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Îá àñèìïòîòèêå áàçèñíûõ ôóíêöèé îáîáùåííîãî

ðÿäà Òåéëîðà äëÿ íåêîòîðûõ êëàññîâ áåñêîíå÷íî

äèôôåðåíöèðóåìûõ ôóíêöèé

Äîêàçàíî ñóùåñòâîâàíèå àñèìïòîòèêè áàçèñíûõ ôóíêöèé φs,n,k(x) è ψs,n,p(x) îáîáùåí-
íîãî ðÿäà Òåéëîðà äëÿ ôóíêöèé íåêâàçèàíàëèòè÷åñêîãî êëàññà Hρ,s. Ïîëó÷åí ïåðâûé
÷ëåí àñèìïòîòè÷åñêèõ ðàçëîæåíèé ýòèõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: íåêâàçèàíàëèòè÷åñêèé êëàññ, îáîáùåííûé ðÿä Òåéëîðà, áàçèñíûå ôóíê-
öèè, àòîìàðíàÿ ôóíêöèÿ.

Ââåäåíèå

Ïóñòü H(M) � êëàññ ôóíêöèé f ∈ C∞
[−1,1] òàêèõ, ÷òî

∥∥f (n)(x)∥∥
C[−1,1]

≤ c(f) ·Mn, ãäå

n = 0, 1, 2, . . . è M = {Mn}. Åñëè êàæäàÿ ôóíêöèÿ f ∈ H(M) îäíîçíà÷íî îïðåäåëÿåòñÿ ïî
ïîñëåäîâàòåëüíîñòè ÷èñåë

{
f (n)(x0)

}∞
n=0

, ãäå x0 � íåêîòîðàÿ òî÷êà îòðåçêà [−1, 1], òî êëàññ
H(M) íàçûâàåòñÿ êâàçèàíàëèòè÷åñêèì. Â ïðîòèâíîì ñëó÷àå H(M) íàçûâàåòñÿ íåêâàçèàíà-
ëèòè÷åñêèì.

Â.À. Ðâà÷åâ ïðåäëîæèë è èññëåäîâàë îáîáùåííûé ðÿä Òåéëîðà äëÿ ôóíêöèé íåêâàçè-
àíàëèòè÷åñêèõ êëàññîâ

Hα =
{
f ∈ C∞

[−1,1] :
∣∣∣f (n)(x)∣∣∣ ≤ c(f) · αn · 2

n(n+1)
2 , n = 0, 1, 2, . . .

}
.

Â [1, 2] äîêàçàíî, ÷òî åñëè ôóíêöèÿ f(x) ïðèíàäëåæèò êëàññó Hα ïðè 1 ≤ α < 2, òî

f (l)(x) =

∞∑
n=0

∑
k∈Nn

f (n) (xn,k) · φ
(l)
n,k(x),

ãäå ðÿä â ïðàâîé ÷àñòè ñõîäèòñÿ ðàâíîìåðíî íà ïðîìåæóòêå [−1, 1] äëÿ ëþáîãî l = 0, 1, 2, . . .
è Nn = {−2n−1,−2n−1 + 1, . . . , 2n−1} ïðè n ̸= 0 è N0 = {−1, 0, 1}; xn,k = k

2n−1 ïðè n ̸= 0
è k ∈ Nn; x0,k = k ïðè k ∈ N0. Áàçèñíûå ôóíêöèè φn,k(x) îäíîçíà÷íî îïðåäåëÿþòñÿ èç
óñëîâèé

φn,k ∈ H1, φ
(m)
n,k (xm,j) = δmn · δjk,

ãäå n = 0, 1, 2, . . . , k ∈ Nn;m = 0, 1, 2, . . . , j ∈ Nm è δmn � ñèìâîë Êðîíåêåðà. Ôóíêöèè φn,k(x)
èãðàþò ðîëü ôóíêöèé xn

n! â îáû÷íûõ ðÿäàõ Òåéëîðà. Äëÿ èõ ïîñòðîåíèÿ áûëà èñïîëüçîâàíà

àòîìàðíàÿ ôóíêöèÿ up(x) = 1
2π

∞∫
−∞

eitx
∞∏
k=1

sin t

2k
t

2k

dt, êîòîðàÿ ÿâëÿåòñÿ ôèíèòíûì ðåøåíèåì

ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ y′(x) = 2 · (y(2x+ 1)− y(2x− 1)) [2, 3].
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Èññëåäîâàíèÿ Â.À. Ðâà÷åâà â îáëàñòè ïîñòðîåíèÿ îáîáùåííûõ ðÿäîâ Òåéëîðà äëÿ áîëåå
øèðîêèõ êëàññîâ áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé áûëè ïðîäîëæåíû åãî ó÷åíèêà-
ìè Ã.À. Ñòàðöåì è Â.Ì. Êóçíè÷åíêî [4, 5].

Â 1986 ã. áûëà ïîñòàâëåíà ñëåäóþùàÿ çàäà÷à ([6], çàäà÷à 44, ñ. 59): èññëåäîâàòü ïîâåäå-
íèå áàçèñíûõ ôóíêöèé φn,k(x) ñ áîëüøèìè íîìåðàìè n è íàéòè óäîáíûå ôîðìóëû äëÿ èõ
âû÷èñëåíèÿ.

Ðåøåíèþ äàííîé çàäà÷è ïîñâÿùåíû ñòàòüè [7, 8]. Â ýòèõ ðàáîòàõ áûëî äîêàçàíî ñóùå-
ñòâîâàíèå àñèìïòîòèêè ôóíêöèé φn,k(x) ïðè n → ∞ è k òàêèõ, ÷òî k

2n−1 = x∗ � ôèêñèðî-
âàííàÿ òî÷êà îòðåçêà [−1, 1], è ïîëó÷åíû äëÿ ýòèõ ôóíêöèé àñèìïòîòè÷åñêèå ðàçëîæåíèÿ.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ ïîâåäåíèÿ ïðè n→ ∞ áàçèñíûõ ôóíêöèé φs,n,k

è ψs,n,p îáîáùåííîãî ðÿäà Òåéëîðà äëÿ ôóíêöèé êëàññà

Hα,s =
{
f ∈ C∞

[−1,1] :
∣∣∣f (n)(x)∣∣∣ ≤ c(f) · αn · 2n · (2s)

n(n−1)
2 , n = 0, 1, 2, . . .

}
,

ãäå s = 2, 3, 4, . . ..
Ïóñòü Ns,n =

{
−s · (2s)n−1,−s · (2s)n−1 + 1, . . . , s · (2s)n−1 − 1, s · (2s)n−1

}
ïðè n ∈ N

è Ns,0 = {−1, 0, 1}; xs,n,k = k
s·(2s)n−1 ïðè k ∈ Ns,n è n > 0, xs,0,k = k ïðè k ∈ Ns,0;

Ds,n =
{
1, 2, 3, . . . , (2s)n+1 − 1

}
\ {k · s}, k ∈ N ; x∗s,n,p = −1 + p

s·(2s)n ïðè p ∈ Ds,n è

n = 0, 1, 2, . . .. Ïîëîæèì △2
h(f ;x) = f(x+h)−2 ·f(x)+f(x−h) � âòîðàÿ ðàçíîñòü ôóíêöèè

f â òî÷êå x ñ øàãîì h.
Ñîãëàñíî [4, 9], åñëè f ∈ Hα,s ïðè s = 2, 3, 4, . . . è 1 < α < 2s, òî

f (l)(x) =
∞∑
n=0

 ∑
k∈Ns,n

f (n) (xs,n,k) · φ
(l)
s,n,k(x) +

∑
p∈Ds,n

△2
1

s·(2s)n

(
f (n);x∗s,n,p

)
· ψ(l)

s,n,p(x)

 .

Ïðè ýòîì ðÿä â ïðàâîé ÷àñòè ðàâåíñòâà ñõîäèòñÿ ðàâíîìåðíî íà îòðåçêå [−1, 1] äëÿ ëþáîãî
l = 0, 1, 2, . . .. Ôóíêöèè φs,n,k(x) è ψs,n,p(x) îäíîçíà÷íî îïðåäåëÿþòñÿ èç ñëåäóþùèõ óñëîâèé:

φs,n,k ∈ H1,s, ψs,n,p ∈ H1,s,

φ
(l)
s,n,k (xs,l,m) = δln · δmk , ψ

(l)
s,n,k (xs,l,m) = 0,

△2
1

s·(2s)l

(
φ
(l)
s,n,k;x

∗
s,l,q

)
= 0, △2

1

s·(2s)l

(
ψ(l)
s,n,p;x

∗
s,l,q

)
= δln · δpq ,

ãäå n = 0, 1, 2, . . ., k ∈ Ns,n è p ∈ Ds,n; l = 0, 1, 2, . . ., m ∈ Ns,l è q ∈ Ds,l.
Áàçèñíûå ôóíêöèè φs,n,k(x) è ψs,n,p(x) áûëè ïîñòðîåíû ñ ïîìîùüþ àòîìàðíîé ôóíêöèè

mups(x) = 1
2π

∞∫
−∞

eitx ·
∞∏
k=1

sin2 st

(2s)k

s2· t

(2s)k
·sin t

(2s)k

dt [4, 10], êîòîðàÿ ÿâëÿåòñÿ ôèíèòíûì ðåøåíèåì

ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ

y′(x) = 2 ·
s∑

k=1

(y(2sx+ 2s− 2k + 1)− y(2sx− 2k + 1)) . (1)

Îáîáùåííûå ðÿäû Òåéëîðà äëÿ íåêâàçèàíàëèòè÷åñêèõ êëàññîâHα èHα,s ïîçâîëÿþò âîñ-
ñòàíàâëèâàòü ôóíêöèè ñ èñïîëüçîâàíèåì èíôîðìàöèè, êîòîðàÿ çàäàåòñÿ â òî÷êàõ äîñòàòî÷-
íî ïðîñòûõ ìíîæåñòâ, ÷òî äåëàåò äàííûé ìàòåìàòè÷åñêèé àïïàðàò óäîáíûì äëÿ èññëåäîâà-
íèÿ ôóíêöèé èç âûøåóêàçàííûõ íåêâàçèàíàëèòè÷åñêèõ êëàññîâ. Òàê, íàïðèìåð, ñ èñïîëü-
çîâàíèåì îáîáùåííûõ ðÿäîâ Òåéëîðà ìîæíî äîêàçûâàòü òåîðåìû ñóùåñòâîâàíèÿ è åäèí-
ñòâåííîñòè ðåøåíèé êðàåâûõ çàäà÷ íîâîãî òèïà äëÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ
óðàâíåíèé [2, 11, 12].

57



1. Âñïîìîãàòåëüíûå ðåçóëüòàòû

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è íàìè áóäóò èñïîëüçîâàíû ñëåäóþùèå ñâîéñòâà ôóíê-
öèè mups(x) ïðè s = 2, 3, 4, . . .:

1◦. supp mups(x) = [−1, 1], mups(x) � ÷åòíàÿ ôóíêöèÿ [4].

2◦. mups(x) ∈ C∞ è
∥∥∥mup

(k)
s

∥∥∥
C
= 2k · (2s)

k(k−1)
2 [4].

3◦.
∞∫

−∞
mups(x)dx = 1, mups(0) = 1 [4].

4◦. Ôóíêöèÿ mups(x) íà ïðîìåæóòêå [−1, 0] ìîíîòîííî âîçðàñòàåò, êðîìå òîãî, ôóíêöèÿ
mups(x) ÿâëÿåòñÿ íåîòðèöàòåëüíîé äëÿ ëþáîãî x.

