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Àðèôìåòè÷åñêàÿ ïðèðîäà òîæäåñòâ äëÿ òðîéíîãî è

ïÿòèêðàòíîãî ïðîèçâåäåíèé

Â ðàáîòå ïðåäëàãàåòñÿ íîâîå äîêàçàòåëüñòâî ðàçëîæåíèé òýòà-ôóíêöèé, ñêðó÷åííûõ ñ
êâàäðàòè÷íûìè õàðàêòåðàìè ïî ìîäóëþ 4 è 3, â áåñêîíå÷íîå ïðîèçâåäåíèå. Îíî îïèðà-
åòñÿ íà ìåòîä ëîãàðèôìè÷åñêîãî äèôôåðåíöèðîâàíèÿ Ýéëåðà è ïðîñòåéøèå àðèôìåòè-
÷åñêèå ñîîáðàæåíèÿ.

Êëþ÷åâûå ñëîâà: òýòà-ôóíêöèÿ, òîæäåñòâà Ëèóâèëëÿ, áåñêîíå÷íîå ïðîèçâåäåíèå.

1. Ââåäåíèå

Âî ìíîãèõ ðàçäåëàõ ìàòåìàòèêè îñîáîé ïîïóëÿðíîñòüþ ïîëüçóþòñÿ äâà òîæäåñòâà. Âî
ïåðâûõ, ýòî ðàçëîæåíèå â ðÿä òðîéíîãî ïðîèçâåäåíèÿ

∞∏
k=1

(1− q2k)(1 + xq2k−1)(1 + x−1q2k−1) =

∞∑
m=−∞

xmqm
2
, (1)

êîòîðîå ïóòåì ïîñëåäîâàòåëüíûõ çàìåí q → q4 è x→ −x2q4 ïðåîáðàçóåòñÿ ê âèäó

q(x− x−1)
∞∏
k=1

(1− q8k)(1− x2q8k)(1− x−2q8k) =
∞∑

m=−∞
χ−4(m)xmqm

2
, (2)

ãäå

χ−4(m) =

(
−4

m

)
=

{
0, åñëè m− ÷åòíî

(−1)
m−1

2 , åñëè m− íå÷åòíî

� êâàäðàòè÷íûé õàðàêòåð ïî ìîäóëþ 4.
Âî âòîðîì ñëó÷àå ðå÷ü èäåò î ðàçëîæåíèè â ðÿä ïÿòèêðàòíîãî ïðîèçâåäåíèÿ

q(x−x−1)
∞∏
k=1

(1−q6k)(1−xq3k)(1−x−1q3k)(1+xq6k)(1+x−1q2k) =
∞∑

m=−∞
χ−3(m)xmqm

2
, (3)

ãäå

χ−3(m) =

(
−3

m

)
=


0, åñëè m ≡ 0 (mod 3)

1, åñëè m ≡ 1 (mod 3)

−1, åñëè m ≡ −1 (mod 3)

� êâàäðàòè÷íûé õàðàêòåð ïî ìîäóëþ 3.

1Õàáàðîâñêîå îòäåëåíèå Èíñòèòóòà ïðèêëàäíîé ìàòåìàòèêè ÄÂÎ ÐÀÍ, 680000, ã. Õàáàðîâñê,
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Çàìå÷àíèå 1. Òîæäåñòâà (1), (2), (3) ìîæíî ïðåäñòàâèòü â äðóãèõ âèäàõ ñ ïîìî-
ùüþ òåõ èëè èíûõ çàìåí ïåðåìåííûõ x è q (ñì., íàïðèìåð, [1] è [2] ñ èñòîðè÷åñêèìè
êîììåíòàðèÿìè).

Èçâåñòíî ìíîãî ðàçëè÷íûõ ïî ïðèðîäå äîêàçàòåëüñòâ ðàññìàòðèâàåìûõ òîæäåñòâ (ñì.,
íàïðèìåð, [3] � [9]). Â íàñòîÿùåé ðàáîòå ìåòîäîì ëîãàðèôìè÷åñêîãî äèôôåðåíöèðîâàíèÿ
Ýéëåðà ñ ïîìîùüþ äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå ìû ñíà÷àëà ïîêàçûâàåì, ÷òî òîæ-
äåñòâà (2) è (3) ýêâèâàëåíòíû, ñîîòâåòñòâåííî, ñëåäóþùèì óòâåðæäåíèÿì.

