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Ñâîéñòâà êîìïîíåíò ñâÿçíîñòè

ïàðàëëåëüíî-ïîñëåäîâàòåëüíûõ ñîåäèíåíèé

Â íàñòîÿùåé ðàáîòå âûâîäÿòñÿ ðåêóðñèâíûå ôîðìóëû äëÿ âû÷èñëåíèÿ ïðîèçâîäÿùèõ
ôóíêöèé, ðàñïðåäåëåíèé è ìîìåíòîâ ñëó÷àéíîãî ÷èñëà êîìïîíåíò ñâÿçíîñòè â ïàðàë-
ëåëüíî-ïîñëåäîâàòåëüíûõ ñîåäèíåíèÿõ, à òàêæå âåðîÿòíîñòåé èõ ñâÿçíîñòè. Äëÿ ñîåäè-
íåíèé ñ áîëüøèì ÷èñëîì ðåáåð äîêàçûâàþòñÿ âàðèàíòû çàêîíà áîëüøèõ ÷èñåë è öåí-
òðàëüíîé ïðåäåëüíîé òåîðåìû.

Êëþ÷åâûå ñëîâà: ïàðàëëåëüíî-ïîñëåäîâàòåëüíîå ñîåäèíåíèå, êîìïîíåíòû ñâÿçíîñòè.

Ââåäåíèå

Çàäà÷à âû÷èñëåíèÿ íàäåæíîñòè ïàðàëëåëüíî-ïîñëåäîâàòåëüíûõ ñîåäèíåíèé ÿâëÿåòñÿ
êëàññè÷åñêîé â òåîðèè íàäåæíîñòè [1], [2]. Ýòà çàäà÷à ðåøàåòñÿ ïóòåì ðåêóðñèâíûõ îïðåäå-
ëåíèé ïàðàëëåëüíî-ïîñëåäîâàòåëüíûõ ñîåäèíåíèé è âûâîäà ôîðìóë äëÿ èõ íàäåæíîñòè (âå-
ðîÿòíîñòè ñâÿçíîñòè êîíå÷íûõ âåðøèí ñîåäèíåíèÿ). Îäíàêî èíòåíñèâíîå ðàçâèòèå êîìïüþ-
òåðíûõ íàóê ñòàâèò íîâûå çàäà÷è: âû÷èñëåíèå ðàñïðåäåëåíèÿ è ìîìåíòîâ ÷èñëà êîìïîíåíò
ñâÿçíîñòè, âû÷èñëåíèå âåðîÿòíîñòè ñâÿçíîñòè ïàðàëëåëüíî-ïîñëåäîâàòåëüíûõ ñîåäèíåíèé.

Â ïåðâîì ïàðàãðàôå äîêàçûâàþòñÿ ðåêóðñèâíûå ôîðìóëû âû÷èñëåíèÿ ïðîèçâîäÿùèõ
ôóíêöèé, à òàêæå ïåðâîãî è âòîðîãî ìîìåíòîâ ÷èñëà êîìïîíåíò ñâÿçíîñòè â ïàðàëëåëüíî-
ïîñëåäîâàòåëüíûõ ñîåäèíåíèÿõ ñ ðåáðàìè, èìåþùèìè ðàçëè÷íûå âåðîÿòíîñòè ðàáîòîñïî-
ñîáíîñòè. Ýòî äîêàçàòåëüñòâî îñíîâàíî íà ââåäåíèè äâóìåðíîãî îïèñàíèÿ ñëó÷àéíîé ðåà-
ëèçàöèè ñîåäèíåíèÿ, ñîñòîÿùåãî èç èíäèêàòîðà ñâÿçíîñòè êîíå÷íûõ âåðøèí è ÷èñëà êîì-
ïîíåíò ñâÿçíîñòè. Óêàçàííûå äâå õàðàêòåðèñòèêè îáðàçóþò äâóìåðíûé ñëó÷àéíûé âåêòîð,
äëÿ êîòîðîãî ââîäÿòñÿ óñëîâíûå ðàñïðåäåëåíèÿ âòîðîé êîìïîíåíòû ïðè çàäàííîé ïåðâîé
êîìïîíåíòå. Äàëåå ñòðîÿòñÿ ðåêóðñèâíûå ôîðìóëû äëÿ âû÷èñëåíèÿ áåçóñëîâíîãî ðàñïðåäå-
ëåíèÿ ïåðâîé êîìïîíåíòû, óñëîâíîãî ðàñïðåäåëåíèÿ âòîðîé êîìïîíåíòû è çàòåì áåçóñëîâ-
íîãî ðàñïðåäåëåíèÿ âòîðîé êîìïîíåíòû.

