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Ê ôîðìèðîâàíèþ ïîëÿ îñòàòî÷íûõ íàïðÿæåíèé

â îêðåñòíîñòè ñôåðè÷åñêîé ïîëîñòè

âÿçêîóïðóãîïëàñòè÷åñêîãî ìàòåðèàëà

Ïðèâåäåíû òî÷íûå ðåøåíèÿ ïîñëåäîâàòåëüíîñòè îäíîìåðíûõ êðàåâûõ çàäà÷ î äåôîð-
ìèðîâàíèè îêðåñòíîñòè îäèíî÷íîãî ñôåðè÷åñêîãî äåôåêòà ñïëîøíîñòè âÿçêîóïðóãîïëà-
ñòè÷åñêîãî ìàòåðèàëà ãèäðîñòàòè÷åñêèì äàâëåíèåì ñ ïîñëåäóþùåé ðàçãðóçêîé è íàãðå-
âàíèåì. Ðàññ÷èòûâàþòñÿ óðîâåíü è ðàñïðåäåëåíèå îñòàòî÷íûõ íàïðÿæåíèé è ðåëàêñà-
öèÿ ïîñëåäíèõ ïðè íàãðåâàíèè. Ïðèíÿòî, ÷òî ñâîéñòâà ìàòåðèàëà ïîä÷èíÿþòñÿ ëèíåé-
íîé âÿçêîóïðóãîé ìîäåëè Ôîéãòà íà ñòàäèè, ïðåäâàðÿþùåé ïëàñòè÷åñêîå òå÷åíèå, è ïðè
ðàçãðóçêå, à ïðåäåë òåêó÷åñòè çàâèñèò îò òåìïåðàòóðû.

Êëþ÷åâûå ñëîâà: óïðóãîñòü, âÿçêîñòü, ïëàñòè÷íîñòü, îñòàòî÷íûå íàïðÿæåíèÿ.

1. Ââåäåíèå

Óñòàëîñòíàÿ ïðî÷íîñòü ìàòåðèàëîâ îïðåäåëÿåòñÿ, ãëàâíûì îáðàçîì, ñòåïåíüþ ðîñòà èõ
ïîâðåæäàåìîñòè [1], òî åñòü ðàçâèòèåì â íèõ äåôåêòíîé ñòðóêòóðû. Îñíîâíûìè ýëåìåíòàìè
òàêîé ñòðóêòóðû, îòâåòñòâåííûìè çà óñòàëîñòíóþ ïðî÷íîñòü, ÿâëÿþòñÿ äåôåêòû ñïëîøíî-
ñòè: ìèêðîïîðû, ìèêðîòðåùèíû. Òàêèå äåôåêòû ìîãóò ðàçâèâàòüñÿ, óâåëè÷èâàÿñü â ðàçìå-
ðàõ, à ìîãóò ¾çàëå÷èâàòüñÿ¿ [2, 3]. Â èäåàëüíîé óïðóãîïëàñòè÷åñêîé ñðåäå íàáëþäàëñÿ [4, 5]
ïîðîãîâûé ýôôåêò ïðèñïîñîáëÿåìîñòè äåôåêòîâ ñïëîøíîñòè ê öèêëè÷åñêèì íàãðóçêàì ïî
òèïó ¾íàãðóçêà � ðàçãðóçêà¿. Ïîñëå êàæäîé ðàçãðóçêè ãåîìåòðè÷åñêèå ðàçìåðû äåôåêòîâ
îñòàâàëèñü íåèçìåííûìè; íå èçìåíÿëèñü òàêæå óðîâåíü è ðàñïðåäåëåíèå îñòàòî÷íûõ íà-
ïðÿæåíèé â îêðåñòíîñòè äåôåêòîâ ñïëîøíîñòè. Î÷åâèäíî, ÷òî ïîäîáíàÿ ïàðàäîêñàëüíàÿ
ñèòóàöèÿ ñâÿçàíà ñ òåì, ÷òî íå ó÷èòûâàþòñÿ ðåîëîãè÷åñêèå ñâîéñòâà ìàòåðèàëà. Åñëè ó÷è-
òûâàòü âÿçêèå ñâîéñòâà ñðåäû â ïðîöåññàõ åå ïëàñòè÷åñêîãî òå÷åíèÿ, òî ðàçìåðû äåôåêòîâ
ñïëîøíîñòè áóäóò òîëüêî óâåëè÷èâàòüñÿ ñ ðîñòîì ÷èñëà öèêëîâ [5]. Â ðàáîòå [6] áûëà ðåøå-
íà êðàåâàÿ çàäà÷à òåîðèè áîëüøèõ äåôîðìàöèé äëÿ îäèíî÷íîãî äåôåêòà ïðè ó÷åòå âÿçêîñòè
íà ñòàäèÿõ, ïðåäøåñòâóþùèõ ïëàñòè÷åñêèì òå÷åíèÿì, è ïðè ðàçãðóçêå. Â ýòîé ðàáîòå áûëà
ïðåäïðèíÿòà ïîïûòêà îáúÿñíèòü, ÷òî óïðî÷íåíèå ìàòåðèàëà ïðîèñõîäèò çà ñ÷åò ¾çàëå÷èâà-
íèÿ¿ â íåì ìèêðîäåôåêòîâ ñïëîøíîñòè. Áûëî ïîêàçàíî, ÷òî òàêîé ýôôåêò äåéñòâèòåëüíî
íàáëþäàåòñÿ, íî êîëè÷åñòâåííî äàííûé ìåõàíèçì óïðî÷íåíèÿ, ñâÿçàííûé ñ óìåíüøåíèåì
äåôåêòîâ â ðàçìåðàõ ñ êàæäûì öèêëîì ¾íàãðóçêà-ðàçãðóçêà¿, îêàçàëñÿ íåçíà÷èòåëüíûì
èç-çà èñïîëüçîâàíèÿ â [6] òåíçîðíî-ëèíåéíîãî îïðåäåëÿþùåãî ñîîòíîøåíèÿ âÿçêîóïðóãîñòè
è óñëîâèÿ íåñæèìàåìîñòè ìàòåðèàëà. Â íàñòîÿùåé ñòàòüå îòêàæåìñÿ îò ïîñëåäíåãî îãðàíè-
÷åíèÿ, íî ñ öåëüþ ïîëó÷åíèÿ àíàëèòè÷åñêèõ ðåøåíèé îãðàíè÷èìñÿ ñëó÷àåì ìàëûõ äåôîð-
ìàöèé. Íåîáõîäèìî îòìåòèòü ïóáëèêàöèþ [7], ãäå äëÿ ñëó÷àÿ öèëèíäðè÷åñêîé ñèììåòðèè
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ïîëó÷åíî ðåøåíèå àíàëîãè÷íîé êðàåâîé çàäà÷è óïðóãîïëàñòè÷íîñòè, íî áåç ó÷åòà âÿçêèõ
ñâîéñòâ ìàòåðèàëà íà âñåõ ñòàäèÿõ åãî äåôîðìèðîâàíèÿ, âêëþ÷àÿ ïðîöåññû ðàçãðóçêè.

