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On transition functions of Topological Toric Manifolds

We show that any topological toric manifold can be covered by finitely many open charts
so that all the transition functions between these charts are Laurent monomials of z;’s and
z;’s. In addition, we will describe toric manifolds and some special class of topological toric
manifolds in terms of transition functions of charts up to (weakly) equivariant
diffeomorphism.

The main results of the paper were reported on the section talk at the International conference
«Toric Topology and Automorphic Functions» (September, 5-10th, 2011, Khabarovsk, Russia).
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1. Background

The topological toric manifold was introduced as an analogue of toric manifolds (i.e. compact
smooth toric varieties) in the category of closed smooth manifolds by H. Ishida, Y. Fukukawa
and M. Masuda, [1]. By definition, a topological toric manifold X is a closed smooth manifold
of dimension 2n with an effective smooth action of (C*)™ so that X has an open dense orbit,
and X is covered by finitely many (C*)"-invariant open subsets each of which is equivariantly
diffeomorphic to a smooth representation space of (C*)". Since the (C*)™-action is effective,
the smooth representation of (C*)" in each invariant open subset must be faithful, hence it is
isomorphic to a direct sum of complex one-dimensional smooth (linear) representation spaces of
(C*)™. Notice that there is a canonical (S*)"-action on X by restricting the (C*)™-action to the
standard compact torus (S1)" C (C*)". In this paper, we will always assume that a topological
toric manifold X is equipped with this (S1)"-action too.

It is shown in section 7 of [1] that a topological toric manifold X is always simply connected.
The orbit space of the (S!)"-action on X is a nice manifold with corners whose faces (including
the whole orbit space) are all contractible and, any intersection of faces is either connected or
empty. So the orbit space looks like a simple polytope. In addition, similar to toric manifolds,
the integral cohomology ring H*(X) is generated by the elements of H%(X).

In a 2n-dimensional topological toric manifold X, there exist finitely many codimension-two
closed connected submanifolds X1, -+, X,, in X each of which is fixed pointwise by some C*-
subgroup of (C*)™. In fact, the Poincaré dual to X1, -+, X,, forms an integral basis of H2(X).
Such Xi,---,X,, are called the characteristic submanifolds of X. The choice of orientation on
each characteristic submanifold X; together with an orientation on X is called an ominiorientation
on X. From Xy, -, X,,, we can define an abstract simplicial complex 3(X) of dimension n — 1
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(with the empty set @ added) as following.

S(X) = {1 C [m] | X; o= () X; # 2} U {2) 1)
el
where [m] denote the set {1,---,m}. ¥(X) is a pure simplicial complex in the sense that any

simplex in 3(X) is contained in some simplex of maximal dimension (n — 1).

Let ©(*)(X) be the set of (k— 1)-simplices in X(X). Then (M (X) can be identified with [m).
It is shown by Lemma 3.6 in [1] that X1, .-, X,, intersect transversely with each other and any
X1 (I C [m]) is a closed connected submanifold of dimension 2(n — |I]) in X. The characteristic
submanifolds of X play a similar role as invariant irreducible divisors of a toric variety.

The major difference between topological toric manifolds and toric manifolds is that the local
action of (C*)™ is equivariantly diffeomorphic to a smooth vs. algebraic linear representation
space of (C*)". For example when n = 1, any smooth complex one-dimensional representation
of C* = Ryg xSt corresponds to a smooth endomorphism of C*, which can be written in the
following form:

g — ]g]b'hﬁc(‘;%‘)”, where (b+ v/—1c,v) € C x Z. (2)
A smooth endomorphism of C* in (2) is algebraic if and only if b = v and ¢ = 0. So the
group Hom(C*,C*) of smooth endomorphisms of C* is isomorphic to C x Z, while the group
Homyg, (C*, C*) of algebraic endomorphisms of C* is isomorphic to Z. Hence there are much more
smooth linear representations of (C*)™ than algebraic ones. And so the family of topological toric
manifolds is much larger than the family of toric manifolds.

There is another topological analogue of toric manifold introduced by Davis and Januszkie-
wicz |2] in the early 1990s, now called “quasitoric manifold” (see |3]). A quasitoric manifold is
a 2n-dimensional smooth manifold with a locally standard (S!)"-action whose orbit space is a
simple convex polytope. It is shown in section 10 of [1| that any quasitoric manifold has the
structure of a topological toric manifold. In fact, there are uncountably many topological toric
manifold structures for any given quasitoric manifold M. But there is no canonical choice of such
a structure for M.

It is shown in section 10 of [1] that the family of 2n-dimensional topological toric manifolds
with the canonical (S')"-actions is strictly larger than the family of 2n-dimensional quasitoric
manifolds up to equivariant homeomorphisms. The relations between toric manifolds, quasitoric
manifolds and topological toric manifolds can be explained by the diagram in Figure 1 (see
chapter 5 of [3]).