Âî âòîðîì ïàðàãðàôå âûâîäÿòñÿ ïðåäåëüíûå òåîðåìû äëÿ ÷èñëà êîìïîíåíò ñâÿçíîñòè
â ïàðàëëåëüíî-ïîñëåäîâàòåëüíûõ ñîåäèíåíèÿõ ñ ðåáðàìè, èìåþùèìè îäèíàêîâóþ âåðîÿò-
íîñòü ðàáîòîñïîñîáíîñòè. Ýòè âûâîäû îñíîâàíû íà íåðàâåíñòâàõ, êîòîðûì ïîä÷èíÿåòñÿ
÷èñëî êîìïîíåíò ñâÿçíîñòè ïàðàëëåëüíûõ è ïîñëåäîâàòåëüíûõ ñîåäèíåíèé, à òàêæå íà óñè-
ëåííîì çàêîíå áîëüøèõ ÷èñåë è öåíòðàëüíîé ïðåäåëüíîé òåîðåìå â ôîðìå Ìóàâðà � Ëà-
ïëàñà.
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1. Cîåäèíåíèÿ ñ ðàçëè÷íûìè ðåáðàìè

Êëàññ ïàðàëëåëüíî-ïîñëåäîâàòåëüíûõ ñîåäèíåíèé.

Îïðåäåëèì ðåêóðñèâíî êëàññ A ïàðàëëåëüíî-ïîñëåäîâàòåëüíûõ ñîåäèíåíèé äâóõïîëþñíè-
êîâ G. Ïîä äâóõïîëþñíèêîì ïîíèìàåòñÿ ñâÿçíûé ãðàô ñ íà÷àëüíîé è êîíå÷íîé âåðøèíàìè.
Ïóñòü A1 � ñ÷åòíîå ìíîæåñòâî ðåáåð w (ìíîæåñòâî îáðàçóþùèõ) è A1 ⊂ A. Åñëè äâóõïî-
ëþñíèêè G1, G2 ∈ A ñ ìíîæåñòâàìè ðåáåð W1,W2 ñîîòâåòñòâåííî è W1 ∩ W2 = ∅, òî èõ
ïîñëåäîâàòåëüíîå G1 → G2 è ïàðàëëåëüíîå G1 ∥ G2 ñîåäèíåíèÿ ïðèíàäëåæàò êëàññó A, à
ìíîæåñòâî ðåáåð â ýòèõ ñîåäèíåíèÿõ ðàâíî W1 ∪W2. Íà÷àëüíàÿ âåðøèíà äâóõïîëþñíèêà
G1 → G2 (G1 ∥ G2) ñîâïàäàåò ñ íà÷àëüíîé âåðøèíîé äâóõïîëþñíèêà G1 (ñî ñêëåéêîé íà-
÷àëüíûõ âåðøèí äâóõïîëþñíèêîâ G1, G2), à êîíå÷íàÿ âåðøèíà � ñ êîíå÷íîé âåðøèíîé G2

(ñî ñêëåéêîé êîíå÷íûõ âåðøèí G1, G2).
Îáîçíà÷èì α(G) ñëó÷àéíóþ âåëè÷èíó, ðàâíóþ åäèíèöå, åñëè â ñëó÷àéíîé ðåàëèçàöèè íà-

÷àëüíàÿ è êîíå÷íàÿ âåðøèíû äâóõïîëþñíèêà G ñâÿçíû, è ðàâíîé íóëþ, åñëè îíè íåñâÿçíû.
Îáîçíà÷èì

pw = P (α(w) = 1), qw = 1− pw, (1)

çäåñü ðåáðî w ïîíèìàåòñÿ êàê ýëåìåíòàðíûé ñâÿçíûé ãðàô. Ïóñòü η(G) ñîâïàäàåò ñî ñëó-
÷àéíîé âåëè÷èíîé, ðàâíîé ÷èñëó êîìïîíåíò ñâÿçíîñòè ñëó÷àéíîé ðåàëèçàöèè (ïðè îòêàçå
ðåáðà ãðàôà êîíöåâûå âåðøèíû ýòîãî ðåáðà â ãðàôå ñîõðàíÿþòñÿ). Íåòðóäíî ïîëó÷èòü

P ((α(w), η(w)) = (1, 1)) = pw, P ((α(w), η(w)) = (0, 2)) = qw, w ∈ A1, (2)

à äëÿ G1, G2 ∈ A, W1 ∩W2 = ∅,

α(G1 → G2) = α(G1) ∧ α(G2), η(G1 → G2) = η(G1) + η(G2)− 1, (3)

α(G1 ∥ G2) = α(G1) ∨ α(G2), η(G1 ∥ G2) = η(G1) + η(G2)− 2 + α(G1) ∧ α(G2). (4)

Óñëîâíàÿ ïðîèçâîäÿùàÿ ôóíêöèÿ ÷èñëà êîìïîíåíò ñâÿçíîñòè.

