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Ïðîåêöèîííûé ìåòîä ðåøåíèÿ çàäà÷è äëÿ

êâàçèëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ â

íåöèëèíäðè÷åñêîé îáëàñòè ñ ãðàíèöåé êëàññà W 1
2

Â ðàáîòå ðàññìàòðèâàåòñÿ ïàðàáîëè÷åñêîå óðàâíåíèå â íåöèëèíäðè÷åñêîé îáëàñòè ñ
ãðàíèöåé êëàññà W 1

2 . Ïðèáëèæåííîå ðåøåíèå ñòðîèòñÿ ïðîåêöèîííûì ìåòîäîì; äîêà-
çûâàåòñÿ, ÷òî ïðåäåë ïðèáëèæåííîãî ðåøåíèÿ áóäåò ðåøåíèåì çàäà÷è. Äëÿ îáîñíîâàíèÿ
ñóùåñòâîâàíèÿ ïðåäåëà èñïîëüçóþòñÿ ìåòîäû êîìïàêòíîñòè äëÿ ôóíêöèé èç øêàëû áà-
íàõîâûõ ïðîñòðàíñòâ.

Êëþ÷åâûå ñëîâà: êâàçèëèíåéíîå ïàðàáîëè÷åñêîå óðàâíåíèå, íåöèëèíäðè÷åñêàÿ îáëàñòü,

òåîðåìà êîìïàêòíîñòè, òåîðåìà ñóùåñòâîâàíèÿ, ïðîåêöèîííûé ìåòîä.

1. Ââåäåíèå

Â îòëè÷èå îò íàèáîëåå ðàñïðîñòðàíåííîãî ìåòîäà ðåøåíèÿ ïîäîáíûõ çàäà÷ â íåöèëèí-
äðè÷åñêèõ îáëàñòÿõ � ìåòîäà çàìåíû ïåðåìåííûõ è ñâåäåíèÿ ê çàäà÷àì â öèëèíäðè÷åñêîé
îáëàñòè, çäåñü ïðåäëàãàåòñÿ ïðîåêöèîííûé ìåòîä ðåøåíèÿ áåç çàìåíû ïåðåìåííûõ. Îí
çàòðóäíåí íåîáõîäèìîñòüþ ðàññìîòðåíèÿ ñåìåéñòâ ïðîåêòîðîâ è áàíàõîâûõ ïðîñòðàíñòâ,
çàâèñÿùèõ îò âðåìåííîãî ïàðàìåòðà, à äëÿ íåëèíåéíûõ óðàâíåíèé íåîáõîäèìîñòüþ ðàñ-
ñìîòðåíèÿ ñïåöèàëüíûõ òåîðåì êîìïàêòíîñòè äëÿ ïðîñòðàíñòâ àáñòðàêòíûõ ôóíêöèé ñî
çíà÷åíèÿìè â øêàëàõ. Ïîäîáíàÿ çàäà÷à ðàññìàòðèâàëàñü â [1].

Â ðàáîòå [2] èññëåäóåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ ïàðàáîëè÷åñêèõ êâàçèëèíåéíûõ
óðàâíåíèé (2m) ïîðÿäêà.

Â ðàáîòå [3] ñ ïîìîùüþ çàìåíû ïåðåìåííûõ èññëåäîâàëèñü ñóùåñòâîâàíèå è åäèíñòâåí-
íîñòü ðåøåíèÿ ñìåøàííîé çàäà÷è â íåöèëèíäðè÷åñêîé îáëàñòè.

Â ðàáîòå [4] ìåòîäàìè âàðèàöèîííûõ íåðàâåíñòâ èññëåäîâàëèñü ñóùåñòâîâàíèå è åäèí-
ñòâåííîñòü îáîáùåííîãî ðåøåíèÿ ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ íåêîòîðîãî êëàññà
êâàçèëèíåéíûõ ïñåâäîïàðàáîëè÷åñêèõ óðàâíåíèé â íåöèëèíäðè÷åñêèõ îáëàñòÿõ.

Èññëåäîâàíèå ìåòîäàìè òåîðèè ïîòåíöèàëà ëèíåéíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé ïîðÿä-
êà 2p â íåöèëèíäðè÷åñêèõ îáëàñòÿõ ñ ãðàíèöàìè êëàññà Ãåëüäåðà Cα, α > 1

2 ïðîâåäåíî â
ðàáîòå [5].

2. Ïîñòàíîâêà çàäà÷è è ôîðìóëèðîâêà ðåçóëüòàòà

Ïóñòü T ∈ (0,∞) � çàäàííîå ÷èñëî, x = s(t) çàäàííàÿ ôóíêöèÿ, îïðåäåëåííàÿ íà îòðåçêå
[0, T ], òàêàÿ, ÷òî

s ∈ W 1
2 (0, T ), s′(t) ≥ 0, s(0) = 1. (1)

1Òèõîîêåàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, 680035, ã.Õàáàðîâñê, óë.Òèõîîêåàíñêàÿ, 136.
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Ïóñòü Qs � çàìêíóòàÿ îãðàíè÷åííàÿ îáëàñòü, çàêëþ÷åííàÿ ìåæäó ïðÿìûìè x = 0, t =
0, t = T è ãðàôèêîì ôóíêöèè x = s(t).