5◦. Ïðîèçâîäíàÿ l-ãî ïîðÿäêà ôóíêöèè mups(x) âû÷èñëÿåòñÿ ïî ôîðìóëå

mup(l)s (x) = 2l · (2s)
l(l−1)

2 ·
(2s)l∑
k=1

δs,l,k ·mups

(
(2s)l · x+ (2s)l − 2k + 1

)
,

ãäå êîýôôèöèåíòû δs,l,k ìîãóò áûòü íàéäåíû ñëåäóþùèì îáðàçîì:
à) δs,1,1 = . . . = δs,1,s = 1 è δs,1,s+1 = . . . = δs,1,2s = −1;
á) åñëè l ≥ 2, òî δs,l,i+j·(2s)l−1 = δs,l−1,i è δs,l,i+k·(2s)l−1 = −δs,l−1,i, ãäå i = 1, . . . , (2s)l−1,

j = 0, 1, . . . , s− 1 è k = s, . . . , 2s− 1; îòäåëüíî îòìåòèì, ÷òî δs,l,1 = 1 äëÿ ëþáîãî l ∈ N .

6◦. mups(−1) = mups(1) = 0 è mup
(l)
s (xs,l,j) = 0 äëÿ âñåõ l ∈ N è j ∈ Ns,l.

7◦. Äëÿ ëþáîãî k = 0, 1, 2, . . . çíà÷åíèÿ ôóíêöèè mups(x) â òî÷êàõ âèäà −1 + 1
s·(2s)k è

−1 + 1
(2s)k

âû÷èñëÿþòñÿ ïî ôîðìóëàì

mups

(
−1 +

1

s · (2s)k

)
=

2k+1

(2s)
(k+1)(k+2)

2

·
k∑

j=0

µs,j
j! · (k − j)!

è

mups

(
−1 +

1

(2s)k

)
=

2k

(k − 1)! · (2s)
k(k+1)

2

· νs,k−1,

ãäå µs,j =
1∫

−1

xj ·mups(x)dx è νs,k =
1∫
0

xk ·mups(x)dx.

8◦. Âåëè÷èíû µs,k =
1∫

−1

xj ·mups(x)dx è νs,k =
1∫
0

xk ·mups(x)dx îïðåäåëÿþòñÿ èç ñîîòíî-

øåíèé:

à) µs,0 = 1, µs,2n−1 = 0 è µs,2n = (2n)!
s·((2s)2n−1)

·
n∑

k=1

s∑
l=1

(2l−1)2k+1

(2n−2k)!·(2k+1)! ·µs,2n−2k äëÿ ëþáîãî n ∈ N ;

á) νs,2n = 1
2 · µs,2n è νs,2n−1 = 1

n·(2s)2n+1 ·
n∑

l=0

C2l
2n ·

s∑
k=1

(2k − 1)2l · µs,2n−2l äëÿ ëþáîãî

n = 0, 1, 2, . . ..
Ñâîéñòâà 4◦ � 8◦ ïîëó÷åíû â äèññåðòàöèè Ã.À. Ñòàðöà [13]. Èõ äîêàçàòåëüñòâî ìîæíî

òàêæå íàéòè â [14].
Ââåäåì â ðàññìîòðåíèå âñïîìîãàòåëüíûå ôóíêöèè φ̂s,n,k(x) è ψ̂s,n,p(x), ãäå n = 0, 1, 2, . . .,

k ∈ Ns,n è p ∈ Ds,n. Çàáåãàÿ âïåðåä, îòìåòèì, ÷òî ýòè ôóíêöèè îòëè÷àþòñÿ îò áàçèñíûõ
ôóíêöèé φs,n,k(x) è ψs,n,p(x) òîëüêî íîðìèðîâêîé.

Ïîëîæèì äëÿ ëþáîãî x ∈ [−1, 0]

φ̂s,0,0(x) = mups(x)
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è

φ̂s,n,0(x) = mups

(
x− 1 +

1

(2s)n

)
+

n−1∑
j=0

xs,n−j−1 ·mups

(
x− 1 +

1

s · (2s)j

)
äëÿ n ∈ N , ãäå êîýôôèöèåíòû {xs,i} óäîâëåòâîðÿþò áåñêîíå÷íîé òðåóãîëüíîé ñèñòåìå ëè-
íåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

mups
(
−1 + 1

2s

)
+ xs,0 ·mups

(
−1 + 1

s

)
= 0

mups

(
−1 + 1

(2s)2

)
+ xs,1 ·mups

(
−1 + 1

s

)
+ xs,0 ·mups

(
−1 + 1

s·2s
)
= 0

. . .

mups

(
−1 + 1

(2s)n

)
+ xs,n−1 ·mups

(
−1 + 1

s

)
+

+xs,n−2 ·mups

(
−1 + 1

s·(2s)

)
+ . . .+ xs,0 ·mups

(
−1 + 1

s·(2s)n−1

)
= 0

. . .

(2)

Èç ñâîéñòâ 7◦, 8◦ ôóíêöèè mups(x) ñëåäóåò, ÷òî mups
(
−1 + 1

s

)
= 1

s . Ïîýòîìó ñèñòåìà
óðàâíåíèé (2) èìååò åäèíñòâåííîå ðåøåíèå.

Ôóíêöèè φ̂s,n,0(x) ñ íå÷åòíûìè íîìåðàìè n ïðîäîëæèì íà ïðîìåæóòîê [0, 1] íå÷åòíûì
îáðàçîì, à ñ ÷åòíûìè íîìåðàìè n � ÷åòíûì îáðàçîì. Ýòî íåîáõîäèìî äëÿ òîãî, ÷òîáû ýòè
ôóíêöèè áûëè áåñêîíå÷íî äèôôåðåíöèðóåìûìè íà [−1, 1].

Äàëåå ïóñòü

ψ̂s,n,s·(2s)n−1(x) =


−mups

(
x− 1 + 1

(2s)n

)
+ s ·mups

(
x− 1 + 1

s·(2s)n

)
+

+
n−1∑
j=0

ys,n−j−1 ·mups

(
x− 1 + 1

s·(2s)j

)
, x ≤ 0,

0, x > 0

äëÿ n = 0, 1, 2, . . ., ãäå êîýôôèöèåíòû {ys,j} óäîâëåòâîðÿþò áåñêîíå÷íîé òðåóãîëüíîé ñèñòå-
ìå ëèíåéíûõ óðàâíåíèé

−mups
(
−1 + 1

2s

)
+ s ·mups

(
−1 + 1

s·(2s)

)
+ ys,0 ·mups

(
−1 + 1

s

)
= 0

−mups

(
−1 + 1

(2s)2

)
+ s ·mups

(
−1 + 1

s·(2s)2

)
+

+ys,0 ·mups

(
−1 + 1

s·(2s)

)
+ ys,1 ·mups

(
−1 + 1

s

)
= 0

. . .

−mups

(
−1 + 1

(2s)n

)
+ s ·mups

(
−1 + 1

s·(2s)n

)
+

+ys,0 ·mups

(
−1 + 1

s·(2s)n−1

)
+ . . .+ ys,n−1 ·mups

(
−1 + 1

s

)
= 0

. . .

(3)

Ïîñêîëüêó mups
(
−1 + 1

s

)
= 1

s , ñèñòåìà óðàâíåíèé (3) èìååò åäèíñòâåííîå ðåøåíèå.

Îñòàëüíûå ôóíêöèè φ̂s,n,k(x) è ψ̂s,n,p ñòðîèì ñëåäóþùèì îáðàçîì:
à) φ̂s,0,−1(x) = φ̂s,0,0(x+ 1), φ̂s,0,1(x) = φ̂s,0,0(x− 1);

á) ψ̂s,0,s+1(x) = ψ̂s,0,s−1(−x);
â) åñëè s > 2, òî ψ̂s,0,1(x) = ψ̂s,0,s−1(−x− 1) è äëÿ ëþáîãî p = 2, . . . , s− 2 ïîëîæèì

ψ̂s,0,p(x) = ψ̂s,0,s−1

(
−x− 1 +

p− 1

s

)
− φ̂s,0,0(x) · ψ̂s,0,s−1

(
−1 +

p− 1

s

)
−

−ψ̂s,0,p−1(x) · △2
1
s

(
ψ̂s,0,s−1;−x∗s,0,p−1 − 1 +

p− 1

s

)
−
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−ψ̂s,0,s+p−1(x) · △2
1
s

(
ψ̂s,0,1;−x∗s,0,s+p−1 − 1 +

p− 1

s

)
;

ã) åñëè s > 2, òî äëÿ âñåõ p = 2, . . . , s− 1 ïîëîæèì ψ̂s,0,p+s(x) = ψ̂s,0,p(x− 1);
ä) ïóñòü n ≥ 1 è äëÿ âñåõ m = 1, . . . , n − 1, j ∈ Ns,m è q ∈ Ds,m ôóíêöèè φ̂s,m,j(x) è

ψ̂s,m,q(x) óæå ïîñòðîåíû, òîãäà:
� äëÿ ëþáîãî k ∈ Ns,n ïîëîæèì

φ̂s,n,k(x) = φ̂s,n,0(x− xs,n,k)−
n−1∑
l=0

1

2l · (2s)
l(l−1)

2

·
∑

j∈Ns,l

φ̂s,l,j(x) · φ̂
(l)
s,n,0(xs,l,j − xs,n,k)−

−
n−1∑
l=0

1

2l · (2s)
l(l−1)

2

·
∑

p∈Ds,l

△2
1

s·(2s)l

(
φ̂
(l)
s,n,0;x

∗
s,l,p − xs,n,k

)
· ψ̂s,l,p(x);

� ψ̂s,n,1(x) = ψ̂s,n,s·(2s)n−1(−x− 1), ψ̂s,n,s·(2s)n+1(x) = ψ̂s,n,s·(2s)n−1(−x);
� äëÿ ëþáîãî j = 1, 2, . . . , 2 · (2s)n − 1 ïîëîæèì

ψ̂s,n,s·j+1(x) = ψ̂s,n,1

(
x− j

(2s)n

)
−

n∑
l=0

1

2l · (2s)
l(l−1)

2

·
∑

k∈Ns,l

φ̂s,l,k(x) · ψ̂
(l)
s,n,1

(
xs,l,k −

j

(2s)n

)
−

−
n−1∑
l=0

1

2l · (2s)
l(l−1)

2

·
∑

q∈Ds,l

ψ̂s,l,q(x) · △2
1

s·(2s)l

(
ψ̂
(l)
s,n,1;x

∗
s,l,q −

j

(2s)n

)
;

� åñëè s > 2, òî äëÿ ëþáîãî m = 0, 1, . . . , 2 · (2s)n − 1 è p = 2, . . . , s− 1 ïîëîæèì

ψ̂s,n,m·s+p(x) = ψ̂s,n,1

(
x− m · s+ p− 1

s · (2s)n

)
−

−
n∑

l=0

1

2l · (2s)
l(l−1)

2

·
∑

k∈Ns,l

φ̂s,l,k(x) · ψ̂
(l)
s,n,1

(
xs,l,k −

m · s+ p− 1

s · (2s)n

)
−

−
n−1∑
l=0

1

2l · (2s)
l(l−1)

2

·
∑

q∈Ds,l

ψ̂s,l,q(x) · △2
1

s·(2s)l

(
ψ̂
(l)
s,n,1;x

∗
s,l,q −

m · s+ p− 1

s · (2s)n

)
−

−
2·(2s)n−1−m∑

j=0

ψ̂s,n,s·j+s·m+p−1(x) · △2
1

s·(2s)n

(
ψ̂
(n)
s,n,1;x

∗
s,l,s·j+m·s+p−1 −

m·s+p−1
s·(2s)n

)
2n · (2s)

n(n−1)
2

.

