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Î ìåòîäå ïîèñêà ñåäëîâîé òî÷êè

ìîäèôèöèðîâàííîãî ôóíêöèîíàëà Ëàãðàíæà äëÿ

çàäà÷è òåîðèè óïðóãîñòè ñ çàäàííûì òðåíèåì

Ðàññìîòðåíà ïîëóêîýðöèòèâíàÿ çàäà÷à óñëîâíîé ìèíèìèçàöèè, âîçíèêàþùàÿ ïðè ðåøå-
íèè ïîëíîé êîíòàêòíîé çàäà÷è òåîðèè óïðóãîñòè ñ òðåíèåì. Äëÿ ðåøåíèÿ ïîñòàâëåííîé
çàäà÷è áûëà èñïîëüçîâàíà ñõåìà äâîéñòâåííîñòè ñ ìîäèôèöèðîâàííûì ôóíêöèîíàëîì
Ëàãðàíæà. Ðàçðàáîòàí è îáîñíîâàí ìåòîä ïîèñêà ñåäëîâîé òî÷êè ìîäèôèöèðîâàííîãî
ôóíêöèîíàëà Ëàãðàíæà ñ ïåðåìåííûì øàãîì ñäâèãà ïî äâîéñòâåííîé ïåðåìåííîé.

Îñíîâíûå ðåçóëüòàòû ñòàòüè äîëîæåíû íà ñåêöèîííîì äîêëàäå Ìåæäóíàðîäíîé êîíôå-
ðåíöèè ¾Òîðè÷åñêàÿ òîïîëîãèÿ è àâòîìîðôíûå ôóíêöèè¿ (5-10 ñåíòÿáðÿ 2011 ã., ã. Õà-
áàðîâñê, Ðîññèÿ).

Êëþ÷åâûå ñëîâà: êîíòàêòíàÿ çàäà÷à òåîðèè óïðóãîñòè, ñõåìà äâîéñòâåííîñòè, ìî-

äèôèöèðîâàííûé ôóíêöèîíàë Ëàãðàíæà, ñåäëîâàÿ òî÷êà, ìåòîä Óäçàâû.

Ïóñòü Ω ∈ R2 � îáëàñòü ñ äîñòàòî÷íî ðåãóëÿðíîé ãðàíèöåé Γ, Γ̄ = Γ̄0 ∪ Γ̄1 ∪ Γ̄2, ãäå
Γ0, Γ1, Γ2 � îòêðûòûå ïîïàðíî íåïåðåñåêàþùèåñÿ ïîäìíîæåñòâà Γ, ïðè÷åì mes(Γ0) > 0,
mes(Γ1) > 0. Ïðè ðåøåíèè ïëîñêîé êîíòàêòíîé çàäà÷è ìåæäó óïðóãèì òåëîì Ω è àáñîëþòíî
òâåðäîé îïîðîé (ðèñ. 1) âîçíèêàåò çàäà÷à ñ çàäàííûì òðåíèåì [1, 2]{

J(v) = 1
2a(v, v) +

∫
Γ1

gk|vt| dΓ−
∫
Ω

f v dΩ−
∫
Γ2

T v dΓ → min

v ∈ K,
(1)

ãäå a(u, v) � áèëèíåéíàÿ ôîðìà, îïðåäåëåííàÿ íà [W 1
2 (Ω)]

2 × [W 1
2 (Ω)]

2,

a(u, v) =

∫
Ω

σij(u)εij(v) dΩ =

∫
Ω

cijkmεkm(u)εij(v) dΩ.

Çäåñü èñïîëüçîâàíû ñëåäóþùèå îáîçíà÷åíèÿ: v = (v1, v2) � âåêòîð ïåðåìåùåíèé; εij(v)
� êîìïîíåíòû òåíçîðà äåôîðìàöèé,

εij(v) =
1

2

(
∂vi
∂xj

+
∂vj
∂xi

)
;

σij(v) = cijkmεkm(v) � êîìïîíåíòû òåíçîðà íàïðÿæåíèé; f = (f1, f2) � îáúåìíàÿ ñèëà,
T = (T1, T2) � áîêîâîå óñèëèå, gk � çàäàííàÿ ñèëà òðåíèÿ, gk ≥ 0 íà Γ1; n = (n1, n2) �
åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ãðàíèöå Γ, vn è vt � íîðìàëüíàÿ è òàíãåíöèàëüíàÿ
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Ðèñ. 1. Êîíòàêò ìåæäó óïðóãèì òåëîì è àáñîëþòíî òâåðäîé îïîðîé

ñîñòàâëÿþùèå âåêòîðà ïåðåìåùåíèé v, σi = σijnj , σ = (σ1, σ2), σn = σijninj , σt = σ − σnn.
Ïî ïîâòîðÿþùèìñÿ èíäåêñàì ïîäðàçóìåâàåòñÿ ñóììèðîâàíèå.

Ñâÿçü ìåæäó òåíçîðîì íàïðÿæåíèé è òåíçîðîì äåôîðìàöèé îïèñûâàåòñÿ çàêîíîì Ãóêà
äëÿ îäíîðîäíîãî èçîòðîïíîãî òåëà,

cijkm = λδijδkm + µ(δikδjm + δimδjk),

ãäå λ, µ � êîíñòàíòû Ëàìå, δij � êîìïîíåíòû åäèíè÷íîãî òåíçîðà.