Â ðàáîòå èçó÷àþòñÿ óñëîâíûå âåðîÿòíîñòè òèïà P (η(G) = n|α(G) = a), ãäå a = 0, 1, âìåñòî
àðãóìåíòà G ìîãóò áûòü G1 → G2, G1 ∥ G2 èëè êàêîå-íèáóäü ðåáðî w. Àíàëîãè÷íî (2)
ïîëó÷àåì ðàâåíñòâî

M
(
zη(w)|α(w) = a

)
= z2−a. (5)

Ïóñòü G1, G2 ∈ A, W1
∩
W2 = ∅, ñëó÷àéíûå âåêòîðû (α(G1), η(G1)) è (α(G2), η(G2)) íåçà-

âèñèìû è çàäàíû óñëîâíûå ïðîèçâîäÿùèå ôóíêöèè M(zη(Gi)|α(Gi) = ai), ai = 0, 1, i = 1, 2.
Òîãäà â ñèëó ôîðìóë (3), (4) ñïðàâåäëèâû ñëåäóþùèå ðàâåíñòâà:

M
(
zη(G1→G2)|α(G1 → G2) = a

)
=

∑
a1,a2: a1∧a2=a

P (α(G1) = a1)P (α(G2) = a2)

P (α(G1 → G2) = a)
×

×M
(
zη(G1)|α(G1) = a1

)
M
(
zη(G2)|α(G2) = a2

)
z−1, (6)

M
(
zη(G1∥G2)|α(G1 ∥ G2) = a

)
=

∑
a1,a2: a1∨a2=a

P (α(G1) = a1)P (α(G2) = a2)

P (α(G1 ∥ G2) = a)
×

×M
(
zη(G1)|α(G1) = a1

)
M
(
zη(G2)|α(G2) = a2

)
z−2+a1∧a2 , (7)

â êîòîðûõ âåðîÿòíîñòè P (α(G1 → G2) = a), P (α(G1 ∥ G2) = a) âû÷èñëÿþòñÿ ñ ïîìîùüþ
î÷åâèäíûõ ôîðìóë

P (α(G1 → G2) = 1) = P (α(G1) = 1)P (α(G2) = 1),
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P (α(G1 ∥ G2) = 0) = P (α(G1) = 0)P (α(G2) = 0). (8)

Îñòàíîâèìñÿ íà äîêàçàòåëüñòâå ôîðìóëû (6). Çàìåòèì ñíà÷àëà, ÷òî äëÿ íåçàâèñèìûõ
äâóìåðíûõ äèñêðåòíûõ ñëó÷àéíûõ âåêòîðîâ (îïðåäåëåííûõ íà îäíîì âåðîÿòíîñòíîì ïðî-
ñòðàíñòâå) (X1, Y1) è (X2, Y2), ïðèíèìàþùèõ çíà÷åíèÿ (x1i, y1i) è (x2i, y2i) ñîîòâåòñòâåííî
(i = 1, 2, . . . , I), ñïðàâåäëèâà ôîðìóëà

P (Y1 = y1i, Y2 = y2k|X1 = x1i, X2 = x2k) =

= P (Y1 = y1i|X1 = x1i)P (Y2 = y2k|X2 = x2k) . (9)

Ââåäåì â ðàññìîòðåíèå ñîáûòèå A = {f(X1, X2) = b}, ãäå f � ôóíêöèÿ äâóõ ïåðåìåííûõ, à
b � íåêîòîðîå ÷èñëî. Òîãäà â ñèëó (9) ïî ôîðìóëå ïîëíîé âåðîÿòíîñòè

P (Y1 = y1, Y2 = y2, A) =

=
∑

x1j ,x2m: f(x1j ,x2m)=b

P (X1 = x1j)P (Y1 = y1|X1 = x1j)P (X2 = x1m)P (Y2 = y2|X2 = x2m) .