Ñâÿçü ìåæäó ôóíêöèÿìè φ̂s,n,k(x), ψ̂s,n,p(x) è φs,n,k(x), ψs,n,p(x) óñòàíàâëèâàåòñÿ ñëåäó-
þùåé òåîðåìîé.

Òåîðåìà 1 [14]. Äëÿ âñåõ n = 0, 1, 2, . . ., k ∈ Ns,n è p ∈ Ds,n ñïðàâåäëèâû òîæäåñòâà

φ̂s,n,k(x) ≡ 2n · (2s)
n(n−1)

2 · φs,n,k(x)

è

ψ̂s,n,p(x) ≡ 2n · (2s)
n(n−1)

2 · ψs,n,p(x).

Äîêàçàòåëüñòâî ýòîé òåîðåìû îïèðàåòñÿ íà ñëåäóþùåå óòâåðæäåíèå.
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Ëåììà 1 [14]. Äëÿ ëþáûõ n = 0, 1, 2, . . ., l = 0, 1, 2, . . ., k ∈ Ns,n, m ∈ Ns,l, a ∈ Ds,n è

b ∈ Ds,l âûïîëíÿþòñÿ ñëåäóþùèå ðàâåíñòâà:

φ̂
(l)
s,n,k(xs,l,m) = 2n · (2s)

n(n−1)
2 · δln · δmk , △2

1

s·(2s)l

(
φ̂
(l)
s,n,k;x

∗
s,l,b

)
= 0,

ψ̂(l)
s,n,a(xs,l,m) = 0, △2

1

s·(2s)l

(
ψ̂(l)
s,n,a;x

∗
s,l,b

)
= 2n · (2s)

n(n−1)
2 · δln · δba.

Òàêèì îáðàçîì, φ̂s,n,k(x) è ψ̂s,n,p(x) òàêæå ÿâëÿþòñÿ áàçèñíûìè ôóíêöèÿìè îáîáùåííîãî
ðÿäà Òåéëîðà äëÿ ôóíêöèé êëàññà Hα,s.

Ïîêàæåì, ÷òî íåêîòîðûå ñëàãàåìûå â âûðàæåíèÿõ äëÿ ôóíêöèé φ̂s,n,k(x) è ψ̂s,n,p(x)
ìîãóò áûòü ðàâíûìè íóëþ.

Òåîðåìà 2. Ïóñòü n ÿâëÿåòñÿ íàòóðàëüíûì è k ïðèíàäëåæèò ìíîæåñòâó Ns,n. Åñëè

k ÿâëÿåòñÿ ÷èñëîì âèäà h · (2s)n−1−q, ãäå q ≤ n− 1 è h ̸= 0( mod 2s), òî

φ̂s,n,k(x) = φ̂s,n,0

(
x− h

s · (2s)q

)
−

q∑
l=0

1

2l · (2s)
l(l−1)

2

·
∑

j∈Ns,l

φ̂
(l)
s,n,0

(
xs,l,j −

h

s · (2s)q

)
· φ̂s,l,j(x)−

−
q∑

l=0

1

2l · (2s)
l(l−1)

2

·
∑

p∈Ds,l

△2
1

s·(2s)l

(
φ̂
(l)
s,n,0;x

∗
s,l,p −

h

s · (2s)q

)
· ψ̂s,l,p(x).

Ä î ê à ç à ò å ë ü ñ ò â î. ×òîáû óñòàíîâèòü ñïðàâåäëèâîñòü óòâåðæäåíèÿ òåîðåìû, äî-

ñòàòî÷íî ïîêàçàòü, ÷òî äëÿ ëþáîãî l = q+1, . . . , n−1 ñïðàâåäëèâû ðàâåíñòâà φ̂
(l)
s,n,0 (xs,l,j − xs,n,k) =

0 è △2
1

s·(2s)l

(
φ̂
(l)
s,n,0;x

∗
s,l,p − xs,n,k

)
= 0.

Òàê êàê k = h · (2s)n−1−q, ãäå q ≤ n− 1 è h ̸= 0( mod 2s), òî xs,n,k = k
s·(2s)n−1 = h

s·(2s)q .

Åñëè l ≥ q+1 è l ≤ n− 1, òî äëÿ ëþáîãî j ∈ Ns,l ìîæíî çàïèñàòü φ̂
(l)
s,n,0 (xs,l,j − xs,n,k) =

= φ̂
(l)
s,n,0

(
j

s·(2s)l−1 − h
s·(2s)q

)
= φ̂

(l)
s,n,0

(
j−h·(2s)l−1−q

s·(2s)l−1

)
= φ̂

(l)
s,n,0

(
xs,l,j−h·(2s)l−1−q

)
= 0, ãäå ïîñëåä-

íèé ïåðåõîä âûòåêàåò èç ëåììû 1.
Èç ëåììû 1 òàêæå ñëåäóåò, ÷òî ïðè l ≥ q + 1 ñïðàâåäëèâî ðàâåíñòâî

△2
1

s·(2s)l

(
φ̂
(l)
s,n,0;x

∗
s,l,p −

h

s · (2s)q

)
= △2

1

s·(2s)l

(
φ̂
(l)
s,n,0;−1 +

p− h · (2s)l−q

s · (2s)l

)
= 0.

Òåîðåìà äîêàçàíà.
Òåîðåìà 3. Ïóñòü n ÿâëÿåòñÿ íàòóðàëüíûì è j = 1, 2, . . . , 2·(2s)n−1. Åñëè j = (2s)n+

+ 2 · h · (2s)n−1−q, ãäå q ≤ n− 1 è h ̸= 0( mod 2s), òî

ψ̂s,n,s·j+1(x) = ψ̂s,n,1

(
x− 1− h

s · (2s)q

)
−

−
q∑

l=0

1

2l · (2s)
l(l−1)

2

·
∑

k∈Ns,l

φ̂s,l,k(x) · ψ̂
(l)
s,n,1

(
xs,l,k − 1− h

s · (2s)q

)
−

−
q∑

l=0

1

2l · (2s)
l(l−1)

2

·
∑

p∈Ds,l

ψ̂s,l,p(x) · △2
1

s·(2s)l

(
ψ̂
(l)
s,n,1;x

∗
s,l,p − 1− h

s · (2s)q

)
.

Ä î ê à ç à ò å ë ü ñ ò â î òåîðåìû àíàëîãè÷íî ïðèâåäåííîìó â òåîðåìå 2.
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Èòàê, íàìè óñòàíîâëåíî, ÷òî ÷èñëî ñëàãàåìûõ â âûðàæåíèÿõ ôóíêöèé φ̂s,n,h·(2s)n−1−q(x)

è ψ̂s,n,s·(2s)n+h·(2s)n−q+1(x) íå çàâèñèò îò n.
Äàëåå ââåäåì â ðàññìîòðåíèå ñëåäóþùèå ôóíêöèè:

Φs(z) =
∞∑
k=0

mups

(
−1 +

1

s · (2s)k

)
· zk,

Λs(z) =

∞∑
k=0

mups

(
−1 +

1

(2s)k+1

)
· zk,

Ts(z) =

∞∑
k=0

mups

(
−1 +

1

s · (2s)k+1

)
· zk.

(4)

Îñíîâíûì ðåçóëüòàòîì, íà êîòîðîì áàçèðóåòñÿ ðåøåíèå ïîñòàâëåííîé â äàííîé ñòàòüå
çàäà÷è, ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 4. Äëÿ ëþáîãî s ≥ 2 ôóíêöèÿ Φs(z) â êðóãå Gs = {z ∈ C : |z| < 4 · s2} èìå-

åò åäèíñòâåííûé êîðåíü λs, êîòîðûé ÿâëÿåòñÿ äåéñòâèòåëüíûì ÷èñëîì è ïðèíàäëåæèò

èíòåðâàëó (−3s2;−1), ïðè÷åì Λs(λs) ̸= 0 è Λs(λs)− s · Ts(λs) ̸= 0.
Äëÿ äîêàçàòåëüñòâà òåîðåìû íàì ïîíàäîáèòñÿ ñëåäóþùàÿ ëåììà.
Ëåììà 2. Äëÿ âñåõ s ≥ 2 è n = 0, 1, 2, . . . ñïðàâåäëèâî ðàâåíñòâî

mups

(
−1 +

1

s · (2s)n

)
=

2n+1

n! · (2s)
(n+1)(n+2)

2

·
1∫

−1

(−τ + 1)n ·mups(τ)dτ.

Ä î ê à ç à ò å ë ü ñ ò â î. Âîñïîëüçóåìñÿ ôîðìóëîé Òåéëîðà ñ îñòàòêîì â èíòåãðàëüíîé

ôîðìå: mups (x) =
n∑

k=0

mup
(k)
s (−1)
k! · (x + 1)k + 1

n! ·
x∫

−1

mup
(n+1)
s (t) ·

(
−1 + 1

s·(2s)n − t
)n
dt. Èç

ñâîéñòâà 6◦ ôóíêöèèmups(x) ñëåäóåò, ÷òîmup
(k)
s (−1) = 0 äëÿ ëþáîãî k = 0, 1, 2, . . .. Çíà÷èò,

mups

(
−1 +

1

s · (2s)n

)
=

1

n!
·

−1+ 1
s·(2s)n∫

−1

mup(n+1)
s (t) ·

(
−1 +

1

s · (2s)n
− t

)n

dt.

Ïðèìåíÿÿ ñâîéñòâî 5◦, ïîëó÷àåì

mups

(
−1 +

1

s · (2s)n

)
=

1

n!
·

−1+ 1
s·(2s)n∫

−1

(
−1 +

1

s · (2s)n
− t

)n

·2n+1 · (2s)
n(n+1)

2 ·
(2s)n+1∑
k=1

δs,n+1,k×

×mups
(
(2s)n+1 · t+ (2s)n+1 − 2k + 1

)
dt =

2n+1

n! · (2s)
(n+1)(n+2)

2

·
(2s)n+1∑
k=1

δs,n+1,k×

×
3−2k∫

−2k+1

(−τ + 3− 2k)n ·mups(τ)dτ.

Â ïîñëåäíåì ïåðåõîäå ñäåëàíà ñîîòâåòñòâóþùàÿ çàìåíà ïåðåìåííîé.
Èç ñâîéñòâà 1◦ ñëåäóåò, ÷òî mups(τ) = 0 äëÿ ëþáîãî τ ∈ [−2k + 1,−2k + 3] ïðè âñåõ

k = 2, 3, . . . , (2s)n+1. Ïîýòîìó, ó÷èòûâàÿ ðàâåíñòâî δs,n+1,1 = 1 (ñâîéñòâî 5◦), ïîëó÷àåì

mups

(
−1 +

1

s · (2s)n

)
=

2n+1

n! · (2s)
(n+1)(n+2)

2

·
1∫

−1

(−τ + 1)n ·mups(τ)dτ.

62



Èòàê, ëåììà äîêàçàíà.

Ä î ê à ç à ò å ë ü ñ ò â î òåîðåìû 4. Ïóñòü fs(z) = mups
(
−1 + 1

s

)
+z·mups

(
−1 + 1

s·(2s)

)
è

gs(z) = Φs(z)−fs(z). Äîêàæåì, ÷òî ïðè s ≥ 6 íà ãðàíèöå îáëàñòèGs èìååò ìåñòî íåðàâåíñòâî
|fs(z)| > |gs(z)|.