Ïóñòü f ∈ [L2(Ω)]
2; T ∈ [W

1/2
2 (Γ2)]

2. ×åðåç K è W îáîçíà÷èì ìíîæåñòâà ôóíêöèé âèäà

W =
{
v ∈ [W 1

2 (Ω)]
2 : vn ≡ v2 = 0 ï.â. íà Γ0

}
, K = {v ∈ W : vn ≤ 0 ï.â. íà Γ1} .

Ìèíèìèçèðóåìûé ôóíêöèîíàë J(v) â (1) íå ÿâëÿåòñÿ ñèëüíî âûïóêëûì íà âñåì ìíîæå-
ñòâå W , ïîýòîìó çàäà÷à (1) ÿâëÿåòñÿ ïîëóêîýðöèòèâíîé çàäà÷åé [1, 2]. Â [3] ïîêàçàíî, ÷òî
èç óñëîâèÿ ∫

Ω

f1 dΩ+

∫
Γ2

T1 dΓ > 0 (2)

ñëåäóåò ñâîéñòâî
J(v) → +∞ ïðè ∥v∥[W 1

2 (Ω)]2 → ∞ ∀v ∈ K,

÷òî îáåñïå÷èâàåò ðàçðåøèìîñòü çàäà÷è (1). Â äàëüíåéøåì áóäåì ñ÷èòàòü óêàçàííîå óñëîâèå
âûïîëíåííûì.

Çàäà÷à (1) ÿâëÿåòñÿ îïòèìèçàöèîííîé çàäà÷åé ñ îãðàíè÷åíèÿìè. Äëÿ ðåøåíèÿ òàêèõ
çàäà÷ òðàäèöèîííî ïðèìåíÿþòñÿ ìåòîäû äâîéñòâåííîñòè, îñíîâàííûå íà èñïîëüçîâàíèè
ôóíêöèîíàëîâ Ëàãðàíæà. Èçâåñòíî [4], ÷òî åñëè ðåøåíèå u çàäà÷è (1) ïðèíàäëåæèò ïðî-
ñòðàíñòâó [W 2

2 (Ω)]
2 è mes{x ∈ Γ1 : σn(u) < 0} > 0, òî u ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì

çàäà÷è (1), à ïàðà (u,−σn(u)) � åäèíñòâåííîé ñåäëîâîé òî÷êîé êëàññè÷åñêîãî ôóíêöèîíàëà
Ëàãðàíæà

L(v, l) = J(v) +

∫
Γ1

lvn dΓ.

Èç îïðåäåëåíèÿ ñåäëîâîé òî÷êè ñëåäóåò, ÷òî äëÿ ïàðû (u,−σn(u)) âûïîëíÿåòñÿ äâóñòîðîí-
íåå íåðàâåíñòâî

L(u, l) ≤ L(u,−σn(u)) ≤ L(v,−σn(u)) ∀(v, l) ∈ W × (L2(Γ1))
+,
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ãäå ÷åðåç (L2(Γ1))
+ îáîçíà÷åíî ìíîæåñòâî íåîòðèöàòåëüíûõ ôóíêöèé èç L2(Γ1). Â äàëü-

íåéøåì áóäåì ïðåäïîëàãàòü, ÷òî ðåøåíèå u óäîâëåòâîðÿåò ñôîðìóëèðîâàííûì âûøå òðå-
áîâàíèÿì.

Ïðèìåíåíèå èçâåñòíûõ àëãîðèòìîâ ïîèñêà ñåäëîâûõ òî÷åê êëàññè÷åñêîãî ôóíêöèîíàëà
Ëàãðàíæà L(v, l) äëÿ ïîëóêîýðöèòèâíûõ çàäà÷ íå ïðåäñòàâëÿåòñÿ âîçìîæíûì. Â ñëó÷àå,
êîãäà çàäà÷à ÿâëÿåòñÿ ïîëóêîýðöèòèâíîé, ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè ðåøåíèé â èòå-
ðàöèîííîì ïðîöåññå äîêàçûâàåòñÿ òîëüêî äëÿ ïðÿìîé ïåðåìåííîé [5, 6]. Ïðè ýòîì íåîáõî-
äèìî ñîãëàñîâûâàòü äëèíó øàãà ñäâèãà ïî äâîéñòâåííîé ïåðåìåííîé l ñ êîíñòàíòîé ïîëî-
æèòåëüíîé îïðåäåëåííîñòè êâàäðàòè÷íîé ôîðìû a(v, u) ìèíèìèçèðóåìîãî ôóíêöèîíàëà. Â
ïîëóêîýðöèòèâíîé çàäà÷å (1) êâàäðàòè÷íàÿ ôîðìà a(v, u) ëèøü íåîòðèöàòåëüíî îïðåäåëå-
íà. Äëÿ ïðåîäîëåíèÿ ýòîãî çàòðóäíåíèÿ â ðàáîòàõ [4], [7]�[11] ïîñòðîåí ìîäèôèöèðîâàííûé
ôóíêöèîíàë Ëàãðàíæà. Äëÿ îáëåã÷åíèÿ ïîíèìàíèÿ äàëüíåéøåãî òåêñòà ïîâòîðèì íåêîòî-
ðûå ðåçóëüòàòû óêàçàííûõ ðàáîò.