In this paper, we will study topological toric manifolds from the viewpoint of transition
functions of charts. The paper is organized as follows. In section 2, we will review the basic
construction in [1] of a topological toric manifold X (A) from a complete non-singular topological
fan A, and define a set of open charts called normal charts which cover the whole X (A). A very
special property of these charts is that the transition functions between any two normal charts are
completely determined by the topological fan A. This allows us to give an equivalent description
of toric manifolds in terms of transition functions of some charts up to (weakly) equivariant
diffeomorphism (see Theorem 2.3). In section 3, we will show that any topological toric manifold
can be covered by finitely many (C*)™-invariant open charts so that all the transition functions are
Laurent monomials of z;’s and Z;’s (see Corollary 3.6). There should be some special geometrical
properties on a topological toric manifold implied by the existence of such an atlas. It is interesting
to see what these geometric properties are. In section 4, we will define the notion of a nice
topological toric manifold. Similar to toric manifolds, we can also describe nice topological toric
manifolds in terms of transition functions of charts up to (weakly) equivariant diffeomorphism
(see Theorem 4.3).
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Topological toric manifolds
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Figure 1.

In this paper, we will quote many lemmas and theorems from [1]. But we will avoid repeating
the full statements of those lemmas and theorems. Instead, we will only indicate where they are
in [1]. So the reader should get familiar with the content of [1] before reading the arguments in
this paper.

2. Topological fan, transition functions and Normal charts

Suppose a 2n-dimensional topological toric manifold X is equipped with an ominiorientation.
Using the notations in the discussion in section 1, for each characteristic submanifold X; in X,
i € [m] = ¥MW(X), the C*-subgroup of (C*)" which fixes X; determines a unique element
Agy(x) € Hom(C*, (C*)") where 8;(X) € C" x Z" (see Lemma 3.3 in [1]). So we have a map

B(X): 2W(X) = [m] = C" x Z", B(X)(i) = Bi(X) for Vi € [m)].

It is shown by Lemma 3.8 in [1] that A(X) := (3X(X),8(X)) is a complete non-singular
topological fan of dimension n. Roughly speaking, a topological fan consists of two simplicial
fans which encode the information of the C" and Z"™ components of (X)), respectively (see
section 3 of [1] for the precise definition).

Conversely, Theorem 8.1 in [1] shows that any complete non-singular topological fan A =
(X3, 8) of dimension n determines an ominioriented topological toric manifold X (A) of dimension
2n up to ominiorientation-preserving equivariant diffeomorphism. Indeed, X (A) is defined to be

the following quotient space
X(B) = U(S)/Ker(As) (3)

where U(X) is an open subspace of C™ which depends only on ¥ and m = || is the number
of O-simplices in Y. More precisely,

U =Juw (4)
1e¥

UI):={(z1,"+ ,2m) €C™|2z; £ 0 for Vi ¢ I}.

In (3), Ag : (C*)™ — (C*)™ is a surjective group homomorphism determined by 3. The natural
action of (C*)™ on C™ leaves U(X) invariant, so it induces an effective action of (C*)™ /Ker(Ag)
on X (A) which has an open dense orbit. Since Ag is surjective, (C*)™ /Ker(Ag) is isomorphic to
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. In this way, et a -action with an open dense orbit. Moreover, if we restric
C*)™. In thi X(A) get C*)™-acti ith d bit. M if trict
As to the standard compact torus (S*)™ C (C*)™, we get a surjective group homomorphism

A (SH™ — (8" c (CH). (5)

If we write B; = (b; + v/—1¢;,v;) € C* x Z", i € [m] = ()| then /):5 is determined only by
the component {v; }ic[,) (see section 4 of [1]). Tt is clear that

Ker(Az) = Ker(\g) N (SH)™ C (C*)™. (6)

The correspondence between ominioriented topological toric manifolds and complete non-
singular topological fans generalizes the classical correspondence between toric manifolds and
complete non-singular fans (see 4] or |5]).

Definition 2.1 (Weakly Equivariant Diffeomorphism). For a Lie group G, two smooth G-
manifolds M and N are called weakly equivariantly diffeomorphic via a diffeomorphism F : M —
N if there exists an automorphism o of G so that

F(g-x)=0(g) - F(z) for any g € G and any x € M.

And we call F' a weakly equivariant diffeomorphism between M and N. If o can be taken to be
the identity map of GG, then M and N are called equivariantly diffeomorphic and F' is called an
equivariant diffeomorphism.

Similarly, we can define the notation of (weakly) equivariant homeomorphism by replacing
“diffeomorphism” by “homeomorphism” in the above definition.