Â îáëàñòè Qs ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó

ut =
∂

∂x
(φ (ux)) + a(x, t)ux + b(x, t)u, (x, t) ∈ Qs, (2)

u(x, 0) = u0(x), x ∈ [0, 1], (3)

ux|x=0 = 0, t ∈ [0, T ], (4)

u|x=s(t) = 0, t ∈ [0, T ]. (5)

Çäåñü φ(ξ) � çàäàííàÿ íåïðåðûâíàÿ ôóíêöèÿ ñ ïðîèçâîäíîé φ′(ξ) è ïåðâîîáðàçíîé Φ(ξ) =
ξ∫
0

φ(η) dη, áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî φ(0) = 0.

u0 = u0(x) � çàäàííàÿ ôóíêöèÿ òàêàÿ, ÷òî

u0 ∈ W 1
2 (0, 1), u0(1) = 0. (6)

a = a(x, t), b = b(x, t) � çàäàííûå ôóíêöèè òàêèå, ÷òî

a, b ∈ L∞(Qs), |a| ≤ ca, |b| ≤ cb. (7)

Îïðåäåëèì
W̃ 1

p (0, s(t)) = {u ∈ W 1
p (0, s(t)) : u(s(t)) = 0}.

Ïîä Lp(0, T ;W
1
q (0, s(t))) ïîíèìàåì ïðîñòðàíñòâî àáñòðàêòíûõ ôóíêöèé ñî çíà÷åíèÿìè

u(t, ·) ∈ W 1
q (0, s(t)) è íîðìîé ∥u∥Lp(0,T ;W 1

q (0,s(t)))
= ∥∥u∥W 1

q (0,s(t))
∥Lp(0,T ).

Òåîðåìà 1. Ïóñòü âûïîëíåíî (7) è

1) äëÿ âñåõ ξ ∈ R ñóùåñòâóåò φ′(ξ) ≥ δ > 0, òàêàÿ ÷òî φ′(ξ) ≤ c1Φ(ξ) + c2, ãäå

c1 > 0, c2 − êîíñòàíòû;

2) ñóùåñòâóþò êîíñòàíòû c3, c4, p1 > 1, òàêèå ÷òî äëÿ âñåõ ξ ∈ R |φ(ξ)|p1 ≤ c3 + c4ξ
2;

3) ñóùåñòâóþò êîíñòàíòû c5, c6, c7, òàêèå ÷òî äëÿ âñåõ ξ ∈ R φ′(ξ)ξ2 ≤ c5Φ(ξ)+c6ξ
2+

c7;

4) ôóíêöèÿ u0 = u0(x) óäîâëåòâîðÿåò (6) è u0x ∈ L 2
p1

+1(0, 1),

òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (2)�(5) èç êëàññà

u ∈ C(Qs) ∩ L∞

(
0, T ; W̃ 1

2 (0, s(t))
)
, uxx ∈ L2(Qs), ut ∈ L2(Qs),

∂
∂x (φ (ux)) ∈ L2(Qs), φ(ux) ∈ Lp1(Qs).
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3. Ïîñòðîåíèå ïðèáëèæåííîãî ðåøåíèÿ

Ïóñòü {ωk(x, t)}, k = 0, 1, 2, . . . � îðòîãîíàëüíûé áàçèñ â L2(0, s(t)) è â W̃ 1
2 (0, s(t)), ñîñòî-

ÿùèé èç ñîáñòâåííûõ ôóíêöèé çàäà÷è ωkxx(x, t) = λkωk(x, t), ωk(s(t), t) = 0, ωkx(0, t) = 0.

Î÷åâèäíî, ÷òî wk(x, t) =
√
2 cos

((
π
2 + πk

)
x

s(t)

)
, (ωk, ωj)L2(0,s(t)) = s(t)δjk.

Ïðèáëèæåííîå ðåøåíèå çàäà÷è (2)�(5) áóäåì èñêàòü â âèäå ñóììû

um(x, t) =
m∑
k=0

cmk (t)ωk(x, t), ãäå cmk (t) îïðåäåëÿþòñÿ èç óðàâíåíèé

s(t)∫
0

umt ωj dx+

s(t)∫
0

φ (umx )ωjx dx−
s(t)∫
0

aumx ωj dx−
s(t)∫
0

bumωj dx = 0, j = 0,m. (8)

Äîïîëíèì èõ íà÷àëüíûìè óñëîâèÿìè

cmj (0) = cmj , j = 0,m, (9)

èñõîäÿ èç òðåáîâàíèÿ um(x, 0) =
m∑
k=0

cmk (0)ωk(x, 0)
def
= um0 (x) → u0(x) â W̃ 1

2 (0, 1)∩W 1
2
p1

+1
(0, 1).

Íàïðèìåð, ïðè p1 ≤ 2 ìîæíî âçÿòü cmk =
1∫
0

u0(x)ωk(x, 0) dx.

Íåòðóäíî âû÷èñëèòü íîðìàëüíóþ ôîðìó ñèñòåìû (8)�(9)

c′mj (t) = 4
s(t)

m∑
k=0

(
cmk (t)

s(t)∫
0

(aωkx + bωk − ωkt)ωj dx

)
− 2

√
2

s(t)

s(t)∫
0

φ (umx )ωjx dx, j = 0,m,

cmj (0) = cmj , j = 0,m.

(10)
Äëÿ íåïðåðûâíûõ a, b è s ðàçðåøèìîñòü ñèñòåìû (10) ñëåäóåò èç ýâîëþöèîííîãî àíàëîãà

ëåììû "îá îñòðîì óãëå"[6]. Äëÿ îãðàíè÷åííûõ (íå îáÿçàòåëüíî íåïðåðûâíûõ) a, b èëè
a, b èç êëàññà L2, à s ∈ W 1

2 (0, T ) (s
′ âõîäèò â ïåðâîå ñëàãàåìîå ïðàâîé ÷àñòè (10)) òàêæå

íåòðóäíî óñòàíîâèòü ðàçðåøèìîñòü ñèñòåìû. Ðàçðåøèìîñòü ñèñòåìû (10) òàêæå ñëåäóåò èç
óòâåðæäåíèÿ 1.

