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Êðèòåðèé åäèíñòâåííîñòè ðåøåíèÿ

çàäà÷ Äèðèõëå è Ïóàíêàðå

äëÿ ìíîãîìåðíîãî óðàâíåíèÿ

Ýéëåðà � Äàðáó � Ïóàññîíà

Â ðàáîòå ïîëó÷åí êðèòåðèé åäèíñòâåííîñòè ðåãóëÿðíîãî ðåøåíèÿ çàäà÷ Äèðèõëå è Ïó-
àíêàðå â öèëèíäðè÷åñêîé îáëàñòè äëÿ ìíîãîìåðíîãî óðàâíåíèÿ Ýéëåðà � Äàðáó �
Ïóàññîíà.
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Ââåäåíèå

Â ðàáîòå [1] â äâóìåðíîì ñëó÷àå áûëî ïîêàçàíî, ÷òî îäíà èç ôóíäàìåíòàëüíûõ çàäà÷
ìàòåìàòè÷åñêîé ôèçèêè � èçó÷åíèå ïîâåäåíèÿ êîëåáëþùåéñÿ ñòðóíû � íåêîððåêòíà, êî-
ãäà êðàåâûå óñëîâèÿ çàäàíû íà âñåé ãðàíèöå îáëàñòè. Êàê çàìå÷åíî â [2, 3], çàäà÷à Äèðèõëå
íåêîððåêòíà íå òîëüêî äëÿ âîëíîâîãî óðàâíåíèÿ, íî è äëÿ îáùèõ ãèïåðáîëè÷åñêèõ óðàâíå-
íèé. Â ðàáîòå [4] áûëî ïîêàçàíî, ÷òî ðåøåíèå çàäà÷è Äèðèõëå ñóùåñòâóåò â ïðÿìîóãîëüíûõ
îáëàñòÿõ. Â äàëüíåéøåì ýòà çàäà÷à èññëåäîâàëàñü ìåòîäàìè ôóíêöèîíàëüíîãî àíàëèçà [5],
êîòîðûå âûçûâàþò ñëîæíîñòè ïðè ïðèìåíåíèè â ïðèëîæåíèÿõ.

Â ìíîãîìåðíîì ñëó÷àå [6, 7] ïîëó÷åíû òåîðåìû åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Äèðèõëå
äëÿ ñòðîãî ãèïåðáîëè÷åñêèõ óðàâíåíèé, à â [8, 9] äîêàçàíû êîððåêòíîñòü çàäà÷è Äèðèõëå è
Ïóàíêàðå äëÿ ìíîãîìåðíîãî âîëíîâîãî óðàâíåíèÿ.

Íàñêîëüêî íàì èçâåñòíî, ìíîãîìåðíûå çàäà÷è Äèðèõëå è Ïóàíêàðå äëÿ ñèíãóëÿðíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé ðàíåå íå èçó÷àëèñü.

Â ðàáîòå ïîëó÷åí êðèòåðèé åäèíñòâåííîñòè ðåãóëÿðíîãî ðåøåíèÿ çàäà÷ Äèðèõëå è Ïóàí-
êàðå â öèëèíäðè÷åñêîé îáëàñòè äëÿ ìíîãîìåðíîãî óðàâíåíèÿ Ýéëåðà � Äàðáó � Ïóàññîíà.

1. Ïîñòàíîâêà çàäà÷è è ðåçóëüòàò

Ïóñòü Ωβ � öèëèíäðè÷åñêàÿ îáëàñòü åâêëèäîâà ïðîñòðàíñòâà Em+1 òî÷åê (x1, . . . , xm, t),
îãðàíè÷åííàÿ öèëèíäðîì Γ = {(x, t) : |x| = 1}, ïëîñêîñòÿìè t = β > 0 è t = 0, ãäå |x| �
äëèíà âåêòîðà x = (x1, . . . , xm). ×àñòè ýòèõ ïîâåðõíîñòåé, îáðàçóþùèõ ãðàíèöó ∂Ωβ îáëàñòè
Ωβ , îáîçíà÷èì ÷åðåç Γβ , Sβ , S0 ñîîòâåòñòâåííî.