Íà ïðîñòðàíñòâå W × L2(Γ1)× L2(Γ1) îïðåäåëèì ôóíêöèîíàë [4]

K(v, l,m) =

{
J(v) + 1

2r

∫
Γ1

(
(l + rm)2 − l2

)
dΓ, åñëè vn ≤ m ï.â. íà Γ1,

+∞ â ïðîòèâíîì ñëó÷àå,

ãäå r > 0 � ïîñòîÿííàÿ.
Îïðåäåëèì ìîäèôèöèðîâàííûé ôóíêöèîíàë Ëàãðàíæà

M(v, l) = inf
m
K(v, l,m). (3)

Îïðåäåëåíèå 1. Ïàðà (v∗, l∗) ∈ W ×L2(Γ1) íàçûâàåòñÿ ñåäëîâîé òî÷êîé ôóíêöèîíàëà

Ëàãðàíæà M(v, l), åñëè âûïîëíÿåòñÿ äâóñòîðîííåå íåðàâåíñòâî

M(v∗, l) ≤ M(v∗, l∗) ≤ M(v, l∗) ∀(v, l) ∈ W × L2(Γ1).

Ìíîæåñòâà ñåäëîâûõ òî÷åê êëàññè÷åñêîãî è ìîäèôèöèðîâàííîãî ôóíêöèîíàëîâ Ëàãðàí-
æà ñîâïàäàþò [9], è, ñëåäîâàòåëüíî, òî÷êà (u,−σn(u)) ÿâëÿåòñÿ åäèíñòâåííîé ñåäëîâîé òî÷-
êîé ôóíêöèîíàëà M(v, l). Ïðèìåíåíèå ôóíêöèîíàëà Ëàãðàíæà ìîäèôèöèðîâàííîãî âèäà
ïîçâîëÿåò ñíÿòü îãðàíè÷åíèå íà äâîéñòâåííóþ ïåðåìåííóþ l ∈ (L2(Γ1))

+ è ïðîâîäèòü ïîèñê
ñåäëîâîé òî÷êè íà âñåì ïðîñòðàíñòâå W × L2(Γ1).

Ôóíêöèîíàë M(v, l) ìîæíî çàïèñàòü â ñëåäóþùåì âèäå [4, 8]:

M(v, l) = J(v) +
1

2r

∫
Γ1

((
(l + r vn)

+)2 − l2
)
dΓ.

Èçâåñòíî ([4]), ÷òî ôóíêöèîíàë M(v, l) ÿâëÿåòñÿ âûïóêëûì ïî v ïðè ôèêñèðîâàííîì l è âî-
ãíóòûì ïî l ïðè ôèêñèðîâàííîì v è, áîëåå òîãî, ìîäèôèöèðîâàííûé ôóíêöèîíàë Ëàãðàíæà
äèôôåðåíöèðóåì ïî l.

Îïðåäåëèì ôóíêöèîíàë M(l) ñëåäóþùèì îáðàçîì:

M(l) = inf
v
M(v, l).

Ôóíêöèîíàë M(l) ìîæåò áûòü ïðåäñòàâëåí äâóìÿ ñïîñîáàìè [9]:

M(l) = inf
v

J(v) +
1

2r

∫
Γ1

([
(l + rvn)

+
]2 − l2

)
dΓ

 , (4)
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M(l) = inf
m

χ(m) +
1

2r

∫
Γ1

(
(l + rm)2 − l2

)
dΓ

 , (5)

ãäå χ(m) = inf
vn≤m

J(v) � ôóíêöèÿ ÷óâñòâèòåëüíîñòè, (x)+ = max{0, x}.

Â [9] ïîêàçàíî, ÷òî çàäà÷à

inf
m

χ(m) +
1

2r

∫
Γ1

(
(l + rm)2 − l2

)
dΓ


èìååò ðåøåíèå äëÿ ëþáîãî l ∈ L2(Γ1), ò.å. ñóùåñòâóåò ýëåìåíò m(l), òàêîé, ÷òî

M(l) = inf
m

χ(m) +
1

2r

∫
Γ1

(
(l + rm)2 − l2

)
dΓ

 = χ(m(l)) +
1

2r

∫
Γ1

(
(l + rm(l))2 − l2

)
dΓ.

Èçâåñòíî, ÷òî äëÿ ëþáîãî m ∈ L2(Γ1) ïðè âûïîëíåíèè óñëîâèÿ (2) çàäà÷à{
J(v) → min,
vn ≤ m

èìååò ðåøåíèå [4]. Ìîæíî ïîêàçàòü [9], ÷òî ðåøåíèå çàäà÷è

inf
v

J(v) +
1

2r

∫
Γ1

([
(l + rvn)

+
]2 − l2

)
dΓ


òàêæå òàêæå ñóùåñòâóåò è ðàâíî

v(l) = arg min
vn≤m(l)

J(v).

