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Àñèìïòîòè÷åñêèå ôîðìóëû

äëÿ äèíàìè÷åñêèõ õàðàêòåðèñòèê ÷àñòèöû

â îêðåñòíîñòè ðåçîíàíñà

Ïîñòðîåíû àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ïåðåìåííûõ äåéñòâèå-óãîë ïðè ìàëûõ è áîëü-
øèõ ýíåðãèÿõ ÷àñòèöû â îêðåñòíîñòè íåëèíåéíîãî ðåçîíàíñà. Ïîëó÷åíà îöåíêà ïîãðåø-
íîñòè ïðèáëèæåíèÿ ïî ïàðàìåòðó, ñâÿçàííîìó ñ ýíåðãèåé, è âû÷èñëåíû íåêîòîðûå õà-
ðàêòåðèñòèêè ýòàëîííîãî ãàìèëüòîíèàíà.

Êëþ÷åâûå ñëîâà: íåëèíåéíàÿ äèíàìèêà, ïîòåíöèàë Ëåííàðäà � Äæîíñà, àñèìïòîòè-

÷åñêîå ïîâåäåíèå.

Ââåäåíèå

Ïðè èçó÷åíèè ïðîáëåì íåëèíåéíîé äèíàìèêè îäíîìåðíûå öåïî÷êè ÷àñòèö áûëè ïðåäìå-
òîì ðàññìîòðåíèÿ ìíîãèõ èññëåäîâàòåëåé. Õîðîøî èçâåñòíî [1], ÷òî â ýòèõ öåïî÷êàõ ìîæåò
âîçíèêàòü äåòåðìèíèðîâàííûé õàîñ, äàëüíåéøåå èññëåäîâàíèå êîòîðîãî ïîêàçàëî, ÷òî ïî-
âåäåíèå öåïî÷åê îòðàæàåò îáùèå ÷åðòû õàîòè÷åñêîé äèíàìèêè, íàïðèìåð, âîçíèêíîâåíèå
ñòîõàñòè÷åñêîãî ñåïàðàòðèñíîãî ñëîÿ, ôîðìèðîâàíèå íåëèíåéíûõ ðåçîíàíñîâ è ò.ï. Äëÿ îä-
íîìåðíîé ñèñòåìû ñîîòâåòñòâóþùàÿ ìîäåëüíàÿ çàäà÷à ñâîäèòñÿ ê ðàññìîòðåíèþ äâèæåíèÿ
÷àñòèöû ìàññû m â ÿ÷åéêå: ñëåâà ÷àñòèöà âçàèìîäåéñòâóåò ñ íåïîäâèæíîé ÷àñòèöåé, à
ñïðàâà îíà âçàèìîäåéñòâóåò ñ ÷àñòèöåé, êîòîðàÿ äâèæåòñÿ ïî çàäàííîìó çàêîíó x2 = ξ(t).
Âçàèìîäåéñòâèå ìåæäó ÷àñòèöàìè õàðàêòåðèçóåòñÿ ïîòåíöèàëîì U(q). Äèíàìèêà ÷àñòèöû
â ÿ÷åéêå îïðåäåëÿåòñÿ ãàìèëüòîíèàíîì

H = H(p, q, t) =
p2

2m
+W (q), W (q) = U(q/a) + U((ξ(t)− q)/a), (1)

â êîòîðîì p � èìïóëüñ ÷àñòèöû, ïàðàìåòð a èìååò ðàçìåðíîñòü äëèíû, à âèä ôóíêöèè
ξ(t) çàâèñèò îò êîëëåêòèâíîãî ïîâåäåíèÿ ÷àñòèö ñèñòåìû. Èññëåäîâàíèå äèíàìèêè ÷àñòèöû
â îêðåñòíîñòè íåëèíåéíîãî ðåçîíàíñà âûïîëíÿåòñÿ ñòàíäàðòíûì ñïîñîáîì [1]: çàïèøåì ãà-
ìèëüòîíèàí (1) â ïåðåìåííûõ äåéñòâèå-óãîë (I, φ) è âûäåëèì â íåì ðåçîíàíñíóþ ãàðìîíèêó.
Ïðåäïîëîæèì, ÷òî ξ(t) = 2a(1 + ε(t)), ε(t) = α1 cosω1t, ãäå |α1| ≪ 1, à óñëîâèå ðåçîíàíñà
âûïîëíÿåòñÿ äëÿ íåêîòîðîé òðîéêè ÷èñåë (n, In, ω1): nω(In) = ω1 , ãäå ω(In) � ÷àñòîòà,
ñîîòâåòñòâóþùàÿ ðåçîíàíñíîìó äåéñòâèþ In. Åñëè ââåñòè íîâóþ ôàçó Ψ = nφ + φ0 − ω1t
è ïðåäïîëîæèòü ìàëîé, ïî ñðàâíåíèþ ñ In, âåëè÷èíó Γ = I − In (îòêëîíåíèå îò çíà÷åíèÿ
ðåçîíàíñíîãî äåéñòâèÿ), òî óðàâíåíèÿ äâèæåíèÿ äëÿ (Γ,Φ) ñîîòâåòñòâóþò ãàìèëüòîíèàíó
íåëèíåéíîãî ìàÿòíèêà H̄(Γ,Φ):
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H̄(Γ,Φ) = n
d

dI
ω(In)

Γ2

2
− 1

2
α1Hn(In) cosΦ, Hn =

1

π

∫ 2π

0
dφ

d

dq
U(2a− q(In, φ)) cosnφ, (2)

d

dt
Γ = −∂H̄(Γ,Φ)

∂Φ
,

d

dt
Φ =

∂H̄(Γ,Φ)

∂Γ
.

Â (2) ïîäðàçóìåâàåòñÿ, ÷òî ôóíêöèÿ q = q(I, φ) îïðåäåëÿåòñÿ èç (3). Ïàðàìåòðû
dω(In)/dI, Hn(I) ýòîãî ãàìèëüòîíèàíà çàâèñÿò îò âûáîðà ïîòåíöèàëà âçàèìîäåéñòâèÿ. Â
äàííîé ðàáîòå ïîêàçàíî, ÷òî â àñèìïòîòè÷åñêèõ ïðåäåëüíûõ ñëó÷àÿõ, ñîîòâåòñòâóþùèõ
ìàëûì è áîëüøèì çíà÷åíèÿì ýíåðãèè, äëÿ ïîòåíöèàëà òèïà Ëåííàðäà � Äæîíñà ïàðà-
ìåòðû, âõîäÿùèå â ãàìèëüòîíèàí H̄(Γ,Φ), âû÷èñëÿþòñÿ ÷åðåç ëîêàëüíûå õàðàêòåðèñòèêè
ïîòåíöèàëà.

