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Àííîòàöèÿ

Â ðàáîòå äàåòñÿ îáîáùåíèå îöåíêè Áûêîâñêîãî íà ñëó÷àé ãèïåðáîëè-
÷åñêîé äçåòà-ôóíêöèè ζH(α|Λ) ïðîèçâîëüíîé ðåøåòêè Λ ñ det Λ > 1 è
ãèïåðáîëè÷åñêèì ïàðàìåòðîì q(Λ) > 1 ïðè α > 1.

1 Ââåäåíèå

Äëÿ ïîãðåøíîñòè èíòåãðèðîâàíèÿ êâàäðàòóðíûõ ôîðìóë ñ ïàðàëëåëåïèïå-
äàëüíûìè ñåòêàìè Â. À. Áûêîâñêèé â ðàáîòàõ [2],[3] óñòàíîâèë íîâûé òèï îöå-
íîê ñâåðõó è ñíèçó, ñîâïàäàþùèõ ïî ïîðÿäêó. Ýòè îöåíêè óòî÷íÿþò òåîðåìó
Ñ. Í. Áàõâàëîâà.

Ðàññìîòðèì ñðàâíåíèå

a1m1 + . . . + asms ≡ 0 (mod N) (1)

îòíîñèòåëüíî öåëî÷èñëåííûõ ïåðåìåííûõ m1, . . . , ms. Åãî íåíóëåâîå ðåøåíèå
íàçûâàåòñÿ ìèíèìàëüíûì, åñëè íå ñóùåñòâóåò äðóãîãî íåíóëåâîãî ðåøåíèÿ
(m′

1, . . . , m
′
s), äëÿ êîòîðîãî

|m′
1| ≤ |m1|, . . . , |m′

s| ≤ |ms|; |m′
1|+ . . . + |m′

s| < |m1|+ . . . + |ms|.

Ìíîæåñòâî âñåõ ìèíèìàëüíûõ ðåøåíèé ñðàâíåíèÿ (??) áóäåì îáîçíà÷àòü ÷åðåç
BN(a1, . . . , as).

Íåòðóäíî ïîêàçàòü, ÷òî ïðè (|n1| + 1) . . . (|ns| + 1) > N ñðàâíåíèå (1) èìååò
õîòÿ áû îäíî íåíóëåâîå ðåøåíèå m1, . . . ,ms òàêîå, ÷òî

|m1| ≤ |n1|, . . . , |ms| ≤ |ns|.

Ïîýòîìó äëÿ ëþáîãî ìèíèìàëüíîãî ðåøåíèÿ m1 . . . ms ≤ N, ãäå äëÿ ëþáîãî âå-
ùåñòâåííîãî χ ïîëàãàåì χ = max(1, |χ|). Îòñþäà ñëåäóåò êîíå÷íîñòü BN(a1, . . . , as)
� ìíîæåñòâà âñåõ ìèíèìàëüíûõ ðåøåíèé. Íåòðóäíî âèäåòü, ÷òî äëÿ ðåøåòêè
Λ(a1, . . . , as; N) � ðåøåíèé ñðàâíåíèÿ (1) ìèíèìàëüíîå ìíîæåñòâî BN(a1, . . . , as)
ìèíèìàëüíûõ ðåøåíèé ñðàâíåíèÿ ñîâïàäàò ñ ìíîæåñòâîì ëîêàëüíûõ ìèíèìó-
ìîâ. Êàê ïîêàçàíî â ðàáîòàõ [1],[2] ìíîæåñòâî ëîêàëüíûõ ìèíèìóìîâ êîíå÷íî,
òîãäà è òîëüêî òîãäà, êîãäà ðåøåòêà ïîäîáíà öåëî÷èñëåííîé ðåøåòêè, à çíà-
÷èò ÿâëÿåòñÿ äåêàðòîâîé. Ïîýòîìó äëÿ ïðîèçâîëüíîé ðåøåòêè ïîíÿòèå ìèíè-
ìàëüíîãî ìíîæåñòâà BN(a1, . . . , as) äîëæíî áûòü òðàíñôîðìèðîâàíî, òàê ÷òî áû

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ôîíäà ÐÔÔÈ, ãðàíò N 04-01-97000, N 05-0100672).
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îñòàëîñü ñâîéñòâî êîíå÷íîñòè è ñóììà ïî íåìó äàâàëà îöåíêè ñíèçó è ñâåðõó
äëÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ðåøåòîê.

