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Ãë à â à I

Òåîðèÿ äåëèìîñòè

Áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ:

Z = {0,±1,±2, . . .} � ìíîæåñòâî öåëûõ,

N = {1, 2, 3, . . .} � ìíîæåñòâî íàòóðàëüíûõ,

R � ìíîæåñòâî âåùåñòâåííûõ ÷èñåë.

Åñëè íå óêàçàíî ïðîòèâíîå, òî âñå ðàññìàòðèâàåìûå ÷èñëà ñ÷èòàþòñÿ öåëûìè.

� 1. Äåëèòåëè, êðàòíûå è àëãîðèòì Åâêëèäà

Îïðåäåëåíèå. Ïóñòü a, b ∈ Z. Åñëè
a

b
öåëîå ÷èñëî, òî ãîâîðÿò, ÷òî a äåëèòñÿ íà b (a

êðàòíî b), à ÷èñëî b íàçûâàþò äåëèòåëåì a Ñèìâîëè÷åñêè ýòî çàïèñûâàåòñÿ òàê: b | a.

Ñîãëàñíî îïðåäåëåíèþ

b | a ⇐⇒ ∃q ∈ Z : a = bq.

Ïðèìåð. Äåëèòåëÿìè 28 ÿâëÿþòñÿ 1, 2, 4, 7, 14, 28.

Ëåììà 1.1. Ñïðàâåäëèâû ñëåäóþùèå ñâîéñòâà.

1. Åñëè a | b, òî a | bc.

2. Åñëè a | b, b | c, òî a | c.

3. Åñëè a | b, a | c, òî a | (b± c).

4. Åñëè a | b è b 6= 0, òî |a| ≤ b.

Äîêàçàòåëüñòâî âûòåêàåò èç îïðåäåëåíèÿ è îñòàâëÿåòñÿ ÷èòàòåëþ.

Òåîðåìà 1.1. Ïóñòü d ∈ N. Ëþáîå öåëîå a åäèíñòâåííûì îáðàçîì ïðåäñòàâèìî â âèäå:

a = dq + r, (1.1)

ãäå 0 ≤ r < d.



Ãëàâà I. Òåîðèÿ äåëèìîñòè 4

Äîêàçàòåëüñòâî. Äîêàæåì, ÷òî a ìîæíî ïðåäñòàâèòü â âèäå (1.1). Âûáåðåì öåëîå q òàê,
÷òîáû dq áûëî íàèáîëüøèì ÷èñëîì, íå ïðåâîñõîäÿùèì a. Ïîëîæèì r = a− dq. Òîãäà

r ≥ 0, ò.ê. dq ≤ a,
r < d, ò.ê. â ïðîòèâíîì ñëó÷àå d(q + 1) ≤ a.

Äîêàæåì åäèíñòâåííîñòü ïðåäñòàâëåíèÿ (1.1). Ïðåäïîëîæèì, ÷òî a = dq′ + r′, ãäå 0 ≤
r′ < 0. Òîãäà

0 = d(q − q′) + (r − r′).

Çíà÷èò, d äåëèò (r − r′). Êðîìå òîãî, |r − r′| < d. Ïîýòîìó (r − r′) = 0 è, ñëåäîâàòåëüíî,
(q − q′) = 0.

×èñëà q è r, âõîäÿùèå â ôîðìóëó (1.1), íàçûâàþò íåïîëíûì ÷àñòíûì è îñòàòêîì ïðè
äåëåíèè a íà d.

Îïðåäåëåíèå. Öåëîå d, äåëÿùåå a1, a2, . . . an, íàçûâàåòñÿ èõ îáùèì äåëèòåëåì. Íàèáîëü-
øåå d, äåëÿùåå a1, a2, . . . an, íàçûâàåòñÿ èõ íàèáîëüøèì îáùèì äåëèòåëåì è îáîçíà÷àåòñÿ
íîä (a1, . . . , an) = (a1, . . . , an).