Ñòàòüÿ îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Â ðàçäåëå 1 äëÿ ìàëûõ ýíåðãèé â îêðåñòíîñòè
ýëëèïòè÷åñêîé òî÷êè ïîòåíöèàëà ïðåäëàãàåòñÿ èñïîëüçîâàòü ïîëèíîì ÷åòâåðòîãî ïîðÿäêà
â êà÷åñòâå àïïðîêñèìàöèè ïîòåíöèàëà. Ââåäåíû ïðèáëèæåííûå ïåðåìåííûå äåéñòâèå-óãîë
(J, ψ), äëÿ êîòîðûõ â ðàçäåëå 2 äîêàçàíî óòâåðæäåíèå î ïîãðåøíîñòè àïïðîêñèìàöèè èìè
òî÷íûõ ïåðåìåííûõ (I, φ). Ïðè áîëüøèõ ýíåðãèÿõ ñîîòâåòñòâóþùèå óòâåðæäåíèÿ ïðèâå-
äåíû â ðàçäåëå 3. Â êà÷åñòâå ïðèëîæåíèÿ ïîëó÷åííûõ ôîðìóë âû÷èñëåíû êîýôôèöèåíòû
Ôóðüå Hn(I).

Íåêîòîðûå ðåçóëüòàòû ðàáîòû áûëè ïðåäñòàâëåíû â [2].

1. Âûáîð ýòàëîííîãî ïîòåíöèàëà äëÿ ìàëûõ ýíåðãèé

è ïåðåõîä ê ïðèáëèæåííûì ïåðåìåííûì äåéñòâèå-óãîë

Êàê èçâåñòíî [1], ïåðåõîä ê ïåðåìåííûì äåéñòâèå-óãîë âûïîëíÿåòñÿ ïî ôîðìóëàì

I(E) =
1

π

∫ q1

q2

p(E, q)dq, φ = ωt, (3)

t = t(q, q2) =

∫ q

q2

dq

p(E, q)
, p(E, q) =

√
2(E −W (q)).

Âåëè÷èíû qi ÿâëÿþòñÿ êîðíÿìè óðàâíåíèÿ

E =W (qi) (4)

è èìåþò ñìûñë êîîðäèíàò òî÷åê ïîâîðîòà ÷àñòèöû â ïîëå ïîòåíöèàëà W (q). Ïåðâîå ðàâåí-
ñòâî â (3) îïðåäåëÿåò I = I(E), òåì ñàìûì E = E(I), âåëè÷èíà ω = ∂E/∂I � öèêëè÷åñêàÿ
÷àñòîòà.

Ôóíêöèÿ W (q) ðàâíà W (q) = U(q) + U(L − q), ãäå U(q) ÿâëÿåòñÿ ïîòåíöèàëîì òèïà
Ëåííàðäà � Äæîíñà è äàåòñÿ ôîðìóëîé

U(q) = U0V, V (q/a) =

[(
a

q

)α

− α

β

(
a

q

)β
]
, (5)

ãäå U0 � àìïëèòóäà ïîòåíöèàëà. Â [2] áûëî ïîêàçàíî, ÷òî W (q) èìååò åäèíñòâåííóþ êðèòè-
÷åñêóþ òî÷êó q0 = L/2 ïðè óñëîâèè L/2 < b, ãäå b � òî÷êà ïåðåãèáà äëÿ ïîòåíöèàëà U(q).
Áóäåì ïîëàãàòü, ÷òî L = 2a è îòêëîíåíèå çíà÷åíèÿ ýíåðãèè E îò çíà÷åíèåì ïîòåíöèàëà â
òî÷êå q0 = a ÿâëÿåòñÿ ìàëîé âåëè÷èíîé, òî åñòü

ε =

∣∣∣∣ H

W (a)

∣∣∣∣≪ 1, H ≡ E −W (a) = E − 2U(a). (6)
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Ýòî ïîçâîëÿåò âîñïîëüçîâàòüñÿ ïîëèíîìèàëüíîé àïïðîêñèìàöèåé äëÿ W (q) â îêðåñòíîñòè
òî÷êè a, ÷òîáû ïîëó÷èòü ïðèáëèæåííûå ôîðìóëû äëÿ ïåðåìåííûõ äåéñòâèå-óãîë ñ íåêîòî-
ðîé òî÷íîñòüþ ïî ε.

Àïïðîêñèìàöèÿ äëÿ W (q) ñòðîèòñÿ ñ èñïîëüçîâàíèåì ôîðìóëû Íüþòîíà � Ëåéáíèöà.
Ñ ýòîé öåëüþ ïðîèíòåãðèðóåì â íåé ïî ÷àñòÿì íåñêîëüêî ðàç ñëåäóþùèì îáðàçîì:

U(t) = U(a) +

∫ t

a
dx
dU(x)

dx
= U(a)− (a− t)

dU(x)

dx

∣∣∣∣
x=a

−
∫ t

a
dx(x− t)

d2U(x)

dx2

è ò. ä. Òîãäà ôóíêöèÿ W (q) çàïèñûâàåòñÿ â âèäå

W (q) = 2U(a) + 2
l2

2!
U (2)(a) + 2

l4

4!
U (4)(a) + l6R(l), (7)

R(l) =
2

6!
U (6)(a) +

l2

7!

∫ 1

0
dx(x− 1)7[U (8)(a+ xl) + U (8)(a− xl)],

ãäå l = a− q. Â ôèçè÷åñêèõ ïðèëîæåíèÿõ ïàðàìåòðû α, β îáû÷íî óäîâëåòâîðÿþò íåðàâåí-
ñòâàì

α > β > 1. (8)

Òîãäà ñïðàâåäëèâû ñîîòíîøåíèÿ

|U(a)| = U0|1− α/β| ∼ U0, U (2)(a) =
U0

a2
(α− β)α ∼ U0

a2
α2, (9)

U (4)(a) =
U0

a4
α[(α+ 1)(α+ 2)(α+ 3)− (β + 1)(β + 2)(β + 3)] ∼ U0

a4
α4.