Ïóñòü −→mj = (m1 j, . . . , ms j) (1 ≤ j ≤ r), r = rN(a1, . . . , as) åñòü âñå ìèíè-
ìàëüíûå ðåøåíèÿ äëÿ äàííîãî íàáîðà êîýôôèöèåíòîâ a1, . . . , as ñðàâíåíèÿ (1).
Âåëè÷èíà

qN(a1, . . . , as) = min
1≤j≤r

m1 j . . . ms j

ÿâëÿåòñÿ ãèïåðáîëè÷åñêèì ïàðàìåòðîì ðåøåòêè Λ(a1, . . . , as; N), à íîðìà ëèíåé-
íîãî ôóíêöèîíàëà ïîãðåøíîñòè êâàäðàòóðíîé ôîðìóëû ñ ñîîòâåòñòâóþùåé ïà-
ðàëëåëåïèïåäàëüíîé ñåòêîé âûðàæàåòñÿ ÷åðåç ãèïåðáîëè÷åñêóþ äçåòà-ôóíêöèþ
öåëî÷èñëåííîé ðåøåòêè Λ = Λ(a1, . . . , as; N):

ζH(α|Λ) =
∞∑

m1,...,ms=−∞

′ δN(a1m1 + . . . + asms)

(m1 . . . ms)α
, (2)

ãäå
δm(a) =

{
1, åñëè a ≡ 0 (mod m),
0, åñëè a 6≡ 0 (mod m),

� ñèìâîë Êîðîáîâà è χ = max(1, |χ|) äëÿ ëþáîãî âåùåñòâåííîãî χ.

Öåëü äàííîé ðàáîòû ïåðåíåñòè ðåçóëüòàò Â. À. Áûêîâñêîãî íà ñëó÷àé ïðî-
èçâîëüíîé ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè

ζH(α|Λ) =
∑

−→χ∈Λ, −→χ 6=−→0

1

(−→χ 1 . . .−→χ s)α

ïðîèçâîëüíîé ðåøtòêè Λ ñ det Λ > 1 è ãèïåðáîëè÷åñêèì ïàðàìåòðîì q(Λ) > 1
ïðè α > 1.

2 Ìèíèìàëüíîå ìíîæåñòâî B(Λ) äëÿ ïðîèçâîëüíîé ðåøåòêè Λ

Ðàññìîòðèì â s-ìåðíîì âåùåñòâåííîì àðèôìåòè÷åñêîì ïðîñòðàíñòâå Rs ïðî-
èçâîëüíóþ ðåø¸òêó Λ = Λ(~λ1, . . . , ~λs) ñ áàçèñîì ~λ1, . . . , ~λs, êîòîðûé ÿâëÿåòñÿ
ëèíåéíî íåçàâèñèìîé ñèñòåìîé âåêòîðîâ:

Λ = Λ(
−→
λ 1, . . . ,

−→
λ s) = {m1

~λ1 + . . . + ms
~λs | m1, . . . , ms ∈ Z}.

Íåíóëåâàÿ òî÷êà ~x = (x1, . . . , xs) ∈ Λ íàçûâàåòñÿ ëîêàëüíûì ìèíèìóìîì âòî-
ðîãî ðîäà, åñëè íå ñóùåñòâóåò äðóãîé íåíóëåâîé òî÷êè ~y = (y1, . . . , ys) ∈ Λ, äëÿ
êîòîðîé

y1 ≤ x1, . . . , ys ≤ xs; y1 + . . . + ys < x1 + . . . + xs.

Ìèíèìàëüíûì ìíîæåñòâîì ðåøåòêè Λ íàçîâåì ìíîæåñòâî B(Λ), ñîñòîÿùåå
èç âñåõ ëîêàëüíûõ ìèíèìóìîâ ~x âòîðîãî ðîäà.
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Èç äèñêðåòíîñòè ðåøåòêè è òåîðåìû Ìèíêîâñêîãî î âûïóêëîì òåëå ñëåäóåò,
÷òî äëÿ ïðîèçâîëüíîé ðåøåòêè åå ìèíèìàëüíîå ìíîæåñòâî B(Λ) êîíå÷íî è íå
ïóñòî.