Èç ñâîéñòâ 7◦, 8◦ ôóíêöèèmups(x) ñëåäóåò, ÷òîmups
(
−1 + 1

s

)
= 1

s èmups

(
−1 + 1

s·(2s)

)
=

= 1
2s3

. Çíà÷èò, fs(z) =
1
s +

z
2s3

è min
|z|=4s2

|fs(z)| = 1
s , min

|z|=3s2
|fs(z)| = 1

2s .

Äîêàæåì, ÷òî max
|z|≤4s2

|gs(z)| < 1
2s ïðè s ≥ 6.

Ïî ïîñòðîåíèþ gs(z) =
∞∑
k=2

zk ·mups

(
−1 + 1

s·(2s)k

)
. Èç ýòîãî ñëåäóåò, ÷òî

max
|z|≤4s2

|gs(z)| ≤
∞∑
k=2

(2s)k ·mups

(
−1 +

1

s · (2s)k

)
.

Òàê êàê |mups(x)| ≤ 1 (ñâîéñòâî 2◦), òî, ïðèìåíÿÿ ëåììó 2, ïîëó÷àåì

mups

(
−1 +

1

s · (2s)k

)
≤ 22(k+1)

(k + 1)! · (2s)
(k+1)(k+2)

2

.

Ñëåäîâàòåëüíî,

max
|z|≤4s2

|gs(z)| ≤
∞∑
k=2

22(k+1)

(k + 1)! · (2s)
k2−k+2

2

=
1

s2
·

∞∑
k=2

4k

(k + 1)! · (2s)
(k+1)(k−2)

2

=

=
1

s2
·

(
8

3
+

43

4! · (2s)2
+

∞∑
k=4

4k

(k + 1)! · (2s)
(k+1)(k−2)

2

)
≤ 1

s2
·

8

3
+

2

3s2
+

(
2

s

)4

· 1
5!

·
∞∑
j=0

(
2
s

)j
j!

 =

=
1

s2
·
(
8

3
+

2

3s2
+

2

15s4
· e

2
s

)
<

1

2s
ïðè s ≥ 6.

Òàêèì îáðàçîì, åñëè s ≥ 6, òî

max
|z|≤4s2

|gs(z)| < min
|z|=3s2

|fs(z)| (5)

è
max
|z|≤4s2

|gs(z)| < min
|z|=4s2

|fs(z)|. (6)

Èç òåîðåìû Ðóøå ñëåäóåò, ÷òî â êðóãå Gs ôóíêöèÿ fs(z) + gs(z) èìååò ñòîëüêî êîðíåé,
ñêîëüêî èõ èìååò fs(z). Ôóíêöèÿ fs(z) â êðóãå Gs èìååò îäèí êîðåíü zs = −2s2. Çíà÷èò,
ôóíêöèÿ Φs(z) = fs(z) + gs(z) èìååò â Gs åäèíñòâåííûé êîðåíü. Îáîçíà÷èì ýòîò êîðåíü
÷åðåç λs.

Äîêàæåì, ÷òî λs ÿâëÿåòñÿ äåéñòâèòåëüíûì ÷èñëîì è ïðèíàäëåæèò èíòåðâàëó (−3s2,−1).
Ïî ïîñòðîåíèþ Φs(−1) = fs(−1) + gs(−1) ≥ 1

s − 1
2s3

− |gs(−1)|. Âûøå íàìè áûëî óñòà-
íîâëåíî, ÷òî max

|z|≤4s2
|gs(z)| < 1

2s . Ïîýòîìó Φs(−1) > 1
2s −

1
2s3

> 0 ïðè s ≥ 6.

Òàê êàê Φs(−3s2) ≤ fs(−3s2) + |gs(−3s2)| è fs(−3s2) = 1
s − 3s2

2s3
= − 1

2s , òî èñïîëüçóÿ (5)
ïîëó÷àåì Φs(−3s2) < − 1

2s +
1
2s = 0.

Òàêèì îáðàçîì, íà êîíöàõ ïðîìåæóòêà [−3s2,−1] ôóíêöèÿ Φs(x) ïðèíèìàåò ðàçëè÷íûå
ïî çíàêó çíà÷åíèÿ. Ñëåäîâàòåëüíî, ñóùåñòâóåò xs ∈ (−3s2,−1) òàêîå, ÷òî Φs(xs) = 0. Òàê
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êàê ôóíêöèÿ Φs(z) èìååò â Gs åäèíñòâåííûé êîðåíü, òî λs è xs ñîâïàäàþò. Ýòî äîêàçûâàåò,
÷òî λs ∈ (−3s2,−1).

Ïîêàæåì, ÷òî Λs(λs) ̸= 0 è Λs(λs)− s ·Ts(λs) ̸= 0. Äëÿ ýòîãî äîñòàòî÷íî óñòàíîâèòü, ÷òî
Λs(λs) > s · Ts(λs) > 0.

Ïî ïîñòðîåíèþ Λs(λs) =
∞∑
k=0

(−1)k · |λs|k ·mups

(
−1 + 1

(2s)k+1

)
= mups

(
−1 + 1

2s

)
+R0, ãäå

R0 =
∞∑
k=1

(−1)k · |λs|k ·mups

(
−1 + 1

(2s)k+1

)
. Èç ñâîéñòâ 7◦, 8◦ ôóíêöèè mups(x) ñëåäóåò, ÷òî

mups
(
−1 + 1

2s

)
= 1

2s è mups

(
−1 + 1

(2s)2

)
=

νs,1
2s3

. Ïîýòîìó |R0| ≤ |λs| ·mups

(
−1 + 1

(2s)2

)
≤

≤ 3s2· νs,1
2s3

=
3νs,1
2s . Ïðèìåíÿÿ ñâîéñòâî 7◦, ïîëó÷àåì νs,1 =

1
(2s)3

·
(
µs,2 · s+ µs,0 · s·(2s−1)·(2s+1)

3

)
.

Òàê êàê µs,0 = 1 è µs,2 =
1∫

−1

x2 ·mups(x)dx ≤ 1 (ýòî ñëåäóåò èç ñâîéñòâà 3◦ ôóíêöèèmups(x)),

òî νs,1 ≤ 1
8s3

·
(
s+ s · 4s2−1

3

)
= 1

6 + 1
12s2

è |R0| ≤ 1
4s +

1
8s3
.

Òàê êàê Ts(λs) = mups

(
−1 + 1

s·(2s)

)
+ r0, ãäå r0 =

∞∑
k=1

(−1)k · |λs|k ·mups

(
−1 + 1

s·(2s)k+1

)
,

è |r0| ≤ |λs| ·mups

(
−1 + 1

s·(2s)2

)
, òî, ó÷èòûâàÿ ëåììó 2 è íåðàâåíñòâî |λs| ≤ 2 · s2, ïîëó÷àåì

|r0| ≤ 3 · s2 · 23

(2s)6·2! ·
1∫

−1

(x+ 1)2 ·mups(x)dx.

Ïîñêîëüêó 0 ≤ mups(x) ≤ 1 äëÿ ëþáîãî x, òî
1∫

−1

(x+ 1)2 ·mups(x)dx ≤ 8
3 .

Ñëåäîâàòåëüíî, |r0| ≤ 1
2s4

.
Òîãäà Ts(λs) =

1
2s3

+ r0 ≥ 1
2s3

− |r0| ≥ 1
2s3

− 1
2s4

, îòêóäà âèäíî, ÷òî Ts(λs) > 0 äëÿ ëþáîãî
s ≥ 6.

Êðîìå òîãî, Λs(λs)−s ·Ts(λs) = 1
2s+R0−s ·

(
1

2s3
+ r0

)
≥ 1

2s−
1

2s2
−|R0|−s · |r0|. Èñïîëüçóÿ

îöåíêè äëÿ âåëè÷èí R0 è r0, ïîëó÷àåì Λs(λs)− s · Ts(λs) ≥ 1
4s −

1
s2

− 1
8s3

. Èç ýòîãî ñëåäóåò,
÷òî ïðè s ≥ 6 ñïðàâåäëèâî íåðàâåíñòâî Λs(λs)− s · Ts(λs) > 0.

Çíà÷èò, åñëè s ≥ 6, òî Λs(λs) > s · Ts(λs) > 0.
Èòàê, îñòàåòñÿ ïðîâåðèòü ñïðàâåäëèâîñòü óòâåðæäåíèÿ òåîðåìû äëÿ s = 2, 3, 4, 5.
Èç ñâîéñòâ 7◦, 8◦ ôóíêöèè mups(x) ñëåäóåò, ÷òî Λs(z), Ts(z) è Φs(z) ìîæíî âû÷èñëÿòü

ñ ïðîèçâîëüíîé òî÷íîñòüþ äëÿ ëþáîãî s = 2, 3, 4, . . .. Åñëè îáîçíà÷èòü ÷åðåç zs,1, zs,2, . . .
êîðíè ôóíêöèè Φs(z), ðàñïîëîæåííûå â ïîðÿäêå âîçðàñòàíèÿ ìîäóëåé, òî âû÷èñëåíèÿ ñ
òî÷íîñòüþ 10−6 äàþò:
λ2 = z2,1 = −9, 617232, z2,2 = −58, 870525 è z2,3 = −311, 828551 ïðè s = 2;
λ3 = z3,1 = −20.156633, z3,2 = −191.896997 è z3,3 = −2072.153602 ïðè s = 3;
λ4 = z4,1 = −34.72097, z4,2 = −449.593323 è z4,3 = −8894.242515 + i · 1578.373083 ïðè s = 4;
λ5 = z5,1 = −53.293749, z5,2 = −872.818348 è z5,3 = −18561.691892+ i ·8644.253491 ïðè s = 5.

Êðîìå òîãî, ñ òî÷íîñòüþ 10−6 ïîëó÷àåì Λs(λs) ̸= 0 è Λs(λs) − s · Ts(λs) ̸= 0 äëÿ âñåõ
s = 2, 3, 4, 5.

Ïîëó÷åííûå ðåçóëüòàòû ïîêàçûâàþò ñïðàâåäëèâîñòü óòâåðæäåíèÿ òåîðåìû äëÿ ñëó÷àÿ,
êîãäà s = 2, 3, 4, 5.

Èòàê, òåîðåìà äîêàçàíà.

2. Àñèìïòîòèêà áàçèñíûõ ôóíêöèé

Ïóñòü Vs(z) = −Λs(z)
Φs(z)

è Ws(z) = Λs(z)−s·Ts(z)
Φs(z)

, ãäå, íàïîìíèì, ôóíêöèè Λs(z), Ts(z) è

Φs(z) áûëè ââåäåíû â ïðåäûäóùåì ðàçäåëå ñîîòíîøåíèÿìè (4).
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Ðàçëîæèì ôóíêöèè Vs(z) è Ws(z) â ðÿä Ìàêëîðåíà:

Vs(z) =

∞∑
k=0

xs,k · zk è Ws(z) =

∞∑
k=0

ys,k · zk.

Òîãäà èç ðàâåíñòâ Λs(z) +Φs(z) · Vs(z) = 0 è Ws(z) ·Φs(z) = Λs(z)− s · Ts(z) ñëåäóåò, ÷òî
êîýôôèöèåíòû xs,n ðàçëîæåíèÿ Vs(z) áóäóò óäîâëåòâîðÿòü ñèñòåìå (2), à êîýôôèöèåíòû
ys,n ðàçëîæåíèÿ Ws(z) � ñèñòåìå (3).