It is shown in section 3 of [1] that there are three different levels of equivalence relations among
complete non-singular topological fans which give isomorphism, equivariant diffeomorphism and
equivariant homeomorphism among the corresponding ominioriented topological toric manifolds,
respectively (see Lemma 3.9 in [1]).

From any complete non-singular topological fan A = (X, 8) of dimension n, we can define an
atlas U on the ominioriented topological toric manifold X (A) whose charts are indexed by all
the (n — 1)-simplices I € »(n), Indeed, the open chart in U/ corresponding to an I € 2 ig

pr: Vi = U(I)/Ker(/\g) — C™. (7)

It is easy to see that each V7 C X (A) is invariant under the (C*)™-action on X (A), i.e. (V) C V7
for any g € (C*)" (see section 4 of [1]). We call each 1 : Vi — C™ a normal chart of X(A). It
is clear that X (A) is covered by finitely many normal charts {¢; : V; — C*, I € (™}, When
we observe the (C*)"-action on X (A) through any normal chart ¢y : Vi — C", the (C*)™-action
is a faithful smooth linear representation. In other words, the (C*)"-action in V7 is equivariantly
homeomorphic to a faithful smooth linear representation of (C*)"™ in C™ via the map ;.

Next, let us see what the characteristic submanifolds of X (A) are. We define

Let ®a : U(E) = U(X)/Ker(Ag) = X(A) denote the quotient map. Then all the characteristic
submanifolds of X (A) are
X(A); = PA(U(E):), i€ 2D,

Observe that for any I € (™ we have

U =vE) - JuE);, 9)
il
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andso V; = ®A(U(1)) = X(A) - | X(A)s. (10)
i¢l
So each open subset V7 is the complement of a set of characteristic submanifolds {X (A);, 7 ¢ I'}
in X(A).

Remark 2.2. If we consider X (A) as a (S!)"-manifold, we can similarly define the notion
of characteristic submanifold of X (A) with respect to the (S*)™-action, which are submanifolds
fixed pointwise by some S'-subgroup of (S1)". Indeed, this notion has been used in the study of
quasitoric manifolds in [2] and [3]. It is easy to see that the characteristic submanifolds of X (A)
with respect to the (C*)"-action and the canonical (S')"-action actually coincide.

The transition functions between any two normal charts ¢ : V7 — C" and ¢ : V; — C" are
computed in Lemma 5.2 in [1] via the information of 8. Let

Bi = (b + vV—=1cj,v;) e C* x Z", i € B, (11)

Here we consider b;,¢; € R" and v; € Z" as column vectors. The following are some easy
consequences of Lemma 5.2 in [1].

e If by = v; and ¢; = 0 for all i € ¥V then X (A) is a toric manifold. In this case, the
transition functions between any two charts in U is of the form

wj:fj(zl,...,zn), 1§j§n

where each fj(z1,...,2y) is a Laurent monomial in complex variables 21, ..., zy.

Conversely, Suppose M?" is a 2n-dimensional closed smooth manifold with an effective
smooth action of (C*)™ having an open dense orbit. And we assume

(i) M?" is covered by finitely many (C*)"-invariant open charts {¢; : V; — C"};<;j<, with all
the transition functions being Laurent monomials of z1,- -+ , 2y,

(ii) In one chart ¢; : V; — C", the (C*)™-action in Vj is (weakly) equivariantly homeomorphic
to an algebraic linear representation of (C*)" in C" via the map ¢;.

Then since the transition functions of {¢; : V; — C"}i<j<, are all Laurent monomials in
Z1,-..,%n, it is easy to see that for any other chart ¢j : Vjy — C", the (C*)"-action in Vj is
also (weakly) equivariantly homeomorphic to an algebraic linear representation of (C*)™ in C"
via the map ¢;. Hence M?" is (weakly) equivariantly diffeomorphic to a toric manifold. So we
can describe toric manifolds up to (weakly) equivariant diffeomorphism in terms of transition
functions of charts as follows.

Theorem 2.3. Suppose M?" is a 2n-dimensional closed smooth manifold with an effective
smooth action of (C*)"™ having an open dense orbit. Then M?" is (weakly) equivariantly diffeo-
morphic to a toric manifold if and only if M>™ can be covered by finitely many (C*)"-invariant
open charts {¢; : V; = C"}i<j<, so that all the transition functions between these charts are
Laurent monomials of z1,. .., zn and, for at least one chart ¢; : V; — C", the (C*)"-action in V;
is (weakly) equivariantly homeomorphic to an algebraic linear representation of (C*)™ in C™ wvia
the map ¢;.

e If b; is an integral vector congruent to v; modulo 2 and ¢; = 0 for all ¢ € E(l), then the
transition functions between any two charts in I/ has the form

wj = fi(z1,-- 120, 21,..-,2n), 1 <j<n
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where each fj(z1,...,2n,%1,...,%n) is a Laurent monomial of z1,...,2n,21,...,2n,

n

. _ — N Dij—Gij

ie.  fi(z1,... 20,21, .., 20) = Hzi z;”, where p;j, ¢ij € Z.
i=1

Definition 2.4 (Nice Topological Fan). A complete non-singular topological fan A = (%, 3)
of dimension n is called nice if for each i € ¥V, we have

Bi = (b + vV—1-0,v;) € C" x Z" where b; € Z" and b; = v; mod 2.