Ïóñòü ~xj = (x1 j, . . . , xs j) (1 ≤ j ≤ r, r = r(Λ) åñòü âñå ëîêàëüíûå ìèíèìóìû
âòîðîãî ðîäà èç ìèíèìàëüíîãî ìíîæåñòâà B(Λ) ðåø¸òêè Λ. Òàê êàê äëÿ ëþáîãî
ëîêàëüíîãî ìèíèìóìà âòîðîãî ðîäà −→x òî÷êà −−→x òàêæå ÿâëÿåòñÿ ëîêàëüíûì
ìèíèìóìîì âòîðîãî ðîäà, òî r(Λ) � ÷åòíîå íàòóðàëüíîå ÷èñëî. ×åðåç B∗(Λ)
îáîçíà÷èì ìíîæåñòâî ëîêàëüíûõ ìèíèìóìîâ âòîðîãî ðîäà, ãäå èç êàæäîé ïàðû−→x è −−→x âçÿò ðîâíî îäèí ýëåìåíò. Òàêèì îáðàçîì

B(Λ) = B∗(Λ) ∪ −B∗(Λ). (3)

Åñëè r∗(Λ) = |B∗(Λ)|, òî r(Λ) = 2r∗(Λ). Áóäåì ïðåäïîëàãàòü, ÷òî íóìåðàöèÿ
ëîêàëüíûõ ìèíèìóìîâ ñîãëàñîâàíà ñ ðàçáèåíèåì (3): −→x j ∈ B∗(Λ) (j = 1, . . . , r∗)
è −→x j+r∗ = −−→x j ∈ −B∗(Λ) (j = 1, . . . , r∗). ßñíî, ÷òî äëÿ ãèïåðáîëè÷åñêîãî
ïàðàìåòðà ðåøåòêè ñïðàâåäëèâî ðàâåíñòâî

q(Λ) = min
1≤j≤r

x1 j . . . xs j.

Îáîçíà÷èì ÷åðåç Π(~a, ~x) ïðÿìîóãîëüíûé s−ìåðíûé ïîëóîòêðûòûé ïàðàëëå-
ëåïèïåä âèäà

Π(~a, ~x) =

{
~y

∣∣∣∣
{

aν ≤ yν < aν + xν ïðè aν ≥ 0
aν < yν ≤ aν + xν ïðè aν < 00

(ν = 1, . . . , s)

}
,

à ÷åðåç NΛ(~a, ~x) � êîëè÷åñòâî òî÷åê ðåø¸òêè Λ, ëåæàùèõ â ýòîì ïàðàëëåëåïè-
ïåäå.

Ïîëàãàåì −→1 = (1, . . . , 1), Gs = [0, 1)s � ïîëóîòêðûòûé åäèíè÷íûé s−ìåðíûé
êóá, Ks = [−1, 1]s � s-ìåðíûé êóá îáúåìà 2s, N(Λ) � êîëè÷åñòâî íåíóëåâûõ
òî÷åê ðåøåòêè Λ, ëåæàùèõ â ýòîì êóáå. Ñëåäóþùàÿ ëåììà â äðóãîé ôîðìóëè-
ðîâêå áûëà äîêàçàíà â [6].
Ëåììà 1. Åñëè ãèïåðáîëè÷åñêèé ïàðàìåòð ðåøåòêè q(Λ) = 1, òî
B(Λ) ⊂ Ks, |B(Λ)| = r(Λ) = N(Λ) è ñïðàâåäëèâû îöåíêè

N(Λ) < ζH(α|Λ) < N(Λ)

(
3 +

2

α− 1

)s

. (4)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, åñëè q(Λ) = 1, òî ñóùåñòâóåò íåíóëåâàÿ òî÷êà−→x ðåøåòêè Λ, äëÿ êîòîðîé x1 = . . . = xs = 1. Ïîýòîìó äëÿ ëþáîé òî÷êè −→y /∈ Ks

èìååì y1 + . . . + ys > x1 + . . . + xs, ÷òî è äîêàçûâàåò âêëþ÷åíèå B(Λ) ⊂ Ks è
ðàâåíñòâî |B(Λ)| = r(Λ) = N(Λ).