Â îáëàñòè Ωβ ðàññìîòðèì ìíîãîìåðíîå óðàâíåíèå Ýéëåðà � Äàðáó � Ïóàññîíà

∆xu− utt −
α

t
ut = 0, (1)

1Àêòþáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ê.Æóáàíîâà, 030000, ã. Àêòîáå, Êàçàõñòàí,

óë. Áð. Æóáàíîâûõ, 263. Ýëåêòðîííàÿ ïî÷òà: aldash51@mail.ru
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ãäå ∆x � îïåðàòîð Ëàïëàñà ïî ïåðåìåííûì x1, . . . , xm, m > 2, α � äåéñòâèòåëüíîå ÷èñëî.
×åðåç uα(x, t) îáîçíà÷èì ðåøåíèå óðàâíåíèÿ (1) ïðè äàííîì α.
Â êà÷åñòâå ìíîãîìåðíûõ çàäà÷ Äèðèõëå è Ïóàíêàðå ðàññìîòðèì ñëåäóþùèå çàäà÷è.
Çàäà÷à 1. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Ωβ èç êëàññà C(Ωβ \ S0) ∩ C2(Ωβ),

óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

uα

∣∣∣
S0

= 0, uα

∣∣∣
Γβ

= 0, uα
∣∣
Sβ

= 0, α < 1; (2)

uα
ln t

∣∣∣
S0

= 0, uα

∣∣∣
Γβ

= 0, uα
∣∣
Sβ

= 0, α = 1; (3)

(tα−1uα)
∣∣∣
S0

= 0, uα

∣∣∣
Γβ

= 0, uα
∣∣
Sβ

= 0, α > 1. (4)

Çàäà÷à 2. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Ωβ èç êëàññà C(Ω \ S0) ∩ C2(Ωβ),
óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

∂uα
∂t

∣∣∣
S0

= 0, uα

∣∣∣
Γβ

= 0, uα
∣∣
Sβ

= 0, α > 0; (5)

lim
t→0

tα(uα − uα,1)t = 0, uα

∣∣∣
Γβ

= 0, uα
∣∣
Sβ

= 0, α < 1; (6)

ãäå uα,1(x, t) � ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ (1) ñ äàííûìè uα,1(x, 0) = τ(x),
∂
∂tuα,1(x, 0) = 0.

Â äàëüíåéøåì íàì óäîáíî ïåðåéòè îò äåêàðòîâûõ êîîðäèíàò x1, . . . , xm, t ê ñôåðè÷åñêèì
r, θ1, . . . , θm−1, t, r > 0, 0 6 θ1 < 2π, 0 6 θi 6 π, i = 2, 3, . . . ,m− 1.

Ïóñòü
{
Y k
n,m(θ)

}
� ñèñòåìà ëèíåéíî íåçàâèñèìûõ ñôåðè÷åñêèõ ôóíêöèé ïîðÿäêà n, 1 6

k 6 kn, (m − 2)!n!kn = (n +m − 3)!(2n +m − 2), θ = (θ1, . . . , θm−1), W
l
2(S0), l = 0, 1, . . . �

ïðîñòðàíñòâà Ñîáîëåâà.
Ñïðàâåäëèâà ñëåäóþùàÿ ëåììà (ñì. [10]).
Ëåììà. Åñëè f(r, θ) ∈ W l

2(S0) è l > m− 1, òî ðÿä

f(r, θ) =
∞∑
n=0

kn∑
k=1

fk
n(r)Y

k
n,m(θ),

à òàêæå ðÿäû, ïîëó÷åííûå èç íåãî äèôôåðåíöèðîâàíèåì ïîðÿäêà p 6 l −m + 1, ñõîäÿòñÿ
àáñîëþòíî è ðàâíîìåðíî, ïðè ýòîì

fk
n(r) =

∫
H

f(r, θ)Y k
n,m(θ)dH,

ãäå H � åäèíè÷íàÿ ñôåðà â Em.
Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. 1) Ïóñòü α 6 0 èëè α > 2. Ðåøåíèå çàäà÷è 1 áóäåò íóëåâûì òîãäà è òîëüêî