Ñëåäîâàòåëüíî, ôóíêöèîíàë M(l) � âîãíóòûé êîíå÷íîçíà÷íûé ôóíêöèîíàë íà L2(Γ1).
Êàê ïîêàçàíî â [4], ôóíêöèîíàë M(l) äèôôåðåíöèðóåì ïî Ãàòî â L2(Γ1) è åãî ïðîèç-

âîäíàÿ ∇M(l) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ñ ïîñòîÿííîé 1/r, òî åñòü äëÿ ëþáûõ l1,
l2 ∈ L2(Γ1) ñïðàâåäëèâî íåðàâåíñòâî

∥∇M(l1)−∇M(l2)∥L2(Γ1) ≤
1

r
∥l1 − l2∥L2(Γ1). (6)

Áîëåå òîãî, äîêàçàíî [4], ÷òî

∇M(l) = m(l) = argmin
m

χ(m) +
1

2r

∫
Γ1

(
(l + rm)2 − l2

)
dΓ

 .

Ëåãêî ïîêàçàòü, ÷òî

m(l) = max

{
− l

r
, vn(l)

}
.

Ðàññìîòðèì çàäà÷ó {
M(l) → max,
l ∈ L2(Γ1),

(7)

êîòîðóþ íàçîâåì äâîéñòâåííîé ê çàäà÷å (1). Èçâåñòíî, ÷òî −σn(u) åñòü åäèíñòâåííîå ðåøå-
íèå äâîéñòâåííîé çàäà÷è [4].
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Òàê êàê ãðàäèåíò ôóíêöèîíàëà M(l) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà, òî äëÿ ðåøåíèÿ
äâîéñòâåííîé çàäà÷è ìîæíî èñïîëüçîâàòü ãðàäèåíòíûé ìåòîä ïîèñêà ìàêñèìóìà ôóíêöè-
îíàëà [12, 13]

lk+1 = lk + βk∇M(lk) = lk + βkm(lk) (8)

ñ ïðîèçâîëüíûì ñòàðòîâûì çíà÷åíèåì l0 ∈ L2(Γ1) è βk ∈ [β, 2r − β], ãäå β ∈ (0, r]. Â
[12, 13] ðàññìàòðèâàþòñÿ ìåòîäû ðåøåíèÿ êîíå÷íîìåðíûõ ýêñòðåìàëüíûõ çàäà÷. Îäíàêî
÷àñòü ðåçóëüòàòîâ ïåðåíîñèòñÿ íà áåñêîíå÷íîìåðíûé ñëó÷àé ãèëüáåðòîâûõ ïðîñòðàíñòâ.

Òåîðåìà 1. Äëÿ ïîñëåäîâàòåëüíîñòè {lk+1}, ïîñòðîåííîé ãðàäèåíòíûì ìåòîäîì (8),

èìååò ìåñòî ïðåäåëüíîå ðàâåíñòâî lim
k→∞

∥∇M(lk)∥L2(Γ1) = 0.

Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê ∇M(l) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà, òî ñïðàâåä-
ëèâî ðàâåíñòâî [12, 14]

M(l1 + l2) =M(l1) +

1∫
0

(∇M(l1 + τ l2), l2)L2(Γ1)
dτ. (9)

Ïîñòðîèì âûïóêëûé ôóíêöèîíàëM1(l) = −M(l). ÔóíêöèîíàëM1(l) ÿâëÿåòñÿ êîíå÷íîçíà÷-
íûì, îãðàíè÷åííûì ñíèçó âåëè÷èíîéM∗

1 = inf
l∈L2(Γ1)

M1(l) > −∞, äèôôåðåíöèðóåìûì ôóíê-

öèîíàëîì, ïðîèçâîäíàÿ êîòîðîãî óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà (6). Âûïîëíåíèå óñëîâèÿ
M∗

1 > −∞ ñëåäóåò èç òîãî, ÷òî äâîéñòâåííàÿ çàäà÷à (7) èìååò ðåøåíèå.
Äëÿ M1(l) ðàññìîòðèì ìåòîä ãðàäèåíòíîãî ñïóñêà, â êîòîðîì ñòðîèòñÿ èòåðàöèîííàÿ

ïîñëåäîâàòåëüíîñòü
lk+1 = lk − βk∇M(lk).

Äëÿ ôóíêöèîíàëà M1(l) ïðè l1 = lk, l2 = −βk∇M(lk) ôîðìóëà (9) áóäåò èìåòü ñëåäóþùèé
âèä:

M1(l
k+1) = M1(l

k)− βk

1∫
0

(
∇M(lk − τβk∇M(lk)),∇M(lk)

)
L2(Γ1)

dτ =

= M1(l
k)− βk∥∇M(lk)∥2L2(Γ1)

+

+βk

1∫
0

((
∇M(lk − τβk∇M(lk))−∇M(lk)

)
,∇M(lk)

)
L2(Γ1)

dτ.

Èç ïîñëåäíåãî ðàâåíñòâà è èç (6) ñëåäóåò, ÷òî

M1(l
k+1) ≤ M1(l

k)− βk∥∇M(lk)∥2L2(Γ1)
+

1

r
β2
k∥∇M(lk)∥2L2(Γ1)

1∫
0

τ dτ =

= M1(l
k)− βk

(
1− βk

2r

)
∥∇M(lk)∥2L2(Γ1)

.

