñü s1(r) � ñóììà âñåõ íåïîëíûõ ÷àñòíûõ â êàíîíè÷åñêîì ðàçëîæåíèè ÷èñëà r,
âêëþ÷àÿ t0.

4) Êîíñòàíòà Ýéëåðà

γ = lim
n→∞

( n∑
k=1

1

k
− logn

)
.

5) Äçåòà-ôóíêöèÿ Ðèìàíà

ζ(s) =

∞∑
n=1

1

ns
.

6) Ôóíêöèÿ Ýéëåðà φ(n) � êîëè÷åñòâî âçàèìíî ïðîñòûõ ñ n ÷èñåë, íå ïðåâîñõîäÿùèõ n.

7) Ôóíêöèÿ Ìåáèóñà µ(n), êîòîðàÿ îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

µ(n) =


1 åñëè n = 1,
(−1)k åñëè n = p1 · . . . · pk,
0 åñëè p2|n.

8) Äèëîãàðèôì Ýéëåðà

Li2(x) = −
∫ x

0

log(1− t)

t
dt.
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Ââåäåíèå

Â ðàáîòå [1] Ìèíêîâñêèé ðàññìîòðåë ïðåäñòàâëåíèå ðàöèîíàëüíîãî ÷èñëà â âèäå íåðå-
ãóëÿðíîé êîíå÷íîé íåïðåðûâíîé äðîáè, çàâèñÿùåé îò ïàðàìåòðà Ω, êîòîðàÿ ïîëó÷èëà íà-
çâàíèå äðîáè Ìèíêîâñêîãî ñ ïàðàìåòðîì Ω.

Ïóñòü r � ðàöèîíàëüíîå ÷èñëî. Äëÿ ôèêñèðîâàííîãî âåùåñòâåííîãî ÷èñëà Ω ≥ 1 îïðåäå-
ëèì ïîñëåäîâàòåëüíîñòè öåëûõ íåîòðèöàòåëüíûõ ÷èñåë {Pn} è {Qn} ñ ïîìîùüþ ñëåäóþùåé
ïðîöåäóðû.

Ñíà÷àëà âûáèðàåì P0 = 1, Q0 = 0, P1 = a0 = [r], Q1 = 1. Çàòåì äëÿ âñåõ n ≥ 1 äî òåõ
ïîð, ïîêà Pn − rQn ̸= 0, âû÷èñëèì

u =
Pn−1 − rQn−1

Pn − rQn
, an = −sign (u), v = [|u|] + an

Qn−1

Qn
,

bn =

{
[|u|] + 1, åñëè {u} ̸= 0 è (v+1)Ω−1

1−(1−{|u|})Ω ≤ vΩ−1
1−{|u|}Ω ,

[|u|] âî âñåõ îñòàëüíûõ ñëó÷àÿõ,

Pn+1 = bnPn + anPn−1, Qn+1 = bnQn + anQn−1,

ãäå ÷åðåç [·] è {·} îáîçíà÷àþòñÿ öåëàÿ è äðîáíàÿ ÷àñòü ÷èñëà.
Òîãäà

Pn

Qn
= a0 +

a1|
|b1

+ · · ·+ an−1|
|bn−1

è

r = a0 +
a1|
|b1

+ · · ·+
as(r;Ω)|
|bs(r;Ω)

,

ãäå s(r; Ω) � äëèíà äðîáè Ìèíêîâñêîãî ñ ïàðàìåòðîì Ω. Â ñòàòüå ðå÷ü ïîéäåò î äðîáÿõ
Ìèíêîâñêîãî ñ ïàðàìåòðîì Ω = 1. Òàêèå äðîáè íàçûâàþòñÿ äèàãîíàëüíûìè äðîáÿìè Ìèí-
êîâñêîãî.

Ñðåäè ðàçëè÷íûõ ïðåäñòàâëåíèé ÷èñëà r â âèäå íåïðåðûâíîé äðîáè îáû÷íî âûäåëÿþò
òðè âàðèàíòà.

Ïåðâûé âàðèàíò � ïðàâèëüíàÿ íåïðåðûâíàÿ äðîáü, âòîðîé âàðèàíò � äðîáü ñ âûáîðîì
áëèæàéøåãî öåëîãî:

r = q0 +
ε1|
|q1

+ · · ·+ εl|
|ql
,

ãäå q0 � öåëîå, q1, . . . , ql � íàòóðàëüíûå, εk ∈ {−1, 1}, qk ≥ 2 (1 ≤ k ≤ l), ak + εk+1 ≥ 2 (1 ≤
k < l), è εl = −1 ïðè l ≥ 1 è ql = 2, l = l(r) � äëèíà äðîáè.

Òðåòèé âàðèàíò � äðîáü ñ íå÷åòíûìè íåïîëíûìè ÷àñòíûìè:

r = q0 +
ε1|
|q1

+ · · ·+ εh|
|qh

,

ãäå q0 � íå÷åòíîå öåëîå, q1, . . . , qh � íå÷åòíûå íàòóðàëüíûå, εk ∈ {−1, 1}, ak+εk+1 ≥ 1 (1 ≤
k < h), è εh = 1 ïðè h ≥ 1 è qh = 2, h = h(r) � äëèíà äðîáè.

Ïîäðîáíûé îáçîð, ïîñâÿùåííûé ïåðå÷èñëåííûì äðîáÿì, èçëîæåí â ðàáîòàõ [2], [3].
Äëÿ âåùåñòâåííîãî ïîëîæèòåëüíîãî ÷èñëà R îïðåäåëèì âåëè÷èíû E′(R), E1(R), E2(R)

è E3(R) èç ðàâåíñòâ

E′(R) =
2

[R]([R] + 1)

∑
d≤R

∑
c≤d

s(c/d; 1), (1)

E1(R) =
2

[R]([R] + 1)

∑
d≤R

∑
c≤d

s(c/d),
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E2(R) =
2

[R]([R] + 1)

∑
d≤R

∑
c≤d

l(c/d),

E3(R) =
2

[R]([R] + 1)

∑
d≤R

∑
c≤d

h(c/d).

Àñèìïòîòè÷åñêîìó ïîâåäåíèþ âåëè÷èí E1(R), E2(R), E3(R), ïîñâÿùåí ðÿä ðàáîò. Ïîð-
òåð [4] ïîëó÷èë àñèìïòîòè÷åñêóþ ôîðìóëó

d∑
c=1

ÍÎÄ (c,d)=1

s(c/d) =
2 log 2

ζ(2)
φ(d) log d+ Cφ(d) +Oε(d

5/6+ε),

ãäå C � êîíñòàíòà, íàéäåííàÿ Ðåí÷åì [5]:

C =
log 2

ζ(2)

(
3 log 2 + 4γ − 4

ζ ′(2)

ζ(2)
− 2

)
− 3

2
.

Èç ýòîãî ðåçóëüòàòà ñëåäóåò ðàâåíñòâî

E1(R) =
2 log 2

ζ(2)
logR+ C ′

P +Oε(R
−1/6+ε)

ñ íåêîòîðîé ïîëîæèòåëüíîé êîíñòàíòîé C ′
P [6]. Â ðàáîòå [7] Óñòèíîâ äîêàçàë àñèìïòîòè÷å-

ñêóþ ôîðìóëó äëÿ E1(R) ñ óëó÷øåííûì îñòàòî÷íûì ÷ëåíîì:

E1(R) =
2 log 2

ζ(2)
logR+ C ′

P +O(R−1 log5R),

ãäå

C ′
P =

2 log 2

ζ(2)

(
3 log 2 + 2γ − ζ ′(2)

ζ(2)
− 3

2

)
− 3

2
.