Ïóñòü κ = |l|/a ≪ 1, òîãäà â (7) ïîëó÷àåì ðàçëîæåíèå ïîòåíöèàëà ïî ñòåïåíÿì ìàëîãî
ïàðàìåòðà κ è íåðàâåíñòâî (6) çàâåäîìî âûïîëíÿåòñÿ. Åñëè â (7) îñòàâèòü êâàäðàòè÷íûå
ñëàãàåìûå ïî l, òî ýòî ñîîòâåòñòâóåò ïðèáëèæåíèþ ãàðìîíè÷åñêîãî îñöèëëÿòîðà äëÿ ÷àñòè-
öû â ïîòåíöèàëå W (q). Äëÿ ãàðìîíè÷åñêîãî îñöèëëÿòîðà ïåðåõîä ê ïåðåìåííûì äåéñòâèå-
óãîë õîðîøî èçâåñòåí è âûïèñûâàåòñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ [1]. Îäíàêî ïðè òàêîé
àïïðîêñèìàöèè âåëè÷èíà ∂ω/∂I = 0, ÷òî íå ïîçâîëÿåò ïðîâåñòè ñîäåðæàòåëüíûé àíàëèç
óñëîâèÿ ïåðåêðûòèÿ ðåçîíàíñîâ. Ïîýòîìó â êà÷åñòâå àïïðîêñèìàöèè äëÿ ïîòåíöèàëà W (q)
ñëåäóåò âûáðàòü ïîëèíîì ÷åòâåðòîãî ïîðÿäêà Wapp(q) ïî l, ïîëàãàÿ

Wapp(q) = 2U(a) + 2
l2

2!
U (2)(a) + 2

l4

4!
U (4)(a).

Ââåäåì ïåðåìåííûå äåéñòâèå-óãîë (J, ψ):

J(E) =
1

π

∫ Q2

Q1

pappdq, ψ = Ωtapp, tapp =

∫ q

Q1

dq

papp
, (10)

ãäå ôóíêöèÿ papp =
√

2(E −Wapp(q)), à êîîðäèíàòû òî÷åê Qi îïðåäåëÿþòñÿ èç óðàâíåíèÿ

E =Wapp(Qi) . (11)

Âåëè÷èíà Ω = ∂E/∂J � öèêëè÷åñêàÿ ÷àñòîòà, âû÷èñëÿåìàÿ ÷åðåç äåéñòâèå J .
Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 1. Ðàçíîñòü ìåæäó ïðèáëèæåííûìè ïåðåìåííûìè äåéñòâèå-óãîë (J, ψ)
è òî÷íûìè ïåðåìåííûìè (I, φ) îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè

|I(E)− J(E)| ≤ O(ε3), |φ− ψ| ≤ O(ε). (12)
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2. Äîêàçàòåëüñòâî óòâåðæäåíèÿ 1

Ïðè îöåíêå ïîðÿäêîâ âåëè÷èí òåõíè÷åñêè óäîáíî ââåñòè áåçðàçìåðíûå âåëè÷èíû, ïîëà-
ãàÿ q → q/a, W (q) →W (q)/U0, E → E/U0 è I → I/

√
U0a. Òîãäà â ýòèõ ïåðåìåííûõ óñëîâèå

(6) è ñîîòíîøåíèå (7) çàïèñûâàþòñÿ â âèäå

H = |E −W0| ∼ ε≪ 1; (13)

W (s) =Wapp(s) + s6R(s), s = 1− q, (14)

R(s) =
2V (6)(1)

6!
+
s2

7!

∫ 1

0
dx(x− 1)7[V (8)(1 + xs) + V (8)(1− xs)],

Wapp(s) =W0 +W2s
2 +W4s

4, W0 = V (1), W2 = V (2)(1), W4 =
V (4)(1)

12
.

Ïðè ýòîì âûïîëíåíèå òðåáîâàíèÿ (13) îáåñïå÷èâàåòñÿ ïðè

|s| = |1− q| ∼ ε. (15)

Îáîçíà÷èì Ti = 1 − Qi, ti = 1 − qi. Äëÿ ïîòåíöèàëà Wapp âåëè÷èíû T2, T1 äàþòñÿ ôîð-
ìóëàìè

T2 = −
√

(−W2 +
√
W 2

2 + 4W4H)/2W4 < 0, T1 = −T2 > 0. (16)

Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ ëåììà.

Ëåììà. Êîîðäèíàòà q2 ðàñïîëîæåíà ëåâåå êîîðäèíàòû Q2, à êîîðäèíàòà q1 ðàñïîëîæåíà

ïðàâåå êîîðäèíàòû Q1, òî åñòü q2 −Q2 < 0, q1 −Q1 > 0.

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà âîñïîëüçóåìñÿ óñëîâèÿìè (4), (11): èç íèõ ñëåäóåò
ñîîòíîøåíèå W (qi) =Wapp(Qi) . Ïîäñòàâëÿÿ ñþäà (14), ïîëó÷èì ñîîòíîøåíèå W0 +W2T

2
i +

W4T
4
i =W0 +W2t

2
i +W4t

4
i + t6iR(ti), èç êîòîðîãî ñëåäóåò

T 2
i − t2i =

t6iR(ti)

[W2 +W4(T 2
i + t2i )]

. (17)

Âåëè÷èíà ti èìååò îäèíàêîâûé ñ Ti ïîðÿäîê ìàëîñòè, òàê êàê ñïðàâåäëèâî óñëîâèå (15). Èç-
çà íåïðåðûâíîñòè ôóíêöèè V (t) çíàê R(ti) îïðåäåëÿåòñÿ çíàêîì V (6)(1). Äëÿ ïîòåíöèàëà
òèïà Ëåííàðäà � Äæîíñà çíà÷åíèÿ V (2)(1) > 0, V (4)(1) > 0 è

W2 > 0, W4 > 0. (18)

Òîãäà èç (17) ïîëó÷àåì
T 2
i − t2i ≥ 0. (19)

Ïîñêîëüêó âåëè÷èíû T2 < 0, t2 < 0, T1 > 0, t1 > 0, òî îòñþäà è èç (19) ñëåäóåò íåðàâåíñòâî

T1 + t1 > 0, T1 − t1 = q1 −Q1 > 0; T2 + t2 < 0, T2 − t2 = q2 −Q2 < 0, (20)

÷òî äîêàçûâàåò ëåììó.