Îòñþäà è èç îöåíêè βk

(
1− βk

2r

)
> 0 ïîëó÷àåì íåðàâåíñòâî M1(l

k+1) ≤ M1(l
k). Ïîñëå-

äîâàòåëüíîñòü {M1(l
k)} ÿâëÿåòñÿ óáûâàþùåé, îãðàíè÷åííîé ñíèçó ïîñëåäîâàòåëüíîñòüþ,

ñëåäîâàòåëüíî, ñóùåñòâóåò M̃1 = lim
k→∞

M1(l
k) ≥ M∗

1 > −∞. Òîãäà

∥∇M(lk)∥2L2(Γ1)
≤ 1

βk

(
1− βk

2r

)−1 (
M1(l

k)−M1(l
k+1)

)
≤ 2r

β2
k

(
M1(l

k)− M̃1

)
→ 0 ïðè k → ∞.
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Òåîðåìà äîêàçàíà.
Èç òåîðåìû 1 ñëåäóåò, ÷òî lim

k→∞
∥m(lk)∥L2(Γ1) = 0.

Èñïîëüçóÿ ãðàäèåíòíûé ìåòîä (8), ìîæíî äëÿ ðåøåíèÿ çàäà÷è (1) ïîñòðîèòü ñëåäóþùèé
àëãîðèòì ìåòîäà Óäçàâû:

(i) uk+1 = arg min
v∈W

M(v, lk) (l0 ∈ W
1/2
2 (Γ1) ),

(ii) lk+1 = lk + βk max
{
−uk+1

n ,− lk

r

}
,

(10)

βk ∈ [β, 2r − β], β ∈ (0, r].
Êàê áûëî îòìå÷åíî âûøå,

uk+1 = v(lk) : J(v(lk)) = inf
vn≤m(lk)

J(v) = χ(m(lk)).

Â ñèëó ñâîéñòâ âûïóêëîñòè è êîíå÷íîçíà÷íîñòè ôóíêöèîíàë χ(m) ÿâëÿåòñÿ íåïðåðûâíûì.
Ïîýòîìó

lim
k→∞

J(uk) = lim
k→∞

χ(m(lk)) = χ(0) = min
v∈K

J(v) = J(u).

Òåì ñàìûì äîêàçàíà ñõîäèìîñòü ïî ôóíêöèîíàëó ïîñëåäîâàòåëüíîñòè {uk} ê ðåøåíèþ u.
Ïðè βk = r, k = 1, 2, . . . øàã àëãîðèòìà (ii) ïðèìåò âèä

lk+1 = lk + rm(lk) = lk + rmax

{
vk+1
n ,− lk

r

}
=

= lk +max
{
r vk+1

n ,−lk
}
= max

{
lk + r vk+1

n , 0
}
=

(
lk + r vk+1

n

)+
.

Àëãîðèòì Óäçàâû ñ ôèêñèðîâàííûì øàãîì ïî äâîéñòâåííîé ïåðåìåííîé èññëåäîâàí â [4].
Äëÿ ëþáîãî ξ ∈ [β, 2r − β], ãäå β ∈ (0, r], ðàññìîòðèì îòîáðàæåíèå P : L2(Γ1) → L2(Γ1),

äåéñòâóþùåå ïî ïðàâèëó P(l) = l + ξ∇M(l).
Òåîðåìà 2. Îòîáðàæåíèå P(l) = l+ξ∇M(l) óäîâëåòâîðÿåò ñëåäóþùèì äâóì óñëîâèÿì:

1. P(−σn(u)) = −σn(u);
2. ∥P(−σn(u))− P(l)∥L2(Γ1) < ∥ − σn(u)− l∥L2(Γ1) ∀l ̸= −σn(u).

Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê −σn(u) åñòü ðåøåíèå äâîéñòâåííîé çàäà÷è (7), òî èç
ñâîéñòâà äèôôåðåíöèðóåìîñòè ôóíêöèîíàëà M(l) ñëåäóåò, ÷òî ∇M (−σn(u)) = 0. Îòñþäà
P (−σn(u)) = −σn(u).

Ïóñòü l ̸= −σn(u). Òàê êàê

∇M (−σn(u)) = m (−σn(u)) , ∇M(l) = m(l),

òî
∥P (−σn(u))− P(l)∥2L2(Γ1)

= ∥−σn(u) + ξ∇M (−σn(u))− l − ξ∇M(l)∥2L2(Γ1)
=

= ∥−σn(u)− l + ξ (m (−σn(u))−m(l))∥2L2(Γ1)
= (11)

= ∥−σn(u)− l∥2L2(Γ1)
+ξ2 ∥m (−σn(u))−m(l)∥2L2(Γ1)

+2ξ (−σn(u)− l,m (−σn(u))−m(l))L2(Γ1)
.