Äëÿ âåëè÷èí E2(R), E3(R) Áàëàäè è Âàëëå â 2005 ãîäó â ðàáîòå [8] ýðãîäè÷åñêèìè ìå-
òîäàìè ïîëó÷èëè àñèìïòîòè÷åñêèå ôîðìóëû

E2(R) =
2 logφ

ζ(2)
logR+ C̃l +O(R−β),

E3(R) =
3 logφ

ζ(2)
logR+ C̃h +O(R−β),

ãäå φ = (1 +
√
5)/2 � çîëîòîå ñå÷åíèå , β > 0, C̃l, C̃h � àáñîëþòíûå ïîñòîÿííûå. Óñòèíîâ â

ðàáîòàõ [9] è [10] ïîëó÷èë äëÿ ýòèõ ôîðìóë îöåíêó îñòàòî÷íûõ ÷ëåíîâ â âèäå O(R−1 log5R).
Â íàñòîÿùåé ðàáîòå, îñíîâûâàÿñü íà ïîäõîäå, ïðåäëîæåííîì â ðàáîòå [7], èññëåäóåòñÿ

àñèìïòîòè÷åñêîå ïîâåäåíèå E′(R).

Òåîðåìà. Äëÿ âåëè÷èíû E′(R), îïðåäåëåííîé ôîðìóëîé (1), ñïðàâåäëèâî ðàâåíñòâî

E′(R) =
logR

ζ(2)
+ Cd +O(R−1 log3R),

ãäå

Cd =
1

ζ(2)

(
2γ − 3

2
+ 2 log

(
3

2

)
(1− log 2)− log2 3− 2Li2

(
2

3

)
+ 2Li2

(
−1

2

)
− ζ ′(2)

ζ(2)

)
− 17

6
.
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1. Ñîîòíîøåíèÿ ìåæäó äèàãîíàëüíûìè äðîáÿìè

è ìèíèìóìàìè ðåøåòîê

Ïðåäñòàâëåíèå ðàöèîíàëüíîãî ÷èñëà â âèäå äðîáè Ìèíêîâñêîãî ñ ïàðàìåòðîì Ω èìååò
ñëåäóþùóþ ãåîìåòðè÷åñêóþ èíòåðïðåòàöèþ. Ïóñòü X ⊂ R2 � ñèììåòðè÷íàÿ îòíîñèòåëüíî
êîîðäèíàòíûõ îñåé, îãðàíè÷åííàÿ è çàìêíóòàÿ âûïóêëàÿ îáëàñòü ñ êóñî÷íî-ãëàäêîé ãðà-
íèöåé, m(X) ̸= 0. Äëÿ ðàöèîíàëüíîãî ÷èñëà r ∈ (0, 1/2) ðàññìîòðèì ðåøåòêó íà ïëîñêîñòè
Γr = {(n− r ·m,m)| n,m ∈ Z}.

Îïðåäåëåíèå 1. Íåíóëåâîé óçåë γ = (γ1, γ2) ðåøåòêè Γr íàçîâåì ìèíèìóìîì îòíî-

ñèòåëüíî îáëàñòè X, åñëè äëÿ íåêîòîðûõ âåùåñòâåííûõ ïîëîæèòåëüíûõ ÷èñåë t1, t2
1) íà ãðàíèöå îáëàñòè {(t1x1, t2x2)|(x1, x2) ∈ X} ëåæàò òîëüêî óçëû γ è −γ,
2) âíóòðè ýòîé îáëàñòè íåò íåíóëåâûõ óçëîâ èç Γr.

Ìíîæåñòâî òàêèõ ìèíèìóìîâ áóäåì îáîçíà÷àòü ÷åðåçM(Γr;X).Ìèíêîâñêèé â ñâîåé ðàáîòå
[1] ðàññìîòðåë îáëàñòè

XΩ = {(x1, x2) ∈ R2
∣∣ |x1|Ω + |x2|Ω ≤ 1}, ãäå Ω ∈ [1,∞).

Ìíîæåñòâî ìèíèìóìîâ îòíîñèòåëüíî XΩ áóäåì îáîçíà÷àòü ÷åðåç MΩ(Γr). Ìèíèìóìû îò-
íîñèòåëüíî îáëàñòè X1 áóäåì íàçûâàòü îêòàýäðàëüíûìè. Èç îïðåäåëåíèÿ 1 ñëåäóåò, ÷òî

M1(Γr) = {±(Pi − rQi, Qi)}.

Ïîýòîìó #M1(Γr) = 2s(r, 1) + 4 äëÿ ðàöèîíàëüíîãî ÷èñëà r ∈ (0, 1/2). Ó÷èòûâàÿ ðàâåíñòâà
s(1/2, 1) = 1, è s(r; 1) = s(1− r; 1) + 1 äëÿ r > 1/2, ïîëó÷àåì

s(r, 1) =


#M1(Γr)/2− 2 åñëè r ∈ (1, 1/2),
#M1(Γ1−r)/2− 1 åñëè r ∈ (1/2, 1),
1 åñëè r = 1/2.

(2)

Ïóñòü ôóíêöèÿ ψ(x1, x2) îïècûâàåò ãðàíèöó îáëàñòè X è îáëàñòü íå ÿâëÿåòñÿ ïðÿìî-
óãîëüíèêîì. Îáîçíà÷èì ÷åðåç (a0, b0), (a1, b1) òî÷êè ñ óñëîâèåì

ψ(2a0, 0) = ψ(a0, b0) = ψ(a1, b1) = ψ(0, 2b1).

Äëÿ âñåõ ÷èñåë α èç [0, 1] îïðåäåëèì ôóíêöèþ βΩ = β(α) ïî ïðàâèëó
ψ(u, v) = 0 äëÿ a0 ≤ u ≤ a1,
ψ(s, t) = 0, u = sβ, t = vα äëÿ a1 ≤ s ≤ 2a0,
ψ(x, y) = 0, x = s− u, y = t+ v äëÿ 0 ≤ x ≤ a0.

Äëÿ îêòàýäðàëüíûõ ìèíèìóìîâ

β(α) = β1(α) =
1

2− α
. (3)

Îïðåäåëåíèå 2. ×åòâåðêà íàòóðàëüíûõ ÷èñåë (k, l,m, n) åñòü Ω−ïðåäñòàâëåíèå ÷èñëà
d, åñëè

km+ ln = d, m ≤ n, k ≤ lβΩ(m/n), ÍÎÄ(m,n) = ÍÎÄ(k, l) = 1.

Ìíîæåñòâî Ω−ïðåäñòàâëåíèé ÷èñëà d îáîçíà÷èì ÷åðåç T ∗
Ω(d). Â ðàáîòå [11] èññëåäóþòñÿ

ìèíèìóìû îòíîñèòåëüíî îáëàñòè X. Â ÷àñòíîñòè, äîêàçàíà çàâèñèìîñòü ÷èñëà ýëåìåíòîâ
âî ìíîæåñòâå MΩ(Γc/d) è ÷èñëà ýëåìåíòîâ âî ìíîæåñòâå T ∗

Ω(d) [11, ëåììà 9]:∑
c≤d/2

ÍÎÄ(c,d)=1

#MΩ(Γc/d) = 2#T ∗
Ω(d) + 3φ(d). (4)
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2. Îñíîâíûå àñèìïòîòè÷åñêèå ðàâåíñòâà

è âñïîìîãàòåëüíûå ñóììû

Â ýòîì ïàðàãðàôå ìû ïðèâåäåì íåñêîëüêî âñïîìîãàòåëüíûõ óòâåðæäåíèé, êîòîðûå íàì
ïîíàäîáÿòñÿ â äàëüíåéøåì.