Íèæíÿÿ îöåíêà ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ðåøåòêè î÷åâèäíà:

N(Λ) =

r(Λ)∑
j=1

1

(x1,j, . . . , xs,j)α
<

∑
−→x ∈Λ,−→x 6=−→0

1

(x1,j, . . . , xs,j)α
= ζH(α|Λ).
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Äëÿ îöåíêè ñâåðõó, ïðåæäå çàìåòèì, ÷òî äëÿ ëþáîãî −→a ñïðàâåäëèâà îöåí-
êà NΛ(−→a ,

−→
1 ) ≤ N(Λ). Äåéñòâèòåëüíî, ïóñòü ïðÿìîóãîëüíîìó ïàðàëëåïèïåäó

Π(−→a ,
−→
1 ) ïðèíàäëåæèò ðîâíî n = NΛ(−→a ,

−→
1 ) > 0 òî÷åê −→y 1, . . . ,

−→y n ðåøåòêè Λ,
êîòîðûå ïåðåíóìåðîâàíû â ëåêñèêîãðàôè÷åñêîì ïîðÿäêå, òî åñòü äëÿ ëþáûõ
äâóõ òî÷åê ñ ïîñëåäîâàòåëüíûìè íîìåðàìè −→y j è −→y j+1 íàéäåòñÿ íîìåð êîîð-
äèíàòû ν = ν(j) òàêîé, ÷òî yν,j = yν,j+1 (1 ≤ λ < ν) è yν,j < yν,j+1. Îòñþäà
ñëåäóåò, ÷òî n − 1 íåíóëåâàÿ òî÷êà −→y j − −→y 1 (2 ≤ j ≤ n) ïðèíàäëåæèò s- ìåð-
íîìó êóáó Ks, è ó êàæäîé èç ýòèõ òî÷åê ïåðâàÿ íåíóëåâàÿ êîîðäèíàòà - ïîëî-
æèòåëüíàÿ. Òàê êàê ìíîæåñòâî B(Λ) � öåíòðàëüíî ñèììåòðè÷íî îòíîñèòåëüíî
íóëåâîé òî÷êè, òî ðîâíî ïîëîâèíà òî÷åê èç B(Λ) èìåþò ïåðâóþ íåíóëåâóþ êî-
îðäèíàòó, áîëüøóþ íóëÿ. Ñëåäîâàòåëüíî, N(Λ) � ÷åòíîå íàòóðàëüíîå ÷èñëî è
n− 1 ≤ N(Λ)/2, n ≤ N(Λ).

Äàëåå ïðîâåäåì îöåíêè ñâåðõó, ðàçáèâàÿ îáëàñòü ñóììèðîâàíèÿ ñ ïîìîùüþ
åäèíè÷íûõ ïðÿìîóãîëüíûõ ïàðàëëåïèïåäîâ Π(−→a ,

−→
1 ) ñ −→a ∈ Zs :

ζH(α|Λ) =
∑

−→x ∈Λ,−→x 6=−→0

1

(x1, . . . , xs)α
=

∑
−→a ∈Zs

∑
−→x ∈Π(−→a ,

−→
1 ),−→x 6=−→0

1

(x1, . . . , xs)α
≤

≤
∑
−→a ∈Zs

∑
−→x ∈Π(−→a ,

−→
1 ),−→x 6=−→0

1

(min(a1, a1 + 1) . . . min(as, as + 1))α
≤

≤ N(Λ)
∑
−→a ∈Zs

1

(min(a1, a1 + 1) . . . min(as, as + 1))α
=

= N(Λ)

( ∞∑
a=1

1

(min(a, a + 1))α

)s

=

= N(Λ)(1 + 2ζ(α))s ≤
(

3 +
2

α− 1

)s

.

Ëåììà ïîëíîñòüþ äîêàçàíà.

Ëåììà 2. Åñëè ãèïåðáîëè÷åñêèé ïàðàìåòð ðåøåòêè q(Λ) > 1, òî det Λ > 1
è äëÿ òî÷êè −→a è äëÿ ëþáîãî ëîêàëüíîãî ìèíèìóìà −→x j ∈ B(Λ) ñïðàâåäëèâî
íåðàâåíñòâî

NΛ(−→a ,−→x j) ≤ 1. (5)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïî òåîðåìå Ìèíêîâñêîãî î âûïóêëîì òåëå,
íàéäåòñÿ íåíóëåâàÿ òî÷êà−→x ðåøåòêè Λ, ïðèíàäëåæàùàÿ s-ìåðíîìó êóáó [−d, d]s

ñ ds = det Λ. Ïîýòîìó x1 · · · xs ≤ ds = det Λ, ÷òî è äîêàçûâàåò ïåðâîå óòâåðæäå-
íèå ëåììû.