Èñïîëüçóÿ ëåììó, çàïèøåì ðàçíîñòü ìåæäó òî÷íûì I(E) è ïðèáëèæåííûì äåéñòâèÿìè
J(E) â âèäå

I(E)− J(E) =
1

π

∫ q2

q1

[p− papp]dq −
1

π

∫ Q2

q2

pappdq −
1

π

∫ q1

Q1

pappdq. (21)
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Î÷åâèäíî, ÷òî

p− papp =
Wapp −W

p+ papp
= − s6R(s)

p+ papp
, papp =

√
2(T 2

1 − s2)[W2 +W4(T 2
1 + s2)]. (22)

Òîãäà

∣∣∣∣∫ q2

q1

[p− papp]dq

∣∣∣∣ ≤ ∫ t1

t2

s6R(s)

papp
ds = T 6

1

∫ α1

α2

s6R(T1s)√
2(1− s2)[W2 +W4T 2

1 (1 + s2)]
ds, (23)

α1 = t1/T1, α2 = t2/T1.

Èç (16) ñëåäóåò, ÷òî
T1 =

√
H/W2(1 +O(ε)) << 1 (24)

è R(T1s) = 2V 6(1)/6! + O(ε) = R(0) + O(ε). Óñëîâèå (20) ïðèâîäèò ê ñëåäóþùèì íåðàâåí-
ñòâàì

−1 < α2 < 0, 0 < α1 < 1,

êîòîðûå ïîçâîëÿþò ïåðåïèñàòü (23) â âèäå∣∣∣∣∫ q2

q1

[p− papp]dq

∣∣∣∣ ≤ T 6
1√

2W2
[R(0) +O(ε)]

∫ 1

−1

s6√
(1− s2)

ds =

=
T 6
1√

2W2

10π

32
[R(0) +O(ε)] ∼ H3 = O(ε3).

Ïðè îöåíêå îñòàâøèõñÿ âêëàäîâ â (21) ó÷òåì, ÷òî

|Qi − qi| = |Ti − ti| ∼
∣∣t5i ∣∣ ∼ ∣∣T 5

i

∣∣ ∼ H5/2 = O(ε5/2), papp ∼
√
H.

Ýòî äàåò ∣∣∣∣∫ q2

Q2

pappdq

∣∣∣∣ ∼ ∣∣∣∣∫ Q1

q1

pappdq

∣∣∣∣ ∼ √
H|Qi − qi| ∼ H3 ∼ O(ε3).

Ñóììèðóÿ ðåçóëüòàòû âû÷èñëåíèé, ïîëó÷àåì, ÷òî âñå ñëàãàåìûå â (21) èìåþò ïîðÿäîê
O(ε3) è ñïðàâåäëèâî ïåðâîå ñîîòíîøåíèå â (12).

Òåïåðü ïåðåéäåì ê äîêàçàòåëüñòâó âòîðîãî ñîîòíîøåíèÿ â (12). ßñíî, ÷òî ψ−φ = ω(tapp−
t) + tapp(Ω− ω). Âåëè÷èíû Ω, ω îïðåäåëÿþòñÿ ÷åðåç Tapp è T ïî ôîðìóëàì

Ω =
π

Tapp
, ω =

π

T
, Tapp =

∫ Q2

Q1

dq

papp
, T =

∫ q2

q1

dq

p
.

Òîãäà

Ω− ω =
π(T − Tapp)

TTapp
,

T − Tapp = δT (q1, q2)−
∫ Q2

q2

dq

papp
−
∫ Q1

q1

dq

papp
, δT (q1, q2) =

∫ q2

q1

dq

[
1

p
− 1

papp

]
. (25)

Ïðåäñòàâèì
δT (q1, q2) = δT (q1, 1) + δT (1, q2)

è îöåíèì ïîðÿäîê âåëè÷èíû δT (q1, 1). Î÷åâèäíî, ÷òî ñïðàâåäëèâû ñîîòíîøåíèÿ

1

p
− 1

papp
=

p2app − p2

ppapp(p+ papp)
=
W (q)−Wapp(q)

ppapp(p+ papp)
=

2(1− q)6R(1− q)

ppapp(p+ papp)
. (26)
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Ïîñêîëüêó çíà÷åíèÿ q ∼ 1 (15), òî R(1 − q) = R(0) + O(ε) > 0, δp = papp − p > 0. Óñëîâèå
(18) ïîçâîëÿåò çàïèñàòü íåðàâåíñòâî: papp >

√
2(T 2

1 − (1− q)2)W2, òîãäà (26) ïðèíèìàåò
ñëåäóþùèé âèä:

1

p
− 1

papp
≤ 2(1− q)6[R(0) +O(ε)]

pp2app
≤ (1− q)6[R(0) +O(ε)]

(T 2
1 − (1− q)2)W2

√
p2app − 2(1− q)6[R(0) +O(ε)]

≤

≤ (1− q)6[R(0) +O(ε)]

(T 2
1 − (1− q)2)W2

√
2(T 2

1 − (1− q)2)W2 − 2s6[R(0) +O(ε)]
.

Îòñþäà äëÿ δT (q1, 1) ïîëó÷àåì îöåíêó:

δT (q1, 1) ≤
R(0) +O(ε)√

2W2

× (27)

×
∫ 1

q1

dq
(1− q)6

(T 2
1 − (1− q)2)

√
(T 2

1 − (1− q)2)W2 − (1− q)6[R(0) +O(ε)]
.

Ïîëàãàÿ 1− q = T1z, ïîëó÷àåì

δT (q1, 1) ≤ T 4
1

R(0) +O(ε)√
2W2

∫ α1

0

dz

(1− z)
√

(1− z)W2 − T 4
1 z

6[R(0) +O(ε)]
.

Ïåðåõîäÿ ê ïåðåìåííîé r = (1 − z)/β1, ãäå ïàðàìåòð β1 = 1 − α1, çàïèøåì ïðåäûäóùåå
íåðàâåíñòâî â âèäå

δT (q1, 1) ≤ T 4
1

R(0) +O(ε)√
2W2

1√
β1

× (28)

×
∫ 1/β1

1

dr

r
√
r(2− β1r)W2 − T 4

1 (1− β1r)6[R(0) +O(ε)]/β1
.

Ïîðÿäîê âåëè÷èíû β1 ìîæíî îöåíèòü, èñïîëüçóÿ ñîîòíîøåíèÿ (13), (17), (24):

β1 =
T1 − t1
T1

=
t61R(t1)

T1(T1 + t1)[W2 +W4(T 2
1 + t21)]

= T 4
1

R(0)

2W2
(1 +O(T 2

1 )) ∼ O(ε2). (29)

Èç (28), (29) ñëåäóåò, ÷òî

δT (q1, 1) ≤
T 4
1√
β1

R(0) +O(ε)√
2W2W2

∫ 1/β1

1

dr

r
√
r(2− β1r)− 2(1− β1r)6[1 +O(ε)]

. (30)

Ïðè β1 → 0 èíòåãðàë ñõîäèòñÿ ê

1√
2

∫ ∞

1

dr

r
√
r − 1

=
π√
2
.