Îòñþäà ñëåäóåò

M (Y1Y2|A) =
1

P (A)

∑
y1i,y2k

y1iy2kP (Y1 = y1i, Y2 = y2k, A) =
1

P (A)

∑
y1i,y2k

y1iy2k×

×
∑

x1j ,x2m: f(x1j ,x2m)=b

P (X1 = x1j)P (Y1 = y1|X1 = x1j)P (X2 = x1m)P (Y2 = y2|X2 = x2m) =

=
1

P (A)

∑
x1j ,x2m: f(x1j ,x2m)=b

P (X1 = x1j)P (X2 = x1m)M (Y1|X1 = x1j)M (Y2|X2 = x2m) .

Èç ýòîãî ðàâåíñòâà ñ ó÷åòîì (3) ñëåäóåò ôîðìóëà (6). Àíàëîãè÷íî ñ ïîìîùüþ ôîðìóëû (4)
äîêàçûâàåòñÿ ðàâåíñòâî (7).

Î÷åâèäíî, ïðîèçâîäÿùàÿ ôóíêöèÿ ÷èñëà êîìïîíåíò ñâÿçíîñòè η(G) â ñëó÷àéíîé ðåàëè-
çàöèè ãðàôà G ðàâíà

Mzη(G) =
∑
a=0,1

P (α(G) = a)M
(
zη(G)|α(G) = a

)
.

Ïðè ýòîì, åñëè G = G1 → G2, òî äëÿ óñëîâíîãî ìàòåìàòè÷åñêîãî îæèäàíèÿ ñïðàâåäëèâî
ðàâåíñòâî (6), à åñëè G = G1 ∥ G2, òî ðàâåíñòâî (7).
Óñëîâíîå ðàñïðåäåëåíèå ÷èñëà êîìïîíåíò ñâÿçíîñòè.

Èç ðàâåíñòâ (1), (2) íåòðóäíî ïîëó÷èòü

P (η(w) = 1|α(w) = 1) = 1, P (η(w) = 2|α(w) = 0) = 1, w ∈ A1. (10)

Ïóñòü G1, G2 ∈ A, W1
∩
W2 = ∅ è çàäàíû âåðîÿòíîñòè P (η(Gi) = t|α(Gi) = ai), 1 ≤ t ≤

k + 1− ai, ai = 0, 1, i = 1, 2. Òîãäà, èñïîëüçóÿ ðàâåíñòâà (6), (7) è ñîîòíîøåíèÿ

P (η(G) = 0|α(G) = a) ≡ 0, M
(
zη(G)|α(G) = a

)
=
∑
k≥1

zkP (η(G) = k|α(G) = a),

ïîëó÷èì

P (η(G1 → G2) = k|α(G1 → G2) = a) =
∑

a1,a2: a1∧a2=a

k∑
j=1

P (α(G1) = a1)P (α(G2) = a2)

P (α(G1 → G2) = a)
×
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P (η(G1) = j|α(G1) = a1)P (η(G2) = k − j + 1|α(G2) = a2), (11)

P (η(G1 ∥ G2) = k|α(G1 ∥ G2) = a) =
∑

a1,a2: a1∨a2=a

k+1−a1∧a2∑
j=1

P (α(G1) = a1)P (α(G2) = a2)

P (α(G1 ∥ G2) = a)
×

P (η(G1) = j|α(G1) = a1)P (η(G2) = k−j+2−a1|α(G2) = a2 ∧ a2). (12)

Â ñâîþ î÷åðåäü, èç ôîðìóëû ïîëíîé âåðîÿòíîñòè ñëåäóåò ðàâåíñòâî

P (η(G) = k) =
∑
a=0,1

P (α(G) = a)P (η(G) = k|α(G) = a).

Ïðÿìûì ñëåäñòâèåì ôîðìóë (10)�(12) ÿâëÿþòñÿ ðåêóðñèâíûå ñîîòíîøåíèÿ

P (η(G1 → G2) = 1|α(G1 → G2) = 1) = P (η(G1) = 1|α(G1) = 1)P (η(G2) = 1|α(G2) = 1),

P (η(G1 ∥ G2) = 2|α(G1 ∥ G2) = 0) = P (η(G1) = 2|α(G1) = 0)P (η(G2) = 2|α(G2) = 0),

P (η(G1 → G2) = 2|α(G1 → G2) = 0) =
1

P (α(G1 → G2) = 0)
×

[P (α(G1) = 1)P (η(G1) = 1|α(G1) = 1)P (α(G2) = 0)P (η(G2) = 2|α(G2) = 0)+

+P (α(G1) = 0)P (η(G1) = 2|α(G1) = 0)P (α(G2) = 1)P (η(G2) = 1|α(G2) = 1],

P (η(G1 ∥ G2) = 1|α(G1 ∥ G2) = 1) =
1

P (α(G1 ∥ G2) = 1)
×

×[P (α(G1) = 1)P (η(G1) = 1|α(G1) = 1)P (α(G2) = 0)P (η(G2) = 2|α(G2) = 0)+

+P (α(G1) = 0)P (η(G1) = 2|α(G1) = 0)P (α(G2) = 1)P (η(G2) = 1|α(G2) = 1)+

+P (α(G1) = 1)P (η(G1) = 1|α(G1) = 1)P (α(G2) = 1)P (η(G2) = 1|α(G2) = 1)].