Óòâåðæäåíèå 1. (Ëè÷íîå ñîîáùåíèå À.Ã. Ïîäãàåâà)
Ïóñòü

1) c⃗(t) = (c1(t), . . . , cm) � âåùåñòâåííàÿ âåêòîð-ôóíêöèÿ íà [0, T ] è âåêòîðíàÿ ôóíêöèÿ

F⃗ (c⃗, t) = (F1, . . . , Fn) îïðåäåëåíà è íåïðåðûâíà äëÿ âñåõ ïàð (c⃗, t), c⃗ ∈ Rn, t ∈ [0, T ];

2) äëÿ ëþáûõ íåïðåðûâíûõ c⃗(t) è ëþáûõ t ∈ [0, T ] âûïîëíÿåòñÿ íåðàâåíñòâî

t∫
0

F⃗ (c⃗(τ), τ)· c⃗(τ) dτ ≤ n0

t∫
0

|⃗c(τ)|2 dτ+k(t), ãäå ïîñòîÿííàÿ n0 ≥ 0, k(t) � îãðàíè÷åííàÿ

íà [0, T ] èçìåðèìàÿ ôóíêöèÿ.

Òîãäà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé

dc⃗

dt
= A(t)c⃗+ F⃗ (c⃗(t), t),

ãäå A(t) � ìàòðèöà ñ ýëåìåíòàìè Akj èç L2(0, T ), èìååò ïðè ëþáîì âûáîðå c⃗0 ∈ Rn ïî

êðàéíåé ìåðå îäíî ðåøåíèå íà [0, T ], óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ c⃗(0) = c⃗0 è

ïðèíàäëåæàùåå W 1
2 (0, T ).

Ïðèìåíèì óòâåðæäåíèå 1 ê (10):
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Akj(t) =
4

s(t)

s(t)∫
0

(aωkx + bωk − ωkt)ωj dx, k, j = 0,m,

Fj(c, t) = −2
√
2

s(t)

s(t)∫
0

φ (
∑m

k=0 ckωkx(x, t))ωjx dx, j = 0,m.

Íåòðóäíî îáîñíîâàòü âûïîëíåíèå óñëîâèé óòâåðæäåíèÿ 1. Çíà÷èò, ñèñòåìà äèôôåðåí-
öèàëüíûõ óðàâíåíèé (10) èìååò ïðè ëþáîì âûáîðå c⃗0 = (cm1 , . . . , cmm) ïî êðàéíåé ìåðå îä-
íî ðåøåíèå íà [0, T ], óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ c⃗(0) = c⃗0 è ïðèíàäëåæàùåå
W 1

2 (0, T ).

4. Îöåíêà ïðèáëèæåííîãî ðåøåíèÿ

Óìíîæèì (8) íà cmj (t)λj(t) è ïðîñóììèðóåì ïî j îò 0 äî m, ïîëó÷èì òîæäåñòâî

s(t)∫
0

umt umxx dx−
s(t)∫
0

φ′ (umx ) (umxx)
2 dx−

s(t)∫
0

aumx umxx dx−
s(t)∫
0

bumumxx dx = 0. (11)

Èç óñëîâèÿ 1 òåîðåìû 1 ñëåäóåò, ÷òî äëÿ ëþáûõ m ôóíêöèÿ φ′(umx ) îãðàíè÷åíà êàê
ôóíêöèÿ ïåðåìåííûõ (x, t), ïîýòîìó âòîðîé èíòåãðàë â (11) èìååò ñìûñë. Èç óñëîâèÿ s ∈ W 1

2

ñëåäóåò, ÷òî umt ëåæèò â êëàññå L2.
Äèôôåðåíöèðóÿ òîæäåñòâî um(s(t), t) = 0 ïî t, ïîëó÷èì

umt (s(t), t) = −s′(t)umx (s(t), t). (12)

Äëÿ ïðåîáðàçîâàíèÿ ïåðâîãî ñëàãàåìîãî (11) ó÷òåì íåöèëèíäðè÷íîñòü Qs è (12), ïîýòî-
ìó, èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷èì

s(t)∫
0

umt umxx dx = −s′(t)(umx (s(t), t))2 − 1
2

s(t)∫
0

∂
∂t(u

m
x )2 dx = −s′(t)(umx (s(t), t))2

−1
2

d
dt

s(t)∫
0

(umx )2 dx+ 1
2s

′(t)(umx (s(t), t))2 = −1
2s

′(t)(umx (s(t), t))2 − 1
2

d
dt

s(t)∫
0

(umx )2 dx.

Äëÿ âòîðîãî ñëàãàåìîãî ó÷òåì óñëîâèå 1 òåîðåìû 1, ïîëó÷èì

s(t)∫
0

φ′ (umx ) (umxx)
2 dx ≥ δ

s(t)∫
0

(umxx)
2 dx ≥ 0.

Äëÿ òðåòüåãî ñëàãàåìîãî ó÷òåì (7); èñïîëüçóÿ íåðàâåíñòâî Êîøè ñ ε, ïîëó÷èì îöåíêó∣∣∣∣∣∣∣
s(t)∫
0

aumx umxx dx

∣∣∣∣∣∣∣ ≤
1

2ε
c2a

s(t)∫
0

(umx )2 dx+
ε

2

s(t)∫
0

(umxx)
2 dx.

Àíàëîãè÷íî ïîñòóïèì ñ ÷åòâåðòûì ñëàãàåìûì:∣∣∣∣∣∣∣
s(t)∫
0

bumumxx dx

∣∣∣∣∣∣∣ ≤
1

2ε
c2b

s(t)∫
0

(um)2 dx+
ε

2

s(t)∫
0

(umxx)
2 dx.