From the above discussions, for any nice topological fan A = (X, ) of dimension n, the cor-
responding topological toric manifold X (A) can be covered by finitely many (C*)"-invariant
open charts {7 : Vi = C"} .5y with all the transition functions being Laurent monomials of
Zlyeeey By Rlye-yln-

In section 5 of [1], an explicit ominioriented topological toric manifold structure on CP?#C P?
is constructed. The corresponding topological fan is nice. But CP2#CP? is not a toric manifold.
So the family of topological toric manifolds is strictly bigger than the family of toric manifolds.
In addition, it is natural to ask the following question.

Question: Among all ominioriented topological toric manifolds, how many of them have nice
topological fans?

An answer to this question will be given by Theorem 3.4 and Theorem 3.5 in the next section.

3. Transition functions of Topological toric manifolds

According to the discussion in section 2, an ominioriented topological toric manifold with
a nice topological fan can be covered by finitely many open charts with all the transition
functions being Laurent monomials of z1,...,2,,21,...,2,. In this section, we will show that
the topological fan of any ominioriented topological toric manifold can be turned into a nice
topological fan via a regular deformation defined as following.

Definition 3.1 (Regular Deformation). Suppose ¥ is an (n — 1)-dimensional (abstract)
pure simplicial complex and A(t) = (X, 5(t)), 0 < t < 1, is a family of complete non-singular
topological fans of dimension n which depend on the parameter ¢ smoothly. Then we call A(t) a
reqular deformation of A(0). Let

Bi(t) = (bi(t) + V—1ei(t), vi(t)) e C" x Z", i € £V, (12)

It is clear that v;(t) = v;(0) € Z" for each i € X since Z™ is a discrete set. So each v;(t) is
independent on the parameter t. Hence for any complete non-singular topological fan A = (X, ),
there always exists some other complete non-singular topological fan A’ = (3, 8’) so that A can
not be turned into A’ via any regular deformation.

The following lemma is the key to the main results of this paper.

Lemma 3.2. Suppose A(t) = (3,8(t)), 0 < t < 1 is a regular deformation of complete
non-singular topological fans of dimension n. Then there ezists a diffeomorphism ¢ : X (A(0)) —
X(A(1)) with the following properties.

(i) v is equivariant with respect to the canonical (S*)"-action on X(A(0)) and X (A(1)).
(i) b maps each open subset Vi(0) = U(I)x {0} /Ker(Ag(g)) in X (A(0)) to Vi(1) = U(I)x {1}/
Ker(Ag(1)) in X(A(1)) for any I € ),
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Proof. By definition, X (A(t)) = U(X)/Ker(Ag()), 0 <t < 1. Let m = [©(V] be the number
of 0-simplices in ¥. Then we have a smooth map A defined by
A:(CH™ x [0,1] — (CH)"
(g,t) — Asr)(9)
Let A7 '(e):=A71(e) N ((C)™ x {t}), t € [0,1],
where ¢ is the unit element of (C*)”. Obviously, A; ! (e) = Ker(Ag)), t € [0,1].
Similarly, for (S1)™ x [0,1] C (C*)™ x [0,1], we have a smooth map

=)

: (Sl)m x [0,1] — (Sl)" c (cHn
(g.t) — Aay(g) (see (5))

Let A7'(e) := A(e) N ((SY)™ x {t}) = Ker(N\z(p), ¢ € [0, 1].

Suppose (;(t) = (bi(t) + v—1ci(t),v;)) € C* x Z", i € [m] = »M), where v; € Z" is a fixed
vector for each ¢ € [m]. Then since Ag(t) is determined only by {vi}ie[m], 50 Ag(y) is independent
on t. Hence we have

Ae) = Agt(e) x [0,1] € (SH™ x [0,1]. (13)

Next, we introduce an equivalence relation between any two points (x,t) and (2/,¢') in C™ x

[0,1] by
(x,t) ~ (2/,t) <= t' =t, 2’ = g - for some g € A;*(e)

Let the quotient space of U(X) x [0, 1] with respect to ~ be denoted by
U(%) x [0,1)/A" (e).
We use [(z,t)] to denote the equivalence class of (z,t) in U(X) x [0,1]/A~(e). We remark that
A~'(e) C (C*)™ x [0, 1] is not a group although each A;*(e) is.
Claim: U(X) x [0,1]/A~!(e) is a smooth manifold (with boundary).
First, we need to show that U(X) x [0,1]/A~!(e) with the quotient topology is Hausdorff.
Let [(z,t)] and [(z/,%')] be two different points in U(3) x [0,1]/A~L(e).