Ââåäåì â ðàññìîòðåíèå Q(G) = P (η(G) = 1, α(G) = 1) � âåðîÿòíîñòü ñâÿçíîñòè ãðàôà G è
âñïîìîãàòåëüíóþ õàðàêòåðèñòèêó S(G) = P (η(G) = 2, α(G) = 0). Òîãäà èç ïðèâåäåííûõ
âûøå ôîðìóë è ðàâåíñòâ (8) ïîëó÷àåì ñîîòíîøåíèÿ, ïîçâîëÿþùèå ðåêóðñèâíî âû÷èñëÿòü
âåðîÿòíîñòè ñâÿçíîñòè ñåòåé èç êëàññà A : Q(w) = pw, S(w) = 1 − pw, w ∈ A1, ïðè
G1, G2 ∈ A, W1

∩
W2 = ∅,

Q(G1 → G2) = Q(G1)Q(G2), S(G1 ∥ G2) = S(G1)S(G2),

S(G1 → G2) = Q(G1)S(G2) + S(G1)Q(G2),

Q(G1 ∥ G2) = Q(G1)S(G2) + S(G1)Q(G2) +Q(G1)Q(G2).

Óñëîâíûå ìîìåíòû ÷èñëà êîìïîíåíò ñâÿçíîñòè.

Íàðÿäó ñ ðåêóðñèâíûìè ôîðìóëàìè äëÿ îïðåäåëåíèÿ ïðîèçâîäÿùèõ ôóíêöèé ñëó÷àéíûõ
âåëè÷èí η(G) ïðè óñëîâèè α(G) = a, a = 0, 1, ìîæíî àíàëîãè÷íûì îáðàçîì âûïèñàòü
ðåêóðñèâíûå ôîðìóëû äëÿ âû÷èñëåíèÿ óñëîâíûõ ìîìåíòîâ k-ãî ïîðÿäêà ýòèõ ñëó÷àéíûõ
âåëè÷èí:

M (η(G1 → G2)|α(G1 → G2) = a) =
∑

a1,a2: a1∧a2=a

P (α(G1) = a1)P (α(G2) = a2)

P (α(G1 → G2) = a)
×

×(A1(a1) +A2(a2)− 1),

M (η(G1 ∥ G2)|α(G1 ∥ G2) = a) =
∑

a1,a2: a1∨a2=a

P (α(G1) = a1)P (α(G2) = a2)

P (α(G1 ∥ G2) = a)
×
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×(A1(a1) +A2(a2)− 2 + a1 ∧ a2),

M
(
η2(G1 → G2)|α(G1 → G2) = a

)
=

∑
a1,a2: a1∧a2=a

P (α(G1) = a1)P (α(G2) = a2)

P (α(G1 → G2) = a)
×

×(B1(a1) +B2(a2) + 1 + 2A1(a1)A2(a2)− 2A1(a1)− 2A2(a2)),

M
(
η2(G1 ∥ G2)|α(G1 ∥ G2) = a

)
=

∑
a1,a2: a1∨a2=a

P (α(G1) = a1)P (α(G2) = a2)

P (α(G1 ∥ G2) = a)
×

×[B1(a1) +B2(a2) + 4+ 2A1(a1)A2(a2)− 4A1(a1)− 4A2(a2) + (2A1(a1) + 2A2(a2)− 3)a1 ∧ a2],

ãäå
Ai(ai) =M(η(Gi)|α(Gi) = ai), Bi(ai) =M(η2(Gi)|α(Gi) = ai).

Â ñâîþ î÷åðåäü, ìîìåíòû k-ãî ïîðÿäêà ñëó÷àéíîé âåëè÷èíû η(G) âû÷èñëÿþòñÿ ïî ôîðìó-
ëàì

Mηk(G) =
∑
a=0,1

P (α(G) = a)M(ηk(G)|α(G) = a).