Òåîðåìà 1. Äëÿ ëþáîãî íàòóðàëüíîãî d ≡ 1 (mod 8) è ëþáîé íå÷åòíîé ôóíêöèè
F : Z→ C

− 4
∑

8kl+m2=d

χ−4(m)kF (m)− 8
∑

8kl+m2=d

χ−4(m)kF (m− 2l) =

=

{
χ−4(n)(n2 − 1)F (n), åñëè d = n2

0, åñëè d 6= n2.

Òåîðåìà 2. Äëÿ ëþáîãî íàòóðàëüíîãî d ≡ 1 (mod 3) è ëþáîé íå÷åòíîé ôóíêöèè
F : Z→ C

− 3
∑

6kl+m2=d

χ−3(m)kF (m)− 3

2

∑
3kl+m2=d

(
2 + (−1)k+l + (−1)l

)
χ−3(m)kF (m− l) =

=

{
χ−3(n)(n2 − 1)F (n), åñëè d = n2

0, åñëè d 6= n2.

Çàìå÷àíèå 2. Çäåñü (è â äàëüíåéøåì) k, l, n � íàòóðàëüíûå ÷èñëà, à m � öåëîå.

Ïîäîáíîãî òèïà òîæäåñòâà âïåðâûå âñòðå÷àþòñÿ â ðàáîòàõ Ëèóâèëëÿ (ñì. [10], [11], [12]).
Èõ äîêàçàòåëüñòâà, êàê ìû óáåäèìñÿ â äàëüíåéøåì, îïèðàþòñÿ íà äîñòàòî÷íî ïðîñòûå
àðèôìåòè÷åñêèå ñîîáðàæåíèÿ, �ïîäñêàçûâàåìûå� ñàìèìè òîæäåñòâàìè ïðè ðàññìîòðåíèè
ñïåöèàëüíîãî âèäà ôóíêöèé F = ∆M (M � ëþáîå íàòóðàëüíîå) ñ

∆M (m) =


1, åñëè m = M

−1, åñëè m = −M
0, åñëè m 6= ±M.

2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Íàïîìíèì, ÷òî äëÿ ëþáîé ïåðèîäè÷åñêîé ôóíêöèè F : Z→ C ñ ïåðèîäîì N (íàòóðàëü-
íîå ÷èñëî)

F (m) =
∑

−N
2
<m′6N

2

F̂ (m′)e2πi
mm′
N ,

ãäå

F̂ (m′) =
1

N

∑
−N

2
<m6N

2

F (m)e−2πi
mm′
N .

Ðå÷ü èäåò î ðàçëîæåíèè F â äèñêðåòíûé N -òî÷å÷íûé ðÿä Ôóðüå. Äëÿ íå÷åòíîé F ïåðè-
îäè÷åñêàÿ ñ ïåðèîäîì N ôóíêöèÿ F̂ òîæå íå÷åòíà; F̂ (0) = 0 è F̂ (N/2) = 0 äëÿ ÷åòíîãî
íàòóðàëüíîãî N . Ïîýòîìó

F (m) =
∑

0<m′<N/2

F̂ (m′)
(

e2ki
mm′
N − e−2ki

mm′
N

)
. (4)
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Êàê îáû÷íî,

σ(n) =
∑
kl=n

k =
∑
k\n

k

� ñóììà äåëèòåëåé íàòóðàëüíîãî n.

Ëåììà 1. Äëÿ ëþáîãî ÷åòíîãî íàòóðàëüíîãî n∑
kl=n

k+l−íå÷.

(−1)l(k − l) = −2σ(n/2).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü n = 2t+1n1 ñ íå÷åòíûì íàòóðàëüíûì n1 è öåëûì t ≥ 0.
Òàê êàê l ïðè çàìåíå (k, l)→ (l, k) ïåðåõîäèò â k, à (−1)l â (−1)k = −(−1)l, òî èíòåðåñóþùàÿ
íàñ ñóììà ðàâíà

2
∑
kl=n

k+l - ÷åò.

(−1)lk = 2
∑

kl=2t+1n1
k - íå÷., l - ÷åò.

k − 2
∑

kl=2t+1n1
k - ÷åò., l - íå÷.

k =

= 2σ(n1)− 2t+2σ(n1) = −2σ(n1)σ(2t) = −2σ(n/2).

Ëåììà 1 äîêàçàíà.

Ëåììà 2. Äëÿ ëþáîãî ÷åòíîãî íàòóðàëüíîãî n∑
kl=n

(2 + (−1)k + (−1)l)(3k − l) = 12σ(n/2).

Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê 1+(−1)k è 1+(−1)l îòëè÷íû îò íóëÿ òîëüêî äëÿ ÷åòíûõ
k è l, òî ðàññìàòðèâàåìàÿ ñóììà ðàâíà

2
∑

(k/2)l=n/2
k - ÷åò.

(3k − l) + 2
∑

k(l/2)=n/2
l - ÷åò.

(3k − l) =

= 2(6σ(n/2)− σ(n/2)) + 2(3σ(n/2)− 2σ(n/2)) = 12σ(n/2).

Ëåììà 2 äîêàçàíà.

3. Òðîéíîå ïðîèçâåäåíèå

Ïðèìåíèâ ëîãàðèôìè÷åñêóþ ïðîèçâîäíóþ d
dq log ê îáåèì ÷àñòÿì òîæäåñòâà (2) è âîñ-

ïîëüçîâàâøèñü ðàçëîæåíèåì

z

1− z
=
∞∑
l=1

zl
(
z = q8k, x2q8k, x−2q8k

)
,

ïîëó÷èì ∑∞
m=−∞ χ−4(m)m2xmqm

2∑∞
m=−∞ χ−4(m)xmqm2 =

= 1− 8 ·
∞∑
k=1

k

(
q8k

1− q8k
+

x2q8k

1− x2q8k
+

x−2q8k

1− x−2q8k

)
=

= 1− 8 ·
∞∑

k,l=1

k
(

1 + x2l + x−2l
)
q8kl.

(5)
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Ââèäó íå÷åòíîñòè õàðàêòåðà χ−4,

∞∑
m=−∞

χ−4(m)m2xmqm
2

=
∞∑
n=1

χ−4(n)(xn − x−n)n2qn
2
,

∞∑
m=−∞

χ−4(m)xmqm
2

= −
∞∑

m=−∞
χ−4(m)(x−m)qm

2
=

=
1

2

∞∑
m=−∞

χ−4(m)(xm − x−m)qm
2

=

∞∑
n=1

χ−4(n)(xn − x−n)qn
2
.

Ïðèíèìàÿ âî âíèìàíèå ýòè ðàâåíñòâà, èç (5) íàõîäèì

∞∑
n=1

χ−4(n)(xn − x−n)(n2 − 1)qn
2

=

=

∞∑
k,l=1

k

∞∑
m=−∞

χ−4(m)
(
−4(xm − x−m)− 8(xm−2l − x−m+2l)

)
q8kl+m

2
.

Ïðèðàâíÿâ êîýôôèöèåíòû èç ëåâîé è ïðàâîé ÷àñòåé ïðè îäèíàêîâûõ còåïåíÿõ q, ïîëó÷èì
óòâåðæäåíèå òåîðåìû 1 ñ

Fx(m) = xm − x−m. (6)

Ïðè ôèêñèðîâàííîì d â ñóììàõ èç ëåâîé ÷àñòè òîæäåñòâà òåîðåìû 1 ó÷àñòâóþò çíà÷åíèÿ
F íà öåëûõ m èç êîíå÷íîãî ìíîæåñòâà. Ïîýòîìó äëÿ äîñòàòî÷íî áîëüøîãî íàòóðàëüíîãî
N ìû ìîæåì ñ÷èòàòü F ïåðèîäè÷åñêîé ôóíêöèåé ñ ïåðèîäîì N . Ïîëîæèâ â (6)

x = e2πi
m′
N (m′ ∈ Z),

ñ ïîìîùüþ (4) ðàñïðîñòðàíÿåì óòâåðæäåíèå òåîðåìû 1 íà F .
Îáðàùàÿ ýòè âûêëàäêè, ìû ïîëó÷èì òîæäåñòâî (2), êàê ñëåäñòâèå òåîðåìû 1, ñ íåêîòî-

ðûì çàâèñÿùèì ëèøü îò x ìíîæèòåëåì. Ýòîò ìíîæèòåëü ëåãêî íàéòè, ïðèðàâíÿâ êîýôôè-
öèåíòû ïðè q â ïðàâîé è ëåâîé ÷àñòÿõ.

Òåïåðü äîêàæåì òåîðåìó 1. Òàê êàê äëÿ íå÷åòíûõ m

χ−4(m) = (−1)
m−1

2 = (−1)l(−1)
m−2l−1

2 = (−1)lχ−4(m− 2l),

òî
−8

∑
8kl+m2=d

χ−4(m)kF (m− 2l) = 4
∑

4k1l+m2
1=d

(−1)lχ−4(m1)(−k1 + l +m1)F (m1),

ãäå:
m1 = m− 2l, k1 = 2k − l +m;

4k1l +m2
1 = 8kl +m2 = d;

2k = k1 + l −m = k1 − l −m1 > 0, k1 + l1 − íå÷.