2. Àêòèâíîå íàãðóæåíèå

Ïîëàãàåì, ÷òî ïðîñòðàíñòâî çàïîëíåíî âÿçêîóïðóãîé ñðåäîé, ñâîéñòâà êîòîðîé çàäàþòñÿ
îïðåäåëÿþùåé çàâèñèìîñòüþ

σij = λekkδij + 2µeij + ξėkkδij + 2ηėij . (1)

Çäåñü σij , eij � êîìïîíåíòû òåíçîðîâ íàïðÿæåíèé è ìàëûõ äåôîðìàöèé; λ, µ � ïàðàìåòðû
Ëàìå; ξ, η � îáúåìíàÿ è ñäâèãîâàÿ âÿçêîñòü; òî÷êàìè îáîçíà÷åíû ïðîèçâîäíûå ïî âðåìåíè.
Ñîîòíîøåíèå (1) çàïèñàíî â ïðÿìîóãîëüíîé äåêàðòîâîé ñèñòåìå êîîðäèíàò è îïðåäåëÿåò
ëèíåéíóþ âÿçêîóïðóãóþ ñðåäó Ôîéãòà [8]. Ñ÷èòàåòñÿ, ÷òî ñðåäà ìîæåò äåôîðìèðîâàòüñÿ è
ïëàñòè÷åñêè, òàê ÷òî äëÿ ïîëíûõ äåôîðìàöèé dij ñïðàâåäëèâî ðàçëîæåíèå

dij = eij + pij =
1

2
(ui,j + uj,i) , εij =

1

2
(υi,j + υj,i) = ėij + ṗij = εeij + εpij . (2)

Â (2) ui, υi � êîìïîíåíòû âåêòîðîâ ïåðåìåùåíèé è ñêîðîñòåé òî÷åê ñîîòâåòñòâåííî.
Ïóñòü â áåçãðàíè÷íîé ñðåäå èìååòñÿ ñôåðè÷åñêàÿ ïîëîñòü ðàäèóñîì r0. Ïåðåõîäÿ ê ñôå-

ðè÷åñêîé ñèñòåìå êîîðäèíàò r, φ, θ, äåéñòâóþùóþ àêòèâíóþ íàãðóçêó çàäàäèì â âèäå

σrr |r=R = −β t , σrr |r=r0 = 0 , R≫ r0. (3)

Ïðåíåáðåãàÿ ñèëàìè èíåðöèè â óðàâíåíèè äâèæåíèÿ (êâàçèñòàòè÷åñêîå ïðèáëèæåíèå),
âî ââåäåííîé ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò â ðàññìàòðèâàåìîì ñëó÷àå ñôåðè÷åñêîé ñèì-
ìåòðèè óðàâíåíèå ðàâíîâåñèÿ çàïèñûâàåòñÿ â ôîðìå

σrr,r +
2

r
(σrr − σφφ) = 0.

Ïîêà ïëàñòè÷åñêîå òå÷åíèå íå ïðîèñõîäèò (pij = 0), óðàâíåíèå ðàâíîâåñèÿ ñ ó÷åòîì (1) è
(2) ïðèíèìàåò âèä

(λ+ 2µ)

(
u′′ + 2

u′

r
− 2

u

r2

)
+ (ξ + 2η)

d

dt

(
u′′ + 2

u′

r
− 2

u

r2

)
= 0, (4)

ãäå u = ur (r, t) � åäèíñòâåííàÿ îòëè÷íàÿ îò íóëÿ êîìïîíåíòà âåêòîðà ïåðåìåùåíèé; øòðè-
õîì îáîçíà÷åíà ÷àñòíàÿ ïðîèçâîäíàÿ ôóíêöèè ïî r. Ñ ó÷åòîì îäíîðîäíîãî íà÷àëüíîãî óñëî-
âèÿ, ïðîèíòåãðèðîâàâ (2), íàéäåì

u (r, t) = c1 (t) r +
c2 (t)

r2
,

σrr = (3λ+ 2µ) c1 + (3ξ + 2η) ċ1 −
4

r3
(µc2 + ηċ2) ,

σφφ = σrr +
6

r3
(µc2 + ηċ2) ,

c1 (t) =
β

γ0r30 (3λ+ 2µ)

(
d−1(1− e−dt)− t

)
,

c2 (t) =
β

4γ0µ

(
b−1(1− e−bt)− t

)
,

b =
µ

η
, d =

3λ+ 2µ

3ξ + 2η
, γ0 =

1

r30
− 1

R3
0

.

(5)
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Ðåøåíèå (5) ñïðàâåäëèâî òîëüêî äî òîãî ìîìåíòà âðåìåíè, êîãäà íàïðÿæåííîå ñîñòî-
ÿíèå â íåêîòîðîé òî÷êå ñðåäû âûéäåò íà ïîâåðõíîñòü íàãðóæåíèÿ. Â êà÷åñòâå ïîñëåäíåé
ïðèíèìàåì öèëèíäð Ìèçåñà

Φ(σrr, σθθ, σφφ) = (σrr − σθθ)
2 + (σθθ − σφφ)

2 + (σφφ − σrr)
2 − 8k2 = 0. (6)

Â (6) k ÿâëÿåòñÿ ïîñòîÿííîé ñðåäû (ïðåäåë òåêó÷åñòè). Ñîãëàñíî (6), ñðåäà îêàçûâàåòñÿ
ïëàñòè÷åñêè íåñæèìàåìîé. Äàëåå ïîëàãàþòñÿ âûïîëíåííûìè óñëîâèÿ ïðèíöèïà ìàêñèìó-
ìà, òî åñòü (6) ÿâëÿåòñÿ ïëàñòè÷åñêèì ïîòåíöèàëîì, è ñêîðîñòè ïëàñòè÷åñêèõ äåôîðìàöèé
ñâÿçûâàþòñÿ ñ íàïðÿæåíèÿìè àññîöèèðîâàííûì çàêîíîì ïëàñòè÷åñêîãî òå÷åíèÿ. Ïîäñòàâ-
ëÿÿ (5) â (6), ïîëó÷àåì, ÷òî âïåðâûå óñëîâèå ïëàñòè÷íîñòè âûïîëíèòñÿ íà ãðàíèöå ïîëîñòè
r = r0 â ìîìåíò âðåìåíè t0, âû÷èñëÿåìûé çàâèñèìîñòüþ

t0 =
1

q

(
1− r30

R3

)
, q =

3β

4k
.

Â ïîñëåäóþùåå çà t0 âðåìÿ â ñðåäå áóäóò ïðèñóòñòâîâàòü äâå îáëàñòè äåôîðìèðîâàíèÿ:
îáëàñòü m(t) ≤ r ≤ R, ãäå ìàòåðèàë ïðîäîëæàåò äåôîðìèðîâàòüñÿ âÿçêîóïðóãî, è îáëàñòü
r0 ≤ r ≤ m(t), ãäå îñóùåñòâëÿåòñÿ ïëàñòè÷åñêîå òå÷åíèå. Ïîëîæåíèå óïðóãîïëàñòè÷åñêîé
ãðàíèöû r = m(t) ñëåäóåò îïðåäåëèòü ðåøåíèåì çàäà÷è; îíî îäíîçíà÷íî ñâÿçàíî ñ çàäàâà-
åìûì íàãðóæàþùèì óñèëèåì. Ñ öåëüþ ïîëó÷åíèÿ àíàëèòè÷åñêîãî ðåøåíèÿ ïðèìåì m(t) â
âèäå

m(t) = r0e
β
4k

(t−t0). (7)

Äàííûé çàêîí ïðîäâèæåíèÿ óïðóãîïëàñòè÷åñêîé ãðàíèöû ÿâëÿåòñÿ ñëåäñòâèåì êðàåâîãî
óñëîâèÿ

σrr

∣∣∣
r=R

= −β
(
t− m3(t)− r30

qR3

)
ïðè t > t0. (8)

Â îáëàñòè âÿçêîóïðóãîãî äåôîðìèðîâàíèÿ m(t) ≤ r ≤ R çàâèñèìîñòè (5) îñòàþòñÿ ñïðàâåä-
ëèâûìè ñ òåì òîëüêî îòëè÷èåì, ÷òî ôóíêöèè c1 (t) è c2 (t) ñíîâà íåèçâåñòíûå. Ââåäåì äëÿ
äàííûõ ôóíêöèé íîâûå îáîçíà÷åíèÿ c1 = b1 (t), c2 = b2 (t), ó÷èòûâàÿ íà÷àëüíûå óñëîâèÿ
b1 (t0) = c1 (t0), b2 (t0) = c2 (t0). Ïðîèíòåãðèðîâàâ óðàâíåíèå ðàâíîâåñèÿ â îáëàñòè ïëàñòè-
÷åñêîãî òå÷åíèÿ r0 ≤ r ≤ m(t) ñ ó÷åòîì (6), íàéäåì