Èç òåîðåìû 4 ñëåäóåò, ÷òî ôóíêöèè Vs(z) è Ws(z) èìåþò åäèíñòâåííûé ïîëþñ λs. Ñ
èñïîëüçîâàíèåì îáîçíà÷åíèé ds = ResλsVs(z) è ℓs = ResλsWs(z) ìû ïîëó÷àåì, ÷òî ôóíêöèè
ηs(z) = Vs(z)− ds

z−λs
è ξs(z) =Ws(z)− ℓs

z−λs
ÿâëÿþòñÿ àíàëèòè÷åñêèìè äëÿ |z| < 4s2:

ηs(z) =
∞∑
k=0

vs,k · zk è ξs(z) =
∞∑
k=0

ws,k · zk,

ïðè÷åì äëÿ ëþáîãî ρ ∈ (0, 4s2) ñïðàâåäëèâû íåðàâåíñòâà

|vs,k| ≤
Ms(ρ)

ρk
, ãäå Ms(ρ) = max

|z|=ρ
|η(z)|;

|ws,k| ≤
Bs(ρ)

ρk
, ãäå Bs(ρ) = max

|z|=ρ
|ξs(z)|.

Â êðóãå |z| < |λs|

ds
z − λs

= −ds
λs

· 1

1− z
λs

= −ds
λs

·
∞∑
k=0

(
z

λs

)k

.

Òàê êàê Vs(z) = ηs(z) +
ds

z−λs
, òî

∞∑
k=0

xs,k · zk =
∞∑
k=0

(
− ds

λk+1
s

+ vs,k

)
· zk ïðè |z| < |λs| è

∞∑
k=0

ys,k · zk =
∞∑
k=0

(
− ℓs

λk+1
s

+ ws,k

)
· zk ïðè |z| < |λs|.

Çíà÷èò, àñèìïòîòèêà äëÿ êîýôôèöèåíòîâ xs,k è ys,k èìååò ñëåäóþùèé âèä:

xs,k = − ds

λk+1
s

+ vs,k, |vs,k| ≤
Ms(ρ)

ρk
(7)

è

ys,k = − ℓs

λk+1
s

+ ws,k, |ws,k| ≤
Bs(ρ)

ρk
(8)

äëÿ ëþáîãî ρ ∈ (0, 4s2). Ýòè àñèìïòîòè÷åñêèå ðàçëîæåíèÿ íàì ïîíàäîáÿòñÿ äëÿ òîãî, ÷òîáû
èññëåäîâàòü ïîâåäåíèå ôóíêöèé φ̂s,n,0(x) è ψ̂s,n,s·(2s)n−1(x) ïðè n→ ∞.

Ââåäåì â ðàññìîòðåíèå ôóíêöèþ abs(x), êîòîðóþ íà ïðîìåæóòêå (−∞, 0] îïðåäåëèì
ôîðìóëîé

abs(x) =

∞∑
j=0

λjs ·mups

(
x− 1 +

1

s · (2s)j

)
.

Ïóñòü Φs,0,0(x) åñòü ôóíêöèÿ abs(x), ÷åòíî ïðîäîëæåííàÿ íà âñþ ÷èñëîâóþ îñü, à Φs,1,0(x)
� abs(x), ïðîäîëæåííàÿ íà (−∞,∞) íå÷åòíî. Êðîìå òîãî, ïîëîæèì

Ψs,0(x) =

{
abs(x), x ≤ 0

0, x > 0
.
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Èñïîëüçóÿ ôóíêöèè Φs,0,0(x), Φs,1,0(x) è Ψs,0 ìû ìîæåì ñôîðìóëèðîâàòü îñíîâíîé ðå-
çóëüòàò â òåðìèíàõ áàçèñíûõ ôóíêöèé φs,n,0(x) è ψs,n,s(2s)n−1(x).

Ïîëîæèì cs,n = − ds
λn
s
è bs,n = − ℓs

λn
s
.

Òåîðåìà 5. Äëÿ ëþáîãî s = 2, 3, 4, . . . ôóíêöèè

22n · (2s)n(2n−1)

cs,2n
·φs,2n,0(x),

22n−1 · (2s)(2n−1)(n−1)

cs,2n−1
·φs,2n−1,0(x),

2n · (2s)
n(n−1)

2

bs,n
·ψs,n,s(2s)n−1(x)

ïðè n→ ∞ ñõîäÿòñÿ ðàâíîìåðíî íà îòðåçêå [−1; 1] ê ôóíêöèÿì Φs,0,0(x), Φs,1,0(x) è Ψs,0(x)
ñîîòâåòñòâåííî, ïðè÷åì ñïðàâåäëèâû ñëåäóþùèå îöåíêè:∥∥∥∥∥22n · (2s)n(2n−1)

cs,2n
· φs,2n,0(x)− Φs,0,0(x)

∥∥∥∥∥
C[−1,1]

≤M1(s, ρ) ·
2n · |λs|2n

ρ2n
, (9)

∥∥∥∥∥22n−1 · (2s)(2n−1)(n−1)

cs,2n−1
· φs,2n−1,0(x)− Φs,1,0(x)

∥∥∥∥∥
C[−1,1]

≤M2(s, ρ) ·
(2n− 1) · |λs|2n−1

ρ2n−1
(10)

è ∥∥∥∥∥2n · (2s)
n(n−1)

2

bs,n
· ψs,n,s(2s)n−1(x)−Ψs,0(x)

∥∥∥∥∥
C[−1,1]

≤M3(s, ρ) ·
n · |λs|n

ρn
(11)

äëÿ ëþáîãî ρ ∈
[
3s2, 4s2

)
.

Äëÿ äîêàçàòåëüñòâà òåîðåìû íàì ïîíàäîáÿòñÿ äâà âñïîìîãàòåëüíûõ óòâåðæäåíèÿ.

Ëåììà 3. Äëÿ ëþáîãî íàòóðàëüíîãî n è ëþáîãî x ∈
[
−1;− 1

s·(2s)n

]
âûïîëíÿþòñÿ íåðà-

âåíñòâà ∣∣∣∣abs(x)− 1

cs,n
· φ̂s,n,0(x)

∣∣∣∣ ≤ n · c1(s, ρ) · |λs|n

ρn
,∣∣∣∣abs(x)− 1

bs,n
· ψ̂s,n,s·(2s)n−1(x)

∣∣∣∣ ≤ n · c2(s, ρ) · |λs|n

ρn
,

ãäå s ≥ 2 è ρ ∈
[
3s2, 4s2

)
.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü x ∈
[
−1;− 1

s·(2s)n

]
. Åñëè k ≥ n, òî x − 1 + 1

s·(2s)k ≤ −1,

îòêóäà â ñèëó ñâîéñòâà 1◦ ôóíêöèè mups(x) ñëåäóåò mups

(
x− 1 + 1

s·(2s)k

)
= 0. Ïîýòîìó íà

óêàçàííîì ïðîìåæóòêå ñïðàâåäëèâà ôîðìóëà abs(x) =
n−1∑
k=0

λks ·mups

(
x− 1 + 1

s·(2s)k

)
. Òîãäà,

èñïîëüçóÿ (7), ïîëó÷àåì

abs(x)−
1

cs,n
· φ̂s,n,0(x) =

n−1∑
k=0

λks ·mups

(
x− 1 +

1

s · (2s)k

)
− 1

cs,n
·mups

(
x− 1 +

1

(2s)n

)
−

− 1

cs,n
·
n−1∑
j=0

xs,n−j−1 ·mups

(
x− 1 +

1

s · (2s)j

)
= − 1

cs,n
·mups

(
x− 1 +

1

(2s)n

)
+

+

n−1∑
k=0

λks ·mups

(
x− 1 +

1

s · (2s)k

)
+
λns
ds

·
n−1∑
j=0

(
− ds

λn−j
s

+ vs,n−j−1

)
·mups

(
x− 1 +

1

s · (2s)j

)
=

= − 1

cs,n
·mups

(
x− 1 +

1

(2s)n

)
− 1

cs,n
·
n−1∑
k=0

vs,n−1−k ·mups

(
x− 1 +

1

s · (2s)k

)
.
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Òàê êàê |vs,j | ≤ M(ρ)
ρj

(ñì. (7)), òî, ñ ó÷åòîì òîãî, ÷òî ôóíêöèÿ mups(x) ÿâëÿåòñÿ íåîò-
ðèöàòåëüíîé ïðè ëþáîì x, ïîëó÷àåì

∣∣∣∣abs(x)− 1

cs,n
· φ̂s,n,0(x)

∣∣∣∣ ≤ mups

(
x− 1 + 1

(2s)n

)
|cs,n|

+
Ms(ρ)

|cs,n|
·
n−1∑
k=0

mups

(
x− 1 + 1

s·(2s)k

)
ρn−k−1

.

Îöåíèì âåëè÷èíû mups

(
x− 1 + 1

s·(2s)k

)
è mups

(
x− 1 + 1

(2s)n

)
.

Ïîñêîëüêó ôóíêöèÿ mups(x) íà ïðîìåæóòêå [−1, 0] ìîíîòîííî âîçðàñòàåò (ñâîéñòâî 4◦),

òî mups

(
x− 1 + 1

s·(2s)k

)
≤ mups

(
−1 + 1

(2s)k

)
è mups

(
x− 1 + 1

(2s)n

)
≤ mups

(
−1 + 1

(2s)n

)
.

Åñëè k = 0, òî mups

(
−1 + 1

(2s)k

)
= mups(0) = 1, ÷òî ñëåäóåò èç ñâîéñòâà 3◦.

Ïóñòü k > 0. Èñïîëüçóÿ ñâîéñòâî 7◦, ïîëó÷àåì mups

(
−1 + 1

(2s)k

)
=

2k·νs,k−1

(k−1)!·(2s)
k(k+1)

2

.

Èç ñâîéñòâà 2◦ ôóíêöèè mups(x) ñëåäóåò, ÷òî âåëè÷èíà νs,k−1 íå ïðåâûøàåò 1. Çíà÷èò,

mups

(
−1 +

1

(2s)k

)
≤ 2k

(k − 1)! · (2s)
k(k+1)

2

≤ 2k

(2s)
k(k+1)

2

.

Â ÷àñòíîñòè, ïðè k = n

mups

(
−1 +

1

(2s)n

)
≤ 2n

(n− 1)! · (2s)
n(n+1)

2

.

Ñëåäîâàòåëüíî,∣∣∣∣abs(x)− 1

cs,n
· φ̂s,n,0(x)

∣∣∣∣ ≤ 2n

|cs,n| · (n− 1)! · (2s)
n(n+1)

2

+
Ms(ρ)

|cs,n| · ρn−1
·
n−1∑
k=0

(2ρ)k

(2s)
k(k+1)

2

≤

≤ n

|cs,n| · ρn
+

Ms(ρ)

|cs,n| · ρn−1
·
n−1∑
k=0

(2ρ)k

(2s)
k(k+1)

2

.

Îáîçíà÷èì f(k) = (2ρ)k

(2s)
k(k+1)

2

. Ìàêñèìóì ôóíêöèè f(k) äîñòèãàåòñÿ ïðè k = −1
2 + ln 2ρ

ln 2s .

Òîãäà
n−1∑
k=0

(2ρ)k

(2s)
k(k+1)

2

≤ f
(
−1

2 + ln 2ρ
ln 2s

)
· n, èç ÷åãî ïîëó÷àåì îöåíêó

∣∣∣∣abs(x)− 1

cs,n
· φ̂s,n,0(x)

∣∣∣∣ ≤ c1(ρ, s) · n · |λs|n

ρn
,

ãäå c1(ρ, s) =
1+Ms(ρ)·f(− 1

2
+ ln 2ρ

ln 2s )·ρ
|ds| .