Ðàçîáüåì ïîñëåäíþþ ñóììó íà òðè: S−, S0, S+ � â ñîîòâåòñòâèè ñ óñëîâèÿìè:

d−m2
1 < 0, d−m2

1 = 0, d−m2
1 > 0.

Â ïåðâîì ñëó÷àå

k2 = −k1 = −d−m
2
1

4l
> 0,
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è ïîýòîìó

S− = 4
∑
m2

1>d

χ−4(m1)F (m1)
∑

4k2l=m2
1−d

−k2−l−m1>0
k2+l − íå÷.

(−1)l(k2 + l +m1).

Òàê êàê (−1)k2 + (−1)l = 0, òî âî âíóòðåííåé ñóììå ïàðàì (k2, l) è (l, k2) ñîîòâåòñòâóþò
ñëàãàåìûå, ñóììà êîòîðûõ ðàâíà íóëþ. Ñëåäîâàòåëüíî,

S− = 0.

Â ñóììå S0 äëÿ d 6= n2 íåò ñëàãàåìûõ, è îíà ðàâíà íóëþ. Äëÿ d = n2 ñ íå÷åòíûì
íàòóðàëüíûì n

k1 = 0, l − íå÷., 0 < l < −m1 = n.

Ïîýòîìó

S0 = 4χ−4(n)F (n)
∑

0<l<n
l − íå÷.

(n− l) = χ−4(n)F (n)(n2 − 1).

Òåïåðü îñòàëîñü òîëüêî ðàññìîòðåòü ñóììó

S+ = 4
∑

4kl+m2=d
k−l−m>0, k+l − íå÷.

(−1)lχ−4(m)F (m)(−k + l +m).

Ïðè çàìåíå
(k,m, l)→ (l,−m, k)

ìû ïîëó÷èì òå æå ñàìûå ñëàãàåìûå, íî ñ óñëîâèåì k − l − m < 0 âìåñòî k − l − m > 0.
Êðîìå òîãî, ìíîæèòåëü (k − l +m) îáðàùàåò â íîëü ñëàãàåìûå ñ k − l +m = 0. Ïîýòîìó

S+ = 2
∑

4kl+m2=d
k+l − íå÷.

(−1)lχ−4(m)F (m)(−k + l +m) =

= −2
∑
m2<d

χ−4(m)F (m)
∑

kl=(d−m2)/4
k+l − íå÷.

(−1)l(k − l)+

+2
∑

4kl+m2=d
k+l − íå÷.

(−1)lχ−4(m)F (m)m.

Â ïîñëåäíåé ñóììå ïðè çàìåíåm→ −m ñëàãàåìûå ìåíÿþò çíàê, è ïîýòîìó îíà ðàâíà íóëþ.
Ïðèìåíÿÿ ê îñòàâøåéñÿ ñóììå ëåììó 1, ïîëó÷èì â äîêàçûâàåìîì òîæäåñòâå òåîðåìû 1 ïåð-
âîå ñëàãàåìîå ñ ïðîòèâîïîëîæíûì çíàêîì. Òåì ñàìûì óòâåðæäåíèå òåîðåìû 1 ïîëíîñòüþ
äîêàçàíî.
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4. Ïÿòèêðàòíîå ïðîèçâåäåíèå

Äåéñòâóÿ òî÷íî òàê æå, êàê è äëÿ òðîéíîãî ïðîèçâåäåíèÿ, ïðåîáðàçóåì òîæäåñòâî (3) ê
âèäó

∞∑
n=1

χ−3(n)(xn − x−n)(n2 − 1)qn
2

=

= −3

∞∑
k,l=1

∞∑
m=−∞

χ−3(m)(xm − x−m)kq6kl+m
2−

−3

∞∑
k,l=1

∞∑
m=−∞

χ−3(m)(xm−l − x−m+l)kq3kl+m
2−

−6
∞∑

k,l=1

∞∑
m=−∞

χ−3(m)(xm−l − x−m+l)kq6kl+m
2
.

Åñëè â òðåòüåé ñóììå ïðàâîé ÷àñòè 2k çàìåíèòü íà k ñ äîáàâëåíèåì ìíîæèòåëÿ
(
1 + (−1)k

)
/2,

âûäåëÿþùåãî ÷åòíûå k, òî åå ìîæíî îáúåäèíèòü ñî âòîðîé â îäíó:

−3

2

∞∑
k,l=1

∞∑
m=−∞

(
2 + (−1)k+l + (−1)l

)
χ−3(m)k(xm−l − x−m+l)q3kl+m

2
.