òîãäà, êîãäà

sinµs,nβ ̸= 0, s = 1, 2, . . . . (7)

2) Ïðè 0 < α < 2 ðåøåíèå çàäà÷è 1 òðèâèàëüíîå òîãäà è òîëüêî òîãäà, êîãäà âûïîë-

íÿåòñÿ ñîîòíîøåíèå

cosµs,nβ ̸= 0, s = 1, 2, . . . . (8)

3) Ðåøåíèå çàäà÷è 2 äëÿ ëþáîãî α òðèâèàëüíîå òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿåò-

ñÿ óñëîâèå (8), ãäå µs,n � ïîëîæèòåëüíûå íóëè ôóíêöèé Áåññåëÿ ïåðâîãî ðîäà J
n+

(m−2)
2

(z).

Îòìåòèì, ÷òî ïðè α = 0 ýòà òåîðåìà ïîëó÷åíà â [8, 9].
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2. Ñâåäåíèå çàäà÷ 1 è 2 ê äâóìåðíûì çàäà÷àì

Â ñôåðè÷åñêèõ êîîðäèíàòàõ óðàâíåíèå (1) èìååò âèä

urr +
m− 1

r
ur −

1

r2
δu− utt −

α

t
ut = 0, (9)

δ ≡ −
m−1∑
j=1

1

gj sin
m−j−1 θj

∂

∂θj

(
sinm−j−1 θj

∂

∂θj

)
, g1 = 1, gj = (sin θ1 . . . sin θj−1)

2, j > 1.

Èçâåñòíî ([10]), ÷òî ñïåêòð îïåðàòîðà δ ñîñòîèò èç ñîáñòâåííûõ ÷èñåë λn = n(n + m−
−2), n = 0, 1, . . . , êàæäîìó èç êîòîðûõ ñîîòâåòñòâóåò kn îðòîíîðìèðîâàííûõ ñîáñòâåííûõ
ôóíêöèé Y k

n,m(θ).
Òàê êàê èñêîìîå ðåøåíèå uα ∈ C2(Ωβ), òî åãî ìîæíî íàõîäèòü â âèäå ðÿäà

uα(r, θ, t) =

∞∑
n=0

kn∑
k=1

ūkα,n(r, t)Y
k
n,m(θ), (10)

ãäå ūkα,n(r, t) � ôóíêöèè, ïîäëåæàùèå îïðåäåëåíèþ.

Ïîäñòàâèâ (10) â (9), èñïîëüçóÿ îðòîãîíàëüíîñòü ñôåðè÷åñêèõ ôóíêöèé Y k
n,m(θ) ([10]),

ïîëó÷èì

Lαū
k
α,n = ūkα,nrr +

m− 1

r
ūkα,nr − ūkα,ntt −

α

t
ūkα,nt −

λn

r2
ūkα,n = 0, k = 1, kn, n = 0, 1, . . . ,

êîòîðîå ñ ïîìîùüþ çàìåíû ūkα,n(r, t) = r
(1−m)

2 ūkα,n(r, t) ñâîäèòñÿ ê óðàâíåíèþ

Lαu
k
α,n = ukα,nrr − ukα,ntt −

α

t
ukα,nt +

λ̄n

r2
ukα,n = 0, k = 1, kn, n = 0, 1, . . . , (11α)

λ̄n =
(m− 1)(3−m)− 4λn

4
.

Äàëåå, èç êðàåâûõ óñëîâèé (2)�(6) äëÿ ôóíêöèé ukα,n(r, t) â ñèëó (10), ñ ó÷åòîì ëåììû,
ïîëó÷àåì

ukα,n(r, 0) = 0, ukα,n(1, t) = 0, ukα,n(r, β) = 0, α < 1, k = 1, kn, n = 0, 1, . . . , (12)

ukα,n
ln t

∣∣∣
t=0

= 0, ukα,n(1, t) = 0, ukα,n(r, β) = 0, α = 1, k = 1, kn, n = 0, 1, . . . , (13)

(tα−1ukα,n)
∣∣∣
t=0

= 0, ukα,n(1, t) = 0, ukα,n(r, β) = 0, α > 1, k = 1, kn, n = 0, 1, . . . , (14)