Òàê êàê

m(l) = argmin
m

χ(m) +

∫
Γ1

l m dΓ +
r

2

∫
Γ1

m2 dΓ

 ,

òî

χ(m(l)) +

∫
Γ1

l m(l) dΓ +
r

2

∫
Γ1

(m(l))2 dΓ +
r

2
∥m−m(l)∥2L2(Γ1)

≤ χ(m) +

∫
Γ1

l mdΓ +
r

2

∫
Γ1

m2 dΓ

8



äëÿ âñåõ m ∈ L2(Γ1).
Ïîýòîìó ïðè l1,l2 ∈ L2(Γ1), m1 = m(l1), m2 = m(l2) èìåþò ìåñòî íåðàâåíñòâà

χ(m1) +

∫
Γ1

l1m1 dΓ+
r

2

∫
Γ1

(m1)
2 dΓ+

r

2
∥m2 −m1∥2L2(Γ1)

≤ χ(m2) +

∫
Γ1

l1m2 dΓ+
r

2

∫
Γ1

(m2)
2 dΓ,

χ(m2) +

∫
Γ1

l2m2 dΓ+
r

2

∫
Γ1

(m2)
2 dΓ+

r

2
∥m1 −m2∥2L2(Γ1)

≤ χ(m1) +

∫
Γ1

l2m1 dΓ+
r

2

∫
Γ1

(m1)
2 dΓ.

Ñêëàäûâàÿ íåðàâåíñòâà, ïîëó÷àåì

r∥m1 −m2∥2L2(Γ1)
≤

∫
Γ1

(l1 − l2)(m2 −m1) dΓ. (12)

Èç (11) è (12) ñëåäóåò

∥P (−σn(u))− P(l)∥2L2(Γ1)
≤ ∥−σn(u)− l∥2L2(Γ1)

+

+ξ2 ∥m (−σn(u))−m(l)∥2L2(Γ1)
− 2ξr ∥m (−σn(u))−m(l)∥2L2(Γ1)

=

= ∥−σn(u)− l∥2L2(Γ1)
− ξ(2r − ξ) ∥m (−σn(u))−m(l)∥2L2(Γ1)

=

= ∥−σn(u)− l∥2L2(Γ1)
− ξ(2r − ξ) ∥m(l)∥2L2(Γ1)

< ∥−σn(u)− l∥2L2(Γ1)
.

Òåîðåìà äîêàçàíà.
Èç òåîðåìû 2 íåïîñðåäñòâåííî âûòåêàåò, ÷òî ïîñëåäîâàòåëüíîñòü {lk}, ïîñòðîåííàÿ ïðè

ïîìîùè àëãîðèòìà (10), îãðàíè÷åíà â L2(Γ1). Êàê áûëî îòìå÷åíî âûøå, lim
k→∞

m(lk) = 0 â

L2(Γ1).
Òåîðåìà 3. Ïóñòü äëÿ ïîñëåäîâàòåëüíîñòè {m(lk)} ñóùåñòâóåò ýëåìåíò m∗ ∈ L2(Γ1)

òàêîé, ÷òî m(lk) ≤ m∗ ïî÷òè âñþäó íà Γ1 äëÿ ëþáûõ k = 0, 1, 2, . . . . Òîãäà ïîñëåäîâàòåëü-

íîñòü {uk} îãðàíè÷åíà â [W 1
2 (Ω)]

2.

Ä î ê à ç à ò å ë ü ñ ò â î. Îáîçíà÷èì

u∗ = arg min
vn≤m∗

J(v), G = {w ∈ W : wn ≤ m∗}, Gk+1 = {w ∈ W : wn ≤ m(lk)}.

Ëåãêî ïîêàçàòü, ÷òî K ⊂ G, Gk ⊂ G, k = 1, 2, . . . .
Èç óñëîâèÿ (2) âûòåêàåò, ÷òî ôóíêöèîíàë J(v) ÿâëÿåòñÿ êîýðöèòèâíûì íà ìíîæåñòâå

G [3], òî åñòü J(v) → +∞ ïðè ∥v∥[W 1
2 (Ω)]2 → ∞, v ∈ G. Îòñþäà, ñ ó÷åòîì òîãî, ÷òî uk ∈

Gk ⊂ G è lim
k→∞

J(uk) = J(u) = min
vn≤0

J(v), ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü {uk} îãðàíè÷åíà

â ïðîñòðàíñòâå [W 1
2 (Ω)]

2.
Òåîðåìà äîêàçàíà.

Äëÿ ëþáîãî k = 1, 2, . . . ðàññìîòðèì çàäà÷ó{
M(v, lk−1) → min,
v ∈ [W 1

2 (Ω)]
2.

(13)

Ðàíåå áûëî äîêàçàíî, ÷òî ïðè âûïîëíåíèè óñëîâèÿ (2) çàäà÷à (13) èìååò ðåøåíèå. Èçâåñòíî
[4], ÷òî åñëè ðåøåíèå çàäà÷è (13) ïðèíàäëåæèò ïðîñòðàíñòâó [W 2

2 (Ω)]
2, òî îíî åäèíñòâåííî.

Òåîðåìà 4. Ïóñòü âûïîëíåíû óñëîâèå (2) è ïðåäïîëîæåíèå òåîðåìû 3. Ïóñòü, êðîìå

òîãî, òî÷êè

uk = arg min
v∈W

M(v, lk−1), k = 1, 2, . . .
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óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì

(A) uk ∈ [W 2
2 (Ω)]

2;

(B) ∥uk∥[W 2
2 (Ω)]2 ≤ C, C > 0 � const.

Òîãäà ïîñëåäîâàòåëüíîñòü {(uk, lk)}, ïîñòðîåííàÿ ïî àëãîðèòìó (10), ñõîäèòñÿ â ïðî-

ñòðàíñòâå [W 1
2 (Ω)]

2 × L2(Γ1) ê ñåäëîâîé òî÷êå (u,−σn(u)) ïðè ëþáîì âûáîðå íà÷àëüíîé

òî÷êè l0 ∈ W
1/2
2 (Γ1).