σrr = 4k ln
r0
r
, σφφ = 2k

(
2 ln

r0
r

− 1
)
. (9)

Íåèçâåñòíûå ôóíêöèè âðåìåíè b1 (t) è b2 (t) îïðåäåëèì èç óñëîâèÿ ðàâåíñòâà íàïðÿæå-
íèé íà óïðóãîïëàñòè÷åñêîé ãðàíèöå r = m(t):

b1 (t) = B

[
e−d(t−t0)

(
1

dt0
− q

d

)
− e−dt

dt0
− q

(
t− t0 −

1

d

)
− 1

]
,

b2 (t) =
k

3 (µ+ qη)

(
r30e

−b(t−t0) −m3(t)
)
+
kr30
3µ

(
e−b(t−t0)

(
η

µt0
− 1

)
− η

µt0
e−bt

)
,

B =
4k

3 (3λ+ 2µ)
.

(10)

Êîìïîíåíòû íàïðÿæåíèé â îáëàñòè ïëàñòè÷åñêîãî òå÷åíèÿ r0 ≤ r ≤ m (t), ñîãëàñíî (1),
ìîæíî âûðàçèòü ÷åðåç îáðàòèìûå äåôîðìàöèè:

σrr = (λ+ 2µ) err + 2λeφφ + (ξ + 2η) ėrr + 2ξėφφ,
σφφ = 2 (λ+ µ) eφφ + λerr + 2 (ξ + η) ėφφ + ξėrr.

(11)
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Ñðàâíèâàÿ çàâèñèìîñòè äëÿ σrr è σφφ (9) è (11), äëÿ îïðåäåëåíèÿ êîìïîíåíò óïðóãèõ äåôîð-
ìàöèé â îáëàñòè ïëàñòè÷åñêîãî òå÷åíèÿ, ïîëó÷èì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

(λ+ 2µ) err + 2λeφφ + (ξ + 2η) ėrr + 2ξėφφ = 4k ln r0
r ,

µ (err − eφφ) + η (ėrr − ėφφ) = k.
(12)

Ðåøåíèåì ñèñòåìû (12) ÿâëÿþòñÿ ôóíêöèè

err = 3F ln
r0
r

+
3λ

2µ
F +

2

3
z (r) e−bt + g (r) e−dt, eφφ = err −

k

µ
− z (r) e−bt, (13)

ãäå z (r), g (r) � íåèçâåñòíûå ôóíêöèè.
Ñëåäóÿ [9, 10], íàéäåì ïåðåìåùåíèÿ â îáëàñòè ïëàñòè÷åñêîãî òå÷åíèÿ. Ñîãëàñíî âûðà-

æåíèÿì (2), äëÿ ïðèðàùåíèé äåôîðìàöèé ñïðàâåäëèâû çàâèñèìîñòè

ddrr = derr + dprr, ddφφ = deφφ + dpφφ.

Èç àññîöèèðîâàííîãî çàêîíà ïëàñòè÷åñêîãî òå÷åíèÿ εpij = δ ∂Φ
∂σij

, ó÷èòûâàÿ, ÷òî ïîâåðõíîñòü

íàãðóæåíèÿ çàäàíà â âèäå (6), ïîëó÷èì

dprr
2

= −dpφφ = −dpθθ = dδ, εprr + 2εpφφ = 0. (14)

Ñîãëàñíî âòîðîé çàâèñèìîñòè (14), â ñëó÷àå ñôåðè÷åñêîé ñèììåòðèè ïðè èñïîëüçîâàíèè
óñëîâèÿ ïëàñòè÷íîñòè (6) ìàòåðèàë ÿâëÿåòñÿ ïëàñòè÷åñêè íåñæèìàåìûì. Èíòåãðèðóÿ ïî
âðåìåíè ïåðâîå ñîîòíîøåíèå (14), íàéäåì

prr = −2pφφ. (15)

Óñëîâèå (15), ñîãëàñíî âûðàæåíèÿì (2) è (12), ìîæåò áûòü ïåðåïèñàíî â âèäå

err + 2eφφ = u′ +
2u

r
. (16)

Èç âòîðîãî ñîîòíîøåíèÿ (13) è èç (16) ñëåäóþò çàâèñèìîñòè

err =
1

3

(
u′ +

2u

r
+

2k

µ
+ 2z (r) e−bt

)
, eφφ =

1

3

(
u′ +

2u

r
− k

µ
− z (r) e−bt

)
. (17)

Ïîäñòàíîâêà ïîñëåäíèõ çàâèñèìîñòåé â ïåðâîå óðàâíåíèå (12) ïîçâîëÿåò ïîëó÷èòü óðàâíå-
íèå äëÿ ïåðåìåùåíèé â îáëàñòè íåîáðàòèìîãî äåôîðìèðîâàíèÿ

(3λ+ 2µ)
(
u′ + 2

u

r

)
+ (3ξ + 2η)

d

dt

(
u′ + 2

u

r

)
− 4k

(
3 ln

r0
r

− 1
)
= 0. (18)

Ðåøåíèåì óðàâíåíèÿ (18) ÿâëÿåòñÿ ôóíêöèÿ

u = 3Br ln
r0
r

+ w (r) e−dt +
h (t)

r2
, (19)

ãäå h (t), w (r) � íåèçâåñòíûå ôóíêöèè. Èç ïåðâûõ çàâèñèìîñòåé (13) è (17) ïðè ó÷åòå (19)
ñëåäóåò

g (r) =
1

3

(
w′ (r) +

2w (r)

r

)
. (20)

Ñîãëàñíî (2), (13), (18) è (20), îïðåäåëèì êîìïîíåíòó prr ïëàñòè÷åñêèõ äåôîðìàöèé:

prr = −2

3
B
λ+ 2µ

µ
− 2h (t)

r3
+

2

3

(
w′ (r)− w (r)

r

)
e−dt − 2

3
z (r) e−bt. (21)
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Â îáëàñòè îáðàòèìîãî äåôîðìèðîâàíèÿ äëÿ êîìïîíåíò îáðàòèìûõ äåôîðìàöèé err = u′ =
b1 (t)− 2b2(t)

r3
, eφφ = u

r = b1 (t) +
b2(t)
r3

ïîëó÷àåì çàâèñèìîñòè

err + 2eφφ = 3b1 (t) , err − eφφ = −3b2 (t)

r3
. (22)

Óñëîâèå íåïðåðûâíîñòè êîìïîíåíò îáðàòèìûõ äåôîðìàöèé íà ãðàíèöå r = m (t) è ðàâåíñòâà
(13) è (22) ïîçâîëÿþò îïðåäåëèòü íåèçâåñòíûå ôóíêöèè z (r), g (r) íà óïðóãîïëàñòè÷åñêîé
ãðàíèöå:

g (m) = b1 (t) + F

(
3 ln

m

r0
+ 1

)
edt, z (m) = −

(
k

µ
+

3b2 (t)

m3

)
ebt. (23)

Ó÷èòûâàÿ ðàâåíñòâà (7) è (10), èç (23) ïîëó÷àåì

g (r) = B

[
edt0

(
1
dt0

+ q
d

((
r
r0

) 3d
q − 1

))
− 1

dt0

]
,

z (r) = kη
µ

[
ebt0

(
q

µ+qη − 1
µt0

)
+ 1

µt0

]
r30
r3

− q
µ+qηe

bt0
(

r
r0

) 3b
q
.