(a) if t # t/, then there exists a small real number € > 0 so that (t —e,t+¢) and (¢ —¢e,t' +¢)
are disjoint subintervals of [0,1]. Then [(x,t)] and [(2/,¢')] are contained in disjoint open
subsets U(X) x (t —e,t +¢)/A"(e) and U(X) x (¢ —¢,t' +¢)/A"1(e), respectively.

(b) if t = ¢ and x # 2/, then [(z,t)] and [(2/,t')] = [2/,t] are both contained in U(X) x {t}/
Al(e) = U(Z) x {t}/A; ' (e) = U(S)/Ker(Ag)) = X(A(t)). Since X (A(t)) is Hausdorff
(see Lemma 6.1 in [1]), so there exist two disjoint open subsets W and W’ of U(X) with
[(x,t)] € W x {t}/A;7(e) and [(2/,t)] € W’ x {t}/A;'(e). Then [(z,t)] and [(2/,t')] are
contained in disjoint open subsets W x [0,1]/A~!(e) and W’ x [0, 1]/A~(e), respectively.

So in any case, [(x,t)] and [(2/,t")] can be separated by disjoint open subsets of U(X) x [0, 1]/
A~Y(e). This means that U(X) x [0,1]/A~1(e) is Hausdorff.

Second, we need to define a smooth structure on U(X) x [0,1]/A~!(e). Notice that we can
cover U(X) x [0,1]/A~1(e) by finitely many open subsets

{U(I) x [0,1]/A (e); T € 5™},
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For any I € (™ let C! be the affine space C" with coordinates indexed by the elements of I.
For any t € [0,1], let {a!(t)}ier be the dual set of {$;(t)}ics. Then similar to (5.1) in [1], we
define

@ :U(I) x [0,1]/A7 (e) = C" x [0,1] (14)
- OLI a! s
by B (1, 2 B)]) = <(H iy z<t>,ﬁk<t>>)iem> _ <(ZiHZzi 1) ﬁku»)iem)
k=1 k¢l

where (z1,...,2y,) € U(I) C C™ and t € [0, 1]. The definitions of a dual set and pairing (, ) are
given in section 2 of [1].

Here since (3;(t) varies smoothly with respect to the parameter ¢ for any i € [m], so does o (t)
for any ¢ € I. Therefore, the map $; is continuous. And by the same argument in section 5 of [1],
we can show that @; is a homeomorphism. So we have a finite set of charts {; : U(I) x [0,1]/
A71(e) = €I x[0,1]} ety Which cover U(I) x [0,1]/A(e). Moreover, we can see from Lemma
5.2 in [1] that the transition function from such a chart indexed by I € £ to another one
indexed by J € ™ is 3, 0 (g;)"! : C! x [0,1] = C’ x [0,1] where

@0 @) (#)iert < Hz ]EJat> , ((21)ier,t) € T x [0,1]. (15)

el

This function is smooth since z; # 0 for ¢ € I \ J and <a‘j](t), Bi(t)) = 641 for i € J. Therefore,
{@;: UI) x [0,1]/A7 (e) = C x [0,1]};c5n) determines a smooth structure on U(X) x [0,1]/
A~Y(e). So the claim is proved.

Next, we define a map
p:U(E) x [0,1]/A(e) — [0,1] where p([(z,)]) = t. (16)
It is clear that p is a smooth map. And for any ¢ € [0, 1], we have
Pl (1) = U(S) x {t}/A;(€) = U(S)/Ker(hg() = X(A(1)).

Notice that the set of charts {@; : U(I) x [0,1]/A7(e) — C! x [0,1]};c5n) defined by (14)
restricted to each p~1(t) = X (A(t)) gives us exactly the set of all normal charts of X (A(t)). So
p~L(t) is an embedding submanifold of U(X) x [0,1]/A~(e).

Let (SYH)™ C (C*)™ act on U(X) x [0,1] € C™ x [0, 1] by the natural action
g- (J?,t) = (g 'iL’,t), VQ € (Sl)m V(a:,t) € C™ x [07 1]

Then by (13), we have a smooth action of (S1)™/ 61( ) = (SY)" on the whole U(X) x [0,1]/
A~1(e), whose restriction to each fiber p~1(t) = X(A(t)) is exactly the canonical (S1)"-action
on X (A(t)).