Ä î ê à ç à ò å ë ü ñ ò â î. Èç òåîðåì 2, 3 ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü {(uk, lk)} îãðà-
íè÷åíà â ïðîñòðàíñòâå [W 1

2 (Ω)]
2 × L2(Γ1), èç óñëîâèé (A), (B) � ÷òî ïîñëåäîâàòåëüíîñòü

{(uk, lk)} êîìïàêòíà â [W 1
2 (Ω)]

2×L2(Γ1). Íàïîìíèì, ÷òî u
k ∈ Gk = {w ∈ W : wn ≤ m(lk−1)},

k = 1, 2, . . . .
Ïóñòü ũ = lim

k→∞
ukj â [W 1

2 (Ω)]
2. Òàê êàê lim

k→∞
∥m(lk)∥L2(Γ1) = 0, òî ñóùåñòâóåò ïîäïîñëå-

äîâàòåëüíîñòü {m(lk)}, ñõîäÿùàÿñÿ ïî÷òè âñþäó íà Γ1. Íå íàðóøàÿ îáùíîñòè ðàññóæäåíèé,
áóäåì ñ÷èòàòü, ÷òî m(lkj−1) → 0 ïðè kj → ∞ ïî÷òè âñþäó íà Γ1. Â ýòîì ñëó÷àå ũn ≤ 0
ïî÷òè âñþäó íà Γ1, òî åñòü ũ ∈ K è

J(ũ) = lim
kj→∞

J(ukj ) = lim
k→∞

χ(m(lkj−1)) = χ(0) = inf
vn≤0

J(v) = J(u).

Ñëåäîâàòåëüíî, ũ åñòü ðåøåíèå çàäà÷è (1). Òàê êàê ðåøåíèå çàäà÷è (1) åäèíñòâåííî, òî
ũ = u è lim

k→∞
∥uk − u∥[W 1

2 (Ω)]2 = 0.

Èç òåîðåìû 2 ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü {lk} îãðàíè÷åíà â L2(Γ1). Èç óñëîâèÿ (A)
ñëåäóåò, ÷òî ôóíêöèÿ uk ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è

−∂σij
∂xj

= fi â Ω, i = 1, 2,

un = 0, σt = 0 íà Γ0,
σijnj = Ti íà Γ2, i = 1, 2

ñ óñëîâèåì â çîíå êîíòàêòà L2(Γ1)

−σn = lk−1 + βk m(lk−1),

ãäå m(lk−1) = max
{
un,− lk−1

r

}
.

Åñëè âûïîëíÿåòñÿ óñëîâèå l0 ∈ W 1/2(Γ1) (ñì.(10)) è uk ∈ (W 2
2 (Ω))

2, òî âåëè÷èíà l1 =

l0 + β1 max
{
u1n,− l0

r

}
òàêæå ïðèíàäëåæèò ïðîñòðàíñòâó W 1/2(Γ1). Ïðèìåíÿÿ ìåòîä ìàòå-

ìàòè÷åñêîé èíäóêöèè äëÿ k=2,3,. . . , ïîëó÷èì, ÷òî lk ∈ W 1/2(Γ1) äëÿ âñåõ k=0,1,2,. . . . Èç
óñëîâèÿ (Â) ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü {uk} êîìïàêòíà â ïðîñòðàíñòâå (W 1

2 (Ω))
2 è, èç

òåîðåì âëîæåíèÿ, � ÷òî ïîñëåäîâàòåëüíîñòü {lk−1 + βk m(lk−1)} êîìïàêòíà â ïðîñòðàíñòâå
L2(Γ1). Òàê êàê lim

k→∞
∥m(lk)∥L2(Γ1) = 0, òî êîìïàêòíîé áóäåò è ïîñëåäîâàòåëüíîñòü {lk}.

Ïóñòü l̃ = lim
k→∞

lkj ̸= −σn(u). Òàê êàê îïåðàòîð P â L2(Γ1) íåïðåðûâåí, òî èç òåîðåìû 2
ïîëó÷èì ∥∥∥−σn(u)− l̃

∥∥∥
L2(Γ1)

=
∥∥∥P(−σn(u)− P(l̃)

∥∥∥
L2(Γ1)

<
∥∥∥−σn(u)− l̃

∥∥∥
L2(Γ1)

.

Ñëåäîâàòåëüíî, l̃ = −σn(u) ïî÷òè âñþäó íà Γ1. Îòñþäà, ñ ó÷åòîì íåðàâåíñòâà∥∥∥−σn(u)− lk
∥∥∥
L2(Γ1)

<
∥∥∥−σn(u)− lkj

∥∥∥
L2(Γ1)

, k > kj ,

ñëåäóåò, ÷òî

lim
k→∞

∥∥∥−σn(u)− lk
∥∥∥
L2(Γ1)

= 0.

Òåîðåìà äîêàçàíà.

10



Ñïèñîê ëèòåðàòóðû

[1] È. Ãëàâà÷åê, ß. Ãàñëèíãåð, È. Íå÷àñ, ß. Ëîâèøåê, Ðåøåíèå âàðèàöèîííûõ íåðàâåíñòâ â ìåõà-
íèêå, Ìèð, Ì., 1986.