Ëåììà 1 (ôîðìóëà ñóììèðîâàíèÿ Ýéëåðà�Ìàêëîðåíà). Îïðåäåëèì ôóíêöèè

ρ(x) =
1

2
− {x}, σ(x) =

∫ x

0
ρ(u)du.

Òîãäà äëÿ ëþáîé äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìîé íà îòðåçêå [a, b] ôóíêöèè f(x)

∑
a<n≤b

f(n) =

∫ b

a
f(x)dx+ ρ(b)f(b)− ρ(a)f(a)− σ(b)f ′(b) + σ(a)f ′(a)−

∫ b

a
σ(x)f ′′(x)dx.

Ä î ê à ç à ò å ë ü ñ ò â î. Ñì., íàïðèìåð, â [12, ãëàâà I, òåîðåìà 1].
Ëåììà 2. Ïóñòü x = P (x)/Q(x) � ðàöèîíàëüíîå ÷èñëî, y, a, b � âåùåñòâåííûå ÷èñëà

è a ≤ b. Òîãäà ∑
a<k≤b

{kx+ y} =
b− a

2
+O

(
b− a

Q(x)

)
+O(s1(x)).

Ä î ê à ç à ò å ë ü ñ ò â î. Áóäåì ñëåäîâàòü òåîðåìå 2 èç [13, §2]. Ïîëîæèì n = [b]−[a], γ =
{y + x[a]}. Òîãäà ∑

a<k≤b

{kx+ y} = Sn(x)−Nn(γ) + nγ,

ãäå

Sn(x) =

n∑
k=1

{kx},

à Nn(γ) � ÷èñëî çíà÷åíèé k, ëåæàùèõ â îòðåçêå [1, n], äëÿ êîòîðûõ {kx} ≥ 1− γ.
Ïðåäñòàâèì x â âèäå ïðàâèëüíîé íåïðåðûâíîé äðîáè

x = [t0; t1, . . . , ts].

Îáîçíà÷èì ÷åðåç Pi/Qi � ïîäõîäÿùóþ äðîáü ÷èñëà x ñ íîìåðîì i. Îïðåäåëèì ïîñëåäîâà-
òåëüíîñòè íåîòðèöàòåëüíûõ öåëûõ ÷èñåë J0, J1, J2 . . . è R−1, R0, R1 . . . ïîñðåäñòâîì ñëåäóþ-
ùåãî ðåêóððåíòíîãî ïðàâèëà: R−1 = n, R0 ≡ n(mod Q(x)), J0 = s + 1 è Jm, Rm äëÿ m ≥ 1
� öåëûå ÷èñëà, óäîâëåòâîðÿþùèå ñîîòíîøåíèÿì

QJm ≤ Rm−1 < QJm+1, Rm ≡ Rm−1(mod QJm).

Òàê êàê 1 ≤ Jm < Jm−1, òî ïîñëåäîâàòåëüíîñòè {Jm} è {Rm} êîíå÷íû. Îáîçíà÷èì ÷åðåç l
êîëè÷åñòâî ýëåìåíòîâ â ïîñëåäîâàòåëüíîñòè {Jm}.

Ïîëîæèì i = Jm. Ïîñêîëüêó Rm−1 < Qi+1, òî

x =
Pi

Qi
+

θ

QiRm−1
, |θ| < 1. (5)

Ïîýòîìó

SRm−1(x) =

Rm−1∑
k=1

{
rk
Qi

+
θ · k

QiRm−1

}
, rk ≡ kPi(mod Qi).
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Â ñèëó òîãî, ÷òî ïðè rk = 0 è θ < 0

rk
Qi

+
θ · k

QiRm−1
∈ (−1, 0),

à â îñòàëüíûõ ñëó÷àÿõ
rk
Qi

+
θ · k

QiRm−1
∈ [0, 1),

ïðèõîäèì ê ðàâåíñòâó

SRm−1(x)−
Rm−1

2
=

Rm−1∑
k=1

(
rk
Qi

+
θ · k

QiRm−1

)
+ [θ < 0]

Rm−1∑
k=1
rk=0

1− Rm−1

2
,

ãäå çàïèñü [A] îçíà÷àåò õàðàêòåðèñòè÷åñêóþ ôóíêöèþ óñëîâèÿ A. Êîãäà k ïðîáåãàåò ïîë-
íóþ ñèñòåìó âû÷åòîâ ïî ìîäóëþ Qi, rk ïî îäíîìó ðàçó ïðèíèìàåò êàæäîå èç çíà÷åíèé
0, 1, . . . , Qi − 1. Ïîýòîìó∣∣∣∣SRm−1(x)−

Rm−1

2

∣∣∣∣ ≤ ∣∣∣∣SRm(x)−
Rm

2

∣∣∣∣+ ∣∣∣∣ Rm∑
k=1

θ · k
QiRm−1

∣∣∣∣+ 1

2

∣∣∣∣[Rm−1

Qi

]
− |θ|(Rm−1 + 1)

Qi

∣∣∣∣.
Ïîñêîëüêó

Rm∑
k=1

|θ| · k
QiRm−1

<
Rm(Rm + 1)

2QiRm−1
≤ Rm + 1

2Qi
≤ 1

2
,

1

2

∣∣∣∣[Rm−1

Qi

]
− |θ|(Rm−1 + 1)

Qi

∣∣∣∣ < 1

2

([
Rm−1

Qi

]
+
Rm−1 + 1

Qi

)
≤

[
Rm−1

Qi

]
+

1

2
,[

Rm−1

Qi

]
≤

{ n
Q(x) åñëè m = 0,

ti + 1 åñëè m > 0,

òî ∣∣∣∣SRm−1(x)−
Rm−1

2

∣∣∣∣ ≤ ∣∣∣∣SRm(x)−
Rm

2

∣∣∣∣+ 1 + 2ti[m > 0] +
n

Q(x)
[m = 0].

Ñóììèðóÿ ïîñëåäíåå íåðàâåíñòâî ïî ïåðåìåííîé m è ó÷èòûâàÿ l ≤ s, ïîëó÷àåì àñèìïòîòè-
÷åñêóþ ôîðìóëó äëÿ âåëè÷èíû Sn(x) :

Sn(x) =
n

2
+O(s1(x)) +O

(
n

Q(x)

)
.

Òåïåðü âû÷èñëèì Nn(γ), èñïîëüçóÿ ïîñëåäîâàòåëüíîñòè ÷èñåë {Jm}lm=0 è {Rm}lm=−1,
êîòîðûå ìû îïðåäåëèëè âûøå. Îïðåäåëèì õàðàêòåðèñòè÷åñêóþ ôóíêöèþ χ(x) ñîîòíîøå-
íèÿìè

χ(x) =

{
1 åñëè x ∈ [1− γ, 1),
0 åñëè x ∈ [0, 1− γ),

χ(x) = χ(x+ 1).

Òîãäà

Nn(γ) =
n∑

k=1

χ({kx}) =
n∑

k=1

χ(kx).