Äåéñòâóÿ äàëåå ïî òîé æå ñõåìå, êàê è â ïðåäûäóùåì ïàðàãðàôå, ïîëó÷àåì ýêâèâàëåíòíîñòü
òîæäåñòâà (3) è òåîðåìû 2.

Òåïåðü äîêàæåì òåîðåìó 2. Çàìåòèì, ÷òî

− 3

2

∑
3kl+m2=d

(
2 + (−1)k+l + (−1)l

)
χ−3(m)F (m− l)k =

=
1

2

∑
k1l+m2

1=d

(
2 + (−1)k1 + (−1)l

)
χ−3(l +m1)F (m1)(−k1 + l + 2m1)

ñ
m1 = m− l, k1 = 3k + 2m− l,

äëÿ êîòîðûõ:

k1l +m2
1 = 3kl +m2 = d;

3k = k1 + l − 2m = k1 − l − 2m1 > 0;

k1 −m1 ≡ l +m1 (mod 3).

Ðàçîáüåì ïîñëåäíþþ ñóììó íà òðè: S−, S0, S+ � â ñîîòâåòñòâèè ñ óñëîâèÿìè:

d−m2
1 < 0, d−m2

1 = 0, d−m2
1 > 0.

Â ñóììå S−

k2 = −k1 = −d−m
2

3l
> 0

è âûðàæåíèå (
2 + (−1)k2 + (−1)l

)
χ−3(l +m1)F (m1)(k2 + l + 2m1)

ïðè çàìåíå (k2, l)→ (l, k2) ìåíÿåò çíàê ïî ïðè÷èíå òîãî, ÷òî

χ−3(l +m1) = χ−3(−k2 −m1) = −χ−3(k2 +m1).

145



Ñëåäîâàòåëüíî,
S− = 0.

Â ñóììå S0 äëÿ d 6= n2 ñëàãàåìûõ íåò, è îíà ðàâíà íóëþ. Ïðè d = n2 ≡ 1 (mod 3) äëÿ
ïàðàìåòðîâ ñóììèðîâàíèÿ â S0 âûïîëíÿþòñÿ ñîîòíîøåíèÿ

k1 = 0, l + 2m1 ≡ 0 (mod 3), 0 < l < −2m1 = 2n.

Ïîýòîìó

S0 =
1

2

∑
0<l<2n

l≡2n (mod 3)

(
3 + (−1)l

)
χ−3(n)F (n)(2n− l) =

3

2
χ−3(n)F (n)

∑
0<l1<2n/3

(
3 + (−1)l1

)
l1.

Ïîñëåäíÿÿ ñóììà ðàâíà

2
∑

0<l1<2n/3

l1 +
∑

0<l1<2n/3

(
1 + (−1)l1

)
l1 =

[
2n

3

]([
2n

3

]
+ 1

)
+ 2

[n
3

] ([n
3

]
+ 1
)

=
2

3
(n2 − 1).

Ñëåäîâàòåëüíî, ïðè d = n2

S0 = χ−3(n)F (n)(n2 − l)

� ïðàâàÿ ÷àñòü òîæäåñòâà òåîðåìû 2.
Îñòàëîñü ðàññìîòðåòü ñóììó

S+ =
1

2

∑(7)

k−l−2m>0

(
2 + (−1)k + (−1)l

)
χ−3(l +m)F (m)(−k + l + 2m),

ãäå çíàê (7) îçíà÷àåò, ÷òî ñóììèðîâàíèå ïðîâîäèòñÿ ïî âñåì òðîéêàì (k,m, l) ñ îãðàíè÷å-
íèÿìè

kl +m2 = d, k −m ≡ l +m (mod 3). (7)

Òàê êàê çàìåíà (k,m, l) → (l,−m, k) íå íàðóøàåò óñëîâèé èç (7) è ñëàãàåìûå â S+ íå
ìåíÿþòñÿ, òî ìû ìîæåì óáðàòü óñëîâèå k − l − 2m > 0, çàìåíèâ êîýôôèöèåíò 1

2 íà 1
4 .