Ïóñòü −→x j ∈ B(Λ) � ïðîèçâîëüíûé ëîêàëüíûé ìèíèìóì âòîðîãî ðîäà. Òàê
êàê q(Λ) > 1, òî íàéäåòñÿ íîìåð ν òàêîé, ÷òî |xν,j| > 1. Åñëè −→y è −→z äâå ðàç-
ëè÷íûå òî÷êè ðåøåòêè Λ, ëåæàùèå â ïðÿìîóãîëüíîì s -ìåðíîì ïîëóîòêðûòîì
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ïàðàëëåëåïèïåäå Π(−→a ,−→x j), òî òî÷êà −→y −−→z ëåæèò â îòêðûòîì ïàðàëëåïèïåäå
s∏

l=1

(−xl,j, xl,j), yl − zl ≤ xl,j (1 ≤ l ≤ s)

è yν − zν ≤ xν,j. Íî ýòî ïðîòèâîðå÷èò óñëîâèþ, ÷òî −→x j � ëîêàëüíûé ìèíèìóì
âòîðîãî ðîäà, ÷òî è äîêàçûâàåò âòîðîå óòâåðæäåíèå ëåììû.

3 Îáîáùåííàÿ îöåíêà Áûêîâñêîãî

Íà÷èíàÿ ñ ýòîãî ìîìåíòà, ìû ðàññìàòðèâàåì òîëüêî ðåøåòêè ñ det Λ > 1 è
q(Λ) > 1.

Áóäåì èñïîëüçîâàòü ïîêîîðäèíàòíîå óìíîæåíèå äâóõ òî÷åê: x·−→y = (x1y1, . . . , xsys).
Äîêàçàòåëüñòâî ñëåäóþùåé ëåììû ñóùåñòâåííî óïðîñòèëîñü (ñì. [7]).
Ëåììà 3.Ïóñòü −→x j � ëîêàëüíûé ìèíèìóì âòîðîãî ðîäà èç B(Λ). Äëÿ ñóììû

R
(α)
Λ (−→x j) =

∑
−→y ∈ Λ,

y1 ≥ x1,j, . . . , ys ≥ x1,s

1

(y1 · · · ys)
α

(6)

ñïðàâåäëèâî íåðàâåíñòâî

R
(α)
Λ (−→x j) ≤

2s(1 + 1
α−1

)s

(x1,j · · · xs,j)α
.

Äîêàçàòåëüñòâî. Ïðîâåäåì îöåíêè ñâåðõó, ðàçáèâàÿ îáëàñòü ñóììèðîâàíèÿ ñ
ïîìîùüþ ïðÿìîóãîëüíûõ ïàðàëëåëåïèïåäîâ Π(−→a −→x j,

−→x j) ñ −→a ∈ Zs,
aν 6= −1, 0 (1 ≤ ν ≤ s) :

R
(α)
Λ (−→x j) =

∑
−→y ∈ Λ,

y1 ≥ x1,j, . . . , ys ≥ xs,j

1

(y1 · · · ys)
α

=

=
∑

−→a ∈ Zs,
aν 6= −1, 0 (1 ≤ ν ≤ s)

∑
−→y ∈Π(−→a −→x j ,−→x j)

1

(y1 · · · ys)
α
≤

≤
∑

−→a ∈ Zs,
aν 6= −1, 0 (1 ≤ ν ≤ s)

NΛ(−→a −→x j,
−→x j)

(min(|a1|, |a1 + 1|)x1,j · · ·min(|as|, |as + 1|)xs,j)α
≤

≤ 1

(x1,j · · · xs,j)α

∑
−→a ∈ Zs,

aν 6= −1, 0 (1 ≤ ν ≤ s)

1

(min(|a1|, |a1 + 1|) · · ·min(|as|, |as + 1|))α
=
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=
1

(x1,j · · · xs,j)α

( −2∑
a=−∞

1

|a + 1|α +
∞∑

a=1

1

aα

)s

=

=
1

(x1,j · · · xs,j)α
(2ζ(α))s ≤ 2s

(x1,j · · · xs,j)α

(
1 +

1

α− 1

)s

è ëåììà ïîëíîñòüþ äîêàçàíà.