Ïîäñòàâëÿÿ (29) â (30) è èñïîëüçóÿ (13), (24), ïîëó÷àåì îêîí÷àòåëüíóþ îöåíêó äëÿ δT (q1, 1):

δT (q1, 1) =

∫ 1

q1

dq

[
1

p
− 1

papp

]
≤ T 2

1

√
R(0)(1 +O(ε))

W2

π√
2
= H

√
R(0)(1 +O(ε))

W 2
2

π√
2
∼ ε. (31)

Ïîñòóïàÿ àíàëîãè÷íî òîìó, êàê ýòî áûëî ñäåëàíî äëÿ δT (q1, 1), íåòðóäíî ïîêàçàòü, ÷òî
îöåíêà (31) ñïðàâåäëèâà è äëÿ δT (1, q2):

δT (1, q2) =

∫ q2

1
dq

[
1

p
− 1

papp

]
≤ O(ε).
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Ïîðÿäîê ïî ε îñòàâøèõñÿ èíòåãðàëîâ â (25) ëåãêî âû÷èñëèòü∫ q1

Q1

dq

papp
<

∫ q1

Q1

dq√
2(T 2

1 − (1− q)2)
= (32)

=
1√
2
arcsin

(T1 − t1)(1− T1t1)

T1
√

1− t21 + t1
√

1− T 2
1

∼ T1 − t1
T1 + t1

∼ β1 ∼ O(H2) ∼ O(ε2).

(èñïîëüçîâàíî ñîîòíîøåíèå (29)). Àíàëîãè÷íî (32), íåòðóäíî îöåíèòü èíòåãðàë∫ Q2

q2

dq

papp
< O(H2) ∼ O(ε2). (33)

Îáîáùàÿ ðåçóëüòàòû âû÷èñëåíèé, ïîëó÷àåì, ÷òî Ω − ω ∼ T − Tapp ∼ O(ε). Ïîñêîëüêó
ñïðàâåäëèâî íåðàâåíñòâî t − tapp ≤ T − Tapp, òî t − tapp ∼ O(ε). Â èòîãå ðàçíîñòü ìåæäó
òî÷íîé è ïðèáëèæåííîé ôàçîé ðàâíà |φ − ψ| ≤ O(ε), ÷òî îêîí÷àòåëüíî äîêàçûâàåò âòîðîå
ñîîòíîøåíèå â (12).

3. Ïåðåõîä ê ïåðåìåííûì äåéñòâèå-óãîë äëÿ áîëüøèõ ýíåðãèé

Áîëüøèå çíà÷åíèÿ ýíåðãèè E ñîîòâåòñòâóþò âûïîëíåíèþ íåðàâåíñòâà E/U0 ≫ 1. Â
áåçðàçìåðíûõ ïåðåìåííûõ ïîòåíöèàë W (q) çàïèñûâàåòñÿ â âèäå

W (q) =

(
1

q

)α

− α

β

(
1

q

)β

+

(
1

2− q

)α

− α

β

(
1

2− q

)β

. (34)

Ïîñêîëüêó ïîòåíöèàë ñèììåòðè÷åí îòíîñèòåëüíî åäèíèöû, òî äîñòàòî÷íî ðàññìîòðåòü åãî
íà èíòåðâàëå [0, 1]. ßñíî, ÷òî äëÿ áîëüøèõ çíà÷åíèé ýíåðãèè E êîîðäèíàòà ëåâîé òî÷êè ïî-
âîðîòà q1 << 1, òîãäà â îêðåñòíîñòè ýòîé òî÷êè âåäóùèé âêëàä â (34) îïðåäåëÿåòñÿ ïåðâûì
ñëàãàåìûì è äëÿ ïîòåíöèàëà W (q) ìîæíî çàïèñàòü ñëåäóþùåå ïðèáëèæåííîå âûðàæåíèå

Wbig(q) =
1

qα
, q ∈ [0, 1]; Wbig(q) =

1

(2− q)α
, q ∈ [1, 2]. (35)

Èñïîëüçóÿ ñèììåòðèþ ïîòåíöèàëà Wbig(q), ââåäåì ïåðåìåííûå äåéñòâèå-óãîë (Jbig, ϕ) ñëå-
äóþùèì îáðàçîì:

Jbig =
2

π

∫ 1

Q1

pbigdq, ϕ = Ωbigtbig, Ωbig = ∂E/∂Jbig, tbig =

∫ q

Q1

dq

pbig
, (36)

ãäå ôóíêöèÿ pbig =
√

2(E −Wbig(q)), à êîîðäèíàòà ëåâîé òî÷êè ïîâîðîòàQ1 äëÿ ïîòåíöèàëà
Wbig(q) îïðåäåëÿåòñÿ èç óðàâíåíèÿ

Wbig(Q1) = E, Q1 =
1

E1/α
. (37)

Êîîðäèíàòà ïðàâîé òî÷êè ïîâîðîòà Q2 = 2 − Q1, âåëè÷èíà Ωbig � öèêëè÷åñêàÿ ÷àñòîòà,
âû÷èñëÿåìàÿ ÷åðåç äåéñòâèå Jbig.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 2. Ðàçíîñòü ìåæäó ïðèáëèæåííûìè ïåðåìåííûìè äåéñòâèå-óãîëJbig, ϕ
è òî÷íûìè ïåðåìåííûìè I, φ îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè

|Jbig − I| ≤ O

(
1

E1/2+(1−β)/α

)
, |φ− ϕ| ≤ O

(
1√

E1+(2−β)/α

)
. (38)
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Äîêàçàòåëüñòâî. Ïðè äîêàçàòåëüñòâå âîñïîëüçóåìñÿ ñëåäóþùåé ëåììîé.

Ëåììà. Êîîðäèíàòà q1 ðàñïîëîæåíà ëåâåå êîîðäèíàòû Q1, òî åñòü

δq = Q1 − q1 > 0. (39)

Äîêàçàòåëüñòâî. Ïîäñòàâèì (34) â (4) è ó÷òåì (35), (37). Òîãäà ïîëó÷àåì ñëåäóþùåå ñîîò-
íîøåíèå

(Q1 − δq)α −Qα
1

Qα
1 (Q1 − δq)α

= −α
β

1

(Q1 − δq)β
+

(
1

2−Q1 + δq

)α

− α

β

(
1

2−Q1 + δq

)β

.