Âçÿâ ε = δ
2 , â èòîãå ïîëó÷èì
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1
2

d
dt

s(t)∫
0

(umx )2 dx ≤ 1
2

d
dt

s(t)∫
0

(umx )2 dx+ δ
s(t)∫
0

(umxx)
2 dx ≤

1
2

d
dt

s(t)∫
0

(umx )2 dx+
s(t)∫
0

φ′ (umx ) (umxx)
2 dx+ 1

2s
′(t)(umx (s(t), t))2 =

−
s(t)∫
0

aumx umxx dx−
s(t)∫
0

bumumxx dx ≤ 1
δ c

2
a

s(t)∫
0

(umx )2 dx+ 1
δ c

2
b

s(t)∫
0

(um)2 dx+ δ
2

s(t)∫
0

(umxx)
2 dx.

Òîãäà, òàê êàê s′ ≥ 0,

δ

2

s(t)∫
0

(umxx)
2dx+

1

2

d

dt

s(t)∫
0

(umx )2 dx ≤ 1

δ
ca

s(t)∫
0

(umx )2 dx+
1

δ
cb

s(t)∫
0

(um)2 dx

Ó÷èòûâàÿ, ÷òî (èñïîëüçóÿ (1))

|um| =

∣∣∣∣∣∣∣
s(t)∫
x

umx dx

∣∣∣∣∣∣∣ ≤
√√√√√s(t)

s(t)∫
0

(umx )2 dx ≤
√

s(T )

√√√√√ s(t)∫
0

(umx )2 dx,

ïîëó÷èì
s(t)∫
0

(um)2 dx ≤ s(T )

s(t)∫
0

s(t)∫
0

(umx )2 dx dx ≤ s2(T )

s(t)∫
0

(umx )2 dx.

Â èòîãå

δ

s(t)∫
0

(umxx)
2dx+

d

dt

s(t)∫
0

(umx )2 dx ≤ 2

δ
(c2a + c2bs

2(T ))

s(t)∫
0

(umx )2 dx.

Ïðîèíòåãðèðóåì ïîñëåäíåå íåðàâåíñòâî ïî t:

δ

t∫
0

s(τ)∫
0

(umxx)
2dxdτ +

s(t)∫
0

(umx )2 dx ≤
1∫

0

(umx (x, 0))2 dx+
2

δ
(c2a + c2bs

2(T ))

t∫
0

s(τ)∫
0

(umx )2 dx dτ.

Ïðèìåíÿÿ ê ïîñëåäíåìó íåðàâåíñòâî Ãðîíóîëëà, ïîëó÷èì

s(t)∫
0

(umx )2 dx ≤
1∫

0

(umx (x, 0))2 dx exp

(
2

δ
(c2a + c2bs

2(T ))T

)
.

Ïî ïîñòðîåíèþ um0 x(x) → u0x(x) â L2(0, 1), çíà÷èò, â ñèëó ñäåëàííîãî âûáîðà (9), ðàâ-

íîìåðíî îãðàíè÷åíû (ïî m) èíòåãðàëû
1∫
0

(umx (x, 0))2 dx ≤ cu0x
.

Â èòîãå
s(t)∫
0

(umx )2 dx ≤ cu0x
exp

(
2

δ
(c2a + c2bs

2(T ))T

)
= σ1. (13)
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Òîãäà íåòðóäíî îáîñíîâàòü

|um| ≤
√

s(T )
√
σ1 = σ2, (14)

t∫
0

s(τ)∫
0

(umxx)
2 dx dτ ≤

cu0x

δ
+

2T

δ2
(
(c2a + c2bs

2(T ))
)
σ1 = σ3 (15)

t∫
0

s(τ)∫
0

φ′ (umx ) (umxx)
2 dxdτ ≤ 1

δ
c2aTσ1 +

1

δ
c2bσ

2
2Ts(T ) +

δ

2
σ3 = σ4. (16)

5. Îöåíêà ïðîèçâîäíîé ïî âðåìåíè

Ïîëó÷èì îöåíêó umt . Äëÿ ýòîãî óìíîæèì (8) íà c′mj (t) è ïðîñóììèðóåì ïî j îò 0 äî m:

s(t)∫
0

umt
m∑
j=0

c′mj ωj dx−
s(t)∫
0

∂
∂x (φ (umx ))

m∑
j=0

c′mj ωj dx

−
s(t)∫
0

aumx
m∑
j=0

c′mj ωj dx−
s(t)∫
0

bum
m∑
j=0

c′mj ωj dx = 0.

(17)

Î÷åâèäíî, ÷òî
m∑
j=0

c′
m
j ωj =

(
umt +

s′(t)

s(t)
xumx

)
.

Òîãäà (17) ïðèìåò âèä

s(t)∫
0

(umt )2 dx−
s(t)∫
0

∂
∂x (φ (umx ))umt dx = − s′(t)

s(t)

s(t)∫
0

umt xumx dx+
s(t)∫
0

aumx umt dx

+
s(t)∫
0

bumumt dx+ s′(t)
s(t)

s(t)∫
0

∂
∂x (φ (umx ))xumx dx+ s′(t)

s(t)

s(t)∫
0

x
(
a (umx )2 dx+ bumumx

)
dx.

(18)

Ñóùåñòâîâàíèå èíòåãðàëîâ ñëåäóåò èç óñëîâèÿ 1 òåîðåìû 1 è òîãî, ÷òî s ∈ W 1
2 (0, T ).

Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷èì

−
s(t)∫
0

∂
∂x (φ (umx ))umt dx =

s(t)∫
0

φ (umx )umtx dx− φ (umx (s(t), t))umt (s(t), t) + φ (umx (0, t))umt (0, t) =

= d
dt

s(t)∫
0

Φ (umx ) dx+ s′(t) (φ (umx (s(t), t))umx (s(t), t)− Φ(umx (s(t), t))) .

Ïîñëåäíåå ñëàãàåìîå â ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà íåîòðèöàòåëüíî, ïîòîìó ÷òî
s′(t) (φ(ξ)ξ − Φ(ξ)) ≥ 0, ∀ ξ, t, s′(t) ≥ 0.
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Îöåíèì ïðàâóþ ÷àñòü â (18), ó÷èòûâàÿ (7), (13)�(16).