Ïðèìåð. íîä (28, 21) = 7, íîä (48, 36) = 12.
Àëãîðèòì Åâêëèäà íàõîæäåíèÿ íàèáîëüøåãî îáùåãî äåëèòåëÿ îñíîâûâàåòñÿ íà ñëåäó-

þùåì ïðîñòîì ðåçóëüòàòå.

Ëåììà 1.2. Åñëè a = bq + r, òî (a, b) = (b, r).

Äîêàçàòåëüñòâî. Åñëè d | a è d | b, òî d | r. Àíàëîãè÷íî, åñëè d | b è d | r, òî d | a. Çíà÷èò,
ìíîæåñòâî îáùèõ äåëèòåëåé a è b ñîâïàäàåò ñ ìíîæåñòâîì îáùèõ äåëèòåëåé b è r.

Àëãîðèòì Åâêëèäà. Äàíî a, b ∈ N, a > b > 0. Íàéòè íîä (a, b).

1. Äåëèì a íà b ñ îñòàòêîì:
a = bq + r (0 ≤ r < b)

(Òîãäà íîä (a, b) = íîä (b, r)).

2. Åñëè r > 0, òî çàìåíÿåì ïàðó (a, b) íà ïàðó (b, r) è ïåðåõîäèì ê øàãó 1.

3. Ïîëàãàåì íîä (a, b) = b. ÑÒÎÏ.

Àëãîðèòì ñõîäèòñÿ çà êîíå÷íîå ÷èñëî øàãîâ, ò.ê. íà êàæäîì øàãå óìåíüøàåòñÿ ìàê-
ñèìàëüíîå èç ðàññìàòðèâàåìîé ïàðû ÷èñåë.

Ïðèìåð. Íàéòè íîä (6188, 4709). Èìååì

6188 = 4709 + 1479 =⇒ (6188, 4709) = (1479, 4709),
4709 = 1479 · 3 + 272 =⇒ (1479, 4709) = (1479, 272),
1479 = 272 · 51 + 47 =⇒ (1479, 272) = (47, 272)
272 = 47 · 5 + 37 =⇒ (47, 272) = (47, 37) = (10, 37) = (10, 7) = (3, 7) = (3, 1) = 1.

Îòâåò: íîä (6188, 4709) = 1.
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Îïðåäåëåíèå. Öåëîå M , êîòîðîå äåëèòñÿ íà a1, a2, . . . , an, íàçûâàåòñÿ îáùèì êðàòíûì
a1, a2, . . . , an. Íàèìåíüøåå íàòóðàëüíîå M , êîòîðîå äåëèòñÿ íà a1, a2, . . . , an, íàçûâàåòñÿ
íàèìåíüøèì îáùèì êðàòíûì è îáîçíà÷àåòñÿ ÷åðåç íîê [a1, . . . , an] ëèáî [a1, . . . , an].

Ïðèìåð. [2, 3] = 6, [4, 6] = 12.

Òåîðåìà 1.2. Ëþáîå îáùåå êðàòíîå íåñêîëüêèõ ÷èñåë äåëèòñÿ íà èõ íàèìåíüøåå îáùåå
êðàòíîå (åñëè M̂ � îáùåå êðàòíîå a1, . . . , an, òî M̂ äåëèòñÿ íà íîê [a1, . . . , an]).

Äîêàçàòåëüñòâî. Ïóñòü M = íîê [a1, . . . , an]. Òîãäà M < M̂ è ïîýòîìó

M̂ = M · q + r,

ãäå 0 ≤ r < M . Ñîãëàñíî ñâîéñòâàì äåëèìîñòè ÷èñëî r = (M̂ −Mq) äåëèòñÿ íà êàæäîå èç
÷èñåë a1, . . . , an, ò.å. r åñòü èõ îáùåå êðàòíîå. Åñëè r > 0, òî ïðèõîäèì ê ïðîòèâîðå÷èþ ñ
óñëîâèåì M = [a1, . . . , an]. Ïîýòîìó r = 0 è M̂ = qM .