∂ukα,n
∂t

∣∣∣
t=0

= 0, ukα,n(1, t) = 0, ukα,n(r, β) = 0, α > 0, k = 1, kn, n = 0, 1, . . . , (15)

lim
t→0

tα(ukα,n − uk,1α,n)t = 0, ukα,n(1, t) = 0, ukα,n(r, β) = 0, α < 0, k = 1, kn, n = 0, 1, . . . . (16)

Òàêèì îáðàçîì, çàäà÷è 1 è 2 ñâåäåíû ê äâóìåðíûì çàäà÷àì Äèðèõëå è Ïóàíêàðå äëÿ
óðàâíåíèÿ (11α). Ðåøåíèå ýòèõ çàäà÷ áóäåì èçó÷àòü â ï.4 è ï.5.

Íàðÿäó ñ óðàâíåíèåì (11α) ðàññìîòðèì óðàâíåíèå

L0u
k
0,n ≡ uk0,nrr − uk0,ntt +

λ̄n

r2
ūk0,n = 0, (110)
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êîòîðîå ñ ïîìîùüþ çàìåíû ïåðåìåííûõ ξ = r+t
2 , η = r−t

2 ñâîäèòñÿ ê óðàâíåíèþ

Muk0,n ≡ uk0,nξη +
λ̄n

(ξ + η)2
uk0,n = 0. (17)

Ðåøåíèå çàäà÷è Êîøè äëÿ (17) ñ äàííûìè

uk0,n(ξ, ξ) = τkn(ξ),

(
∂uk0,n
∂ξ

−
∂uk0,n
∂η

)∣∣∣∣ξ=η = νkn(ξ), 0 6 ξ 6 1

2

èìååò âèä ([11])

uk0,n(ξ, η) =
1

2
τkn(η)R(η, η; ξ, η) +

1

2
τkn(ξ)R(ξ, ξ; ξ, η)+

+
1√
2

ξ∫
η
[νkn(ξ1)R(ξ1, ξ1; ξ, η)− τkn(ξ1)

∂

∂N
R(ξ1, η1; ξ, η)|ξ1=η1 ]dξ1,

(18)

ãäå R(ξ1, η1; ξ, η) = Pµ[
(ξ1−η1)(ξ−η)+2(ξη+ξ1η1)

(ξ1+η1)(ξ+η) ] = Pµ(z)− ôóíêöèÿ Ðèìàíà äëÿ óðàâíåíèÿ (17)

([12]), à Pµ(z)− ôóíêöèÿ Ëåæàíäðà, µ = n+ (m−3)
2 ,

∂

∂N

∣∣∣
ξ=η

=
1√
2

(
∂

∂ξ
− ∂

∂η

) ∣∣∣
ξ=η

.

3. Ôóíêöèîíàëüíàÿ ñâÿçü ìåæäó ðåøåíèÿìè çàäà÷è Êîøè

äëÿ óðàâíåíèé (11α) è (110).

Ñíà÷àëà ïðèâåäåì íåêîòîðûå ñâîéñòâà îïåðàòîðà Lα, êîòîðûå íåîáõîäèìû äëÿ äàëüíåé-
øèõ èññëåäîâàíèé.

10. Åñëè uα � ðåøåíèå óðàâíåíèÿ Lαu = 0, òî ôóíêöèÿ

u2−α = tα−1uα (19)

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ L2−αu = 0.
20. Åñëè uα � ðåøåíèå óðàâíåíèÿ Lαu = 0, òî ôóíêöèÿ

1

t

∂uα
∂t

= uα+2 (20)

áóäåò ðåøåíèåì óðàâíåíèÿ Lα+2u = 0.
30. Îïåðàòîð Lα îáëàäàåò ñâîéñòâîì

Lαuα = t1−αL2−α(t
α−1uα). (21)

Òåïåðü äîêàæåì ýòè ñâîéñòâà. Ïóñòü Bα = ∂2

∂t2
+ α

t
∂
∂t . Òîãäà

Lαuα ≡ ∂2uα
∂r2

+
λ̄n

4r2
uα −Bαuα.