(24)

Èç óðàâíåíèÿ (20), ó÷èòûâàÿ çàâèñèìîñòü (24) äëÿ ôóíêöèè g (r), íàéäåì ôóíêöèþ w (r) ñ
òî÷íîñòüþ äî íåèçâåñòíîé ïîñòîÿííîé h0:

w (r) = Br

[
edt0

(
1

dt0
− q

d

)
− 1

dt0
+

q2edt0

d (d+ q)

(
r

r0

) 3d
q

]
+
h0
r2
. (25)

Íåèçâåñòíóþ ôóíêöèþ h1 (t) = h (t) + h0e
−dt îïðåäåëèì èç óñëîâèÿ íåïðåðûâíîñòè ïåðå-

ìåùåíèé â îáëàñòè âÿçêîóïðóãîãî äåôîðìèðîâàíèÿ (5) è â îáëàñòè ïëàñòè÷åñêîãî òå÷åíèÿ
(19) íà óïðóãîïëàñòè÷åñêîé ãðàíèöå r = m (t), ó÷èòûâàÿ ïîëó÷åííûå çàâèñèìîñòè (10) äëÿ
ôóíêöèé b1 (t) è b2 (t) è (25) äëÿ ôóíêöèè w (r)

h1 (t) = Bm3

[
3 ln m

r0
− e−dt

(
edt0

(
1
dt0

− q
d

)
− 1

dt0

)
− q2e−d(t−t0)

d(d+q)

(
m
r0

) 3d
q

]
+

+b1 (t)m
3 + b2 (t) .

(26)

Ïîäñòàíîâêà íàéäåííûõ ôóíêöèé z (r), w (r) è h1 (t) â âûðàæåíèÿ (19) è (21) ïîçâîëÿåò íàé-
òè îêîí÷àòåëüíûå çàâèñèìîñòè äëÿ êîìïîíåíò ïëàñòè÷åñêèõ äåôîðìàöèé è ïåðåìåùåíèé â
îáëàñòè ïëàñòè÷åñêîãî òå÷åíèÿ:

u = Br
[
3 ln r

r0
+
(
edt0

(
1
dt0

− q
d

)
− 1

dt0

)
e−dt −Am3

2r2

]
+

+
kηr30
3µr2

[
e−b(t−t0)

(
1

µt0
− q

µ+qη

)
− 1

µt0
e−bt

]
+

+Bq2e−d(t−t0)

d(d+q)

[
r
(

r
r0

) 3d
q − m3

r2

(
r
r0

) 3b
q

]
,

(27)

prr = −2pφφ = ψ1 + ψ2

(
r
r0

) 3d
q
e−d(t−t0) + ψ3

(
r
r0

) 3b
q
e−b(t−t0)+

+
(
m
r

)3 (
A+ ψ4e

−d(t−t0)
)
,

ψ1 = −3B(λ+2µ)
2µ ; ψ2 =

2Bq
d+q ; ψ3 =

2kqη
3µ(µ+qη) ,

ψ4 =
Bq2

d(d+q)

(
m
r0

) 3d
q
; A = 2B

[
q
(
t− t0 − 1

d

)
+ 1− 3 ln m

r0

]
+ 2k

3(µ+qη) .

Íà ðèñ. 1 è ðèñ. 2 ïðèâåäåíû ðàñïðåäåëåíèÿ áåçðàçìåðíûõ ïåðåìåùåíèé (ñïëîøíàÿ

ëèíèÿ) è íàïðÿæåíèé ñîîòâåòñòâåííî, ïðè ýòîì u → u (r)

R
, σ → σrr

λ+ 2µ
(ñïëîøíàÿ ëèíèÿ)
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è σ → σφφ
λ+ 2µ

(øòðèõîâàÿ ëèíèÿ) â çàâèñèìîñòè îò ïðîñòðàíñòâåííîé êîîðäèíàòû r
R â

ìîìåíò âðåìåíè τ1 =
µ

ξ
t1 = 253.02

(
m (t1)R

−1 = 0.17
)
. Ïîñòîÿííûå ñðåäû ïðèíèìàëèñü

ñëåäóþùèìè: λµ−1 = 4.1, kµ−1 = 0.00377, ξ0 =
kR0

ξv0
= 4.92 · 10−6

(
v0 =

√
k

ρ

)
,
η

ξ
= 2.09,

β0 =
βξ0
µ2

= 3.8 · 10−18, (ρ � ïëîòíîñòü ñðåäû).

Ðèñ. 1. Ðàñïðåäåëåíèå ïåðåìåùåíèé

Ðèñ. 2. Ðàñïðåäåëåíèå íàïðÿæåíèé â êîíå÷íûé ìîìåíò íàãðóçêè

3. Ïðîöåññ ðàçãðóçêè

Ñ÷èòàåì, ÷òî ñ ìîìåíòà âðåìåíè t = t1 > t0, ñðåäà ðàçãðóæàåòñÿ, íàïðèìåð, ïî çàêîíó

σrr

∣∣∣
r=R

= −θ [1− α (t− t1)] , θ = β

(
t2 −

m3(t1)− r30
qR3

)
, α = const. (28)
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Èçâåñòíî [4, 5, 11], ÷òî ïðè çíà÷èòåëüíîì óðîâíå äîñòèãíóòîãî íàãðóæàþùåãî óñèëèÿ θ
â ïðîöåññå ðàçãðóçêè âîçìîæíî ïîâòîðíîå ïëàñòè÷åñêîå òå÷åíèå, ñâÿçàííîå ñ âîçíèêàþùè-
ìè ðàñòÿãèâàþùèìè óñèëèÿìè â îêðåñòíîñòè ïîëîñòè. Ðàññìîòðèì ñíà÷àëà ñëó÷àé, êîãäà
θ òàêîâî, ÷òî ïîâòîðíîãî ïëàñòè÷åñêîãî òå÷åíèÿ íå âîçíèêàåò. Òîãäà â ïðîöåññå ðàçãðóçêè
ñóùåñòâóþò äâå îáëàñòè: îáëàñòü r0 ≤ r ≤ m (t1) = m1, ãäå íàêîïëåííûå ïëàñòè÷åñêèå
äåôîðìàöèè äàëåå ïðè ðàçãðóçêå íå èçìåíÿþòñÿ, è îáëàñòü m1 ≤ r ≤ R, ãäå ïëàñòè÷åñêèå
äåôîðìàöèè îòñóòñòâóþò. Â ïîñëåäíåé îáëàñòè ñïðàâåäëèâû çàâèñèìîñòè (5), ãäå ôóíêöèè
c1 (t) = a1 (t), c2 (t) = a2 (t) ñíîâà ñëåäóåò ñ÷èòàòü íåèçâåñòíûìè è îïðåäåëÿòü èõ ñîãëàñíî
íîâûì íà÷àëüíûì óñëîâèÿì ïðè t = t1 è íîâûì êðàåâûì óñëîâèÿì ïðè r = R è r = m1. Â
ýòîé îáëàñòè r0 ≤ r ≤ m1, ãäå ïëàñòè÷åñêèå äåôîðìàöèè ïðèñóòñòâóþò, êîìïîíåíòû íàïðÿ-
æåíèé, ñîãëàñíî (1), ìîæíî âûðàçèòü ÷åðåç ïåðåìåùåíèÿ u (r, t) è èçâåñòíûå íàêîïëåííûå
ïëàñòè÷åñêèå äåôîðìàöèè prr:

σrr = λ
(
u′ + 2

u

r

)
+ 2µ

(
u′ − prr

)
+ ξ

d

dt

(
u′ + 2

u

r

)
+ 2η

d

dt

(
u′ − prr

)
,

σrr − σφφ = 2µ

(
u′ − u

r
− 3

2
prr

)
+ 2η

d

dt

(
u′ − u

r
− 3

2
prr

)
,

err = u′ − prr, eφφ =
u

r
− pφφ =

u

r
+
prr
2
.