Îòñþäà è èç (37) ñëåäóåò ïðèáëèæåííàÿ ôîðìóëà äëÿ δq

δq =
1

β
Qα−β+1

1 [1 + Ō(1)] =
1

βE1+(1−β)/α
[1 + Ō(1)] > 0, (40)

÷òî äîêàçûâàåò ëåììó.

Ðàññìîòðèì ðàçíîñòü ìåæäó I è Jbig:

δI = I − Jbig = δI1 + δI2, δI1 =
2

π

∫ Q1

q1

pdq, δI2 =
2

π

∫ 1

Q1

[p− pbig]dq. (41)

Èñïîëüçóÿ (39),(40), ïîëó÷àåì äëÿ δI1:

δI1 ∼ (Q1 − q1)
√
E ∼ 1

E1/2+(1−β)/α
. (42)

Ïîñêîëüêó p > pbig è q < 1, òî

p− pbig =
p2 − p2big
p+ pbig

=
2(Wbig −W )

p+ pbig
≤
Wbig −W

pbig
<

2α

β

1

pbigqβ
.

Òîãäà

δI2 ≤
2α

β

∫ 1

Q1

dq
1

pbigqβ
= (43)

=
2α

β

∫ 1

Q1

dq
1

qβ
√

2(E − 1/qα)
=

2α

β

Eβ/α

E1/α
√
2E

∫ 1

1/E1/α

dt
tβ−2

√
1− tα

.

Èíòåãðàë ñõîäèòñÿ ïðè E → ∞, òîãäà ïåðåéäåì â íåì ê ïðåäåëó∫ 0

1
dt

tβ−2

√
1− tα

=
1

α
B(1 + (β − 2)/α, 1/2)[1 + Ō(1)],

ãäå B(x, y) � áåòà-ôóíêöèÿ (ýéëåðîâ èíòåãðàë 1-ãî ðîäà). Ñóììèðóÿ ðåçóëüòàòû âû÷èñëå-
íèé, ïîëó÷àåì, ÷òî

δI ∼ 1

E1/2+(1−β)/α
.

Îòñþäà è èç (41), (42) ñëåäóåò, ÷òî ïåðâîå ñîîòíîøåíèå â (38) äîêàçàíî.
Ðàçíîñòü ìåæäó ôàçàìè φ è ϕ çàïèøåì â âèäå

φ− ϕ = (ω − Ωbig)tbig + ω(t− tbig), ω − Ωbig =
π(Tbig − T )

TTbig
, (44)
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Tbig − T = 2δT (Q1, 1)−
∫ Q1

q1

dq

p
−
∫ q2

Q2

dq

p
, δT (Q1, 1) =

∫ 1

Q1

dq

[
1

pbig
− 1

p

]
. (45)

Ðàññìîòðèì âåëè÷èíó δT (Q1, 1) è, èñïîëüçóÿ (34), çàïèøåì åå â âèäå

δT (Q1, 1) =

∫ 1

Q1

dq
2(Wbig −W )

ppbig(p+ pbig)
= 2

∫ 1

Q1

dq

α
β

(
1
q

)β
+Π

ppbig(p+ pbig)
,

Π = −
(

1

2− q

)α

+
α

β

(
1

2− q

)β

. (46)

Ïîñêîëüêó 0 < q < 1, òî |Π| < α/β è

δT (Q1, 1) ≤
2α

β

∫ 1

Q1

dq
(1/q)β + 1

p2pbig
. (47)

Ââåäåì ïåðåìåííóþ r = qαE − 1, òîãäà

pbig =
√
2E

√
r

1 + r
, p ≡

√
p2big + 2(Wbig −W ) = (48)

=
√
2E

√
r

1 + r
+

α

β(1 + r)β/α
1

E1−β/α
+

Π

E
.

Ïîäñòàâëÿÿ (48) â (47) è ïåðåõîäÿ ê ïðåäåëó E → ∞ â èíòåãðàëå, ïîëó÷àåì

δT (Q1, 1) ≤
E(β−1)/α−3/2

β
√
2

[1 + Ō(1)]

∫ ∞

0

dr(1 + r)(1−β)/α−1/2

√
r
(
r + δ(1 + r)1−β/α

) , (49)

ãäå δ = α/(βE1−β/α). Ïîëàãàÿ r =
√
δz, èìååì∫ ∞

0

dr(1 + r)(1−β)/α−1/2

√
r
(
r + δ(1 + r)1−β/α

) =
2√
δ

∫ ∞

0

dz(1 +
√
δr)(1−β)/α−1/2(

z2 + (1 + δz)1−β/α
) → 2√

δ

∫ ∞

0

dz

(z2 + 1)
=

π√
δ

ïðè δ → 0. Îòñþäà è èç (49) ñëåäóåò

δT (Q1, 1) ≤
π

2
√
αβE1+(2−β)/2α

[1 + Ō(1)]. (50)

Ðàññìîòðèì îñòàâøèåñÿ èíòåãðàëû â (45). Èñïîëüçóÿ (48), çàïèøåì∫ Q1

q1

dq

p
=

1

E1/αα
√
2E

∫ 0

r1

dr(1 + r)1/α−1/

√
r

1 + r
+

2α

β(1 + r)β/α
1

E1−β/α
+

2Π

E
, (51)

ãäå r1 = (q1/Q1)
α − 1. Îòñþäà è èç (39), (40) ñëåäóåò, ÷òî

r1 = − α

βE1−β/α
[1 + Ō(1)] < 0, |r1| ≪ 1. (52)

Ïîëàãàÿ r = |r1|z â (51) è ïåðåõîäÿ ê ïðåäåëó |r1| → 0, ïîëó÷àåì∫ 0

r1

dr(1 + r)1/α−1
/√ r

1 + r
+

2α

β(1 + r)β/α
1

E1−β/α
+

2Π

E
=
√

|r1|[1 + Ō(1)]× (53)
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×
∫ 0

−1

dz√
z + 1

=

√
|r1|
2

[1 + Ō(1)].