Çàìå÷àíèå 1. Íà îñíîâå âûâåäåííûõ â äàííîì ðàçäåëå ðåêóðñèâíûõ ôîðìóë áûëà ñîñòàâëå-
íà êîìïüþòåðíàÿ ïðîãðàììà, ïîçâîëÿþùàÿ âû÷èñëÿòü ïðîèçâîäÿùóþ ôóíêöèþ, ìîìåíòû
è ðàñïðåäåëåíèå ñëó÷àéíîãî ÷èñëà êîìïîíåíò ñâÿçíîñòè â ïàðàëëåëüíî-ïîñëåäîâàòåëüíûõ
ñîåäèíåíèÿõ. Ïðè÷åì ñëîæíîñòü ýòèõ âû÷èñëåíèé ÿâëÿåòñÿ ëèíåéíîé ïî ÷èñëó ðåáåð
ïàðàëëåëüíî-ïîñëåäîâàòåëüíîãî ñîåäèíåíèÿ.

2. Cîåäèíåíèÿ ñ èäåíòè÷íûìè ðåáðàìè

Ïðè áîëüøîì ÷èñëå ðåáåð â ñîåäèíåíèè ïîëó÷åííûå â ïðåäûäóùåì ïàðàãðàôå ðåçóëü-
òàòû ñòàíîâÿòñÿ ãðîìîçäêèìè è ïîýòîìó âîçíèêàåò âîïðîñ î ïðåäåëüíûõ òåîðåìàõ äëÿ
ïàðàëëåëüíî-ïîñëåäîâàòåëüíûõ ñîåäèíåíèé. Â ýòîì ñëó÷àå åñòåñòâåííî ïðåäïîëîæèòü, ÷òî
âñå ðåáðà èìåþò îäèíàêîâóþ âåðîÿòíîñòü ðàáîòîñïîñîáíîñòè.
Ïðåäåëüíûå òåîðåìû äëÿ ÷èñëà êîìïîíåíò ñâÿçíîñòè.

Ââåäåì â ðàññìîòðåíèå âåëè÷èíó m(G), ðàâíóþ ÷èñëó ïàðàëëåëüíûõ ñîåäèíåíèé â ãðàôå
G, òîãäà

m(w) = 0, w ∈ A1, (13)

à äëÿ G1, G2 ∈ A, W1 ∩W2 = ∅,

m(G1 → G2) = m(G1) +m(G2), m(G1 ∥ G2) = m(G1) +m(G2) + 1. (14)

Ïðåäïîëîæèì, ÷òî ðåáðà ãðàôà G ∈ A ðàáîòîñïîñîáíû ñ îäèíàêîâûìè âåðîÿòíîñòÿìè
p, 0 < p < 1, è îïðåäåëèì l(G) � ñëó÷àéíîå ÷èñëî îòêàçàâøèõ ðåáåð â ñëó÷àéíîé ðåà-
ëèçàöèè ãðàôà G. Íåòðóäíî ïîëó÷èòü

l(G1 → G2) = l(G1 ∥ G2) = l(G1) + l(G2), G1, G2 ∈ A, W1 ∩W2 = ∅. (15)

Ëåììà 1. Äëÿ ëþáîé ñëó÷àéíîé ðåàëèçàöèè ãðàôà G ∈ A âûïîëíÿþòñÿ íåðàâåíñòâà

l(G)− 2m(G) + 1 ≤ η(G) ≤ l(G) + 1. (16)

Ä î ê à ç à ò å ë ü ñ ò â î. Èç ðàâåíñòâà (13) àâòîìàòè÷åñêè ñëåäóåò ñîîòíîøåíèå (16) äëÿ
ðåàëèçàöèè ðåáðà w ∈ A1. Ïðåäïîëîæèì, ÷òî ýòî ñîîòíîøåíèå âûïîëíÿåòñÿ äëÿ ñëó÷àéíûõ
ðåàëèçàöèé ãðàôîâ G1, G2 ∈ A, W1 ∩W2 = ∅. Òîãäà èç ðàâåíñòâ (3), (4), (14), (15)

η(G1 → G2) = η(G1) + η(G2)− 1 ≤ l(G1) + 1 + l(G2) + 1− 1 = l(G1 → G2) + 1,
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η(G1 ∥ G2) ≤ η(G1) + η(G2)− 1 ≤ l(G1) + 1 + l(G2) + 1− 1 ≤ l(G1 ∥ G2) + 1,

η(G1 → G2) = η(G1) + η(G2)− 1 ≥ l(G1)− 2m(G1) + 1 + l(G2)− 2m(G2) + 1− 1 ≥

≥ l(G1 → G2)− 2m(G1 → G2) + 1,

η(G1 ∥ G2) ≥ η(G1) + η(G2)− 2 ≥ l(G1)− 2m(G1) + 1 + l(G2)− 2m(G2) + 1− 2 ≥

≥ l(G1 ∥ G2)− 2m(G1 ∥ G2) + 1.