Àíàëîãè÷íûì îáðàçîì ìîæíî äîêàçàòü, ÷òî äëÿ ëþáîãî x ∈
[
−1;− 1

s·(2s)n

]
ñïðàâåäëèâî

íåðàâåíñòâî ∣∣∣∣abs(x)− 1

bs,n
· ψ̂s,n,s·(2s)n−1(x)

∣∣∣∣ ≤ n · c2(s, ρ) · |λs|n

ρn
.

Ëåììà äîêàçàíà.

Ëåììà 4. Äëÿ ëþáîãî íàòóðàëüíîãî n è ëþáîãî x ∈
[
− 1

s·(2s)n ; 0
]
ñïðàâåäëèâû îöåíêè∣∣∣∣ 1

cs,n
· φ̂s,n,0(x)

∣∣∣∣ ≤ c3(ρ, s) · 2n · |λs|n

n! · sn · (2s)
n(n+1)

2

,
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∣∣∣∣ 1

bs,n
· ψ̂s,n,s·(2s)n−1(x)

∣∣∣∣ ≤ c4(ρ, s) · 2n · |λs|n

n! · sn · (2s)
n(n+1)

2

,

|abs(x)| ≤
c(s)

(2s)3n
,

ãäå s ≥ 2 è ρ ∈
[
3s2, 4s2

)
.

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ ïîëó÷åíèÿ ïåðâîé îöåíêè âîñïîëüçóåìñÿ ôîðìóëîé Òåéëî-

ðà ñ îñòàòêîì â èíòåãðàëüíîé ôîðìå: φ̂s,n,0(x) =
n−1∑
k=0

φ̂
(k)
s,n,0(0)

k! ·xk+ 1
(n−1)! ·

x∫
0

(x−t)n−1·φ̂(n)
s,n,0(t)dt.

Èç ëåììû 1 ñëåäóåò, ÷òî φ̂
(k)
s,n,0(0) = 0 ïðè k < n. Ïîýòîìó

φ̂s,n,0(x) =
1

(n− 1)!
·

x∫
0

(x− t)n−1 · φ̂(n)
s,n,0(t)dt.

Èñõîäÿ èç (7), èìååì |xs,k| ≤
∣∣∣ ds
λk+1
s

∣∣∣+Ms(ρ)
ρk

. Òîãäà, ó÷èòûâàÿ òî, ÷òî λs < −1 (ýòî ñëåäóåò

èç òåîðåìû 4), ïîëó÷àåì 1+ |xs,0|+ |xs,1|+ . . .+ |xs,n−1| ≤ 1+
∣∣∣ dsλs

∣∣∣ · ∞∑
k=0

1
|λs|k +Ms(ρ) ·

∞∑
k=0

1
ρk

=

= 1 + |ds|
|λs|−1 + Ms(ρ)·ρ

ρ−1 = C0(s, ρ).

Çíà÷èò,
∣∣∣φ̂(n)

s,n,0(x)
∣∣∣ ≤ ∣∣∣∣∣mup

(n)
s

(
x− 1 + 1

(2s)n

)
+

n−1∑
j=0

xs,n−j−1 ·mup
(n)
s

(
x− 1 + 1

s·(2s)j

)∣∣∣∣∣ ≤
≤
∥∥∥mup

(n)
s

∥∥∥
C
·(1+|xs,0|+|xs,1|+. . .+|xs,n−1|) ≤ C0(s, ρ)·

∥∥∥mup
(n)
s

∥∥∥
C
, îòêóäà ñ ó÷åòîì ñâîéñòâà

2◦ ôóíêöèè mups(x) ñëåäóåò ñïðàâåäëèâîñòü îöåíêè∣∣∣φ̂(n)
s,n,0(x)

∣∣∣ ≤ C0(s, ρ) · 2n · (2s)
n(n−1)

2 .

Òîãäà

|φ̂s,n,0(x)| ≤
C0(s, ρ) · 2n · (2s)

n(n−1)
2

(n− 1)!
·

0∫
x

(t− x)n−1dt =
C0(s, ρ) · 2n · (2s)

n(n−1)
2

(n− 1)!
· (−x)

n

n
≤

≤ C0(s, ρ) · 2n · (2s)
n(n−1)

2

n!
· 1

sn · (2s)n2 =
C0(s, ρ) · 2n

n! · sn · (2s)
n(n+1)

2

,

îòêóäà ñëåäóåò ñïðàâåäëèâîñòü íåðàâåíñòâà∣∣∣∣ 1

cs,n
· φ̂s,n,0(x)

∣∣∣∣ ≤ c3(ρ, s) · 2n · |λs|n

n! · sn · (2s)
n(n+1)

2

äëÿ ëþáîãî x ∈
[
− 1

s·(2s)n ; 0
]
.

Èòàê, ïåðâàÿ îöåíêà ïîëó÷åíà.
Àíàëîãè÷íûì îáðàçîì ìîæíî óñòàíîâèòü ñïðàâåäëèâîñòü âòîðîé îöåíêè.
Ïðèñòóïèì ê äîêàçàòåëüñòâó òðåòüåé îöåíêè. Äëÿ ýòîãî ïðåäñòàâèì ôóíêöèþ abs(x) â

ñëåäóþùåì âèäå: abs(x) = mups
(
x− 1 + 1

s

)
+ λs ·

∞∑
k=1

λk−1
s ·mups

(
x− 1 + 1

s·(2s)k

)
.

Ïðîäèôôåðåíöèðóåì ôóíêöèþ abs(x). Èç ñâîéñòâà 5◦ ôóíêöèè mups(x) ñëåäóåò, ÷òî

mup′s

(
x− 1 + 1

s·(2s)k

)
= 2 ·

2s∑
j=1

δs,1,j ·mups

(
2sx− 2j + 1 + 1

s·(2s)k−1

)
. Òàê êàê x ∈

[
− 1

s·(2s)n , 0
]
,
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òî ïðè j > 1 òî÷êà 2sx − 2j + 1 + 1
s·(2s)k−1 áóäåò ëåæàòü âíå èíòåðâàëà (−1, 1), òîãäà â

ñèëó ñâîéñòâà 1◦ ñëåäóåò, ÷òî mup′s

(
x− 1 + 1

s·(2s)k

)
= 2 ·mups

(
2sx− 1 + 1

s·(2s)k−1

)
. Çíà÷èò,

ïðîèçâîäíàÿ ôóíêöèè abs(x) ìîæåò áûòü íàéäåíà ïî ôîðìóëå

ab′s(x) = mup′s

(
x− 1 +

1

s

)
+ 2 · λs · abs(2sx).

Äàëåå

ab′′s(x) = mup′′s

(
x− 1 +

1

s

)
+ 2 · 2s · λs ·mup′s

(
2sx− 1 +

1

s

)
+ (2s)2 · λ2s · abs

(
(2s)2x

)
è

ab′′′s (x) = mup′′′s

(
x− 1 +

1

s

)
+ 2 · (2s)2 · λs ·mup′′s

(
2sx− 1 +

1

s

)
+

+(2s)3 · λ2s ·mup′s

(
(2s)2x− 1 +

1

s

)
+ 2 · (2s)3 · λ3s · abs

(
(2s)3 · x

)
.

Òàê êàê λs ÿâëÿåòñÿ êîðíåì ôóíêöèè Φs(z), òî abs(λs) = Φs(λs) = 0. Êðîìå òîãî, èç
ñâîéñòâà 6◦ ñëåäóåò, ÷òî mup′s

(
−1 + 1

s

)
= mup′′s

(
−1 + 1

s

)
= mup′′′s

(
−1 + 1

s

)
= 0.

Çíà÷èò, ab′s(0) = ab′′s(0) = ab′′′s (0) = 0, è ôîðìóëà Òåéëîðà ñ îñòàòêîì â èíòåãðàëüíîé

ôîðìå äàåò ðàâåíñòâî abs(x) = 1
2 ·

x∫
0

ab′′′(t)(x − t)2dt. Ïîëàãàÿ ĉ(s) = max
x∈

[
− 1

s·(2s)n ;0
] |ab′′′s (x)|,

ïîëó÷àåì |abs(x)| ≤ ĉ(s)
2 ·

0∫
x
(x− t)2dt = −c̃(s) · x3 ≤ c(s)

(2s)3n
ïðè x ∈

[
− 1

s·(2s)n ; 0
]
.

Ëåììà äîêàçàíà.
Ä î ê à ç à ò å ë ü ñ ò â î. òåîðåìû 5. Ñëåäñòâèåì ëåìì 3 è 4 ÿâëÿþòñÿ íåðàâåíñòâà∥∥∥∥ 1

cs,2n
· φ̂s,2n,0(x)− Φs,0,0(x)

∥∥∥∥
C[−1,1]

≤M1(s, ρ) ·
2n · |λs|2n

ρ2n
,

∥∥∥∥ 1

cs,2n−1
· φ̂s,2n−1,0(x)− Φs,1,0(x)

∥∥∥∥
C[−1,1]

≤M2(s, ρ) ·
(2n− 1) · |λs|2n−1

ρ2n−1

è ∥∥∥∥ 1

bs,n
· ψ̂s,n,s(2s)n−1(x)−Ψs,0(x)

∥∥∥∥
C[−1,1]

≤M3(s, ρ) ·
n · |λs|n

ρn

äëÿ ëþáîãî x ∈ [−1, 1] è ëþáîãî ρ ∈
[
3s2, 4s2

)
. Òîãäà â ñèëó òåîðåìû 1 ñëåäóåò ñïðàâåäëè-

âîñòü îöåíîê (9), (10) è (11). Òàê êàê |λs| < 3s2 (ïî òåîðåìå 4), òî ïðè n→ ∞ ïðàâûå ÷àñòè
íåðàâåíñòâ (9)�(11) ñòðåìÿòñÿ ê íóëþ, ÷òî îáåñïå÷èâàåò ðàâíîìåðíóþ ñõîäèìîñòü ôóíêöèé

22n·(2s)n(2n−1)

cs,2n
·φs,2n,0(x),

22n−1·(2s)(2n−1)(n−1)

cs,2n−1
·φs,2n−1,0(x) è

2n·(2s)
n(n−1)

2

bs,n
·ψs,n,s(2s)n−1(x) ñîîòâåò-

ñòâåííî ê Φs,0,0(x), Φs,1,0(x) è Ψs,0(x) íà îòðåçêå [−1, 1] ïðè n→ ∞.
Òåîðåìà äîêàçàíà.
Òåîðåìà 6. Äëÿ ëþáîãî s = 2, 3, 4, . . . è ëþáîãî íàòóðàëüíîãî ÷èñëà i ôóíêöèè

22n · (2s)n(2n−1)

cs,2n
·φ(i)

s,2n,0(x),
22n−1 · (2s)(2n−1)(n−1)

cs,2n−1
·φ(i)

s,2n−1,0(x),
2n · (2s)

n(n−1)
2

bs,n
·ψ(i)

s,n,s(2s)n−1(x)

ïðè n → ∞ ñõîäÿòñÿ ðàâíîìåðíî íà îòðåçêå [−1; 1] ñîîòâåòñòâåííî ê Φ
(i)
s,0,0(x), Φ

(i)
s,1,0(x)

è Ψ
(i)
s,0(x), ïðè ýòîì äëÿ ëþáîãî ρ ∈

[
3s2, 4s2

)
âûïîëíÿþòñÿ òàêèå îöåíêè:∥∥∥∥∥22n · (2s)n(2n−1)

cs,2n
· φ(i)

s,2n,0(x)− Φ
(i)
s,0,0(x)

∥∥∥∥∥
C[−1,1]

≤M1(s, ρ, i) ·
(2n− i) · |λs|2n

ρ2n
ïðè i < 2n,
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∥∥∥∥∥22n−1 · (2s)(2n−1)(n−1)

cs,2n−1
· φ(i)

s,2n−1,0(x)− Φ
(i)
s,1,0(x)

∥∥∥∥∥
C[−1,1]

≤M2(s, ρ, i) ·
(2n− 1− i) · |λs|2n−1

ρ2n−1

ïðè i < 2n− 1,∥∥∥∥∥2n · (2s)
n(n−1)

2

bs,n
· ψ(i)

s,n,s(2s)n−1(x)−Ψ
(i)
s,0(x)

∥∥∥∥∥
C[−1,1]

≤M3(s, ρ, i) ·
(n− i) · |λs|n

ρn
ïðè i < n.