Ïîëîæèì ω(r, t) = tα−1uα(r, t), ωt = (α− 1)tα−2uα + tα−1uαt,

ωtt = (α− 1)(α− 2)tα−3uα + 2(α− 1)tα−2uαt + tα−1uαtt,

ωtt +
2− α

t
ωt = tα−1

(
uαtt +

α

t
uαt

)
= tα−1Bαuα.
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Îòñþäà

B2−αω = tα−1Bαuα = tα−1

(
∂2uα
∂r2

+
λ̄n

4r2
uα

)
=

(
∂2

∂r2
+

λ̄n

4r2

)
(tα−1uα) =

(
∂2

∂r2
+

λ̄n

4r2

)
ω

èëè

−B2−αω +

(
∂2

∂r2
+

λ̄n

4r2

)
ω = L2−αω = L2−α(t

α−1uα) = 0.

Ñâîéñòâî 10 äîêàçàíî.

Ïóñòü òåïåðü υ(r, t) =
1

t

∂uα
∂t

.

Âû÷èñëèì

υt =
∂

∂t

(
1

t

∂uα
∂t

)
= −t−2uαt + t−1uαtt, υtt = 2t−3uαt − 2t−2uαtt + t−1uαttt.

Òîãäà

υtt +
α+ 2

t
υt = t−1uαttt − αt−3uαt + αt−2uαtt,

1

t

∂

∂t
(Bαuα) =

1

t

∂

∂t

(
uαtt +

α

t
uαt

)
= t−1uαttt − αt−3uαt + αt−2uαtt.

Îòñþäà

υtt +
α+ 2

t
υt =

(
1

t

∂

∂t

)
(Bαuα) =

1

t

∂

∂t

[
∂2uα
∂r2

+
λ̄n

4r2
uα

]
=

=

(
∂2

∂r2
+

λ̄n

4r2

)(
1

t

∂uα
∂t

)
=

(
∂2

∂r2
+

λ̄n

4r2

)
υ

è

L2+αυ = 0, L2+α

(
1

t

∂uα
∂t

)
= 0.

Ñâîéñòâî 20 äîêàçàíî.
Òåïåðü ïåðåõîäèì ê äîêàçàòåëüñòâó ñâîéñòâà 30.

tα−1Lαuα = tα−1

(
∂2uα
∂r2

+
λ̄n

4r2
uα −Bαuα

)
=

(
∂2

∂r2
+

λ̄n

4r2

)
(tα−1uα)− tα−1Bαuα.

Òîãäà, ïî ñâîéñòâó 10 ïîëó÷àåì

tα−1Lαuα =

(
∂2

∂r2
+

λ̄n

4r2

)
ω −B2−αω = L2−αω = L2−α(t

α−1uα),

îòêóäà âûòåêàåò ñâîéñòâî 30.
Èç ðàâåíñòâà (19) ñëåäóåò, ÷òî u2−α−2p = tα+2p−1uα+2p, ïðèìåíèâ ê êîòîðîìó p ðàç

ôîðìóëó (20), à çàòåì (19), ïîëó÷èì

u2−α =

(
1

t

∂

∂t

)p

(tα+2p−1uα+2p). (22)

Ñîîòíîøåíèå (22) ÿâëÿåòñÿ ôóíäàìåíòàëüíîé ôîðìóëîé ([13]) äëÿ ðåøåíèÿ çàäà÷è Êî-
øè.

Ïóñòü p > 0, q > 0 � íàèìåíüøèå öåëûå ÷èñëà, óäîâëåòâîðÿþùèå íåðàâåíñòâàì

α+ 2p > m− 1, 2− α+ 2q > m− 1.
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Óòâåðæäåíèå 1. Åñëè uk,20,n(r, t) � ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ (110), óäîâëå-
òâîðÿþùåå óñëîâèþ

uk,20,n(r, 0) = 0,
∂

∂t
uk,20,n(r, 0) = νkn(r), (23)