Ëåììà äîêàçàíà.

Cëó÷àéíóþ âåëè÷èíó l(G) ìîæíî ïðåäñòàâèòü â âèäå ñóììû

n(G)∑
i=1

ηi íåçàâèñèìûõ ñëó-

÷àéíûõ âåëè÷èí ηi, P (ηi = 1) = q, P (ηi = 0) = p, i = 1, ..., n(G), ãäå n(G) � ÷èñëî ðåáåð â
ãðàôå G.
Òåîðåìà 1. Ïóñòü m(G)/n(G) → 0, n(G) → ∞. Òîãäà ñïðàâåäëèâà ñõîäèìîñòü ïî âåðîÿò-
íîñòè

η(G)

qn(G)

P→ 1, n(G) → ∞. (17)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïåðåïèøåì íåðàâåíñòâî (16) â âèäå

l(G)

n(G)
+

1− 2m(G)

n(G)
≤ η(G)

n(G)
≤ l(G)

n(G)
+

1

n(G)
. (18)

Èç íåðàâåíñòâ (18) è çàêîíà áîëüøèõ ÷èñåë [7, ãëàâà IV, § 3] ñëåäóåò óòâåðæäåíèå òåîðåìû.
Òåîðåìà äîêàçàíà.
Òåîðåìà 2. Ïðè m(G)/

√
n(G) → 0 è n(G) → ∞ äëÿ ëþáîãî âåùåñòâåííîãî t

P

(
η(G)− qn(G)√

pqn(G)
< t

)
→ 1√

2π

∫ t

−∞
e−x2/2dx.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïåðåïèøåì íåðàâåíñòâî (16) â âèäå

l(G)− qn(G)√
pqn(G)

+
1− 2m(G)√
pqn(G)

≤ η(G)− qn(G)√
pqn(G)

≤ l(G)− qn(G)√
pqn(G)

+
1√

pqn(G)
. (19)

Óòâåðæäåíèå òåîðåìû ñëåäóåò èç íåðàâåíñòâ (19) è èíòåãðàëüíîé òåîðåìû Ìóàâðà � Ëà-
ïëàñà [7, ãëàâà I, § 6]. Òåîðåìà äîêàçàíà.
Ãðàôû ñ ðàçëè÷íîé äîëåé ïàðàëëåëüíûõ è ïîñëåäîâàòåëüíûõ ñîåäèíåíèé. Ðàñ-
ñìîòðèì ïîñëåäîâàòåëüíîñòü An, n ≥ 1, äâóõïîëþñíèêîâ, îïðåäåëåííûõ ðåêóððåíòíî ñ
ïîìîùüþ ïàðàëëåëüíîãî èëè ïîñëåäîâàòåëüíîãî ñîåäèíåíèÿ íîâîãî ðåáðà bn+1 ê äâóõïî-
ëþñíèêó An. Ïóñòü ïîñëåäîâàòåëüíîñòè ñëó÷àéíûõ âåëè÷èí {ωn, n = 1, . . .}, {βn, n = 1, . . .}
íåçàâèñèìû è êàæäàÿ èç íèõ ñîñòîèò èç íåçàâèñèìûõ è îäèíàêîâî ðàñïðåäåëåííûõ ñëó÷àé-
íûõ âåëè÷èí. Ñëó÷àéíûå âåëè÷èíû ωn ïðèíèìàþò çíà÷åíèÿ ” → ”, ”||” ñ âåðîÿòíîñòÿìè
ψ→, ψ||, ψ→ + ψ|| = 1 ñîîòâåòñòâåííî è õàðàêòåðèçóþò ñïîñîá ïðèñîåäèíåíèÿ ê äâóõïîëþñ-
íèêó An íîâîãî ðåáðà bn+1, à ñëó÷àéíûå âåëè÷èíû βn îïðåäåëÿþò ðàáîòîñïîñîáíîñòü ðåáðà
bn+1 è ïðèíèìàþò çíà÷åíèÿ 1 ñ âåðîÿòíîñòüþ p (ðåáðî bn+1 ðàáîòîñïîñîáíî) è çíà÷åíèå 0
(ðåáðî bn+1 íåðàáîòîñïîñîáíî) � ñ âåðîÿòíîñòüþ q, p+ q = 1.