Ïóñòüm � ôèêñèðîâàííîå íàòóðàëüíîå ÷èñëî èç îòðåçêà [1, l]. Ïîëîæèì i = Jm. Îáîçíà÷èì

Ei(γ) =

{
k ∈ N

∣∣∣∣ k

Qi
∈ [1− γ, 1)

}
.
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Äëÿ ýòîãî ìíîæåñòâà âûïîëíÿåòñÿ ðàâåíñòâî #Ei(γ) = [γQi]. Ñîãëàñíî (5) äëÿ âñåõ
k ∈ [1, Rm−1]

χ(kx) = χ

(
rk
Qi

+
kθ

QiRm−1

)
= χ

(
rk
Qi

)
+ σ,

ãäå rk ≡ kPi( mod Qi) è σ � ñëàãàåìîå, ðàâíîå ±1, êîòîðîå ïîÿâëÿåòñÿ òîëüêî â îäíîì èç
äâóõ ñëó÷àåâ:

1− γ ∈
(
rk
Qi
,
rk
Qi

+
kθ

QiRm−1

]
, 1− γ ∈

(
rk
Qi

+
kθ

QiRm−1
,
rk
Qi

]
.

Îòñþäà íàõîäèì

Rm−1∑
k=1

χ(kx) = #Ei(γ)

[
Rm−1

Qi

]
+

Rm∑
k=1

χ(kx) +O

([
Rm−1

Qi

])
è ∣∣∣∣Rm−1∑

k=1

χ(kx)− γRm−1

∣∣∣∣ = ∣∣∣∣ Rm∑
k=1

χ(kx)− γRm

∣∣∣∣+O

([
Rm−1

Qi

])
.

Ñóììèðóÿ ïîñëåäíåå ðàâåíñòâî ïî ïåðåìåííîé m, ïîëó÷àåì

Nn(γ) = γn+O(s1(x)) +O

(
n

Q(x)

)
.

Ó÷èòûâàÿ n = b− a+O(1), ïîëó÷àåì óòâåðæäåíèå ëåììû.
Ëåììà 3. Ïóñòü n,m � íàòóðàëüíûå ÷èñëà è m ≤ n. Ôóíêöèÿ β = β(α) îïðåäåëåíà

ðàâåíñòâîì (3), α = α(β) � ôóíêöèÿ, îáðàòíàÿ ê β(α). Òîãäà

1) s1(m/n) = s1(n/m).

2) s1(β(m/n)) = s1(m/n) + 1.

3) s1(α(m/n)) = s1(m/n)− 1.

4)
∑n

m=1 s1
(
m
n

)
= O(n log2(n+ 1)).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïåðâîå óòâåðæäåíèå î÷åâèäíî. Äîêàæåì âòîðîå è òðåòüå.
Çàïèøåìm/n â âèäå íåïðåðûâíîé äðîáèm/n = [0; t1, . . . , ts]. Çàìå÷àÿ, ÷òî ôóíêöèÿ α(m/n)
îïðåäåëåíà íà îòðåçêå [1/2, 1], ïðè ïîìîùè ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïðèõîäèì ê ðà-
âåíñòâàì

β(m/n) =

{
[0; 1, 1 + t2, t3, . . . , ts], åñëè t1 = 1,
[0; 1, 1, t1 − 1, t2, t3, . . . , ts], â ïðîòèâíîì ñëó÷àå,

α(m/n) =

{
[0; 1 + t3, t4, . . . , ts] åñëè t2 = 1,
[0; 1, t2 − 1, t3, t4, . . . , ts] â ïðîòèâíîì ñëó÷àå.

Ñëåäîâàòåëüíî, s1(β(m/n)) = s1(m/n)+ 1, s1(α(m/n)) = s1(m/n)− 1. Óòâåðæäåíèå 4 ïîëó-
÷åíî â [14].

Ëåììà 4. Èìååò ìåñòî ðàâåíñòâî

H =

∞∑
l=1

1

l

( ∑
l<k≤ 3l

2

1

k
−

∑
2l<k≤3l

1

k
+

1

2

∑
l
2
<k≤l

l

k2
− 1

2

)
= −ζ(2)

3
+ (1− log 2)(log 3− 2 log 2+ 1/2).

Ä î ê à ç à ò å ë ü ñ ò â î. Ëåãêî ïðîâåðèòü, ÷òî ñëàãàåìûå â èññëåäóåìîì ðÿäå îöåíèâàþòñÿ
êàê O(l−2), ïîýòîìó ðÿä àáñîëþòíî ñõîäèòñÿ.
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Ïóñòü N � ôèêñèðîâàííîå íàòóðàëüíîå ÷èñëî. Îïðåäåëèì âåëè÷èíû H1, H1(N),H2 ðà-
âåíñòâàìè

H1(N) =
N∑
l=1

1

l

( ∑
l
2
<k≤l

l

k2
− 1

)
,

H1 =
∞∑
l=1

1

l

( ∑
l
2
<k≤l

l

k2
− 1

)
,

H2 =
∞∑
l=1

1

l

( ∑
l<k≤ 3l

2

1

k
−

∑
2l<k≤3l

1

k

)
.

Çàìåòèì, ÷òî
H = H2 +H1/2. (6)

Ïðèìåíÿÿ ëåììó 1, âû÷èñëèì

H1(N) =

N∑
l=1

∑
l
2
<k≤l

1

k2
−

N∑
l=1

1

l
=

∑
k≤N

2

1

k2

∑
k≤l<2k

1 +
∑

N
2
<k≤N

1

k2

∑
k≤l≤N

1−
N∑
k=1

1

k
=

= −2
∑

N
2
<k≤N

1

k
+ (N + 1)

∑
N
2
<k≤N

1

k2
= 1− 2 log 2 +O

(
1

N

)
.

Ïåðåõîäÿ ê ïðåäåëó ïðè N, ñòðåìÿùåìñÿ ê áåñêîíå÷íîñòè, ïîëó÷àåì

H1 = 1− 2 log 2. (7)

Ðÿä H2 àáñîëþòíî ñõîäèòñÿ è åãî ìîæíî ïðåäñòàâèòü â âèäå ðàçíîñòè äâóõ ñõîäÿùèõñÿ
ðÿäîâ:

H2 =
∞∑
l=1

1

l

( ∑
l<k≤ 3l

2

1

k
− log

(
3

2

))
−H3,

H3 =

∞∑
l=1

∑
l<k≤2l

(
1

l(k + l)
− 1

l2
log

(
3

2

))
.

Òàê êàê

H3 =
∞∑
k=1

1

k

( ∑
k
2
≤l<k

1

l
−

∑
3k
2
≤l<2k

1

l
− log

(
3

2

))
− log

(
3

2

)
·H1,

òî

H2 =

∞∑
l=1

1

l

( ∑
l<k≤2l

1

k
− log 2

)
−

∞∑
l=1

1

l

( ∑
l
2
≤k<l

1

k
− log 2

)
− ζ(2)

3
+ log

(
3

2

)
·H1 =

= −ζ(2)
3

+ log

(
3

4

)
·H1.

Èñïîëüçóÿ (6) è (7), íàõîäèì çíà÷åíèå H. Ëåììà äîêàçàíà.
Ëåììà 5. Ïóñòü R,U � âåùåñòâåííûå ïîëîæèòåëüíûå ÷èñëà, R ≥ 2, 1 ≤ U ≤ R.