Obviously, p is a smooth proper submersion. So Ehresmann’s fibration theorem (see [6] or [7])
implies that p : U(X) x [0,1]/A71(e) — [0,1] is a locally trivial fiber bundle. Therefore, there
exists a diffeomorphism from p~1(0) = X (A(0)) to p~1(1) = X(A(1)). But if we want to require
the diffeomorphism to be equivariant with respect to the canonical (S*)"-action on X (A(0)) and
X(A(1)), we need to refine the proof of Ehresmann’s fibration theorem as follows.

By our previous discussion, {U(I) x [0,1]/A~(e); I € £} is a finite open cover of U(X) x
[0,1]/At(e) where each U(I) x [0,1]/A~!(e) is an invariant open set under the (S')"-action.
Then we can take a (S')"-invariant partition of unity

{fr:UI)x[0,1]/A" (e) > R; T e X}
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subordinate to this open cover, where each fs is a (S')"-invariant function.

Next, we take a local vector field Y7 on U(I) x [0,1]/A71(e) so that

0

P*(YI) = a'

EN/[ ::/ Yrdu
(stHm

where dy is a Haar measure on (S')". It is clear that

And we set

~ 0

(Y1) = —.

p:(Y1) = 5,

And so we obtain a (S)"-invariant vector field Y := > ores f1Y7 on the whole space U(X) % [0,1]/
A 1(e).

Let 14 be the flow of Y on U(X) x [0,1]/A~(e). Since Y is (S1)"-invariant, vy is also (S1)"-
invariant. So
v =11 X(A0) =p7H(0) — p (1) = X (A1)
is a (S1)"-equivariant diffeomorphism. This proves the property (i) for 1.

Furthermore, since 1 is equivariant with respect to the (S')"-action, Remark 2.2. implies
that ¢ will map each characteristic submanifold X (A(0)); in X(A(0)) to the characteristic
submanifold X (A(1)); in X(A(1)) for any i € £, Then by (10), t» will map the open subset
V7(0) in X(A(0)) to V7(1) in X (A(1)) for any I € X(™_ This finishes our proof. O

Remark 3.3. For a simplicial complex 3 and two complete non-singular toric fans A = (X, 3)
and A" = (X, '), it is possible that X (A) is homeomorphic to X(A’) while A and A’ can not
be connected by any regular deformation. In this situation, it is not so clear whether we can find
a diffeomorphism from X (A) to X(A').

Theorem 3.4. For any ominioriented topological toric manifold X, there always exists a
reqular deformation of the topological fan of X into a nice topological fan.

Proof. Suppose X is a 2n-dimensional ominioriented topological toric manifold whose topo-
logical fan is A(X) = (2(X),5(X)), where ¥(X) and B(X) are defined by (1) and (11),
respectively. We will define a sequence of regular deformations of A(X) below. But for the
sake of conciseness, we will define each deformation in terms of the deformation on the b;(X)
and ¢;(X) components.

Step 1: we deform all ¢;(X) to 0 simultaneously by (1—t)¢;(X),0<t < 1,i € [m] := 2D (X).
Obviously, the deformation is regular. We denote the new topological fan obtained from this
deformation by A = (2(X), B1)) where

BY = (b(X) + V=1-0,0;(X)) € R* xZ" C C* x Z", i € [m].

Step 2: we deform each b;(X) in A slightly into a vector bi(X) with rational coordinates.
Notice that the condition on {b;(X),i € [m]} in the definition of a complete non-singular
topological fan is stable under small deformations. So we can choose our deformation of A

here to be regular. We denote the new topological fan obtained from this deformation by
AR = (2(X), 8?) where

B = (b(X) + V=1-0,u(X)) € Q" x Z" C C" x 2", i € m].
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Step 3: we can choose a very large positive even integer /N so that
bi(X) := N - b;(X) € 2Z" for any i € [m].

Obviously {(1—1#)bi(X)+ tgi(X), i € [m]} determines a regular deformation of A®. We denote
the new topological fan obtained from this deformation by A®) = (3(X), ) where

B = (b:(X) + V=1-0,vi(X)) € 22" x Z" C C* x Z", i € [m)].

Step 4: Let u; := b;(X) — v;(X) € Z" for each i € [m]. Notice in step 3, if we choose a large
enough integer N, we can assume [v;(X)| is by far smaller than [[b;(X)|. Then the distance
between the unit vectors u;/||u;|| and b;(X)/||b;(X)| can be made arbitrarily small. It is easy to
see that if u;/[|u;|| and b;(X)/||b;(X)|| are very close, {(1 —1)b;(X)+tu;, i € [m]} will determine
a regular deformation of A®) We denote the new topological fan obtained from this deformation
by AW = (2(X), 3¥) where

BY = (u; + V=1-0,v;(X)) € Z" x Z" C C" x Z", i € [m].
For any i € [m)], we have u; — v;(X) = b;(X) — 2v3(X) € 2Z", so
u; = vi(X) mod 2.