Òåîðåìà 1. Ïóñòü −→x j = (x1,j, . . . , xs,j) (1 ≤ j ≤ r) � âñå ëîêàëüíûå ìèíèìóìû
èç B(Λ), ïðè÷åì −→x j ∈ B∗(Λ) (j = 1, . . . , r∗) è −→x j+r∗ = −−→x j ∈ −B∗(Λ) (j =
1, . . . , r∗). Òîãäà ñïðàâåäëèâû íåðàâåíñòâà

r∗∑
j=1

2

(x1,j · · · xs,j)α
≤ ζH(α|Λ) ≤ 2s

(
1 +

1

α− 1

)s r∗∑
j=1

2

(x1,j · · · xs,j)α
. (7)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ëåâîå íåðàâåíñòâî î÷åâèäíî, òàê êàê
r∗∑

j=1

2

(x1,j · · ·xs,j)α
=

r∑
j=1

2

(x1,j · · · xs,j)α
.

Äëÿ äîêàçàòåëüñòâà ïðàâîãî íåðàâåíñòâà çàìåòèì, ÷òî

ζH(α|Λ) ≤
r∗∑

j=1

∑
−→y ∈ Λ,

|y1| ≥ |x1,j|, . . . , |ys| ≥ |xs,j|

1

(y1 · · · ys)
α

=
r∗∑

j=1

R
(α)
Λ (−→x j).

Óòâåðæäåíèå òåîðåìû ïîëó÷àåòñÿ èç ëåììû 3.

4 Êîëè÷åñòâî òî÷åê â ìèíèìàëüíîì ìíîæåñòâå B(Λ)

Îñíîâíàÿ èäåÿ äëÿ îöåíêè ÷èñëà ëîêàëüíûõ ìèíèìóìîâ ïðèíàäëåæèò Â.À.
Áûêîâñêîìó è çàêëþ÷àåòñÿ â âûáîðå ñèñòåìû êîíóñîâ, êàæäîìó èç êîòîðûõ
ïðèíàäëåæèò íå áîëåå îäíîãî ëîêàëüíîãî ìèíèìóìà. Â ðàáîòàõ [2], [3] è [7]
èñïîëüçîâàëèñü êîíóñû âèäà

K(t1, . . . , ts) = {(θ1t1t, . . . , θstst |t ∈ (0,∞), 2−1/4 ≤ θ1, . . . , θs ≤ 21/4}.
Ìîäèôèöèðóÿ ýòó èäåþ, Ì.Î. Àâäååâà â ðàáîòå [1] èñïîëüçîâàëà îáëàñòè âèäà

O(t1, . . . , ts−1) =

{
(x1, . . . xs)

∣∣∣∣
2tj−1

N
|xi| ≤ |xs| < 2tj

N
|xi|

i = 1, . . . , s− 1, ti ∈ N

}
.

Äëÿ íàøèõ öåëåé ïîòðåáóåòñÿ íîâûé âèä îáëàñòåé. Ââåäåì íåêîòîðûå îáî-
çíà÷åíèÿ. Ðàññìîòðèì ìíîæåñòâî Jk � öåëî÷èñëåííûõ âåêòîðîâ−→j k = (j1, . . . js),
êîîðäèíàòû êîòîðûõ îáðàçóþò ïðîèçâîëüíóþ ïåðåñòàíîâêó s ÷èñåë îò 1 äî s ñ
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äîïîëíèòåëüíûìè óñëîâèÿìè: åñëè s ≥ k > 1, òî j2 < . . . < jk, åñëè 1 ≤ k ≤ s−1,
òî jk+1 < . . . < js. ßñíî, ÷òî |Jk| = sCk−1

s−1 . ×åðåç −→ε = (ε1, . . . εs) áóäåì îáîçíà-
÷àòü âåêòîð ñèãíàòóðû, ñîñòîÿùèé èç êîîðäèíàò, ðàâíûõ ±1. Èìååòñÿ ðîâíî 2s

ðàçëè÷íûõ ñèãíàòóð. Îáëàñòü G(
−→
j k,

−→ε ,
−→
t ), ãäå ïðè k > 1 âåêòîð −→t = (t2, . . . tk)

èìååò íàòóðàëüíûå êîîðäèíàòû, çàäàäèì ñëåäóþùèì îáðàçîì:

G(
−→
j k,

−→ε ,
−→
t ) =

(
x1, . . . , xs)

∣∣∣∣





2ti−1εixji
≤ ε1xj1 < 2tiεixji

ïðè 2 ≤ i ≤ k,
εixji

> 1 ïðè 1 ≤ i ≤ k,
0 ≤ εixji

≤ 1 ïðè k + 1 ≤ i ≤ s

}

(8)
Ëåììà 5. Åñëè îáëàñòè G(

−→
j k,

−→ε ,
−→
t ) ïðèíàäëåæèò ëîêàëüíûé ìèíèìóì âòî-

ðîãî ðîäà −→x , òî äëÿ íàòóðàëüíûõ ÷èñåë t2, . . . , tk âûïîëíÿþòñÿ íåðàâåíñòâà

ti ≤ 1 + log2(det Λ) (2 ≤ i ≤ k).