Òîãäà èç (51)�(53) èìååì ñëåäóþùóþ îöåíêó:∫ Q1

q1

dq

p
∼ 1

E1+(2−β)/2α
. (54)

Íåòðóäíî ïîêàçàòü, ÷òî ∫ q2

Q2

dq

papp
∼ 1

E1+(2−β)/2α
. (55)

Èñïîëüçîâàíèå (50), (54), (55) â (45) äàåò ñëåäóþùóþ îöåíêó

Tbig − T ∼ 1

E1+(2−β)/2α
. (56)

Ïîñêîëüêó tbig < Tbig, à äëÿ áîëüøèõ ýíåðãèé âåëè÷èíà Tbig ∼ 1/Ωbig ∼ 1/
√
E (66),

ó÷èòûâàÿ (44), èìååì

(ω − Ωbig)tbig ∼
Tbig − T

Tbig
∼ 1√

E1+(2−β)/α
. (57)

Ðàññìîòðèì (t− tbig). Ïîñêîëüêó |t− tbig| ∼ |Tbig − T |, òî

ω|t− tbig| ∼ Ωbig|T − Tbig| ∼ 1/
√
E1+(2−β)/α,

÷òî ñîîòâåòñòâóåò îöåíêå (57).
Ïðèâåäåì òî÷íûå âûðàæåíèÿ äëÿ âåëè÷èí Ωbig, tbig(q) (36). Äëÿ ôàçû ϕ ñïðàâåäëèâà

ôîðìóëà

ϕ = Ωbigtbig(q), Ωbig =
π

2tbig(1)
, tbig(q) =

∫ q

Q1

dx
1√

2(E − 1/xα)
.

Âûïîëíèì çàìåíó ïåðåìåííîé â èíòåãðàëå, ïîëàãàÿ x = Q1/t, â ðåçóëüòàòå ïîëó÷èì

tbig(q) =
Q

1+α/2
1√
2

[∫ 1

Q1/q
dt

tα−2

(1 +
√
1− tα)

√
1− tα

− 1 +
q

Q1

]
. (58)

Ó÷èòûâàÿ óñëîâèå Q1/q < 1, çàïèøåì

1

(1 +
√
1− tα)

=

∝∑
n=0

(−1)n(1− tα)
n
2 .

Ïîäñòàâèì ýòî âûðàæåíèå â (58) è ïåðåéäåì ê ïåðåìåííîé r = tα, òîãäà

tbig(q) =
Q

1+α/2
1√
2

[ ∝∑
n=0

(−1)n
1

α

(∫ 1

0
drr

1
α (1− r)

n−1
2 −

∫ Q1/q

0
dtr

1
α (1− r)

n−1
2

)
− 1 +

q

Q1

]
.

Ïåðâûé èíòåãðàë ñîâïàäàåò ñ ïîëíîé áåòà-ôóíêöèåé B(1 + 1/α, 1 + (n − 1)/2), à âòîðîé
èíòåãðàë ðàâåí íåïîëíîé áåòà-ôóíêöèè B(Q1/q)α(1 + 1/α, 1 + (n− 1)/2), ïîñêîëüêó

Bz(x, y) =

∫ z

0
dttx−1 (1− t)y−1, B(x, y) = B1(x, y).

180



Ýòî ïîçâîëÿåò â îêîí÷àòåëüíîì âèäå çàïèñàòü

tbig(q) =
Q

1+α/2
1√
2

×

×

[
1

α

∝∑
n=0

(−1)n
(
B

(
1 + 1/α, 1 +

n− 1

2

)
−B(Q1/q)α

(
1 + 1/α, 1 +

n− 1

2

))
− 1 +

q

Q1

]
.

Ñëåäîâàòåëüíî,

Ωbig =
πQ

−(1+α/2)
1

√
2

[
1
α

∝∑
n=0

(−1)n
(
B

(
1+1/α, 1+

(n−1)

2

)
−BQα

1

(
1+1/α, 1+

(n−1)

2

))
−1+

1

Q1

] . (59)

4. Àñèìïòîòè÷åñêèå ôîðìóëû äëÿ êîýôôèöèåíòîâ Ôóðüå

Â áåçðàçìåðíûõ ïåðåìåííûõ ïðè ìàëûõ ýíåðãèÿõ êîýôôèöèåíò Ôóðüå Hn âû÷èñëÿåòñÿ
÷åðåç îäíî÷àñòè÷íûé ïîòåíöèàë V (q) ïî ôîðìóëå, àíàëîãè÷íîé (2):

Hn =
1

π

∫ 2π

0
dφV (1)(2− q) cosnφ, (60)

ãäå ôóíêöèÿ q = q(I, φ) îïðåäåëÿåòñÿ èç (3). Ïðè ìàëûõ ýíåðãèÿõ íåâÿçêà ïðè çàìåíå q(J, ψ)
íà q(I, φ), â ñèëó ñïðàâåäëèâîñòè (12), íå ïðåâîñõîäèò O(H). Ôàçà ψ (10) è âåëè÷èíà s (14)
îïðåäåëÿþòñÿ èç ñîîòíîøåíèé

ψ =
π

2

F (Φ, k)

K (k)
, F (Φ,k) =

∫ Φ

0

dα√
1− k2 sin2 α

, s = T1 cosΦ,

ãäå F (Φ,k) � ýëëèïòè÷åñêèé èíòåãðàë 1 ðîäà. Ïîñêîëüêó k2 ∼ H ≪ 1, òî

F (Φ,k) = Φ +O(H), K (k) =
π

2
+O(H).

Ýòî äàåò ψ = Φ+O(H), òîãäà îòñþäà è èç (12) ñëåäóåò, ÷òî Φ = φ+O(H) è

s = T1 cos(φ+O(H)). (61)

Ïðè ìàëûõ ýíåðãèÿõ ñïðàâåäëèâà ôîðìóëà äëÿ V (1)(2− q) :

V (1)(2− q) = V (2)(1)s+ V (3)(1)s2 +O(s3). (62)

Êîìáèíèðóÿ (60)�(62), ïîëó÷àåì ñëåäóþùåå ïðåäñòàâëåíèå äëÿ H1,H2 â âåäóùåì ïîðÿäêå
ïî H :

H1 =
√
HV (2)(1), H2 = H

V (3)(1)

4V (2)(1)
.

Ðàññìîòðèì êîýôôèöèåíò Ôóðüå Hn (60) ïðè áîëüøèõ ýíåðãèÿõ. Ïîäñòàâèì ñþäà âû-
ðàæåíèå (5) äëÿ V (q) è ïåðåéäåì â (60) ê ïåðåìåííûì (Jbig, ϕ) (36), òîãäà

Hn =
1

π

∫ 2π

0
dϕV (1)(2− q(Jbig, ϕ)) cosnϕ =
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= −
2αΩbig

π

∫ Q2

Q1

dq
cosnϕ(q)√

2(E −Wbig(q))

[(
1

2− q

)α

−
(

1

2− q

)β
]
.