Ïîñêîëüêó

2 + (−1)k + (−1)l =
(

1 + (−1)k
)

+
(

1 + (−1)l
)
,

òî åùå ðàç ïðèìåíÿÿ çàìåíó (k,m, l)→ (l,−m, k), ïîëó÷èì∑
kl+m2=d

k−m≡l+m (mod 3)

(
2 + (−1)k + (−1)l

)
χ−3(l +m)F (m)m =

= 2 ·
∑(7) (

1 + (−1)k
)
χ−3(l +m)F (m)m = 4

∑(7)

k−÷åòí.
χ−3(l +m)F (m)m.

Çàìåòèì, ÷òî ïðè çàìåíå (k,m, l)→ (2l,m, k/2) â ïîñëåäíåé ñóììå, íå ìåíÿþùåé îãðàíè÷å-
íèé èç (7), χ−3(l +m) ïåðåõîäèò â

χ−3(k/2 +m) = −χ−3(k + 2m) = −χ−3(l +m).

Ïîýòîìó ñëàãàåìûå ìåíÿþò çíàê è ðàññìàòðèâàåìàÿ ñóììà ðàâíà íóëþ.
Ìû ïîêàçàëè, ÷òî

S+ =
1

4

∑
kl+m2=d

k−m≡l+m (mod 3)

(
2 + (−1)k + (−1)l

)
χ−3(m+ l)F (m)(−k + l).
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Åñëè âûäåëèòü ñëàãàåìûå ñ m ≡ 0 (mod 3), òî âòîðîå óñëîâèå èç (7) ïðåâðàòèòñÿ â ñðàâíå-
íèå k ≡ l (mod 3), è ïðè ýòîì

χ−3(m+ l) = χ−3(l) = χ−3(k).

Íî â òàêîì ñëó÷àå çàìåíà (k,m, l) → (l,m, k), ìåíÿþùàÿ çíàê ó ðàññìàòðèâàåìûõ ñëàãàå-
ìûõ, ïðèâîäèò ê èõ âçàèìíîìó ñîêðàùåíèþ. Ïîýòîìó â ðàññìàòðèâàåìîé ñóììå îñòàþòñÿ
òîëüêî òå òðîéêè (k,m, l), ó êîòîðûõ

kl = d−m2 ≡ 0 (mod 3).

Ïðè ýòîì, åñëè k ≡ 0 (mod 3), òî l ≡ m (mod 3), è åñëè l ≡ 0 (mod 3), òî k ≡ −m (mod 3).
Îïÿòü âîñïîëüçîâàâøèñü çàìåíîé (k,m, l)→ (l,−m, k), íàõîäèì

S+ =
∑

kl+m2=d
k≡0 (mod 3)
l≡m (mod 3)

(
2 + (−1)k + (−1)l

)
χ−3(m)F (m)(k − l).

Çàìåíà m → −m íå ìåíÿåò ñëàãàåìûõ. Ñëåäîâàòåëüíî, óñëîâèå l ≡ m (mod 3) ìîæíî
çàìåíèòü íà l 6≡ 0 (mod 3), ïîìåíÿâ êîýôôèöèåíò 1

2 íà 1
4 . Äîáàâèâ ñëàãàåìûå ñ k ≡ l ≡ 0

(mod 3) (îíè âçàèìíî óíè÷òîæàþòñÿ ââèäó çàìåíû (k,m, l)→ (l,m, k)) è ïåðåéäÿ îò k ê 3k,
ñ ïîìîùüþ ëåììû 2 ïîëó÷èì, ÷òî

S+ =
1

4

∑
3kl+m2=d

(
2 + (−1)k + (−1)l

)
χ−3(m)F (m)(3k − l) =

=
1

4

∑
m2<d

m2≡d (mod 3)

χ−3(m)F (m)
∑

kl=(d−m2)/3

(
2 + (−1)k + (−1)l

)
(3k − l) =

= 3
∑
m2<d

m2≡d (mod 6)

χ−3(m)F (m)σ

(
d−m2

6

)
= 3

∑
6kl+m2=d

χ−3(m)F (m)k.

Ìû ïîëó÷èëè ïåðâîå ñëàãàåìîå ñ ïðîòèâîïîëîæíûì çíàêîì èç ëåâîé ÷àñòè òîæäåñòâà òåî-
ðåìû 2. À ýòî è òðåáîâàëîñü äîêàçàòü.
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ABSTRACT

In this paper the new proof is suggested for decomposition of twisted with quadratic
characters modulo 4 and 3 theta-functions to the in�nite product. It is based on the
Euler's method of logarithmic derivation and the elementary arithmetic concepts.
Key words: theta-function, Liouville identities, in�nite product.
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