Äâóõïîëþñíèêè ñî ñëó÷àéíûìè ðåáðàìè An, n ≥ 1, õàðàêòåðèçóþòñÿ ñëó÷àéíûìè âåëè-
÷èíàìè αn, ηn, ãäå αn ÿâëÿåòñÿ èíäèêàòîðîì ñâÿçíîñòè êîíöîâ An, à ηn � ÷èñëîì êîìïîíåíò
ñâÿçíîñòè âAn.Ïðè ýòîì ñëó÷àéíàÿ âåëè÷èíà η(A1) = η1 íå çàâèñèò îò ïîñëåäîâàòåëüíîñòåé
{ωn, n = 1, . . .}, {βn, n = 1, . . .} è óäîâëåòâîðÿåò ðàâåíñòâàì P (η1 = 1) = p, P (η1 = 2) = q.
Â ñîîòâåòñòâèè ñ ôîðìóëàìè (3), (4) ââåäåì âñïîìîãàòåëüíûå ñëó÷àéíûå âåëè÷èíû

η(An → an+1) =
−→η n+1 = ηn + (2− βn)− 1 = ηn + 1− βn,
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η(An ∥ an+1) = ηn+1 = ηn + (2− βn)− 2 + αnβn,

òîãäà ηn+1 = I(ωn =→)−→η n+1 + I(ωn =∥)ηn+1 = ηn + (2− βn) + I(ωn = ||)(−1 + αnβn). Îáî-
çíà÷èì ∆n+1 = ηn+1 − ηn = 2− βn − 1 + I(ωn = ||)(−1 + αnβn) è ðàññìîòðèì ýðãîäè÷åñêóþ
ìàðêîâñêóþ öåïî÷êó {(αn,∆n), n > 1} ñ êîíå÷íûì ìíîæåñòâîì ñîñòîÿíèé, óäîâëåòâîðÿþ-
ùóþ ðåêóððåíòíûì ñîîòíîøåíèÿì

αn+1 = I(ωn =→)(αn ∧ βn) + I(ωn = ||)(αn ∨ βn),

∆n+1 = 1− βn + I(ωn = ||)(−1 + αn ∧ βn); n ≥ 1,

ñ çàäàííûì íà÷àëüíûì óñëîâèåì α1 = 2− η1. Ïóñòü

P = lim
n→∞

P (αn = 1) =
ψ||p

ψ||p+ ψ→q
, Q = 1− P =

ψ→q

ψ||p+ ψ→q
,

A = lim
n→∞

M∆n = (2− p)− 1 + ψ||(−1 + pP ) = q − ψ|| + ψ||Pp =

= q + ψ||
ψ||p

2 − ψ||p− ψ→q

ψ||p+ ψ→q
=

ψ2
→q

2

π||p+ ψ→q
> 0.

Èñïîëüçóÿ çàêîí áîëüøèõ ÷èñåë äëÿ ìàðêîâñêèõ öåïåé [3], [4, ãë. 12, §4, Òåîðåìà 10], ïðè-
õîäèì ê ñîîòíîøåíèþ

ηn+1

n
=
η1 +

∑n+1
k=2 ∆k

n

P→ A, n→ ∞. (20)

Çàìå÷àíèå 2. Âåëè÷èíà A õàðàêòåðèçóåò çàâèñèìîñòü ÷èñëà êîìïîíåíò ñâÿçíîñòè â
ïîñëåäîâàòåëüíîñòè ãðàôîâ An, n ≥ 1, îò ïàðàìåòðîâ π→, q, ãäå âåëè÷èíà π→ îïðåäåëÿåò
ñðåäíþþ äîëþ ïîñëåäîâàòåëüíûõ ñîåäèíåíèé.
Çàìå÷àíèå 3. Öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà äëÿ ìàðêîâñêîé öåïî÷êè {(αn,∆n), n >
1} ìîæåò áûòü ïîëó÷åíà, íàïðèìåð, ñ ïîìîùüþ ðàáîò [4, ãë. 12, §4, Òåîðåìà 10], [5],
[6], à åå âîçìîæíûå îáîáùåíèÿ � ñ èñïîëüçîâàíèåì öåíòðàëüíîé ïðåäåëüíîé òåîðåìû äëÿ
ìàðòèíãàëîâ [7, ãë. VII, §8, Òåîðåìà 1].

Àâòîðû áëàãîäàðÿò ðåöåíçåíòà çà öåííûå çàìå÷àíèÿ è ïðåäëîæåíèÿ.
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ABSTRACT

In this paper recursive formulas for a calculation of generating functions, distributions
and moments of random number of connectivity components in parallel-sequential
graphs and their connectivity probabilities are obtained. For graphs with large num-
ber of arcs variants of the law of large numbers and the central limit theorem are
formulated and proved.
Key words: parallel-sequential connection, connectivity component.

19