Ó÷èòûâàÿ ñîîòíîøåíèå Q2 +Q1 = 2 è ïîëàãàÿ 2− q = Q1z, èìååì

Hn = −
2αΩbig

πQα
1

Jlead, (63)

Jlead =

∫ 2/Q1−1

1
dq

cosnϕ(2−Q1z)

zα
√

2(E −Wbig(2−Q1z))

[
1−Qα−β

1

(
1

z

)β−α
]
.

Ïðè âû÷èñëåíèè â âåäóùåì ïîðÿäêå ïîQ1 → 0 âåëè÷èíû Jlead ìîæíî çàìåíèòü cosnϕ(2−
Q1z) → cosnϕ(2) = cosnπ = (−1)n è ïðåíåáðå÷ü âòîðûì ñëàãàåìûì â êâàäðàòíûõ ñêîáêàõ,
òîãäà

Jlead = [(−1)n + Ō(1)]

∫ 2/Q1−1

1
dz

1

zα
√

2(E −Wbig(2−Q1z))
.

Èñïîëüçóÿ ÿâíûé âèä ïîòåíöèàëà Wbig(q) (35) è óñëîâèå (37), ïîëó÷àåì ïðè Q1 → 0 ñëåäó-
þùåå âûðàæåíèå:

Jlead = [(−1)n + Ō(1)]

∫ 2/Q1−1

1
dz

1

zα
√

2[E − 1/ (Q1z)
α ]

→ (64)

→ [(−1)n + Ō(1)]√
2E

∫ ∞

1
dz

1

zα
√

1− 1/zα
.

Ïîñêîëüêó ∫ ∞

1
dz

1

zα
√

1− 1/zα
=

∫ 1

0
dt

tα−2

√
1− tα

=
1

α
B(2− 2/α, 1/2),

òî â ðåçóëüòàòå èç (37), (63), (64) ñëåäóåò, ÷òî

Hn = −
2Ωbig

πQα
1

√
2E

B(2− 2/α, 1/2)[1 + Ō(1)]. (65)

Ôîðìóëó äëÿ ÷àñòîòû Ωbig ïîëó÷àåì èç (59):

Ωbig =
πQ

−α/2
1√
2

[1 + Ō(1)] = π

√
E

2
[1 + Ō(1)]. (66)

Â èòîãå ôîðìóëà (65) çàïèñûâàåòñÿ â âèäå

Hn = − 1

Qα
1

B(2− 2/α, 1/2)[1 + Ō(1)] = −EB(2− 2/α, 1/2)[1 + Ō(1)].

Åñëè ïàðàìåòð α≪ 1, ÷òî ÷àñòî âûïîëíÿåòñÿ ïðè ðåøåíèè ôèçè÷åñêèõ çàäà÷, òî B(2−
2/α, 1/2) ≈ B(2, 1/2) = Γ(4)Γ(1/2)/Γ(2 + 1/2) = 4/3, ãäå Γ(z) � ãàììà-ôóíêöèÿ.
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5. Îáñóæäåíèå ðåçóëüòàòîâ

Ïåðâîíà÷àëüíî ìîòèâàöèåé äëÿ âûïîëíåíèÿ äàííîé ðàáîòû áûëî æåëàíèå âû÷èñëèòü
ïàðàìåòðû ãàìèëüòîíèàíà íåëèíåéíîãî ìàÿòíèêà, õàðàêòåðèçóþùåãî ïîâåäåíèå ÷àñòèöû â
îêðåñòíîñòè ðåçîíàíñà. Íî ýòî ïðèâåëî ê âàæíîé çàäà÷å òåîðèè ìîëåêóëÿðíîé äèíàìèêè,
ñâÿçàííîé ñ ïîñòðîåíèåì ïîòåíöèàëîâ, èìåþùèõ áîëåå ïðîñòóþ ñòðóêòóðó, ÷åì ïîòåíöèàë
òèïà Ëåííàðäà � Äæîíñà, íî îïðåäåëÿþùåãî äèíàìèêó, áëèçêóþ ê èñõîäíîé. Ïðè ìàëûõ
ýíåðãèÿõ âûÿâëåíî, ÷òî íåîáõîäèìî çíàòü ÷åòíûå ïðîèçâîäíûå ïîñëåäíåãî â ýëëèïòè÷åñêîé
òî÷êå âïëîòü äî ÷åòâåðòîãî ïîðÿäêà âêëþ÷èòåëüíî. Ïðè áîëüøèõ ýíåðãèÿõ ïîäõîäÿùåé àï-
ïðîêñèìàöèåé äëÿ ïîòåíöèàëà ÿâëÿåòñÿ åãî ñèíãóëÿðíàÿ ÷àñòü, âûäåëÿåìàÿ â îêðåñòíîñòè
òî÷êè ïîâîðîòà. Ðåçóëüòàòû âûïîëíåííîãî àíàëèçà ìîæíî èñïîëüçîâàòü äëÿ îöåíêè êðèòå-
ðèÿ Â.Á. ×èðèêîâà [3]. Ýòîò êðèòåðèé õàðàêòåðèçóåò ñòåïåíü ïåðåêðûòèÿ ðåçîíàíñîâ è åãî
÷èñëåííîå èññëåäîâàíèå äëÿ ðàññìîòðåííîé â ñòàòüå çàäà÷è áûëî âûïîëíåíî â [4]. Â ÷àñò-
íîñòè, äëÿ ðåçîíàíñà 2:1, ÷òî ñîîòâåòñòâóåò ó÷åòó êîýôôèöèåíòó Ôóðüå H2, ÷èñëåííî áûëî
ïîêàçàíî, ÷òî ôîðìóëû äëÿ êðèòåðèÿ ïðè ìàëûõ çíà÷åíèÿõ ýíåðãèè ìîæíî èñïîëüçîâàòü
äëÿ êà÷åñòâåííîé îöåíêè åãî ïîâåäåíèÿ è â îáëàñòè êîíå÷íûõ ýíåðãèé.

Àâòîð áëàãîäàðåí Ê.Â. Êîøåëþ çà îáñóæäåíèå âîïðîñîâ ïî õàîòè÷åñêîé äèíàìèêå.
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ABSTRACT

Asymptotic formulae for the action-angle variables are constructed for low and high-
energy particles in the vicinity of a nonlinear resonance. Estimation of the approx-
imation accuracy with respect to the energy parameter and some characteristics of
the model Hamiltonian are obtained.
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