Òîãäà

σ1(R,U) =
∑
l≤ 2R

3U

∑
k
l
≤ 1

2

(
1

l
− 1

k + l

)
=

R

3U

(
1− 2 log

(
3

2

))
+O(logR),
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σ2(R,U) =
∑

2R
3U

<l<R
U

∑
k≤R

U
−l

(
1

l
− 1

k + l

)
=

R

3U

(
5 log

(
3

2

)
− 2

)
+O(1),

σ3(R,U) =
∑

2R
3U

<l≤R
U

∑
k∈[R

U
−l, l

2
]

(
R

l
− U

)
=
R2

U

(
5

12
− log

(
3

2

))
+O(R),

σ4(R,U) =
∑
l≤ R

2U

∑
k∈( l

2
,l]

(
R

k + l
− U

)
=
R2

2U

(
log

(
4

3

)
− 1

8

)
+O(R logR),

σ5(R,U) =
∑

R
2U

<l≤ 2R
3U

∑
l
2
<k≤R

U
−l

(
R

k + l
− U

)
=
R2

U

(
log 3

2
− log 2 +

7

48

)
+O(R logR).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðèìåíÿÿ ëåììó 1 ê êàæäîé ñóììå, ïîëó÷èì òðåáóåìûå ñîîòíî-
øåíèÿ.

Ëåììà 6.Ïóñòü U � âåùåñòâåííîå ïîëîæèòåëüíîå ÷èñëî. Îïðåäåëèì âåëè÷èíû F (1)(U)
è F (2)(U) ðàâåíñòâàìè

F (1)(U) =
∑

l≤U−1

∑
U−l<k≤ l

2

1

k

(
1

U
− 1

l + k

)
,

F (2)(U) =
∑

l≤U−1

∑
l
2
<k≤l

2k≤U
l+k>U

1

k

(
1

U
− 1

2k

)
+

∑
l≤U−1

∑
l
2
<k≤l

l+k>U

1

k

(
1

2k
− 1

l + k

)
.

Òîãäà

F (1)(U) = log

(
3

2

)
(1+log 3)−Li2(1)+Li2

(
2

3

)
+
log 2− log 3− 1/3

2U
+
ρ(U)

U
log

(
3

2

)
+O

(
logU

U2

)
,

F (2)(U) = − log2 3

2
+ log 2 log 3 +

log 2

2
− log 3 + 1− Li2(1)

2
− Li2

(
− 1

2

)
+

+
log 3− log 2 + 1/3

2U
+
ρ(U)

U

(
1

2
− log

(
3

2

))
+O

(
logU

U2

)
.

Ä î ê à ç à ò å ë ü ñ ò â î. Îöåíêó âåëè÷èíû F (1)(U) ïðîâåäåì ìåòîäîì, ïðåäëîæåííûì â
ðàáîòå [9]. Ïðèìåíèì îáîçíà÷åíèå

g(l, U) =
log l − log(U − l)

U
− logU − log(U − l)

l
.

Èñïîëüçóÿ ëåììó 1, ïðåäñòàâèì âíóòðåííþþ ñóììó â F (1)(U) â âèäå èíòåãðàëà è îñòàòî÷-
íîãî ÷ëåíà. È ó÷èòûâàÿ, ÷òî îáëàñòü {(l, k)| l ≤ U − 1, U − l < k ≤ l/2} � òðåóãîëüíèê
{(l, k)| 2U/3 < l ≤ U − 1, U − l < k ≤ l/2}, ïîëó÷àåì

F (1)(U) =
∑

2U
3
<l≤U−1

(
g(l, U)− log 2

U
+

log 3

l
+
ρ(l/2)

l/2

(
1

U
− 2

3l

)
+O

(
1

l2(U − l)

))
.

Âêëàä ïîñëåäíåãî ñëàãàåìîãî â F (1)(U) áóäåò O(logU/U2). Ê ïîëó÷åííûì ñóììàì ñíîâà
ïðèìåíèì ôîðìóëó Ýéëåðà�Ìàêëîðåíà è, ïðèíèìàÿ âî âíèìàíèå ðàâåíñòâà

log(U − 1)− logU = − 1

U
+O

(
1

U2

)
,

1

U − 1
=

1

U
+O

(
1

U2

)
,
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ïðèäåì ê ñîîòíîøåíèþ

F (1)(U) =
∑

2U
3
<l≤U−1

g(l, U) + log2 3− log 2 log 3− log 2

3
+

log 2− log 3− 1/3

2U
+

+
ρ(U)

U
(log 3− log 2) +

ρ(2U/3)

2U/3

(
2

3
log 2− log 3

)
+O

(
1

U2

)
.

Âû÷èñëèì∑
2U
3
<l≤U−1

g(l, U) =

∫ U

2U
3

g(t, U)dt− ρ

(
2U

3

)
g

(
2U

3
, U

)
+ ρ(U)g(U − 1, U) +

+ O

(
g′x(x,U)

∣∣∣∣
x=U−1

)
+O

(
g′x(x,U)

∣∣∣∣
x=2U/3

)
+O

(∫ U

U−1
g(t, U)dt

)
.

Â ïîñëåäíåé ôîðìóëå âñå ñëàãàåìûå, çà èñêëþ÷åíèåì ïåðâûõ äâóõ, äàþò âêëàä O(logU/U2).
Ïîýòîìó ∑

2U
3
<l≤U−1

g(l, U) =

∫ U

2U
3

g(t, U)dt− ρ

(
2U

3

)(
2 log 2− 3 log 3

2U

)
+O

(
logU

U2

)
è ∫ U

2U
3

g(t, U)dt = log 3− 2

3
log 2− Li2(1) + Li2(2/3).

Îáúåäèíÿÿ íàéäåííûå âåëè÷èíû, ïîëó÷àåì îöåíêó äëÿ F (1)(U).
Îñòàëîñü íàéòè ñóììó F (2)(U). Ââåäåì â ðàññìîòðåíèå ôóíêöèè

g1(t, U) =
3

U
− log t

t
+

−1− log 3− 1
2U + logU

t
+

1

6t2
,

g2(t, U) =
U − 1 + ρ(U)

2t2
− 1

2t
− log(U + t)

t
+

log(2t)

t
+

1− ρ(U)

t(U + t)
.

Ñ ó÷åòîì çíà÷åíèé k, l, ñóììà F (2)(U) ïðåîáðàçóåòñÿ ê ñóììàì

F (2)(U) =
∑

U
3
<k≤U

2

1

k

∑
U−k<l≤2k−1

(
1

U
− 1

l + k

)
+

∑
U
2
<k≤U−1

1

k

∑
k−1<l≤U−1

(
1

2k
− 1

l + k

)
.

Ïåðâàÿ ñóììà îöåíèâàåòñÿ ñòàíäàðòíûì îáðàçîì ïðè ïîìîùè ëåììû 1 è ïðèâîäèòñÿ ê âèäó∫ U
2

U
3

g1(t, U)dt+
ρ(U/2)

U/2

(
1

2
− log

(
3

2

))
+O

(
logU

U2

)
=

=
1

2
− log

(
3

2

)
− 1

2
log2

(
3

2

)
+

1

2U

(
1

3
− log

(
3

2

))
+
ρ(U/2)

U/2

(
1

2
− log

(
3

2

))
+O

(
logU

U2

)
.