− s′(t)
s(t)

s(t)∫
0

umt xumx dx ≤ s′(t)σ
1
2
1

(
s(t)∫
0

(umt )2dx

) 1
2

,
s(t)∫
0

aumx umt dx ≤ σ
1
2
1 ca

(
s(t)∫
0

(umt )2 dx

) 1
2

,

s(t)∫
0

bumumt dx ≤ σ2cbs
1
2 (T )

(
s(t)∫
0

(umt )2 dx

) 1
2

,

s′(t)
s(t)

s(t)∫
0

∂
∂x (φ (umx ))xumx dx ≤ s′(t)

(
s(t)∫
0

φ′(umx ) (umx )2 dx

) 1
2
(

s(t)∫
0

φ′(umx ) (umxx)
2 dx

) 1
2

,

s′(t)
s(t)

s(t)∫
0

ax (umx )2 dx ≤ σ1cas
′(t), s

′(t)
s(t)

s(t)∫
0

bxumumx dx ≤ σ2σ
1
2
1 s

′(t)s
1
2 (T )cb.

Òîãäà

s(t)∫
0

(umt )2 dx+ d
dt

s(t)∫
0

Φ(umx ) dx ≤
s(t)∫
0

(umt )2 dx+ d
dt

s(t)∫
0

Φ (umx ) dx+ s′(t) (φ (umx (s(t), t))umx (s(t), t)− Φ(umx (s(t), t))) ≤(
σ

1
2
1 s

′(t) + σ
1
2
1 ca + σ2cbs

1
2 (T )

)(s(t)∫
0

(umt )2 dx

) 1
2

+

+s′(t)

(
s(t)∫
0

φ′(umx ) (umx )2 dx

) 1
2
(

s(t)∫
0

φ′(umx ) (umxx)
2 dx

) 1
2

+

(
σ1ca + σ2σ

1
2
1 s

1
2 (T )cb

)
s′(t).

(19)
Îáîçíà÷èì

β1 =
√
T

(
σ

1
2
1 ca + σ2cbs

1
2 (T )

)
, β2 =

(
σ1ca + σ2σ

1
2
1 s

1
2 (T )cb

)
(s(T )− 1) .

Èíòåãðèðóÿ (19) ïî t, ïðèìåíèâ íåðàâåíñòâî Ãåëüäåðà è (16), ïîëó÷èì

t∫
0

s(τ)∫
0

(umt )2 dxdτ +
s(t)∫
0

Φ(umx ) dx ≤
1∫
0

Φ(umx (x, 0)) dx+

+

(
β1 + σ

1
2
1 ∥s′(t)∥L2(0,t)

)(
t∫
0

s(τ)∫
0

(umt )2 dxdτ

) 1
2

+

+σ
1
2
4

(
t∫
0

(s′(τ))2
s(τ)∫
0

φ′(umx ) (umx )2 dxdτ

) 1
2

+ β2.

(20)

Ïðèìåíèì óñëîâèå 3 Òåîðåìû 1 è èñïîëüçóåì (13) ê ïðåäïîñëåäíåìó ñëàãàåìîìó ïðàâîé
÷àñòè (20):

s(τ)∫
0

φ′(umx ) (umx )2 dx ≤ c5

s(τ)∫
0

Φ(umx )dx+ c6σ1 + c7s(T ).

Îáîçíà÷èì β3 = c6σ1 + c7s(T ). Òîãäà (20) ïðèìåò âèä
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t∫
0

s(τ)∫
0

(umt )2 dxdτ +
s(t)∫
0

Φ(umx ) dx ≤
1∫
0

Φ(umx (x, 0)) dx+

+

(
β1 + σ

1
2
1 ∥s′∥L2(0,T )

)(
t∫
0

s(τ)∫
0

(umt )2 dxdτ

) 1
2

+

+σ
1
2
4

(
c5

t∫
0

(s′(τ))2

(
s(τ)∫
0

Φ(umx )dx

)
dτ

) 1
2

+
√
σ4

√
β3∥s′∥L2(0,T ) + β2.

Äîáàâèâ âî âòîðîé ìíîæèòåëü âòîðîãî ñëàãàåìîãî ïðàâîé ÷àñòè ïîñëåäíåãî íåðàâåíñòâà

âåëè÷èíó
s(τ)∫
0

Φ(umx )dx, à â ïðåäøåñòâóþùåå ïðåäïîñëåäíåìó ñëàãàåìîìó â ïðàâîé ÷àñòè �

èíòåãðàë
t∫
0

s(τ)∫
0

(umt )2 dxdτ , ïîëó÷èì

t∫
0

s(τ)∫
0

(umt )2 dxdτ +
s(t)∫
0

Φ(umx ) dx ≤
1∫
0

Φ(umx (x, 0)) dx+

+

(
β1 + σ

1
2
1 ∥s′∥L2(0,T )

)(
t∫
0

s(τ)∫
0

(umt )2 dxdτ +
s(τ)∫
0

Φ(umx )dx

) 1
2

+

+σ
1
2
4

(
c5

t∫
0

(s′(τ))2

(
s(τ)∫
0

Φ(umx )dx+
t∫
0

s(τ)∫
0

(umt )2 dxdτ

)
dτ

) 1
2

+
√
β3
√
σ4∥s′∥L2(0,T ) + β2.