(29)

Åñëè, êàê è ðàíåå, ðàññìîòðåòü êâàçèñòàòè÷åñêèé ñëó÷àé, òî åñòü ïðåíåáðå÷ü ñèëàìè èíåð-
öèè â óðàâíåíèè äâèæåíèÿ, òî ïðè ïîäñòàíîâêå â íåãî íàïðÿæåíèé (29) ïîëó÷àåì äèôôå-
ðåíöèàëüíîå óðàâíåíèå äëÿ âû÷èñëåíèÿ ïåðåìåùåíèé:

(λ+ 2µ)

(
u′′ + 2

u′

r
− 2

u

r2

)
+ (ξ + 2η)

d

dt

(
u′′ + 2

u′

r
− 2

u

r2

)
=

=
12B

r0
e−d(t1−t0)

(
r

r0

) 3d
q
−1

− 4kη (b− q)

r0 (µ+ qη)
e−b(t1−t0)

(
r

r0

) 3b
q
−1

− 9B (λ+ 2µ)

r
.

(30)

Êàê ðàíåå îòìå÷àëîñü, âîçìîæíîñòü ïðåíåáðå÷ü ñèëàìè èíåðöèè ïðè çàïèñè (30) èìå-
åòñÿ, ïîñêîëüêó èõ âêëàä â ðàññìàòðèâàåìîì ìåäëåííîì ïðîöåññå ðàçãðóçêè íåçíà÷èòåëåí.
Íåèçìåííûå ñî âðåìåíåì ïëàñòè÷åñêèå äåôîðìàöèè èñêëþ÷åíû â (30) ïðè ïîìîùè âòîðîé
çàâèñèìîñòè èç (27), åñëè ïîëîæèòü â íåé t = t1. Ïåðâàÿ èç çàâèñèìîñòåé (27) ïðè t = t1
ÿâëÿåòñÿ íà÷àëüíûì óñëîâèåì äëÿ (30). Èíòåãðèðóÿ óðàâíåíèå (27)ïðè òàêîì íà÷àëüíîì
óñëîâèè, íàéäåì

u = Br (1− 3 ln r) + q1r0

(
1 +

3λ+ 2µ

2µ
e−a(t−t1)

)(
r

r0

) 3d
q
+1

+

+ q2r0

(
1− e−a(t−t1)

)( r

r0

) 3b
q
+1

+ y1 (t) r +
y2 (t)

r2
,

q1 =
4Bµq2

3d (λ+ 2µ) (d+ q)
e−d(t1−t0), a =

λ+ 2µ

ξ + 2η
,

q2 =
4kηq2

9b (λ+ 2µ) (µ+ qη)
e−b(t1−t0).

(31)

Ôóíêöèè y1 (t) è y2 (t) â (31) ñëåäóåò îïðåäåëèòü ñîãëàñíî íà÷àëüíûì è êðàåâûì óñëî-
âèÿì çàäà÷è.

Ïîäñòàíîâêà êîìïîíåíò ïëàñòè÷åñêèõ äåôîðìàöèé (27) è ïåðåìåùåíèé (31) â çàâèñèìî-
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ñòè äëÿ êîìïîíåíò íàïðÿæåíèé (29) ïðèâîäèò ê ñîîòíîøåíèÿì

σrr = (3λ+ 2µ) y1 (t) + (3ξ + 2η) ẏ1 (t)−
4

r3
(µy2 (t) + ηẏ2 (t)) +H4

m3
1

r3
+

+ 4k

(
1

3
− ln r

)
+

(
r

r0

) 3b
q (

H +H1e
−a(t−t1)

)
+

(
r

r0

) 3d
q (

H2 +H3e
−a(t−t1)

)
,

σrr − σφφ =

(
r

r0

) 3b
q (

M +M1e
−a(t−t1)

)
+

(
r

r0

) 3d
q (

M2 +M3e
−a(t−t1)

)
+

+ 2k +M4
m3

1

r3
− 4

r3
(µy2 (t) + ηẏ2 (t)) ,

H = (3λ+ 2µ) q2, H1 = −lq2, H2 = (3λ+ 2µ) q1, H3 = lq3,

H4 = 4µB

[
3 ln

m1

r0
− q

(
t1 − t0 −

1

d

)
− 1−

(
m1

r0

) 3d
q q2

d (d+ q)
e−d(t1−t0)

]
−

− 4kµ

3 (µ+ qη)
, M =

6b

q
µq2 −

2kqη

µ+ qη
e−b(t1−t0), M1 =

3b

2q
lq2,

M2 =
3d

2q
µq1, M3 = −3d

2q
lq3, M4 =

3

2
H4, l =

4 (λη − µξ)

ξ + 2η
.

(32)

Èñïîëüçóÿ âòîðîå ãðàíè÷íîå óñëîâèå èç (3), ïîëó÷èì

σrr = 4k ln
r0
r

+H4

(
m3

1

r3
− m3

1

r30

)
+

((
r

r0

) 3b
q

− 1

)(
H +H1e

−a(t−t1)
)
+

+

((
r

r0

) 3d
q

− 1

)(
H2 +H3e

−a(t−t1)
)
− 4

(
1

r3
− 1

r30

)
(µy2 + ηẏ2) ,

(3λ+ 2µ) y1 + (3ξ + 2η) ẏ1 = 4k

(
ln r0 −

1

3

)
+

4

r30
(µy2 + ηẏ2)−

−H −H2 − e−a(t−t1) (H1 +H3)−H4
m3

1

r30
.

(33)

Èç óñëîâèÿ ðàâåíñòâà íàïðÿæåíèé σrr íà ãðàíèöå r = m1 ñëåäóåò óðàâíåíèå

(y2 − γa2) + η (ẏ2 − γȧ2) = −γ1
(
θ [1− α (t− t1)] +Ne−a(t−t1) +N1

)
,

γ =
r30
(
m3

1 −R3
)

R3
(
m3

1 − r30
) , γ1 =

r30m
3
1

4
(
m3

1 − r30
) ,

N = H1

((
m1

r0

) 3b
q

− 1

)
+H3

((
m1

r0

) 3d
q

− 1

)
,

N1 = 4k ln
r0
m1

+H

((
m1

r0

) 3b
q

− 1

)
+H2

((
m1

r0

) 3d
q

− 1

)
+H4

(
1− m3

1

r30

)
.

(34)

Ðåøåíèå óðàâíåíèÿ (34) ïîëó÷àåì â âèäå

y2 (t) = γa2 (t)−
γ1
µ

(
N1 + θ [1− α (t− t1)]−

αθ

b

)
+

γ1N

η (a− b)
e−a(t−t1) +N2e

−b(t−t1),

N2 = y2 (t1)− γa2 (t1) +
γ1
µ

(
N1 + θ − αθ

b

)
− γ1N

η (a− b)
.

(35)
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Ôóíêöèè y2 (t1) è a2 (t1), òàê æå, êàê è ôóíêöèè y1 (t1) è a1 (t1) ÿâëÿþòñÿ èçâåñòíûìè
ôóíêöèÿìè � ñîãëàñíî óñëîâèþ ñîâïàäåíèÿ ïåðåìåùåíèé â îáëàñòè m1 ≤ r ≤ R0 â ìîìåíò
âðåìåíè t = t1. Èç âòîðîé çàâèñèìîñòè (5) è âòîðîãî ñîîòíîøåíèÿ (33), èñïîëüçóÿ óñëîâèå
(28) è çàâèñèìîñòè (35), ïîëó÷àåì óðàâíåíèå

(3λ+ 2µ)

(
y1 − γ

R3

r30
a1

)
+ (3ξ + 2η)

(
ẏ1 − γ

R3

r30
ȧ1

)
= − R3

m3
1 − r30

θ [1− α (t− t1)]+

+N3e
−a(t−t1) +N4, N3 = − m3

1

m3
1 − r30

N −H1 −H3,

N4 = 4k

(
ln r0 −

1

3

)
− m3

1

m3
1 − r30

N1 −H −H2 −H4
m3

1

r30
.