Òàêèì æå îáðàçîì âû÷èñëÿåì âòîðóþ ñóììó â F (2)(U) ñ ó÷åòîì îöåíêè∫ U

U−1
g2(t, U)dt≪ 1

U2
:

∑
U
2
<k≤U−1

1

k

∑
k−1<l≤U−1

(
1

2k
− 1

l + k

)
=

∫ U

U
2

g2(t, U)dt− ρ(U/2)

U/2

(
1

2
− log

(
3

2

))
+O

(
logU

U2

)
=
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=
1 + log2 2− log 2

2
+ Li2(−1)− Li2(−1/2) +

ρ(U)

U

(
1

2
− log

(
3

2

))
+

1

U
log

(
3

2

)
−

−ρ(U/2)
U/2

(
1

2
− log

(
3

2

))
+O

(
logU

U2

)
.

Îáúåäèíÿÿ íàéäåííûå âåëè÷èíû, è ó÷èòûâàÿ ðàâåíñòâî Li2(−1) = −Li2(1)/2, ïîëó÷àåì
îöåíêó äëÿ F (2)(U).

3. Äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà

Îáîçíà÷èì ÷åðåç N(R), N∗(R) ìíîæåñòâà ÷åòâåðîê, ñîñòîÿùèõ èç íàòóðàëüíûõ ÷èñåë:

N(R) =

 (k, l,m, n) ∈ N4

∣∣∣∣∣∣
km+ ln ≤ R,
1 ≤ m ≤ n,
1 ≤ k ≤ lβ(m/n)

 , (8)

N∗(R) =
{

(k, l,m, n) ∈ N(R)
∣∣ ÍÎÄ(k, l) = 1

}
, (9)

ãäå ôóíêöèÿ β(α) çàäàåòñÿ ôîðìóëîé (3).
Ëåììà 7. Ïóñòü R,U � âåùåñòâåííûå ÷èñëà, R ≥ 2, U ≤ R è

N1(R,U) = {(k, l,m, n) ∈ N(R)| n ≤ U}.

Òîãäà ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

#N1(R,U)=
R2

4
logU +

R2

4

(
ρ(U)

U
+ γ

)
− RU

2
+O

(
U2 log2R+R log2R+

R2

U2

)
.

Ä î ê à ç à ò å ë ü ñ ò â î. Îïðåäåëèì ìíîæåñòâî

N∗
1 (R,U) = {(k, l,m, n) ∈ N1(R,U)| ÍÎÄ(m,n) = 1}.

Òîãäà

#N1(R,U) =
∑
n≤U

n∑
m=1

∑
l≤R

n

∑
k≤lβ(m

n
)

[km+ ln ≤ R] =

=
∑
n≤U

∑
d|n

∑
1≤m≤n

ÍÎÄ(n,m)=d

∑
l≤R

n

∑
k≤lβ(m

n
)

[km+ ln ≤ R] =

=
∑
d≤U

∑
n≤U

d

∑
1≤m≤n

ÍÎÄ(n,m)=1

∑
l≤R

n

∑
k≤lβ(m

n
)

[
km+ ln ≤ R

d

]
=

=
∑
d≤U

#N∗
1

(
R

d
,
U

d

)
.

Ïðåäñòàâèì #N∗
1 (R,U) â âèäå

#N∗
1 (R,U) =

∑
n≤U

∑
1≤m≤n

ÍÎÄ(n,m)=1

T (R,U,m, n), (10)

ãäå T (R,U,m, n) � ÷èñëî öåëûõ òî÷åê (l, k) ñ íåíóëåâûìè êîîðäèíàòàìè, ëåæàùèìè â îá-
ëàñòè

{(x, y) ∈ R2| 0 ≤ x < R/n, 0 ≤ y ≤ xβ(m/n), 0 ≤ y ≤ (R− xn)/m}.
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Ñëåäîâàòåëüíî,

T (R,U,m, n) =
∑
l≤R

n

F (l)−
∑
l≤R

n

{F (l)}, (11)

ãäå
F (l) = min(lβ(m/n), (R− ln)/m).

Èñïîëüçóÿ ëåììû 1, 2, 3 (ïóíêòû 1�3) è ñîîòíîøåíèå Q
(
β
(
m
n

))
≪ n, ïîëó÷àåì

∑
l≤R

n

{F (l)} =
R

2n
+O

(
s1

(
m

n

))
+O

(
R

n2

)
,

∑
l≤R

n

F (l) =
R2

2n2
g

(
m

n

)
+O

(
n

m

)
,

g

(
m

n

)
=

β(mn )

1 + m
n β(

m
n )
.

Ïîäñòàâèì ýòè ôîðìóëû â (11), à çàòåì â (10), è ó÷èòûâàÿ ëåììó 3 (ïóíêò 4) è ðàâåíñòâî
(5), ïîëó÷èì ñëåäóþùåå ïðåäñòàâëåíèå #N∗

1 (R,U) :

#N∗
1 (R,U) =

R2

2

∑
n≤U

1

n2

∑
1≤m≤n

ÍÎÄ(n,m)=1

g

(
m

n

)
− R

2

∑
n≤U

φ(n)

n
+O(U2 log2R+R logR).

Òàê êàê∑
n≤U

φ(n)

n
=

∑
n≤U

∑
d|n

µ(d)

d
=

∑
d≤U

µ(d)

d

∑
n≤U/d

1 = U
∑
d≤U

µ(d)

d2
+O(logR) =

U

ζ(2)
+O(logR)

è

#N1(R,U) =
∑
d≤U

#N∗
1

(
R

d
,
U

d

)
,

òî

#N1(R,U) =
R2

2

∑
d≤u

1

d2

∑
n≤U/d

1

n2

∑
1≤m≤n

ÍÎÄ(n,m)=1

g

(
m

n

)
− RU

2
+O(U2 log2R) +O(R log2R).

Â íàøåì ñëó÷àå g(t) = 1/2. Èñïîëüçóÿ ëåììó 1, îöåíèì ïåðâîå ñëàãàåìîå â ïîëó÷åííîì
ñîîòíîøåíèè:

R2

2

∑
d≤u

1

d2

∑
n≤U/d

1

n2

∑
1≤m≤n

ÍÎÄ(n,m)=1

g

(
m

n

)
=

R2

2

∑
n≤u

1

n2

n∑
m=1

g

(
m

n

)
=
R2

4

∑
n≤u

1

n
=

=
R2

4

(
logU +

ρ(U)

U
+ γ +O(U−2)

)
.

Ïîýòîìó

#N1(R,U)=
R2

4
logU +

R2

4

(
ρ(U)

U
+ γ

)
− RU

2
+O

(
U2 log2R+R log2R+

R2

U2

)
.

Ëåììà äîêàçàíà.
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Ëåììà 8. Ïóñòü R � âåùåñòâåííoå, U � ïîëóöåëîå ÷èñëà, R ≥ 2, 1 ≤ U ≤ R è

N2(R,U) = {(k, l,m, n) ∈ N(R)| n > U}.