(21)
Îáîçíà÷èì

y(t) =

t∫
0

s(τ)∫
0

(umt )2 dxdτ +

s(t)∫
0

Φ(umx ) dx

è Y (t) = max0≤r≤t y(r), òîãäà (21) ïðèìåò âèä

y(t) ≤ Y (t) ≤
1∫
0

Φ(umx (x, 0)) dx+

(
β1 + σ

1
2
1 ∥s′∥L2(0,T ) + σ

1
2
4

√
c5∥s′∥L2(0,T )

)
(Y (t))

1
2 +

√
β3
√
σ4∥s′∥L2(0,T ) + β2.

Äëÿ îöåíêè
1∫
0

Φ(umx (x, 0)) dx âîñïîëüçóåìñÿ óñëîâèåì 2 Òåîðåìû 1:

|φ(ξ)| ≤ (c3 + c4ξ
2)

1
p1 ≤ C3 + C4ξ

2
p1 .

Ïðîèíòåãðèðóåì ïîñëåäíåå íåðàâåíñòâî îò 0 äî ξ > 0 (ïðè ξ < 0 îöåíêà ïðîâîäèòñÿ àíàëî-
ãè÷íî): ∣∣∣∣∣∣

ξ∫
0

φ(η)dη

∣∣∣∣∣∣ ≤
ξ∫

0

|φ(η)| dη ≤
ξ∫

0

(
C3 + C4|η|

2
p1

)
dη.

Ïîëó÷èì Φ(ξ) ≤ C3|ξ|+ C4|ξ|
2
p1

+1
.

Ïóñòü ξ = um(x, 0), òîãäà Φ(um(x, 0)) ≤ C3|um(x, 0)|+ C4|um(x, 0)|
2
p1

+1
.

Ïðîèíòåãðèðóåì ïîñëåäíåå íåðàâåíñòâî ïî x îò 0 äî 1:
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1∫
0

Φ(um(x, 0))dx ≤ C3

1∫
0

|um(x, 0)|dx+ C4

1∫
0

|um(x, 0)|
2
p1

+1
dx

Ïî ïîñòðîåíèþ um(x, 0) → u0(x) â W̃ 1
2

∩
W 1

2
p1

+1
, umx (x, 0) → u0x â L 2

p1
+1(0, 1)

∩
L2(0, 1),

p1 > 1, òîãäà
1∫

0

Φ(um(x, 0))dx ≤ σ. (22)

Òåïåðü ìîæíî ïîêàçàòü, ÷òî
0 ≤ Y (t) ≤ β4, (23)

ãäå β4 íå çàâèñèò îò m.
Òîãäà èç (22),(23), ïîëó÷èì ðàâíîìåðíî ïî m

t∫
0

s(τ)∫
0

(umt )2 dxdτ +

s(t)∫
0

Φ(umx ) dx ≤ β5, ãäå β5 íå çàâèñèò îò m.

Âçÿâ t = T , ïîëó÷èì ñëåäóþùóþ ðàâíîìåðíóþ ïî m îöåíêó

∥umt ∥L2(Qs) ≤ β5. (24)

6. Îá îäíîé òåîðåìå êîìïàêòíîñòè

Äëÿ îáîñíîâàíèÿ ïðåäåëüíîãî ïåðåõîäà â èíòåãðàëüíîì òîæäåñòâå (8), îïðåäåëÿþùåì
um, ïîíàäîáèòñÿ îäíà òåîðåìà êîìïàêòíîñòè, äîêàçàííàÿ â [7, òåîðåìà 1].

Â ïðèìåíåíèè ê íàøåé çàäà÷å â [7, òåîðåìà 1] â êà÷åñòâå Bt
1 âûáåðåì ïðîñòðàíñòâà

L2(0, s(t)), à â êà÷åñòâå Bt � ïðîñòðàíñòâà ôóíêöèé èç W 1
p (0, s(t)), 1 ≤ p < 2, ñ íîðìîé

∥u∥Bt =

(
s(t)∫
0

(|ux|p + |u|p) dx

) 1
p

. Ìîíîòîííîñòü s(t) äàåò Bt1
1 ⊆ Bt2

1 , Bt1 ⊆ Bt2 , t1 > t2.

Êðîìå òîãî, âàæíóþ ðîëü èãðàåò âåëè÷èíà Mt(u), u = um(x, t), êîòîðóþ âîçüìåì â âèäå

Mt(u) =

s(t)∫
0

(
(umxx)

2 + (umx )2 + (um)2
)
dx = ∥um∥2W 2

2 (0,s(t))
.

Îáîçíà÷èì ìíîæåñòâî St
α =

{
θ(x) ∈ W̃ 1

2 (0, s(t)) : Mt(θ) ≤ α
}
. Î÷åâèäíî, ÷òî ïðè çàäàí-

íûõ ÷èñëàõ α, t ìíîæåñòâî ôóíêöèé St
α îòíîñèòåëüíî êîìïàêòíî â Bt = W 1

p (0, s(t)), p < 2.
Òàêæå îïðåäåëèì ìíîæåñòâà ôóíêöèé F, F1, íåîáõîäèìûå äëÿ ïðèìåíåíèÿ ðåçóëüòàòà

î êîìïàêòíîñòè [7, òåîðåìà1]:

F1 =

u(t) : ∀t u(t) ∈ Bt vraimax∥u(t)∥Bt ≤ L1,

T∫
0

Mt(u)dt ≤ L2

 ,

F =

u(t) : u(t) ∈ F1,

T∫
0

∥ut(t)∥2Bt
1
dt ≤ L3

 .
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Â êà÷åñòâå ýëåìåíòîâ F, F1 äîñòàòî÷íî âçÿòü ìíîæåñòâî {um}∞m=0.
Äëÿ èñïîëüçîâàíèÿ óêàçàííîé òåîðåìû íåîáõîäèìî äîêàçàòü ðàâíîñòåïåííóþ íåïðåðûâ-