Äîêàçàòåëüñòâî. Ðàññìîòðèì äëÿ j = 1, . . . , s s ïðÿìîóãîëüíûõ ïàðàëëåëåïè-
ïåäîâ Πj(det Λ), çàäàííûõ ðàâåíñòâàìè

Πj(det Λ) =

{
(x1, . . . , xs)

∣∣∣∣
|xj| ≤ det Λ,

|xi| ≤ 1 (i 6= j, 1 ≤ i ≤ s)

}

Çàìåòèì, ÷òî

Πj(detΛ) ⊂ ∪ε1,...,εs=±1G(
−→
j 1,

−→ε ,
−→
t ) (j1 = j, 1 ≤ j2 < . . . < js ≤ s, ji 6= j, 2 ≤ i ≤ s).

Ïî òåîðåìå Ìèíêîâñêîãî î âûïóêëîì òåëå êàæäûé èç ýòèõ ïàðàëëåëåïèïåäîâ
áóäåò ñîäåðæàòü ëîêàëüíûé ìèíèìóì âòîðîãî ðîäà, ïîýòîìó äëÿ ëþáîãî ëî-
êàëüíîãî ìèíèìóìà âòîðîãî ðîäà −→x , íå ïðèíàäëåæàùåãî íè îäíîìó èç ýòèõ
ïàðàëëåëåïèïåäîâ, âñå åãî êîîðäèíàòû ñòðîãî ìåíüøå ïî àáñîëþòíîé âåëè÷èíå
çíà÷åíèÿ det Λ. Òàê êàê |xj1| = max1≤i≤k |xji

|, òî
ti ≤ 1 + [log2 |xj1| − log2 |xjj

|] < 1 + log2(det Λ) (2 ≤ i ≤ k).

Ëåììà äîêàçàíà.

Òåîðåìà 2. Äëÿ âåëè÷èíû r(Λ) � ÷èñëà ëîêàëüíûõ ìèíèìóìîâ âòîðîãî ðîäà
èç B(Λ) � ñïðàâåäëèâî íåðàâåíñòâî

r(Λ) ≤ s2s(log2(det Λ) + 2)s−1.

Äîêàçàòåëüñòâî. Íåòðóäíî âèäåòü, ÷òî

r(Λ) ≤ s2s +
s∑

k=2

∑
ε1,...,εs=±1

|Jk|(1 + log2(det Λ))k−1 =

= s2s + 2s

s∑

k=2

sCk−1
s−1 (1 + log2(det Λ))k−1 =
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= s2s

s−1∑

k=2

Ck
s−1(1 + log2(det Λ))k = s2s(2 + log2(det Λ))s−1

è òåîðåìà äîêàçàíà.

Çàìå÷àíèå.Èç äâóõ äîêàçàííûõ òåîðåì ïîëó÷àåì íîâîå äîêàçàòåëüñòâî îáîá-
ùåííîé òåîðåìû Áàõâàëîâà äëÿ ïðîèçâîëüíûõ ðåøåòîê ñ q(Λ) > 1.

Äîêàçàòåëüñòâî.
ζH(α|Λ) =

∑
−→x ∈Λ, −→x 6=−→0

1

(x1 · · · xs)α
≤

≤ 2s

(
1 +

1

α− 1

)s r∗∑
j=1

1

(x1,j · · · xs,j)α
≤ 2s−1

(
1 +

1

α− 1

)s
r(Λ)

q(Λ)α
≤

≤ 2s−1

(
1 +

1

α− 1

)s

s2s(2 + log2(det Λ))s−1 1

q(Λ)α
=

=
s

2

(
1 +

1

α− 1

)s

4s(2 + log2(det Λ))s−1 1

q(Λ)α
.

Â çàêëþ÷åíèè âûðàæàåì ñâîþ áëàãîäàðíîñòü Â.À. Áûêîâñêîìó çà ïîìîùü
â ðàáîòå.
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