Òîãäà ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

#N2(R,U) =
R2

4
log

(
R

U

)
+ σ′0R

2 +
RU

2
+O

(
R2

U2
log2R+R log2R+ U2 log2R

)
,

ãäå

σ′0 =
γ

4
− 7

12
ζ(2)− 3

8
+

1

2
log

(
3

2

)
(1− log 2)− log2 3

4
− Li2(2/3)

2
+

Li2(−1/2)

2
.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïåðåïèñàâ óñëîâèÿ

km+ ln ≤ R, 1 ≤ m ≤ n, 1 ≤ k ≤ lβ(m/n), n > U

â ýêâèâàëåíòíîì âèäå

km+ ln ≤ R, l < R/U, 1 ≤ k ≤ l, U < n < R/l, nmax{0, α(k/l)} ≤ m ≤ n,

ãäå α = α(β) � ôóíêöèÿ, îáðàòíàÿ ê β(α), è îáîçíà÷èâ â íàøèõ ðàññóæäåíèÿõ

t(x) =

{
0 åñëè 0 < x ≤ 1/2,
α(x) åñëè 1/2 < x ≤ 1,

(12)

ïîëó÷èì

#N2(R,U) =
∑
l<R

U

l∑
k=1

∑
U<n<R

l

∑
t( k

l
)≤m

n
≤1

[km+ ln ≤ R].

Îïðåäåëèì ìíîæåñòâî

N∗
2 (R,U) = {(k, l,m, n) ∈ N1(R,U)| ÍÎÄ(k, l) = 1}.

Ïðè ýòîì

#N2(R,U) =
∑
d<R

U

#N∗
2

(
R

d
,U

)
, (13)

ïîñêîëüêó

#N2(R,U) =
∑
l<R

U

l∑
k=1

∑
U<n<R

l

∑
t( k

l
)≤m

n
≤1

[km+ ln ≤ R] =

=
∑
l<R

U

∑
d|l

∑
1≤k≤l

ÍÎÄ(k,l)=d

∑
U<n<R

l

∑
t( k

l
)≤m

n
≤1

[km+ ln ≤ R] =

=
∑
d<R

U

∑
l< R

Ud

∑
1≤k≤l

ÍÎÄ(k,l)=1

∑
U<n<R

l

∑
t( k

l
)≤m

n
≤1

[
km+ ln ≤ R

d

]
=

=
∑
d≤U

#N∗
2

(
R

d
,U

)
.
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Ïðåäñòàâèì #N∗
2 (R,U) â âèäå

#N∗
2 (R,U) =

∑
l<R

U

∑
1≤k≤l

ÍÎÄ(k,l)=1

T (R,U, k, l), (14)

ãäå T (R,U, k, l) � ÷èñëî öåëûõ òî÷åê (n,m) ñ íåíóëåâûìè êîîðäèíàòàìè, ëåæàùèìè â ìíî-
ãîóãîëüíèêå

{(x, y) ∈ R2| U < x ≤ R/l, xt(k/l) ≤ y ≤ x, 0 ≤ y ≤ (R− xl)/k}.

Èç ëåììû 2, åñëè ïîëîæèòü

F (x) = min

(
x,
R− lx

k

)
− xt

(
k

l

)
, (15)

ñëåäóåò îöåíêà

T (R,U, k, l) =
∑

u<n≤ R

l+kt( k
l
)

F (n) +
1

2

(
R

k + l
− R

l

)[
k ≤ l

2

][
U ≤ R

k + l

]
+

+
1

2

(
U − R

l

)[
k ≤ l

2

][
R

k + l
< U ≤ R

l

]
+

+
1

2

(
R

k + l
− U

)[
l

2
< k ≤ l

][
U ≤ R

k + l

]
+O

(
R

l2
+ s1

(
k

l

))
.

Îòñþäà, ñîãëàñíî (13), (14), ëåììå 3, ïîëó÷àåì

#N2(R,U) =
∑
l<R

U

l∑
k=1

∑
U<n≤ R

l+kt( k
l
)

F (n)− R

2
σ1(R,U)− R

2
σ2(R,U)− σ3(R,U)

2
+

+
σ4(R,U)

2
+
σ5(R,U)

2
+O

(
R2

U2
log2R+R log2R

)
,

ãäå âåëè÷èíû σ1(R,U), . . . , σ5(R,U) îïðåäåëåíû â ëåììå 5. Âîñïîëüçóåìñÿ åå ðåçóëüòàòàìè:

#N2(R,U) =
∑
l<R

U

l∑
k=1

∑
U<n≤ R

l+kt( k
l
)

F (n) +O

(
R2

U2
log2R+R log2R

)
.

Èñïîëüçóÿ ëåììó 1, ïðåäñòàâèì âíóòðåííþþ ñóììó â ïîëó÷åííîì âûðàæåíèè ÷åðåç èíòå-
ãðàë è îñòàòî÷íûé ÷ëåí:∑

U<n≤ R

l+kt( k
l
)

F (n) =

∫ R

l+kt( k
l
)

U
F (x)dx− ρ(U)F (U) +O

(
l

k

)
, åñëè U <

R

l + kt(kl )
,

∑
U<n≤ R

l+kt( k
l
)

F (n) = 0, âî âñåõ îñòàëüíûõ ñëó÷àÿõ.

Ïîñêîëüêó U � íå÷åòíîå ÷èñëî, òî

#N2(R,U) =
∑
l<R

U

∑
k≤l

U< R

l+kt( k
l
)

∫ R

l+kt( k
l
)

U
F (x)dx+O

(
R2

U2
log2R+R log2R

)
.
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Âû÷èñëÿÿ èíòåãðàë, âîñïîëüçóåìñÿ ôîðìóëàìè (12), (15) � îïðåäåëåíèÿìè ôóíêöèé t(x) è
F (x). Òîãäà ∫ R

l+kt( k
l
)

U
F (x)dx =

∫ R

U
dx

∫ x

xt(k/l)
dy[lx+ ky ≤ R].

Ïîëîæèì âî âíóòðåííåì èíòåãðàëå ξ = lx+ ky è èçìåíèì ïîðÿäîê èíòåãðèðîâàíèÿ. Ïîñëå
ñäåëàåì ïîäñòàíîâêó v = ξ/U. Â ðåçóëüòàòå ïîëó÷èì∫ R

U
dx

∫ x

xt(k/l)
[lx+ ky ≤ R]dy =

1

k

∫ R

1
dξ

∫ R

U
dx

[
ξ

l + k
≤ x ≤ ξ

l + kt(k/l)

]
=

=
1

k

∫ R

1
ξ

(
1

l + kt(k/l)
−max

(
U

ξ
,

1

l + k

))
[ξ > U(l + kt(k/l)]dξ =

=
U2

k

∫ R/U

1/U
v

(
1

l + kt(k/l)
−max

(
1

v
,

1

l + k

))
[v > l + kt(k/l)]dv.

Òàêèì îáðàçîì,

#N2(R,U) = U2

∫ R/U

1/U
vF (v,R, U)dv +O

(
R2

U2
log2R+R log2R

)
, (16)

ãäå

F (v,R, U) =
∑
l<R

U

∑
k≤l

v≥k+l

1

k

(
1

l + kt(k/l)
− 1

l + k

)
−

∑
l<R

U

∑
k≤l

l+kt(k/l)≤v<k+l

1

k

(
1

v
− 1

l + kt(k/l)

)
=

=
∑
l≤v

∑
k≤l

v≥k+l

1

k

(
1

l + kt(k/l)
− 1

l + k

)
−

∑
l≤v

∑
k≤l

l+kt(k/l)≤v<k+l

1

k

(
1

v
− 1

l + kt(k/l)

)
.