òî ôóíêöèÿ

uk,2α,n(r, t) = γ−αt
−α

1∫
0

uk,20,n(r, ξt)ξ(1− ξ2)−
α
2
−1dξ ≡ γ−αΓ

(
−α

2

)
D

α
2

0t2
uk,20,n(r, t) (24)

ïðè α < 0 áóäåò ðåøåíèåì óðàâíåíèÿ (11α), óäîâëåòâîðÿþùèì óñëîâèþ

uk,2α,n(r, 0) = 0, lim
t→0

tα
∂

∂t
ur,2α,n = νkn(r). (25)

Åñëè æå 0 < α < 1, òî ôóíêöèÿ

uk,2α,n(r, t) = γ2−α+2q

(
1

t

∂

∂t

)q [
t1−α+2q

1∫
0

uk,10,n(r, ξt)(1− ξ2)q−
α
2 dξ

]
≡

≡ γ2−α+2q2
q−1Γ(q − α

2 + 1)D
α
2
−1

0t2

[
uk,10,n(r, t)

t

] (26)

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (11α) ñ íà÷àëüíûìè äàííûìè (25), ãäå
√
πΓ(α2 )γα = 2Γ(α+1

2 ),

Γ(z) � ãàììà-ôóíêöèÿ, Dα
0t � îïåðàòîð Ðèìàíà � Ëèóâèëëÿ [3], à uk,10,n(r, t) � ðåøåíèå

óðàâíåíèÿ (110) ñ íà÷àëüíûìè óñëîâèÿìè

uk,10,n(r, 0) =
νkn(r)

(1− α)(3− α) . . . (2q + 1− α)
,
∂

∂t
uk,10,n(r, 0) = 0. (23′)

Óòâåðæäåíèå 2. Åñëè uk,10,n(r, t) � ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ (110), óäîâëå-
òâîðÿþùåå óñëîâèþ

uk,10,n(r, 0) = τkn(r),
∂

∂t
uk,10,n(r, 0) = 0, (27)

òî ôóíêöèÿ

uk,1α,n(r, t) = γα

1∫
0

uk,10,n(r, ξt)(1− ξ2)
α
2
−1dξ ≡ 2−1γαΓ

(α
2

)
t1−αD

−α
2

0t2

[
uk,10,n(r, t)

t

]
, (28)

ïðè α > 0 åñòü ðåøåíèå óðàâíåíèÿ (11α), óäîâëåòâîðÿþùåå óñëîâèþ (27).

Óòâåðæäåíèå 3. Åñëè uk,10,n(r, t) � ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ (110), óäîâ-
ëåòâîðÿþùåå óñëîâèþ (27), òî ôóíêöèÿ

uk,11,n(r, t) =

1∫
0

uk,10,n(r, ξt)(1− ξ2)−
1
2 ln[t(1− ξ2)]dξ (29)

ÿâëÿåòñÿ ðåøåíèåì çàäà÷è äëÿ óðàâíåíèÿ L1u = 0 ñ íà÷àëüíûìè äàííûìè

uk,1l,n

ln t

∣∣∣
t=0

= τkn(r). (30)
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Ñïðàâåäëèâîñòü ïðèâåäåííûõ óòâåðæäåíèé óñòàíàâëèâàåòñÿ àíàëîãè÷íî òîìó, êàê îíà
äîêàçàíà äëÿ óðàâíåíèÿ (1) è ìíîãîìåðíîãî âîëíîâîãî óðàâíåíèÿ ([11, 14− 16]).

Ïðèâåäåì íåêîòîðûå ñëåäñòâèÿ èç óòâåðæäåíèé 2, 3. Ñíà÷àëà ðàññìîòðèì ñëó÷àé α < 0,
α ̸= −(2r + 1), r = 0, 1 . . . . Åñëè uk,10,n(r, t) � ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ (110) ñ
äàííûìè

uk,10,n(r, 0) =
τkn(r)

(α− 1) . . . (α+ 2p− 1)
,
∂

∂t
uk,10,n(r, 0) = 0, (31)