Äîêàçàòåëüñòâî ýòîé òåîðåìû àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 5 ñ òåì îòëè÷èåì,
÷òî âìåñòî ëåìì 3, 4 èñïîëüçóþòñÿ ñëåäóþùèå äâà óòâåðæäåíèÿ.

Ëåììà 5. Äëÿ ëþáûõ íàòóðàëüíûõ i, n è ëþáîãî x ∈
[
−1,− 1

s·(2s)n

]
ïðè i < n ñïðàâåä-

ëèâû ñëåäóþùèå îöåíêè:∣∣∣∣ab(i)s (x)− 1

cs,n
· φ̂(i)

s,n,0(x)

∣∣∣∣ ≤ c1(s, ρ, i) ·
(n− i) · |λs|n

ρn
,

∣∣∣∣ab(i)s (x)− 1

bs,n
· ψ̂(i)

s,n,s·(2s)n−1(x)

∣∣∣∣ ≤ c2(s, ρ, i) ·
(n− i) · |λs|n

ρn
,

ãäå s ≥ 2 è ρ ∈
[
3s2, 4s2

)
.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü i, n ∈ N , i < n è x ∈
[
−1,− 1

s·(2s)n

]
.

Èñïîëüçóÿ òå æå ðàññóæäåíèÿ, ÷òî è ïðè äîêàçàòåëüñòâå ëåììû 3, ïîëó÷àåì∣∣∣∣ab(i)s (x)− 1

cs,n
· φ̂(i)

s,n,0(x)

∣∣∣∣ ≤ ∣∣∣∣ 1

cs,n
·mup(i)s

(
x− 1 +

1

(2s)n

)∣∣∣∣+
+

1

|cs,n|
·

∣∣∣∣∣
n−1∑
m=0

vs,m ·mup(i)s

(
x− 1 +

1

s · (2s)n−m−1

)∣∣∣∣∣ ≤
∣∣∣∣ 1

cs,n
·mup(i)s

(
x− 1 +

1

(2s)n

)∣∣∣∣+
+

1

|cs,n|
·
n−i−1∑
m=0

∣∣∣∣vs,m ·mup(i)s

(
x− 1 +

1

s · (2s)n−m−1

)∣∣∣∣+
+

1

|cs,n|
·

n−1∑
m=n−i

∣∣∣∣vs,m ·mup(i)s

(
x− 1 +

1

s · (2s)n−m−1

)∣∣∣∣ = A0 +A1 +A2.

Îöåíèì êàæäóþ èç âåëè÷èí A0, A1 è A2.
Èç ñâîéñòâà 5◦ ôóíêöèè mups(x) ñëåäóåò, ÷òî

mup(i)s

(
x− 1 +

1

(2s)n

)
= 2i · (2s)

i(i−1)
2 ·

(2s)i∑
k=1

δs,i,k ·mups

(
(2s)i · x+

1

(2s)n−i
− 2k + 1

)
.

Òàê êàê ïðè i < n, k > 1 è x ∈
[
−1,− 1

s·(2s)n

]
òî÷êà (2s)i ·x+ 1

(2s)n−i −2k+1 ëåæèò âíå èíòåð-

âàëà (−1, 1), òî ó÷èòûâàÿ ñâîéñòâà 1◦ ôóíêöèè mups(x) ïîëó÷àåì mup
(i)
s

(
x− 1 + 1

(2s)n

)
=

= 2i · (2s)
i(i−1)

2 ·mups

(
(2s)i · x− 1 + 1

(2s)n−i

)
(çäåñü ìû âîñïîëüçîâàëèñü òåì, ÷òî δs,i,1 = 1).

Ïîñêîëüêó ôóíêöèÿ mups(x) ìîíîòîííî âîçðàñòàåò íà ïðîìåæóòêå [−1, 0], òî

mups

(
(2s)i · x− 1 +

1

(2s)n−i

)
≤ mups

(
−1 +

1

(2s)n−i

)
,
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îòêóäà ó÷èòûâàÿ ñâîéñòâà 7◦ è îöåíêè νs,n−i−1 ≤ 1 ñëåäóåò

A0 ≤ m0(s, ρ, i) ·
2n · |λs|n

(n− i)! · (2s)
(n−i)(n−i−1)

2

. (12)

Äàëåå îöåíèì âåëè÷èíó A1. Èñïîëüçóÿ ñâîéñòâî 5◦ ôóíêöèè mups(x), ïîëó÷àåì ðàâåí-
ñòâî

mup
(i)
s

(
x− 1 + 1

s·(2s)n−m−1

)
= 2i · (2s)

i(i−1)
2 ·

(2s)i∑
j=1

δs,i,j ·mups

(
(2s)i · x+ (2s)i

s·(2s)n−m−1 − 2k + 1
)
.

Ïîñêîëüêó m ≤ n− i− 1 è x ∈
[
−1;− 1

s·(2s)n

]
, òî ïðè j > 1 òî÷êà (2s)i · x− 1 + 1

s·(2s)n−i−m−1

ëåæèò âíå èíòåðâàëà (−1, 1), èç ÷åãî âìåñòå ñî ñâîéñòâîì 1◦ ôóíêöèè mups(x) ñëåäóåò, ÷òî

mup
(i)
s

(
x− 1 + 1

s·(2s)n−m−1

)
= 2i · (2s)

i(i−1)
2 ·mups

(
(2s)i · x− 1 + 1

s·(2s)n−i−m−1

)
. Â ñèëó òîãî,

÷òî íà ïðîìåæóòêå [−1, 0] ôóíêöèÿ mups(x) ìîíîòîííî âîçðàñòàåò, ñïðàâåäëèâû íåðàâåí-

ñòâàmups

(
(2s)i · x− 1 + 1

s·(2s)n−i−m−1

)
≤ mups

(
−1 + 1

s·(2s)n−i−m−1

)
≤ mups

(
−1 + 1

(2s)n−m−i−1

)
.

Èç íèõ, ñâîéñòâà 7◦ è îöåíêè νs,n−i−1 ≤ 1 ñëåäóåò, ÷òî

mup(i)s

(
x− 1 +

1

s · (2s)n−m−1

)
≤ 2i · (2s)

i(i−1)
2 · 2n−i−m−1

(2s)
(n−i−m−1)(n−i−m)

2

.

Ñ ó÷åòîì ïîñëåäíåãî íåðàâåíñòâà è (7) ïîëó÷àåì

A1 ≤
1

|cs,n|
·

∣∣∣∣∣
n−i−1∑
m=0

2i · (2s)
i(i−1)

2 · 2n−i−m−1

(2s)
(n−i−m−1)(n−m−i)

2

· vs,m

∣∣∣∣∣ ≤ 2i · (2s)
i(i−1)

2 ·Ms(ρ)

|cs,n|
×

×

∣∣∣∣∣
n−i−1∑
m=0

2n−i−m−1

ρm · (2s)
(n−i−m−1)(n−i−m)

2

∣∣∣∣∣ = 2i · (2s)
i(i−1)

2 ·Ms(ρ)

|cs,n|
·
n−i−1∑
k=0

2k

ρn−i−k−1 · (2s)
k(k+1)

2

≤

≤ 2i · (2s)
i(i−1)

2 ·Ms(ρ) · ρi+1

|cs,n| · ρn
·
n−i−1∑
k=0

2k · ρk

(2s)
k(k+1)

2

≤ m1(s, ρ, i) ·
|λs|n · (n− i)

ρn
,

ãäå m1(s, ρ, i) =
2i·(2s)

i(i−1)
2 ·Ms(ρ)·ρi+1·B

|ds| è B = max
k

2k·ρk

(2s)
k(k+1)

2

. Ñëåäîâàòåëüíî,

A1 ≤ m1(s, ρ, i) ·
(n− i) · |λs|n

ρn
. (13)

Èç ñâîéñòâà 2◦ ôóíêöèè mups(x) è îöåíêè (7) ñëåäóåò

A2 ≤
1

|cs,n|
·

n−1∑
m=n−i

2i · (2s)
i(i−1)

2 ·Ms(ρ)

ρm
≤ 2i · (2s)

i(i−1)
2 · i ·Ms(ρ)

|cs,n| · ρn−i
= m2(s, ρ, i) ·

|λs|n

ρn
,

ãäå m2(s, ρ, i) = 2i·(2s)
i(i−1)

2 ·i·Ms(ρ)·ρi
|ds| . Èç ïîñëåäíåãî íåðàâåíñòâà âìåñòå ñ îöåíêàìè (12) è

(13) ñëåäóåò, ÷òî ∣∣∣∣ab(i)s (x)− 1

cs,n
· φ̂(i)

s,n,0(x)

∣∣∣∣ ≤ c1(s, ρ, i) ·
(n− i) · |λs|n

ρn
.

Èòàê, ñïðàâåäëèâîñòü ïåðâîé îöåíêè óñòàíîâëåíà.
Àíàëîãè÷íûì îáðàçîì ìîæíî äîêàçàòü ñïðàâåäëèâîñòü âòîðîé îöåíêè.
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Ëåììà äîêàçàíà.

Ëåììà 6. Äëÿ ëþáûõ i, n ∈ N è âñÿêîãî x ∈
[
− 1

s·(2s)n ; 0
]
ïðè i < n âûïîëíÿþòñÿ

ñëåäóþùèå îöåíêè: ∣∣∣∣ 1

cs,n
· φ̂(i)

s,n,0(x)

∣∣∣∣ ≤ M0(s, ρ, i) · |λs|n · 2n

(n− i)! · sn · (2s)
n(n+1−2i)

2

,

∣∣∣∣ 1

bs,n
· ψ̂(i)

s,n,s·(2s)n−1(x)

∣∣∣∣ ≤ M1(s, ρ, i) · |λs|n · 2n

(n− i)! · sn · (2s)
n(n+1−2i)

2

,

∣∣∣ab(i)s (x)
∣∣∣ ≤ M2(s, i)

(2s)3n
,

ãäå s ≥ 2 è ρ ∈
[
3s2, 4s2

)
.

Ä î ê à ç à ò å ë ü ñ ò â î. ×òîáû äîêàçàòü ïåðâóþ îöåíêó, ðàçëîæèì ôóíêöèþ φ̂
(i)
s,n,0(x)

ïî ôîðìóëå Òåéëîðà äî (n− (i+ 1))-ãî ïîðÿäêà:

φ̂
(i)
s,n,0(x) =

n−i−1∑
j=0

φ̂
(i+j)
s,n,0 (0)

j!
· xj + 1

(n− i− 1)!
·

x∫
0

(x− t)n−i−1 · φ̂(n)
s,n,0(t)dt.

Èç ëåììû 1 ñëåäóåò, ÷òî φ̂
(k)
s,n,0(0) = 0 ïðè k < n. Ïîýòîìó

φ̂
(i)
s,n,0(x) =

1

(n− i− 1)!
·

x∫
0

(x− t)n−i−1 · φ̂(n)
s,n,0(t)dt.