(36)

Ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä

y1 (t) =
m3

1 −R3

m3
1 − r30

a1 (t) +
1

3λ+ 2µ

[
N4 −

R3

m3
1 − r30

(
θ [1− α (t− t1)] +

aθ

d

)]
+

+
N3

(3ξ + 2η) (d− a)
e−a(t−t1) +N5e

−d(t−t1),

N5 = y1 (t1)− γa1 (t1)
R3

r30
− 1

3λ+ 2µ

[
N4 −

R3

m3
1 − r30

θ
(
1 +

a

d

)]
−

− N3

(3ξ + 2η) (d− a)
.

(37)

Èç óñëîâèÿ ðàâåíñòâà ïåðåìåùåíèé ïðè r = m1, èñïîëüçóÿ íàéäåííûå çàâèñèìîñòè (35)
ìåæäó ôóíêöèÿìè a2 (t) è y2 (t) è (37) ìåæäó ôóíêöèÿìè a1 (t) è y1 (t), ôóíêöèþ a1 (t)
ìîæíî âûðàçèòü ÷åðåç a2 (t):

a1 (t) = − 1

R3
a2 (t) + γ2

(
N6 −N7θ [1− α (t− t1)] +N5m1e

−d(t−t1) +
N2

m2
1

e−b(t−t1)

)
,

N6 = 3Bm1 ln
r0
m1

+ q1r0

(
m1

r0

) 3b
q
+1

+ q2r0

(
m1

r0

) 3d
q
+1

− γ

µm2
1

(
N +

αθ

b

)
−

− m1

3λ+ 2µ

(
1

m3
1 − r30

(
R3αθ

d
+m3

1N +H +H2 +H4
m3

1

r30

))
,

N7 =
m1

m3
1 − r30

(
R3

3λ+ 2µ
+
r30
4µ

)
, γ2 =

m3
1 − r30

m1

(
R3 − r30

) .
(38)

Äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ôóíêöèè a2 (t) ñëåäóåò èç óñëîâèÿ ðàâåíñòâà íàïðÿ-
æåíèé íà óïðóãîïëàñòè÷åñêîé ãðàíèöå r = m1. Ñ èñïîëüçîâàíèåì (38) òàêîå óðàâíåíèå
çàïèñûâàåòñÿ â ôîðìå

3 (λ+ 2µ) a2 + 3 (ξ + 2η) ȧ2 = −R3
(
N8 −N9θ [1− α (t− t1)] +N10m1e

−b(t−t1)
)
,

N8 = −γ2 ((3λ+ 2µ)N6 + (3ξ + 2η)αθN7) ,

N9 = 1− (3λ+ 2µ) γ2N7, N10 =
γ2
m2

1

N2 (3λ+ 2µ− b (3ξ + 2η)) .

(39)

Ðåøåíèåì óðàâíåíèÿ (39) ÿâëÿåòñÿ ôóíêöèÿ

a2 (t) = − R3

3 (ξ + 2η)

[
1

a
(N8 −N9θ [1− α (t− t1)]) +N10

e−b(t−t1)

a− b
−N9

αθ

a2

]
+

+N11e
−a(t−t1),

N11 = a2 (t1) +
R3

3 (ξ + 2η)

[
1

a

(
N8 −N9θ

(
1 +

α

a

))
+

N10

a− b

]
.

(40)
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Òàêèì îáðàçîì, ïî èçâåñòíîé ôóíêöèè a2 (t) èç ñîîòíîøåíèé (38), (37) è (35) íàõîäèì
a1 (t), y1 (t) è y2 (t).

4. Ïîâòîðíîå ïëàñòè÷åñêîå òå÷åíèå ïðè ðàçãðóçêå

Â ñëó÷àå âîçíèêíîâåíèÿ ïðè ðàçãðóçêå ïîâòîðíîãî ïëàñòè÷åñêîãî òå÷åíèÿ [4, 11], âû-
çûâàåìîãî ðàñòÿãèâàþùèìè íàïðÿæåíèÿìè â îêðåñòíîñòè ãðàíèöû r = r0, ïîëó÷åííîå â
îáëàñòè r0 ≤ r ≤ m(t) ðåøåíèå íåïðèìåíèìî. Ïîëàãàåì, ÷òî ïðîöåññ ðàçãðóçêè ïðîèñõîäèò,
â ñîîòâåòñòâèè ñ ðàíåå ïîëó÷åííûì ðåøåíèåì, äî ìîìåíòà âðåìåíè t = t2. Â ïîñëåäóþùåå
âðåìÿ îò ãðàíèöû r = r0 ðàçâèâàåòñÿ íîâàÿ îáëàñòü òå÷åíèÿ â óñëîâèÿõ ïðîäîëæàþùåéñÿ
ðàçãðóçêè. Òåïåðü óðàâíåíèå ðàâíîâåñèÿ ñëåäóåò ïðîèíòåãðèðîâàòü â òðåõ îáëàñòÿõ: â îá-
ëàñòè m1 ≤ r ≤ R, ãäå ïëàñòè÷åñêèå äåôîðìàöèè îòñóòñòâóþò; â îáëàñòè f (t) ≤ r ≤ m1,
ãäå íàêîïëåííûå ïëàñòè÷åñêèå äåôîðìàöèè íå èçìåíÿþòñÿ; è â îáëàñòè ïîâòîðíîãî ïëà-
ñòè÷åñêîãî òå÷åíèÿ r0 ≤ r ≤ f (t). Â ïåðâîé èç ýòèõ îáëàñòåé ïåðåìåùåíèÿ è íàïðÿæåíèÿ
ñîîòâåòñòâóþò çàâèñèìîñòÿì (5), â êîòîðûõ íåèçâåñòíûå ôóíêöèè c1 (t) è c2 (t) íåîáõîäèìî
íàéòè, èñïîëüçóÿ íîâûå êðàåâûå óñëîâèÿ. Âî âòîðîé îáëàñòè äëÿ ïåðåìåùåíèé è íàïðÿ-
æåíèé ñïðàâåäëèâûìè îñòàþòñÿ çàâèñèìîñòè (9), (13) è (19). Îäíàêî â íèõ íåèçâåñòíûå
ôóíêöèè z (r), g (r), w (r) è h (t) ïîäëåæàò îïðåäåëåíèþ, èñõîäÿ èç íîâûõ êðàåâûõ è íà-
÷àëüíûõ óñëîâèé.

Èíòåãðèðóÿ óðàâíåíèå ðàâíîâåñèÿ â îáëàñòè ïîâòîðíîãî ïëàñòè÷åñêîãî òå÷åíèÿ, ïîëó-
÷àåì

σrr = −4k ln
r0
r
, σφφ = 2k

(
2 ln

r

r0
+ 1

)
. (41)

Óïðóãèå äåôîðìàöèè è ïåðåìåùåíèÿ â äàííîé îáëàñòè íàéäåì àíàëîãè÷íî ïðèâåäåííîé
âûøå öåïî÷êå ñîîòíîøåíèé (11) � (20). Íà òàêîì ïóòè ñëåäóåò

err = −3B ln
r0
r

+
3λ

2µ
B +

2

3
z1 (r) e

−bt + g1 (r) e
−dt,

eφφ = err +
k

µ
− z1 (r) e

−bt,

u = 3Br ln
r0
r

+ w1 (r) e
−dt +

h1 (t)

r2
,

g1 (r) =
1

3

(
w′
1 (r) +

2w1 (r)

r

)
.