òî èç óòâåðæäåíèÿ 2 ñëåäóåò, ÷òî ôóíêöèÿ

uk,1α+2p,n(r, t) = γα+2p

1∫
0

uk,10,n(r, ξt)(1− ξ2)
α
2
+p−1dξ

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Lα+2pu = 0, óäîâëåòâîðÿþùèì íà÷àëüíîìó óñëîâèþ (31).
Òîãäà èç ñîîòíîøåíèé (22) è (19) âûòåêàåò, ÷òî ôóíêöèÿ

uk,1α,n(r, t) = t1−α

(
1

t

∂

∂t

)p (
tα+2p−1uk,1α+2p,n

)
≡ γα+2p2

p−1Γ(α2 + p)t1−αD
−α

2

0t2

[
uk,10,n(r, t)

t

]
(32)

åñòü ðåøåíèå óðàâíåíèÿ (11α) è óäîâëåòâîðÿåò óñëîâèþ (27).

Òåïåðü ïóñòü α = −(2r+1). Åñëè uk,10,n(r, t) � ðåøåíèå çàäà÷è Êîøè äëÿ (110) ñ äàííûìè
(27), òî èç (19), (22) è èç óòâåðæäåíèÿ 3 íå òðóäíî ïîëó÷èòü, ÷òî ôóíêöèÿ

uk,1−(2r+1),n(r, t) = t2(r+1)

(
1

t

∂

∂t

)r+1
 1∫

0

uk,10,n(r, ξt)(1− ξ2)−
1
2 ln(t(1− ξ2))dξ

 (33)

ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè äëÿ L−(2r+1)υ = 0, óäîâëåòâîðÿþùåå óñëîâèþ (27).
Èñïîëüçóÿ [17], ñîîòíîøåíèå (33) ìîæíî çàïèñàòü â âèäå

uk,1−(2r+1),n(r, t) =
a

2
t2(r+1)D

1
2
+r

0t2

[
uk,10,n(r, t)

t

]
, a =

1

2
Γ′(1)−

Γ′(12)√
π

− ln t. (34)

4. Äîêàçàòåëüñòâî òåîðåìû äëÿ çàäà÷è 1

1) Ðàññìîòðèì ñëó÷àé, êîãäà α < 1. Ó÷èòûâàÿ ôîðìóëû (24) è (26), çàäà÷è (11α), (12)
ñâîäèì ê çàäà÷å Äèðèõëå äëÿ (110) ñ äàííûìè

uk,2α,n(r, 0) = 0, uk,2α,n(1, t) = 0, uk,2α,n(r, β) = 0, k = 1, kn, n = 0, 1, . . . , (35)

ïðè α 6 0 è ê çàäà÷å Ïóàíêàðå � äëÿ óðàâíåíèÿ (110), ñ óñëîâèåì

∂

∂t
uk,2α,n(r, 0) = 0, uk,2α,n(1, t) = 0, uk,2α,n(r, β) = 0, k = 1, kn, n = 0, 1, . . . , (36)

ïðè 0 < α < 1.
Â [8] ïîêàçàíî, ÷òî ðåøåíèå çàäà÷è (130), (35) u

k
α,n(r, t) ≡ 0 òîãäà è òîëüêî òîãäà, êîãäà

âûïîëíÿåòñÿ óñëîâèå (7).
Â [9] äîêàçàíî, ÷òî ðåøåíèå çàäà÷è (130), (36) òðèâèàëüíîå, åñëè è òîëüêî åñëè âûïîë-

íÿåòñÿ ñîîòíîøåíèå (8).
Äàëåå, èñïîëüçóÿ óòâåðæäåíèÿ 1�3, óñòàíàâëèâàåì àíàëîãè÷íûå ðåçóëüòàòû è äëÿ çàäà-

÷è (11α), (12).
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2) Â ñëó÷àå, êîãäà α = 1, ðåøåíèå çàäà÷è (11α), (13) áóäåì èñêàòü â âèäå

uk1,n(r, t) = uk,11,n(r, t) + uk,21,n(r, t), (37)

ãäå uk,11,n(r, t) � ðåøåíèå óðàâíåíèÿ (111), ñ äàííûìè
uk,1
1,n

ln t

∣∣∣
t=0

= 0, à uk,21,n(r, t) � ðåøåíèå

çàäà÷è Ïóàíêàðå äëÿ (111) ñ óñëîâèåì

∂

∂t
uk,21,n(r, 0) = 0, uk,21,n(1, t) = −uk,11,n(1, t), u

k,2
1,n(r, β) = −uk,11,n(r, β).