Ïðè äîêàçàòåëüñòâå ëåììû 4 áûëî óñòàíîâëåíî, ÷òî
∣∣∣φ̂(n)

s,n,0(x)
∣∣∣ ≤ C0(s, ρ) · 2n · (2s)

n(n−1)
2 ,

ãäå C0(s, ρ) = 1 + |ds|
|λs|−1 + ρ·Ms(ρ)

ρ−1 .
Çíà÷èò, ∣∣∣φ̂(i)

s,n,0(x)
∣∣∣ ≤ C0(s, ρ) · 2n · (2s)

n(n−1)
2

(n− i− 1)!
· (−x)

n−i

n− i
≤

≤ C0(s, ρ) · 2n · (2s)
n(n−1)

2

(n− i)!
· 1

sn−i · (2s)n·(n−i)
=

C0(s, ρ) · 2n · si

(n− i)! · (2s)
n(n+1−2i)

2

,

èç ÷åãî è ñëåäóåò ñïðàâåäëèâîñòü ïåðâîé îöåíêè.
Àíàëîãè÷íûì îáðàçîì ìîæíî äîêàçàòü âòîðóþ îöåíêó.

Äëÿ ëþáîãî k = 0, 1, 2, . . . âûïîëíÿåòñÿ ðàâåíñòâî ab
(k)
s (0) = 0 (ýòî ìîæíî óñòàíîâèòü

òåì æå ñïîñîáîì, ÷òî è â ëåììå 4). Çíà÷èò, ðàçëîæèâ ab
(i)
s (x) ïî ôîðìóëå Òåéëîðà äî 2-ãî

ïîðÿäêà, ïîëó÷àåì ab
(i)
s (x) = 1

2 ·
x∫
0

(x− t)2 ·ab(i+3)
s (t)dt, îòêóäà ñ èñïîëüçîâàíèåì îáîçíà÷åíèÿ

c(s, i) = max
x∈

[
− 1

s·(2s)n ;0
] |abs(x)| ïîëó÷àåì |abs(x)| ≤ c(s,i)

6 · (−x)3 ≤ M2(s,i)
(2s)3n

, ãäå ñïðàâåäëèâîñòü

ïîñëåäíåãî ïåðåõîäà ñëåäóåò èç òîãî, ÷òî (−x) ≤ 1
s·(2s)n .

Ëåììà äîêàçàíà.
Òåïåðü, êîãäà ïîâåäåíèå áàçèñíûõ ôóíêöèé φs,n,0(x) è ψs,n,s·(2s)n−1(x) ïðè n → ∞ èçó-

÷åíî, ìû ìîæåì èññëåäîâàòü ïîâåäåíèå îñòàëüíûõ áàçèñíûõ ôóíêöèé. Äëÿ ýòîãî ââåäåì â
ðàññìîòðåíèå ñëåäóþùèå ôóíêöèè:

Ψs,1(x) = Ψs,0(−x− 1), Ψs,2(x) = Ψs,0(−x),
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Φs,i, h
s(2s)q

(x) = Φs,i,0

(
x− h

s · (2s)q

)
−

q∑
l=0

1

2l · (2s)
l(l−1)

2

∑
j∈Ns,l

Φ
(l)
s,i,0

(
xs,l,j −

h

s · (2s)q

)
·φ̂s,l,j(x)−

−
q∑

l=0

1

2l · (2s)
l(l−1)

2

∑
p∈Ds,l

△2
1

s·(2s)l

(
Φ
(l)
s,i,0;x

∗
s,l,p −

h

s · (2s)q

)
· ψ̂s,l,p(x)

è

Ωs, h
s(2s)q

(x) = Ψs,1

(
x− 1− h

s · (2s)q

)
−

q∑
l=0

∑
k∈Ns,l

Ψ
(l)
s,1

(
xs,l,k − 1− h

s·(2s)q

)
· φ̂s,l,k(x)

2l · (2s)
l(l−1)

2

−

−
q∑

l=0

1

2l · (2s)
l(l−1)

2

·
∑

p∈Ds,l

△2
1

s·(2s)l

(
Ψ

(l)
s,1;x

∗
s,l,p − 1− h

s · (2s)q

)
· ψ̂s,l,p(x).

Òåîðåìà 7. Äëÿ ëþáîãî s = 2, 3, 4, . . . è ëþáîãî öåëîãî íåîòðèöàòåëüíîãî ÷èñëà i ôóíê-

öèè
2n·(2s)

n(n−1)
2

bs,n
·ψ(i)

s,n,1(x) ïðè n→ ∞ ñõîäÿòñÿ ðàâíîìåðíî íà îòðåçêå [−1; 1] ê Ψ
(i)
s,1(x), ïðè

ýòîì äëÿ ëþáîãî ρ ∈
[
3s2, 4s2

)
è ëþáîãî i = 0, 1, . . . , n− 1 ñïðàâåäëèâà îöåíêà∥∥∥∥∥2n · (2s)

n(n−1)
2

bs,n
· ψ(i)

s,n,1(x)−Ψ
(i)
s,1(x)

∥∥∥∥∥
C[−1,1]

≤M1(s, ρ, i) ·
(n− i) · |λs|n

ρn
.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç òåîðåìû 1 ñëåäóåò, ÷òî ψ̂s,n,1(x) ≡ 2n·(2s)
n(n−1)

2

bs,n
· ψs,n,1(x).

Òàê êàê ïî ïîñòðîåíèþ Ψs,1(x) = Ψs,0(−x− 1) è ψ̂s,n,1(x) = ψ̂s,n,s·(2s)n−1(−x− 1), òî∥∥∥∥2n·(2s)
n(n−1)

2

bs,n
· ψ(i)

s,n,1(x)−Ψ
(i)
s,1(x)

∥∥∥∥
C[−1,1]

=
∥∥∥ 1
bs,n

· ψ̂(i)
s,n,s·(2s)n−1(−x− 1)−Ψ

(i)
s,0(−x− 1)

∥∥∥
C[−1,1]

=

= max
t∈[−2,0]

∣∣∣ 1
bs,n

· ψ̂(i)
s,n,s·(2s)n−1(t)−Ψ

(i)
s,0(t)

∣∣∣.
Èç ñâîéñòâà 1◦ ôóíêöèè mups(x) ñëåäóåò, ÷òî ïðè t < −1 èìåþò ìåñòî ðàâåíñòâà

mups

(
t− 1 + 1

(2s)n

)
= 0 è mups

(
t− 1 + 1

s·(2s)j

)
= 0 äëÿ ëþáîãî j = 0, 1, 2, . . .. Çíà÷èò, íà

ïðîìåæóòêå [−2,−1) ôóíêöèè ψ̂s,n,s·(2s)n−1(t) è Ψs,0(t) òîæäåñòâåííî ðàâíû íóëþ. Ïîýòîìó

max
t∈[−2,0]

∣∣∣ 1
bs,n

· ψ̂(i)
s,n,s·(2s)n−1(t)−Ψ

(i)
s,0(t)

∣∣∣ = max
t∈[−1,0]

∣∣∣ 1
bs,n

· ψ̂(i)
s,n,s·(2s)n−1(t)−Ψ

(i)
s,0(t)

∣∣∣. Èç ýòîãî, èñ-

ïîëüçóÿ òåîðåìû 5 è 6, ñëåäóåò, ÷òî äëÿ ëþáîãî ρ ∈
[
3s2, 4s2

)
è ëþáîãî i = 0, 1, . . . , n − 1

ñïðàâåäëèâà îöåíêà∥∥∥∥∥2n · (2s)
n(n−1)

2

bs,n
· ψ(i)

s,n,1(x)−Ψ
(i)
s,1(x)

∥∥∥∥∥
C[−1,1]

≤M1(s, ρ, i) ·
(n− i) · |λs|n

ρn
,

ïðè÷åì ïðàâàÿ ÷àñòü ýòîãî íåðàâåíñòâà ïðè n→ ∞ ñòðåìèòñÿ ê íóëþ. Ïîñëåäíåå ÿâëÿåòñÿ
ðåçóëüòàòîì òîãî, ÷òî ρ ≥ 3s2 è |λs| < 3s2 (òåîðåìà 4).

Òàêèì îáðàçîì, äëÿ ëþáîãî i = 0, 1, 2, . . . ôóíêöèè 2n·(2s)
n(n−1)

2

bs,n
· ψ(i)

s,n,1(x) ïðè n → ∞

ñõîäÿòñÿ ðàâíîìåðíî íà îòðåçêå [−1; 1] ê Ψ
(i)
s,1(x).

Òåîðåìà äîêàçàíà.
Àíàëîãè÷íûì îáðàçîì ìîæíî óñòàíîâèòü ñïðàâåäëèâîñòü ñëåäóþùåãî óòâåðæäåíèÿ.
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Òåîðåìà 8. Äëÿ ëþáîãî s = 2, 3, 4, . . . è ëþáîãî i = 0, 1, 2, . . . ôóíêöèè 2n·(2s)
n(n−1)

2

bs,n
×

×ψ(i)
s,n,s(2s)n+1(x) ïðè n → ∞ ñõîäÿòñÿ ðàâíîìåðíî íà îòðåçêå [−1; 1] ê Ψ

(i)
s,2(x), ïðè ýòîì

äëÿ ëþáîãî ρ ∈
[
3s2, 4s2

)
è ëþáîãî i = 0, 1, . . . , n− 1 ñïðàâåäëèâà îöåíêà∥∥∥∥∥2n · (2s)

n(n−1)
2

bs,n
· ψ(i)

s,n,s(2s)n+1(x)−Ψ
(i)
s,2(x)

∥∥∥∥∥
C[−1,1]

≤M2(s, ρ, i) ·
(n− i) · |λs|n

ρn
.

Ñëåäñòâèåì òåîðåì 1 � 7 ÿâëÿåòñÿ òåîðåìà 9.
Òåîðåìà 9. Ïóñòü s = 2, 3, 4, . . . è x∗ = h

s·(2s)q ∈ [−1, 1], ãäå h ̸= 0( mod 2s). Òîãäà:

� åñëè k
s·(2s)2n−1 = x∗ è 2n− 1 ≥ q, òî

22n · (2s)n(2n−1)

cs,2n
· φs,2n,k(x) = Φs,0, h

s(2s)q
(x) +Rs,2n,q(x),

� åñëè k
s·(2s)2n−2 = x∗ è 2n− 2 ≥ q, òî

22n−1 · (2s)(n−1)(2n−1)

cs,2n−1
· φs,2n−1,k(x) = Φs,1, h

s(2s)q
(x) +Rs,2n−1,q(x),

� åñëè −1 + s·j+1
s·(2s)n = x∗ + 1

s·(2s)n è n− 1 ≥ q, òî

2n · (2s)
n(n−1)

2

bs,n
· ψs,n,s·j+1(x) = Ωs, h

s(2s)q
(x) + rs,n,q(x),

ãäå cs,n = − ds
λn
s
, bs,n = − ℓs

λn
s
, ïðè÷åì äëÿ îñòàòêîâ Rs,n,q(x) è rs,n,q(x) ñïðàâåäëèâû îöåíêè

|Rs,n,q(x)| ≤M1(s, ρ, q) ·
n · |λs|n

ρn
è |rs,n,q(x)| ≤M2(s, ρ, q) ·

n · |λs|n

ρn

äëÿ ëþáîãî ρ ∈
[
3s2, 4s2

)
.
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ABSTRACT

The existence of the asymptotics of the basic functions φs,n,k(x) and ψs,n,p(x) of a
generalized Taylor series for nonquasianalytic function class Hρ,2 is proved. The �rst
term of the asymptotic expansions of these functions is obtained.
Key words: nonquasianalytic class, generalized Taylor series, basic functions, atomic

function.