Òàê êàê ∑
k≤v

v≥k+[v]

1

k

(
1

[v] + kt(k/[v])
− 1

[v] + k

)
−

∑
k≤v

[v]+kt(k/[v])≤v
v<k+[v]

1

k

(
1

v
− 1

[v] + kt(k/[v])

)
=

= −
∑
k≤ [v]

2

1

k

(
1

v
− 1

[v]

)
=

{v}
v · [v]

∑
k≤ [v]

2

1

k
≪ log v

v2
,

òî F (v,R, U) ìîæíî ïðåäñòàâèòü â âèäå

F (v,R, U) = F1(v)− F2(v) +O

(
log v

v2

)
, (17)

F1(v) =
∑

l≤v−1

∑
k≤l

1

k

(
1

l + kt(k/l)
− 1

l + k

)
,

F2(v) =
∑

l≤v−1

∑
k≤l

l+kt(k/l)≤v
l+k>v

1

k

(
1

v
− 1

l + kt(k/l)

)
+

∑
l≤v−1

∑
k≤l

l+k>v

1

k

(
1

l + kt(k/l)
− 1

l + k

)
.
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Âûâåäåì àñèìïòîòè÷åñêóþ ôîðìóëó äëÿ F1(v + 1). Äëÿ ýòîãî âîñïîëüçóåìñÿ ëåììîé 1,
îïðåäåëåíèÿìè ôóíêöèé t(x) è α(x) :

F1(v + 1) =
∑
l≤v

( ∑
k≤l/2

1

k

(
1

l
− 1

l + k

)
+

∑
l
2
<k≤l

1

k

(
1

2k
− 1

l + k

))
=

=
∑
l≤v

( ∑
k≤l/2

1

k

(
1

l
− 1

l + k

)
+

∑
l
2
<k≤l

1

k

(
1

2k
− 1

l + k

)
− 1

2l

)
+

1

2

∑
l≤v

1

l
=

= H +
1

2

∑
l≤v

1

l
−

∑
l>v

( ∑
k≤l/2

1

k

(
1

l
− 1

l + k

)
+

∑
l
2
<k≤l

1

k

(
1

2k
− 1

l + k

)
− 1

2l

)
.

Âåëè÷èíà H îïðåäåëåíà â ëåììå 4. Òàê êàê∑
k≤l/2

1

k

(
1

l
− 1

l + k

)
+

∑
l
2
<k≤l

1

k

(
1

2k
− 1

l + k

)
− 1

2l
= − 1

l2
+O(l−3),

òî

F1(v + 1, R, U) = H +
1

2

∑
l≤v

1

l
+

1

v
+O

(
1

v2

)
.

Ïðèíèìàÿ âî âíèìàíèå îöåíêè log(v − 1) = log v − 1/v + O(v−2), 1/(v − 1) = 1/v + O(v−2),
ïîëó÷àåì

F1(v) =
log v

2
+H +

γ

2
+

1

2v
+
ρ(v)

2v
+O

(
1

v2

)
. (18)

Â îáîçíà÷åíèÿõ ëåììû 6 F2(v) = F (1)(v) + F (2)(v). Òàêèì îáðàçîì, ó÷èòûâàÿ ðàâåíñòâî
Li2(1) = ζ(2), ïîëó÷àåì

F2(v) =
log2 3

2
− log 2

2
+ 1− 3

2
ζ(2) + Li2(2/3)− Li2(−1/2) +

ρ(v)

2v
+O

(
log v

v2

)
.

Ïîäñòàâèì íàéäåííîå ñîîòíîøåíèå è (18) â (17):

F (v,R,U) =
log v

2
+ 2σ′0 +

1

4
+

1

2v
+O

(
log v

v2

)
.

Çäåñü σ′0 � êîíñòàíòà, îïðåäåëåííàÿ â ôîðìóëèðîâêå ëåììû 9. Òåïåðü ìû ìîæåì íàéòè
àñèìïòîòè÷åñêóþ ôîðìóëó äëÿ #N2(R,U) èç (16). Ëåììà äîêàçàíà.

Ëåììà 9. Ïóñòü R � âåùåñòâåííîå ÷èñëî è R ≥ 2. Òîãäà ñïðàâåäëèâà àñèìïòîòè÷å-

ñêàÿ ôîðìóëà

#N(R) =
R2

4
logR+ σ0R

2 +O(R log2R),

ãäå

σ0 =
γ

2
− 7

12
ζ(2)− 3

8
+

1

2
log

(
3

2

)
(1− log 2)− log2 3

4
−

Li2(
2
3)

2
+

Li2(−1
2)

2
.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü U � ïîëóöåëîå ïîëîæèòåëüíîå ÷èñëî è U < R. Ðàçî-
áüåì ìíîæåñòâî N(R), îïðåäåëåííîå ôîðìóëîé (5), íà äâà íåïåðåñåêàþùèõñÿ ìíîæåñòâà
N1(R,U) è N2(R,U), îïðåäåëåííûõ â ëåììàõ 7 è 8. Òîãäà

#N(R) = #N1(R,U) + #N2(R,U).
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Âîñïîëüçóåìñÿ ðåçóëüòàòàìè ýòèõ ëåìì, ïîëîæèâ U = [
√
R] + 1/2.

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û. Äëÿ äåéñòâèòåëüíîãî R ≥ 1 ïîëîæèì

S(R) =
∑
d≤R

∑
c≤d

s

(
c

d
; 1

)
.

Èç ñîîòíîøåíèÿ (1) ñëåäóåò ðàâåíñòâî

S(R) =
∑
d≤R

∑
c≤d/2

#M1

(
Γ

(
c

d

))
− 3R2

4
+O(R). (19)

Ïîñ÷èòàåì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè ïîëó÷åííîãî ðàâåíñòâà, îáîçíà÷èâ åãî ÷åðåç
Σ(R). Äëÿ ýòîãî âîñïîëüçóåìñÿ ôîðìóëîé (4):∑

c≤d/2

#M1

(
Γ

(
c

d

))
=

∑
t≤d/2
t|d

(
2T ∗

1

(
d

t

)
+ φ

(
d

t

))
= 2

∑
t|d

T ∗
1

(
d

t

)
+ d− 1.

Èñïîëüçóÿ îïðåäåëåíèå (9) ìíîæåñòâà N∗(R), ïîëó÷èì îöåíêó

Σ(R) = 2 ·#N∗(R) +
R2

2
+O(R).

Ïðèìåíèì ôîðìóëó îáðàùåíèÿ Ìåáèóñà ê #N∗(R). Òîãäà

Σ(R) = 2
∑
t≤R

#N

(
R

t

)
µ(t) +

R2

2
+O(R). (20)

Ñ ïîìîùüþ ëåììû 9 íàõîäèì∑
t≤R

#N

(
R

t

)
µ(t) =

R2 logR

4ζ(2)
+R2

(
σ0
ζ(2)

− ζ ′(2)

4ζ2(2)

)
+O(R log3R).

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà îáúåäèíèì ïîëó÷åííîå ñîîòíîøåíèå, (19), (20) è îïðåäåëå-
íèå âåëè÷èí S(R) è E′(R). Òåîðåìà äîêàçàíà.

Àâòîð âûðàæàåò ïðèçíàòåëüíîñòü Â.À. Áûêîâñêîìó çà ïîñòàíîâêó çàäà÷è. Àâòîð òàêæå
áëàãîäàðíà ðåöåíçåíòó çà ïîëåçíûå çàìå÷àíèÿ.
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ABSTRACT

We prove asymptotic formulae with two signi�cant terms for the expectation of the
random variable s(c/d; 1) � length of Minkowski's diagonal continued fraction when
the variables c and d range over the set 1 ≤ c ≤ d ≤ R <∞.
Key words: Continued fractions, geometry of numbers, lattices