k = 1, kn, n = 0, 1, . . . .
(38)

Èç ñîîòíîøåíèé (29) è (18) ïîëó÷àåì uk,11,n(r, t) ≡ 0. Äàëåå, èñïîëüçóÿ ôîðìóëó (28)
çàäà÷è (111), (38) ñâîäèì ê çàäà÷å Ïóàíêàðå (130), (36).

Èñïîëüçóÿ ôîðìóëû (21), (19) çàäà÷à (11α), (14) ïðè α > 1 ïðèâîäèì ê èññëåäîâàííîìó
ñëó÷àþ α < 1.

Òàêèì îáðàçîì, ïîêàçàíî, ÷òî òåîðåìà ñïðàâåäëèâà äëÿ äâóìåðíûõ çàäà÷ Äèðèõëå è
Ïóàíêàðå äëÿ óðàâíåíèÿ (11α).

Ñëåäîâàòåëüíî, èç ï.1 ñ ó÷åòîì ëåììû âûòåêàåò åå ñïðàâåäëèâîñòü è äëÿ çàäà÷è 1.

5. Äîêàçàòåëüñòâî òåîðåìû äëÿ çàäà÷è 2

Çàäà÷à 2 ñâîäèòñÿ ê çàäà÷àì (11α), (15)è (11α), (16).
Åñëè α > 0, òî èç (28) ñëåäóåò, ÷òî çàäà÷à (11α), (15) ïðèâîäèòñÿ ê çàäà÷å Ïóàíêàðå äëÿ

óðàâíåíèÿ (110) ñ äàííûìè (36).
Ïðè α < 0, α ̸= −(2r + 1), r = 0, 1, . . . , ðåøåíèå çàäà÷è (11α), (16) áóäåì èñêàòü â âèäå

(37), ãäå uk,2α,n(r, t) � ðåøåíèå çàäà÷è Êîøè (11α) ñ óñëîâèåì

uk,2α,n(r, 0) = 0, lim
t→0

tα
∂

∂t
uk,2α,n(r, t) = 0, (39)

à uk,1α,n(r, t) � ðåøåíèå çàäà÷è Ïóàíêàðå äëÿ (11α) ñ óñëîâèåì (38).
Çàäà÷à (11α), (39) â ñèëó ôîðìóëû (24) ñâîäèòñÿ ê îäíîðîäíîé çàäà÷å Êîøè äëÿ (110) ñ

äàííûìè uk,20,n(r, 0) = 0, ∂
∂tu

k,2
0,n(r, t) = 0, êîòîðîå èìååò òðèâèàëüíîå ðåøåíèå, ÷òî ñëåäóåò èç

(18).
Çàäà÷à (11α), (38), â ñâîþ î÷åðåäü, â ñèëó (32) ïðèâîäèòñÿ ê çàäà÷å Ïóàíêàðå (110), (36).

Ïóñòü äàëåå α = −(2r+1). Ðåøåíèå çàäà÷è (11α), (16) èùåì â âèäå (37), ãäå uk,2α,n(r, t) �

ðåøåíèå çàäà÷è Êîøè (11α), (39), à uk,1α,n(r, t) � ðåøåíèå çàäà÷è Ïóàíêàðå äëÿ (11α) ñ óñëî-
âèåì (38).

Òàê êàê uk,2α,n(r, t) ≡ 0, êàê ðàíåå ïîêàçàíî, òî â ñèëó (34) çàäà÷à (11α), (38) ñâîäèòñÿ ê
çàäà÷å Ïóàíêàðå (110), (36).

Òàêèì îáðàçîì, òåîðåìà äîêàçàíà è äëÿ çàäà÷è 2.
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ABSTRACT

This paper establishes the criterion for the uniqueness of the regular solution of the
Dirichlet and Poincare problems in a cylindrical domain for the multi-dimensional
Euler � Darboux � Poisson equation.
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