íîñòü íîðì â Bt ïî ïàðàìåòðó t íà ìíîæåñòâå F1, òî åñòü äîêàçàòü ñóùåñòâîâàíèå òà-
êîé ôóíêöèè η(t1, t2), ÷òî äëÿ âñåõ ïàð ýëåìåíòîâ um1 , um2 ∈ F1 è âñåõ èõ ðàçíîñòåé
U = um1−um2 äëÿ t1 ≥ t2 âûïîëíÿåòñÿ íåðàâåíñòâî |∥U(t1)∥Bt2 − ∥U(t1)∥Bt1 | ≤ η(t1, t2) → 0
ïðè t1 − t2 → 0. Çäåñü η(t1, t2) íå çàâèñèò îò um1 , um2 èç F1. Äåéñòâèòåëüíî, èç íåðàâåíñòâ∣∣∣a 1

p − b
1
p

∣∣∣ ≤ c(p)|a− b|
1
p , |a+ b|

1
p ≤ c1(p)|a

1
p + b

1
p |, èìååì, âçÿâ p ∈ (1, 2)

|∥U(t1)∥Bt2 − ∥U(t1)∥Bt1 | =

=

∣∣∣∣∣∣
(

s(t2)∫
0

(|Ux(t1)|p + |U(t1)|p) dx

) 1
p

−

(
s(t1)∫
0

(|Ux(t1)|p + |U(t1)|p) dx

) 1
p

∣∣∣∣∣∣ ≤
≤ c(p)

∣∣∣∣∣s(t2)∫0 (|Ux(t1)|p + |U(t1)|p) dx−
s(t1)∫
0

(|Ux(t1)|p + |U(t1)|p) dx

∣∣∣∣∣
1
p

≤

≤ c(p)

∣∣∣∣∣s(t2)∫
s(t1)

|Ux(t1)|p dx+
s(t2)∫
s(t1)

|U(t1)|p dx

∣∣∣∣∣
1
p

≤

≤ c(p)c1(p)

∣∣∣∣∣s(t2)∫
s(t1)

|Ux(t1)|p dx

∣∣∣∣∣
1
p

+

∣∣∣∣∣s(t2)∫
s(t1)

|U(t1)|p dx

∣∣∣∣∣
1
p

 ≤

≤ C(p)


∣∣∣∣∣∣
(

s(t2)∫
s(t1)

|Ux(t1)|2 dx

) p
2

|s(t2)− s(t1)|
1

( 2
p)

′

∣∣∣∣∣∣
1
p

+ 2σ2|s(t2)− s(t1)|
1
p

 ≤

≤ C(p)

2σ
1
2
1

∣∣∣∣∣ T∫0 (s′(τ))2dτ
∣∣∣∣∣

1

2p( 2
p)

′

|t2 − t1|
1

2p( 2
p)

′
+ 2σ2

∣∣∣∣∣ T∫0 (s′(τ))2dτ
∣∣∣∣∣

1
2p

|t2 − t1|
1
2p

→ 0

ðàâíîìåðíî ïî m ïðè t1 − t2 → 0.
Ñëåäîâàòåëüíî, íà ìíîæåñòâå F1 ñåìåéñòâî ýëåìåíòîâ {∥U∥Bt ,m1,m2 ∈ N} ðàâíîñòå-

ïåííî íåïðåðûâíî ïî t.
Òàêèì îáðàçîì, óñëîâèÿ [7, òåîðåìà 1] âûïîëíåíû, ñëåäîâàòåëüíî, åñòü ñõîäèìîñòü íåêî-

òîðîé ïîäïîñëåäîâàòåëüíîñòè, êîòîðóþ ñíîâà îáîçíà÷èì ÷åðåç {um}:

umx → ux, â Lp(0, T ;Lp(0, s(t))), 1 ≤ p < 2 è ï.â. â Qs. (25)

Òîãäà â ñèëó íåïðåðûâíîñòè φ(ξ), äåëàåì âûâîä î òîì, ÷òî φ(umx ) → φ(ux) ïî÷òè âñþäó â
Qs. Êðîìå òîãî, èç óñëîâèÿ 2 Òåîðåìû 1 è (14)

∫
Qs

|φ(umx )|p1dQs ≤ s(T )T (c3 + c4σ1), òîãäà ïî

[8, ëåììà 1.3],[9]
φ(umx ) → φ(ux) ñëàáî â Lp1(Qs). (26)

Èç ∥umt ∥L2(QS) ≤ β5, ñëåäóåò, ÷òî umk
t → q ñëàáî â L2(Qs), ãäå {umk

t } íåêîòîðàÿ ïîäïîñëåäî-
âàòåëüíîñòü {umt }.

Äëÿ ïîñëåäíåé ∥um∥L2(QS) ≤ σ2
√

µ(Qs). Âûäåëÿÿ, åñëè íåîáõîäèìî, åùå îäíó ïîäïîñëå-
äîâàòåëüíîñòü, ìîæåì ñ÷èòàòü, ÷òî

umk → u ñëàáî â L2(Qs) (27)

Çíà÷èò, q = ut. Òàêèì îáðàçîì,

umk
t → ut ñëàáî â L2(Qs). (28)
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Ïðè ýòîì äëÿ umk âûïîëíåíî (25),(26). Ââîäÿ ïåðåîáîçíà÷åíèÿ, ñ÷èòàåì, ÷òî (25)�(28)
âûïîëíåíû äëÿ um.

Êðîìå òîãî, umx → ux ⋆-ñëàáî â L∞ (0, T ;L2(0, s(t))), ñëàáî â L2(Qs) è umxx → uxx ñëàáî â
L2(Qs). Ïîýòîìó u ∈ L∞(0, T ;W 1

2 (0, s(t))) ∩ L2(0, T ;W
2
2 (0, s(t))).