This means that the topological fan A® ig nice. Note that the integral vector u; is not necessarily
primitive. By combining the above four steps, we then obtain a regular deformation from A(X)
to a nice topological fan A®). O

From Lemma 3.2 and Theorem 3.4, we immediately get the following.

Theorem 3.5. For any ominioriented topological toric manifold X of dimension 2n, there
exists a (SY)-equivariant diffeomorphism from X to an ominioriented topological toric manifold
X whose topological fan is nice.

Moreover, we have the following corollary on the transition functions of a topological toric
manifold.

Corollary 3.6. Any topological toric manifold X of dimension 2n can be covered by finitely
many open charts {¢; : V; = C"}i<j<y so that each Vj is a (C*)"-invariant open subset of X and,
all the transition functions between these charts are Laurent monomials of z1,...,2n,21,- -, Zn.

Proof. By choosing an ominiorientation on X, we can assume X = X (A) where A = (X, )
is a complete non-singular topological fan. Then by Theorem 3.4, there exists a diffeomorphism
Y X = X = X(A) where A = (%, 3) is a nice topological fan. Moreover, for any I € »n)
let o7 : Vi — C™ and @7 : Vi — C™ be the normal charts of X and X, respectively. Then by
Lemma 3.2, we have

(Vi) = V1.

_ Since (%, ) is a nice topological fan, the transition functions between the charts {¢; :
Vi—C" Ie E(")} are all Laurent monomials of z1,...,2y,Z1,...,2Z,. Then {@ro¢ : Vi =
Y 1(Vy) = C*, I € (™} are finitely many open charts which cover X and clearly satisfy all our
requirements. U

Remark 3.7. For an open chart ;o4 : Vi = wil(v}) — C"™ on X in the proof of
Corollary 3.6, the (C*)™-action in V7 may not be equivariantly homeomorphic to a smooth linear
representation of (C*)™ on C" via the map @y o ¢, but it does via the map ¢y : V; — C™. The
reason is that the diffeomorphism 1 we obtain in Lemma 3.2 is not necessarily (C*)"-equivariant.

There should be some special geometrical properties on a topological toric manifold implied
by the existence of the kind of atlas as described in Corollary 3.6. It is interesting to see what
these geometric properties are.
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In addition, by Theorem 10.2 in |1] and our preceding discussion, we can easily prove the
following theorem for quasitoric manifolds.

Theorem 3.8. Any 2n-dimensional quasitoric manifold over a simple convezr polytope P™
can be covered by finitely many (SY)"-invariant open charts

¢j:V; = C", 1< 35 <r wherer = the number of vertices of P",

whose transition functions are all Laurent monomials of z1,...,2n,21,- -+, 2n.

Proof. For any 2n-dimensional quasitoric manifold M?" over a simple convex polytope
P, there exists a topological toric manifold X (A) so that M?" is equivariantly homeomorphic
to X(A) as (S')"-manifold. In the topological fan A = (X, 3), the simplical complex ¥ is the
boundary of the dual simplicial polytope of P™. So the number of (n—1)-simplices in ¥ equals the
number of vertices of P". Moreover, we can require the topological fan A is nice by Theorem 3.5.
Let ¢ be an (S')"-equivariant homeomorphism from M?" to X (A). Then we can use v to pull
back the atlas on X (A) described in Corollary 3.6 to an atlas on M?", which will satisfy all our
requirements. [l

Remark 3.9. For a 2n-dimensional quasitoric manifold M?", the set of (S!)"-invariant open
charts described in Theorem 3.8 will determine a smooth structure on M?". But it is not clear
whether this smooth structure should agree with the original smooth structure of M?" (see the
remark after the Theorem 10.2 in [1]).

4. Nice topological toric manifolds and real algebraic
representation of (C*)”

Definition 4.1 (Nice Topological Toric Manifold). A topological toric manifold X is called
nice if there exists an ominiorientation on X so that the associated topological fan is nice.

Definition 4.2 (Real Algebraic Linear Representation). A faithful smooth linear representation
p of (C*)™ on C" is called real algebraic if

p(z1, yzn) = (h(21, oy 20y 21y o o3 Zn)y o s hn(21, 0o oy 20y 215 -+ 24 Z0)) € (CH)"

where hj(z1,...,2n,21,...,2,) is a Laurent monomial of 21, ..., 2p,%1,...,2, foreach 1 < j <mn.
By the discussion in section 2 of [1], any faithful smooth complex n-dimensional representation
V of (C*)"™ can be written as

V= V(@ x%"), where x“ € Hom((C*)",C").
i=1

We can identify Hom((C*)", C*) with the row vector space of C" x Z" and write
o = (xz =+ —1yi,ui) eC'xzZ"

where z;,y; € R" and u; € Z" are row vectors. By Lemma 2.1 in [1], it is easy to see the following.
n
V(EB x%*) is real algebraic <= y; = 0 and z; € Z" with 2; =u; mod 2 forall 1 <i<n
i=1