[2] N. Kikuchi, T. Oden, Contact problem in elasticity: a study of variational inequalities and finite
element methods, SIAM, Philadelphia, 1988.

[3] Ã. Ôèêåðà, Òåîðåìû ñóùåñòâîâàíèÿ â òåîðèè óïðóãîñòè, Ìèð, Ì., 1974.

[4] Ý.Ì. Âèõòåíêî, Ð.Â. Íàìì, �Ñõåìà äâîéñòâåííîñòè äëÿ ðåøåíèÿ ïîëóêîýðöèòèâíîé çàäà÷è
Ñèíüîðèíè ñ òðåíèåì�, Æ. âû÷èñë. ìàòåì. è ìàòåì. ôèç., 47:12, (2007), 2023�2036.

[5] Ð. Ãëîâèíñêè, Æ.Ë. Ëèîíñ, Ð. Òðåìîëüåð, ×èñëåííîå èññëåäîâàíèå âàðèàöèîííûõ íåðàâåíñòâ,
Ìèð, Ì, 1979.

[6] R. Glowinski, Numerical methods for nonlinear variational problems, Springer, New York, 1984.

[7] Ã. Âó, Ð.Â. Íàìì, Ñ.À. Ñà÷êîâ, �Èòåðàöèîííûé ìåòîä ïîèñêà ñåäëîâîé òî÷êè äëÿ ïîëóêîýð-
öèòèâíîé çàäà÷è Ñèíüîðèíè, îñíîâàííûé íà ìîäèôèöèðîâàííîì ôóíêöèîíàëå Ëàãðàíæà�, Æ.
âû÷èñë. ìàòåì. è ìàòåì. ôèç., 46:1, (2006), 26�36.

[8] Ý.Ì. Âèõòåíêî, Ð.Â. Íàìì, �Èòåðàòèâíàÿ ïðîêñèìàëüíàÿ ðåãóëÿðèçàöèÿ ìîäèôèöèðîâàííî-
ãî ôóíêöèîíàëà Ëàãðàíæà äëÿ ðåøåíèÿ ïîëóêîýðöèòèâíîãî êâàçèâàðèàöèîííîãî íåðàâåíñòâà
Ñèíüîðèíè�, Æ. âû÷èñë. ìàòåì. è ìàòåì. ôèç., 48:9, (2008), 1571�1579..

[9] Ý.Ì. Âèõòåíêî, Ð.Â. Íàìì, �Õàðàêòåðèñòè÷åñêèå ñâîéñòâà ìîäèôèöèðîâàííîãî ôóíêöèîíàëà
Ëàãðàíæà äëÿ êîíòàêòíîé çàäà÷è òåîðèè óïðóãîñòè ñ çàäàííûì òðåíèåì�, Äàëüíåâîñòî÷íûé
ìàòåì. æóðíàë, 9:1�2, (2009), 38�47.

[10] Ý.Ì. Âèõòåíêî, Ã. Âó, Ð.Â. Íàìì, �Î ñõîäèìîñòè ìåòîäà Óäçàâû ñ ìîäèôèöèðîâàííûì ôóíê-
öèîíàëîì Ëàãðàíæà â âàðèàöèîííûõ íåðàâåíñòâàõ ìåõàíèêè�, Æ. âû÷èñë. ìàòåì. è ìàòåì.
ôèç., 50:8, (2010), 1357�1366.

[11] R.V. Namm, E.M. Vikhtenko, “Modified Lagrangian Functional for Solving the Signorini Problem
with Friction”, Advances in Mechanics Research, 1, Nova Science Publishers, New-York, 2010, 435–
446.

[12] Á.Ò. Ïîëÿê, Ââåäåíèå â îïòèìèçàöèþ, Íàóêà, Ì, 1983.

[13] Ê. Ãðîññìàí, À.À. Êàïëàí, Íåëèíåéíîå ïðîãðàììèðîâàíèå íà îñíîâå áåçóñëîâíîé ìèíèìèçà-
öèè, Íàóêà, Íîâîñèáèðñê, 1981.

[14] Ë.Â. Êàíòîðîâè÷, Ã.Ë. Àêèìîâ, Ôóíêöèîíàëüíûé àíàëèç, Íàóêà, Ì, 1984.

Ïðåäñòàâëåíî â Äàëüíåâîñòî÷íûé ìàòå-
ìàòè÷åñêèé æóðíàë 29 ñåíòÿáðÿ 2011 ã.

Vikhtenko E.M. On the method of searching a saddle point of modi�ed Lagrangian
functional for elasticity problem with friction. Far Eastern Mathematical Journal.
2012. V. 12. � 1. P. 03�11.

ABSTRACT

The semicoercive elasticity problem with the friction is considered. The scheme of
duality with modi�ed Lagrangian functional is used. A method of searching a saddle
point of modi�ed Lagrangian functional is constructed and proved with various step
of shift according to dual variable.
The main results of the paper were reported on the section talk at the International
conference ¾Toric Topology and Automorphic Functions¿ (September, 5-10th, 2011,
Khabarovsk, Russia).
Key words: contact problem, modi�ed Lagrangian functional, saddle point, Uzawa

method.