(42)

Ñîîòíîøåíèÿìè (42) ââîäÿòñÿ íîâûå íåèçâåñòíûå ôóíêöèè z1 (r), g1 (r), w1 (r) è h1 (t).
Äëÿ èõ îòûñêàíèÿ ñëåäóåò âîñïîëüçîâàòüñÿ íà÷àëüíûìè è êðàåâûìè óñëîâèÿìè. Ê íèì
îòíîñÿòñÿ íàéäåííîå â ïðåäûäóùåì ïóíêòå ðåøåíèå, âû÷èñëåííîå ïðè t = t2, è óñëîâèå
íåïðåðûâíîñòè ïåðåìåùåíèé è íàïðÿæåíèé ïðè r = f (t).

Ñïîñîá íàõîæäåíèÿ, ñîãëàñíî ýòèì óñëîâèÿì, íåèçâåñòíûõ ôóíêöèé c1 (t), c2 (t), z (r),
g (r), w (r), h (t), z1 (r), g1 (r), w1 (r) è h1 (t) ìàëî îòëè÷àåòñÿ îò òîãî, êàêèì âû÷èñëÿëàñü
÷àñòü òàêèõ ôóíêöèé â ïðåäûäóùåì ïàðàãðàôå, ïîýòîìó çäåñü îïóñêàåì ñîîòâåòñòâóþùèå
ãðîìîçäêèå âû÷èñëåíèÿ. Ïðèâåäåì ëèøü ãðàôè÷åñêèå çàâèñèìîñòè, èëëþñòðèðóþùèå ðå-
øåíèÿ. Â ìîìåíò âðåìåíè τk = 6692.8 (êîíå÷íûé ìîìåíò ðàçãðóçêè) ðàñïðåäåëåíèå áåçðàç-
ìåðíûõ îñòàòî÷íûõ íàïðÿæåíèé ïðåäñòàâëåíî íà ðèñ. 3.

Îòìåòèì îñíîâíûå êà÷åñòâåííûå îñîáåííîñòè â ïîâåäåíèè ñôåðè÷åñêîé ïîðû è â ðàñ-
ïðåäåëåíèè îñòàòî÷íûõ íàïðÿæåíèé â åå îêðåñòíîñòè, ñëåäóþùèå èç ïîëó÷åííûõ ðåøåíèé
ñîîòâåòñòâóþùèõ êðàåâûõ çàäà÷ òåîðèè âÿçêîóïðóãîñòè. Ïîñëå ðàçãðóçêè ðàçìåðû ïîëî-
ñòè óìåíüøàþòñÿ è äàëåå ïðàêòè÷åñêè íå èçìåíÿþòñÿ çà ñ÷åò ïðîäîëæàþùåéñÿ ïîëçó÷åñòè
ìàòåðèàëà. Òàêæå åäâà çàìåòíîé îêàçûâàåòñÿ è ïîñëåðàçãðóçî÷íàÿ ðåëàêñàöèÿ îñòàòî÷-
íûõ íàïðÿæåíèé. Òàêèì îáðàçîì, ïðè ó÷åòå ðåîëîãè÷åñêèõ ñâîéñòâ ìàòåðèàëà íà ñòàäèÿõ,
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Ðèñ. 3. Ðàñïðåäåëåíèå íàïðÿæåíèé ïðè ïîëíîé ðàçãðóçêå

ïðåäâàðÿþùèõ ïëàñòè÷åñêîå òå÷åíèå, è íà ñòàäèÿõ ðàçãðóçêè îòìå÷àåì ýôôåêò óïðî÷íåíèÿ
ìàòåðèàëà çà ñ÷åò åãî èíòåíñèâíîãî ãèäðîñòàòè÷åñêîãî ñæàòèÿ. Îäíàêî êîëè÷åñòâåííàÿ ñòî-
ðîíà äàííîãî ýôôåêòà íåçíà÷èòåëüíà, ÷òî ïðîòèâîðå÷èò îïûòíûì äàííûì. Ñ÷èòàåì, ÷òî
òàêîé ýôôåêò ñâÿçàí ñ èñïîëüçîâàíèåì òåîðèè ìàëûõ äåôîðìàöèé â óñëîâèÿõ ëèíåéíîé
çàâèñèìîñòè íàïðÿæåíèé îò äåôîðìàöèé è ñêîðîñòåé èõ èçìåíåíèÿ.

5. Âëèÿíèå íàãðåâà íà èíòåíñèôèêàöèþ ïðîöåññà

ðåëàêñàöèè íàïðÿæåíèé

Óìåíüøåíèå óðîâíÿ îñòàòî÷íûõ íàïðÿæåíèé ñâÿçàíî ñ òåõíîëîãè÷åñêèì ïðèåìîì îòïóñ-
êà, îñíîâàííîì íà íàãðåâàíèè ãîòîâîãî èçäåëèÿ è âûäåðæèâàíèè åãî ïðè òàêîé ïîâûøåííîé
òåìïåðàòóðå. Ïîëàãàåì, ÷òî â ìîìåíò âðåìåíè t = t3 íàãðóæàþùåå äàâëåíèå óìåíüøèëîñü
äî íóëÿ. Ñ÷èòàåì, ÷òî äîñòèãíóòûé óðîâåíü íàïðÿæåíèé â òàêîì ìåõàíè÷åñêîì âîçäåé-
ñòâèè íå ïðèâîäèò ê âîçíèêíîâåíèþ ïîâòîðíîãî ïëàñòè÷åñêîãî òå÷åíèÿ. Íà÷èíàÿ ñ ìîìåí-
òà âðåìåíè t = t3, íàãðåâàåì ìàòåðèàë èçäåëèÿ. Äëÿ âû÷èñëåíèÿ íàïðÿæåíèé èñïîëüçóåì
îáîáùåííûé çàêîí Äþãàìåëÿ � Íåéìàíà:

σij = (λekk − α0ζ(t) + ξεekk) δij + 2µeij + 2ηεeij ,

α0 = 3KαT−1
0 , ζ(t) =

T (t)− T0
T0

, εeij = ėij ,
(43)

K = λ+
2

3
µ � êîýôôèöèåíò âñåñòîðîííåãî ñæàòèÿ, α � êîýôôèöèåíò ëèíåéíîãî ðàñøèðåíèÿ.

Çàäàäèì ôóíêöèþ ζ(t) â âèäå ëèíåéíîé çàâèñèìîñòè îò âðåìåíè

ζ(t) = γ(t− t3).

Â îáëàñòè âÿçêîóïðóãîãî äåôîðìèðîâàíèÿ m1 ≤ r ≤ R ïåðåìåùåíèÿ îïðåäåëÿþòñÿ
óðàâíåíèåì ðàâíîâåñèÿ è èìåþò âèä

u (r, t) = a3 (t) r +
a4 (t)

r2
. (44)

Ïðè ýòîì, ñîãëàñíî íà÷àëüíûì óñëîâèÿì, a3 (t3) = a1 (t3), a4 (t3) = a2 (t3). Ñ ó÷åòîì

156



êðàåâîãî óñëîâèÿ σrr |r=R = 0 , èñõîäÿ èç (43) è (44), ïîëó÷èì

σrr = 4

(
1

R3
− 1

r3

)
(µa4 + ηȧ4) ,

σrr − σφφ = − 6

r3
(µa4 + ηȧ4) ,

(3λ+ 2µ) a3 + (3ξ + 2η) ȧ3 =
4

R3
(µa4 + ηȧ4) + α0ζ(t).