Suppose {f;}1<i<n 18 a dual set of {a;}1<i<n, 1.e. Ag, € Hom(C*, (C*))" so that

)\5]. o Xai = 5ijid((c*)"7 Xai ] )‘5]‘ = 5Z‘jid(c* for all 1 < i,j <n.
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If we write 5; = (b; + v/ —1c¢;,v;) € C™ x Z™, it is easy to see the following.

n
V(@ x%*) is real algebraic <= ¢; = 0 and b; € Z" with b; = v; mod 2 for all 1 <i <n
i=1

Then by our discussion at the end of section 2, for any nice topological fan A = (X, 3) of
dimension n, the corresponding nice topological toric manifold X (A) can be covered by finitely
many (C*)"-invariant open charts {7 : Vi — C"} oy so that for each 7 : V7 — C", the
(C*)™-action in V7 is equivariant homeomorphic to a real algebraic linear representation of (C*)"
in C" via the map ¢y.

Similar to the description of toric manifolds in Theorem 2.3, we have the following description
of nice topological toric manifolds in terms of transition functions of charts up to (weakly)
equivariant diffeomorphism.

Theorem 4.3. Suppose M?" is a 2n-dimensional closed smooth manifold with an effective
smooth action of (C*)" having an open dense orbit. Then M?" is (weakly) equivariantly
diffeomorphic to a nice topological toric manifold if and only if M>™ can be covered by finitely
many (C*)"-invariant open charts {¢; : V; — C"}icj<, so that all the transition functions
between these charts are Laurent monomials of z1,...,2n, 21, ..., 2n and, for at least one chart
¢j + V; = C", the (C*)"-action in Vj is equivariant homeomorphic to a real algebraic linear
representation of (C*)™ on C™ via the map ¢;.

Proof. Suppose there exists a (weakly) equivariant diffeomorphism v from M?" to a nice
topological toric manifold X = X (A) where A = (X, 3) is a nice topological fan. By our previous
discussion, X (A) can be covered by finitely many (C*)"-invariant open charts {¢; : Vi —
C"}exm) so that the (C*)™-action in each V7 is equivariant homeomorphic to a real algebraic
linear representation of (C*)" in C" via the map ;. It is clear that each ¥ ~(V;) is a (C*)"-
invariant open subset of M?". So we can cover M?" by finitely many (C*)"-invariant open charts

{erov: ™1 (Vi) = C"} ey

whose transition functions are all Laurent monomials of z1,..., 2,21, ..., 2Z,. Moreover, since ¢
is a (weakly) equivariant diffeomorphism, so the (C*)"-action in each 1»~1(V;) € M?" is (weakly)
equivariantly differomorphic to a real algebraic linear representation of (C*)™ in C™ via ¢y o 1.
This proves the “only if” part of the theorem.

The “if” part of the theorem is very similar to the proof of Theorem 2.3, so we leave it as an
exercise to the reader. O
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Jlu  FO. ®OyHKIuK 3aMeHbl KOODAWHAT JJIsd TOMOJOTHYECKUX TOPHUIECKUX
muOroobpaswuii. lasnbHeBocTounbiit maremarudeckuit xypuas. 2012, T. 12. Ne 1.

C. 35-47.
AHHOTAIS

Mpr mokaspiBaeM, UTO J000€ TOMOJIOTHIECKOE TOPUIECKOe MHOroo0pasme MOXKeT
OBITH TOKPLITO KOHEYHBIM YHUCJOM OTKPBITBIX KapT TaK, YTO (DYHKIUH IIEPEXOJIa
MeXKJly O9THMHU KapTamMm #BjidloTca MoHoMamu Jlopama or 2; m Zj. Mmr
Tak>Ke OIMCHIBAEM TOPUYECKHE MHOIrooOpasusi U HEKOTOPBIN  CHEeluaJbHbII
KJIACC TOIOJIOTMYECKUX TOPUYECKUX MHOro0Opasuit ¢ TOYHOCTBIO 10 (cs1ab0ro)
skBUBapuaHTHOro anddeomopdusma B TepMuHAX (QYHKOWH Mepexoma MexKIy
KapTaM.

OcHOBHBIE PE3yJIBTATHI CTATHU JOJIOYKEHBI Ha, CEKITHOHHOM JT0K.1a1e Mex 1yHapoaHoit
koudepennun «Topudeckast Tomosorust u aproMopdubie dyukuun» (5-10 centadbps
2011 r., r. Xa6aposck, Poccus).

KntoueBnie cioBa: mopuueckoe MHo2000pasue, KEA3UMOPUYECKOE MHO2000pa3ue,
morom Jlopana.