7. Ïðåäåëüíûé ïåðåõîä ïî m â óðàâíåíèè

Ïóñòü bi(t), i = 0, 1, 2, ..., íåïðåðûâíû íà [0, T ] è îáðàçóþò ïîëíóþ ñèñòåìó â L2[0, T ].
Óìíîæàÿ âñå ÷ëåíû (8) íà bi(t), ñóììèðóÿ ïî j, i îò 0 äî M,M ≤ m è èíòåãðèðóÿ ïî t,

ïîëó÷èì äëÿ FM (x, t) =
M∑

i,j=0
bi(t)ωj(x, t)

T∫
0

s(t)∫
0

umt FM dxdt+

T∫
0

s(t)∫
0

φ (umx )FMx dxdt−
T∫
0

s(t)∫
0

aumx FM dxdt−
T∫
0

s(t)∫
0

bumFM dxdt=0, M ≤ m.

Ïðèìåíÿÿ (25)�(28) ê ïîñëåäíåìó óðàâíåíèþ, ïîëó÷èì
(
FMx∈C(Qs)⊂(Lp1(Qs))

∗=Lp′1
(Qs)

)
T∫
0

s(t)∫
0

utFM dxdt+

T∫
0

s(t)∫
0

φ (ux)FMx dxdt−
T∫
0

s(t)∫
0

auxFM dxdt−
T∫
0

s(t)∫
0

buFM dxdt=0, M ≤ m.

Òàê êàê {ωj} � îðòîãîíàëüíûé áàçèñ â L2(0, s(t)) è â W̃ 1
2 (0, s(t)), ∀t ∈ [0, T ] è bi(t) � ïîë-

íàÿ ñèñòåìà â L2[0, T ], òî ïî [1, òåîðåìà 2], ïîëó÷èì ïëîòíîñòü FM â L2(0, T ; W̃
1
2 (0, s(t))).

Ïîýòîìó

T∫
0

s(t)∫
0

utF dxdt+

T∫
0

s(t)∫
0

φ (ux)Fx dxdt−
T∫
0

s(t)∫
0

auxF dxdt−
T∫
0

s(t)∫
0

buF dxdt=0, (29)

äëÿ ëþáîé ãëàäêîé ôóíêöèè F ∈ C(Qs), òàêîé, ÷òî Fx ∈ C(Qs), F (s(t), t) = 0. Èç ýòîãî
ðàâåíñòâà ñëåäóåò, ÷òî ñóùåñòâóåò ∂

∂x (φ (ux)) ∈ L2(Qs) è óðàâíåíèå (2) âûïîëíåíî ïî÷òè
âñþäó â Qs.

Òàê êàê u, ut ∈ L2(0, T ;L2(0, 1)), òî ïî òåîðåìå î ñëåäàõ [8, ëåììà 1.2] u(x, 0) ∈ L2(0, 1).
Ïî òîé æå òåîðåìå ux|x=0 ∈ L2(0, T ), òàê êàê èç (15) ñëåäóåò, ÷òî ñóùåñòâóåò uxx ∈ L2(Qs).

Èç âëîæåíèÿ
(
W 1

2 (Qs) ∩ L∞(0, T ;W 1
2 (0, s(t)))

)
⊂ C

1
4 (Qs) ñëåäóåò âûïîëíåíèå óñëîâèé

(3),(5) â îáû÷íîì ñìûñëå.
Íåòðóäíî îáîñíîâàòü âûïîëíåíèå óñëîâèÿ (4) äëÿ ïîñòðîåííîãî ðåøåíèÿ, òàê êàê

umx |x=0 = 0. Òî æå êàñàåòñÿ è åäèíñòâåííîñòè ðåøåíèÿ â ýòîì êëàññå.
Çàìåòèì, ÷òî óñëîâèå 2 òåîðåìû 1 îãðàíè÷èâàåò àñèìïòîòè÷åñêèé ðîñò φ(ξ) âòîðûì

ïîðÿäêîì. Â ñëåäóþùåé òåîðåìå äîïóñêàåòñÿ ðîñò φ(ξ) ëþáîãî ïîðÿäêà.
Òåîðåìà 2. Åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 1, íî âìåñòî óñëîâèÿ 2 âûïîëíåíî óñëî-

âèå

2′. k1|φ(ξ)|r − k2ξ
2 − k3 ≤ Φ(ξ) ≤ k4 + k5|ξ|s, ãäå k1 > 0, k4 ≥ 0, k5 ≥ 0, r > 1, s ≥ 1,

è âìåñòî óñëîâèÿ 4 âûïîëíåíî óñëîâèå

4′. ôóíêöèÿ u0 = u0(x) óäîâëåòâîðÿåò (6) è u0x ∈ Ls(0, 1).
Òîãäà ñóùåñòâóåò è ïðèòîì åäèíñòâåííîå ðåøåíèå çàäà÷è (2)�(5) èç òîãî æå êëàññà,

÷òî è â òåîðåìå 1, çà èñêëþ÷åíèåì φ(ux): φ(ux) ∈ Lr(Qs)
Äîêàçàòåëüñòâî ïðîâîäèòñÿ ïî ñõåìå äîêàçàòåëüñòâà òåîðåìû 1. Íî ïðè ïîëó÷åíèè îöåí-

êè, àíàëîãè÷íîé (22), èñïîëüçóåòñÿ ïðàâàÿ ÷àñòü íåðàâåíñòâà 2′ è 4′. Ïðè âûâîäå îöåíêè,
àíàëîãè÷íîé (26), èñïîëüçóåì ëåâóþ ÷àñòü íåðàâåíñòâà 2′.
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ABSTRACT

This article investigates the boundary value problem for the quasilinear parabolic
equation in noncylindrical domain. The existence and uniqueness are proved. The
approximate solution built according to projection method. We use methods of com-
pactness for functions from Banach space scale.
Key words: noncylindrical domain, quasilinear parabolic equation, compactness the-

orem, existence theorem, projection method.