(45)

Â îáëàñòè ñ íàêîïëåííûìè ïëàñòè÷åñêèìè äåôîðìàöèÿìè r0 ≤ r ≤ m1 ïîñëåäíèå íåèç-
ìåííû (òåïëîâîå ðàñøèðåíèå îòíîñèì ê îáðàòèìîìó ïðîöåññó äåôîðìèðîâàíèÿ) è, ñîãëàñíî
âòîðîé çàâèñèìîñòè (27), çàïèñûâàþòñÿ â âèäå

prr = −2pφφ = ψ1 + ψ2

(
r

r0

) 3d
q

e−d(t1−t0) + ψ3

(
r

r0

) 3b
q

e−b(t1−t0)+

+
(m1

r

)3 (
A1e

−d(t1−t0) +A2

)
, A1 =

Bq2

d (d+ q)

(
m1

r0

) 3d
q

,

A2 = 2B

[
q

(
t1 − t0 −

1

d

)
+ 1 + 3 ln

m1

r0

]
+

2k

3 (µ+ qη)
.

(46)

Èñêëþ÷àÿ ñ ïîìîùüþ (46) íåîáðàòèìûå äåôîðìàöèè èç ðàññìîòðåíèÿ, ïîëó÷àåì ðàñ-
ïðåäåëåíèå íàïðÿæåíèé è, êàê ñëåäñòâèå ðåøåíèÿ óðàâíåíèÿ ðàâíîâåñèÿ, ïåðåìåùåíèé:

σrr = 4k ln
r0
r

+H4

(
m3

1

r3
− m3

1

r30

)
+

((
r

r0

) 3b
q

− 1

)(
H +H1e

−a(t−t1)
)
+

+

((
r

r0

) 3d
q

− 1

)(
H2 +H3e

−a(t−t1)
)
− 4

(
1

r3
− 1

r30

)
(µx4 + ηẋ4) ,

σrr − σφφ =

(
r

r0

) 3b
q (

M +M1e
−a(t−t1)

)
+

(
r

r0

) 3d
q (

M2 +M3e
−a(t−t1)

)
+

+ 2k +M4
m3

1

r3
− 6

r3
(µx4 (t) + ηẋ4 (t)) ,

u = Br (1− 3 ln r) + q1r0

(
r

r0

) 3d
q
+1

+ q2r0

(
r

r0

) 3b
q
+1

+

+ e−a(t−t1)r0

(
q3

(
r

r0

) 3d
q
+1

− q2

(
r

r0

) 3b
q
+1
)

+ x3 (t) r +
x4 (t)

r2
.

(47)

Ïðè çàïèñè (47) ó÷èòûâàëîñü îòñóòñòâèå ðàäèàëüíîãî íàïðÿæåíèÿ íà ãðàíèöå r = r0.
Ôóíêöèè x3 (t) è x4 (t) â (47) íåèçâåñòíû; äëÿ íèõ âûïîëíåíû íà÷àëüíûå óñëîâèÿ x3 (t3) =
x1 (t3), x4 (t3) = x2 (t3). Êðàåâûå óñëîâèÿ, çàêëþ÷àþùèåñÿ â ðàâåíñòâå íàïðÿæåíèé σrr
ïðè r = m1, âìåñòå ñ ïîñëåäíèì ñîîòíîøåíèåì èç (45) ïîçâîëÿþò çàïèñàòü îáûêíîâåííûå
äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ ýòèõ ôóíêöèé:

(3λ+ 2µ)

(
x3 − γ

R3

r30
a3

)
+ (3ξ + 2η)

(
ẋ3 − γ

R3

r30
ȧ3

)
=

=
R3 − r30
m3

1 − r30
α0ζ(t) +N3e

−a(t−t1) +N4,

µ (x4 − γa4) + η (ẋ4 − γȧ4) = −γ1
(
Ne−a(t−t1) +N1

)
.

(48)
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Â óðàâíåíèÿ (48) âõîäÿò ÷åòûðå íåèçâåñòíûõ ôóíêöèè. Èíòåãðèðîâàíèå (48) ïîçâîëÿåò
óñòàíîâèòü çàâèñèìîñòü ìåæäó íèìè:

x3 (t) =
m3

1 −R3

m3
1 − r30

a3 (t) +
1

3λ+ 2µ

[
N4 +

R3 − r30
m3

1 − r30
α0γ

(
t− t3 −

1

d

)]
+

+
N3

(3ξ + 2η) (d− a)
e−a(t−t1) + Γ1e

−d(t−t3),

x4 (t) = γa4 (t)−
γ1N1

µ
+

γ1N

η (a− b)
e−a(t−t1) + Γ2e

−b(t−t1),

Γ1 = x3 (t3)−
m3

1 −R3

m3
1 − r30

a3 (t3)−
1

3λ+ 2µ

[
N4 −

R3 − r30
m3

1 − r30

α0γ

d

]
−

− N3

(3ξ + 2η) (d− a)
e−a(t3−t1),

Γ2 = x4 (t3)− γa4 (t3) +
γ1N1

µ
− γ1N

η (a− b)
e−a(t3−t1).

Ñâÿçü ìåæäó ôóíêöèÿìè a3 (t) è a4 (t) íàõîäèòñÿ èç óñëîâèÿ ðàâåíñòâà ïåðåìåùåíèé íà
óïðóãîïëàñòè÷åñêîé ãðàíèöå r = m1:

a3 (t) = − 1

R3
a4 (t) + γ2

(
N6 +N5m1e

−d(t−t1) +
N2

m2
1

e−b(t−t1)

)
+
α0γ

(
t− t3 − d−1

)
3λ+ 2µ

.

Ïîäñòàíîâêà ïîñëåäíåé çàâèñèìîñòè â ïîñëåäíåå ñîîòíîøåíèå (45) ïîçâîëÿåò íàéòè a4 (t)
è, ñëåäîâàòåëüíî, âñå íåèçâåñòíûå ôóíêöèè èíòåãðèðîâàíèÿ:

a4 (t) = − R3

3 (ξ + 2η)

[
N11

a
+N10

e−b(t−t3)

a− b

]
+ Γ3e

−a(t−t3),

Γ3 = a4 (t3) +
R3

3 (ξ + 2η)

[
N8

a
+

N10

a− b

]
, N11 = γ2 (3λ+ 2µ)N6.

Ðàñ÷åòû îñòàòî÷íûõ íàïðÿæåíèé ïî çàâèñèìîñòÿì ïîëó÷åííûõ òî÷íûõ ðåøåíèé ïîêà-
çàëè, ÷òî èõ çàìåòíîé ðåëàêñàöèè ïðè íàãðåâàíèè íå ïðîèñõîäèò. Äàííûé îïûòíûé ôàêò
íå ìîæåò áûòü ïðîìîäåëèðîâàí íà îñíîâå ëèíåéíîé âÿçêîóïðóãîé ìîäåëè Ôîéãòà äàæå â
óñëîâèÿõ ïàäåíèÿ ïðåäåëà òåêó÷åñòè ìàòåðèàëà ñ ðîñòîì òåìïåðàòóðû. Äëÿ ìîäåëèðîâàíèÿ
òåõíîëîãè÷åñêîãî ïðèåìà îòïóñêà ìàòåðèàëà èçäåëèé íåîáõîäèìî èñïîëüçîâàòü íåëèíåéíûå
ìîäåëè ïîëçó÷åñòè, íå îãðàíè÷èâàÿñü ñëó÷àåì ìàëûõ äåôîðìàöèé.
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Burenin À.À., Kovtaniuk L.V., Terletskiy I. A. To the Formation of Residual Stress
Field in the Vicinity of a Spherical Cavity Viscoelastoplastic Material. Far Eastern
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ABSTRACT

Exact solution of a sequence of one-dimensional boundary value problems on the
formation of a neighborhood of single spherical defect continuity viscoelastoplastic
hydrostatic pressure, followed by unloading and heating are resulted. The level and
distribution of residual stresses and the relaxation of the latter when heated are
calculated. It is accepted, that properties of a material submit to linear viscoelastic
Voigt model at a stage anticipating plastic �ow, and at unloading, and the yield
stress depends on temperature.
Key words: elasticity, viscosity, plasticity, residual stresses.