Ñëåäñòâèå 1.1. Äëÿ ëþáûõ íàòóðàëüíûõ a è b

[a, b] =
a · b
(a, b)

. (1.2)

Äîêàçàòåëüñòâî. Ïðîèçâåäåíèå ab åñòü îáùåå êðàòíîå a è b. Çíà÷èò, ïî òåîðåìå 1.2 íàé-
äåòñÿ òàêîå d ∈ N, ÷òî ab = d · [a, b]. Òàê êàê

a = d · [a, b]

b
,

òî d äåëèò a. Àíàëîãè÷íûì îáðàçîì ïîëó÷àåì, ÷òî d äåëèò b. Çíà÷èò, d ÿâëÿåòñÿ îáùèì
äåëèòåëåì a è b. Ïîýòîìó d ≤ (a, b). Êðîìå òîãî, ab/(a, b) åñòü îáùåå êðàòíîå a è b. Ïîýòîìó

ab

(a, b)
≥ [a, b] =

ab

d
.

Ñëåäîâàòåëüíî, (a, b) ≤ d. Çíà÷èò, d = (a, b).

� 2. Ïðîñòûå è ñîñòàâíûå ÷èñëà

×èñëî 1 èìååò òîëüêî îäèí äåëèòåëü 1. Âñå äðóãèå íàòóðàëüíûå ÷èñëà èìåþò, êàê ìèíè-
ìóì, äâà äåëèòåëÿ.

Îïðåäåëåíèå. Íàòóðàëüíîå p > 1 íàçûâàåòñÿ ïðîñòûì, åñëè îíî äåëèòñÿ òîëüêî íà 1 è
íà p. Öåëîå a > 1, èìåþùåå äðóãèå äåëèòåëè, êðîìå a è 1 íàçûâàåòñÿ ñîñòàâíûì.

Îäíà èç âàæíåéøèõ çàäà÷ ñîâðåìåííîé òåîðèè ÷èñåë1 çàêëþ÷àåòñÿ â ñëåäóþùåì: îïðå-
äåëèòü ÿâëÿåòñÿ ëè äàííîå N ïðîñòûì ÷èñëîì èëè íåò?

Òðèâèàëüíîå ðåøåíèå çàêëþ÷àåòñÿ â ïðîâåðêå äåëèìîñòè N íà âñå öåëûå îò 2 äî N−1.
Ñëåäóþùèé ðåçóëüòàò ïîêàçûâàåò, ÷òî äîñòàòî÷íî ðàññìîòðåòü öåëûå îò 2 äî

√
N .

1èìåþùàÿ âàæíîå çíà÷åíèå, íàïðèìåð, â êðèïòîãðàôèè
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Ëåììà 2.1. Ïóñòü N � ñîñòàâíîå. Âîçüìåì íàèìåíüøåå p òàêîå, ÷òî p | N , p > 1.
Òîãäà p � ïðîñòîå, ïðè÷åì p ≤

√
N .

Äîêàçàòåëüñòâî. Åñëè p ñîñòàâíîå, òî ñóùåñòâóåò òàêîé d ∈ (1, p), ÷òî d | p. Íî òîãäà
d | N è d < p, ÷òî ïðîòèâîðå÷èò óñëîâèþ ëåììû. Ïîýòîìó p ïðîñòîå.

Ïîëîæèì d = N/p. Òîãäà d | N è ïîýòîìó d ≤ p. Çíà÷èò, N = dp ≥ p2.

Ñëåäñòâèå 2.1. Ëþáîå ñîñòàâíîå N èìååò ïðîñòîé äåëèòåëü p ≤
√
N .

Äëÿ ñîñòàâëåíèÿ òàáëèöû ïðîñòûõ, íå ïðåâîñõîäÿùèõ çàäàííîãî N , ñóùåñòâóåò ìåòîä,
íàçûâàåìûé ðåøåòîì Ýðàòîñôåíà, êîòîðûé çàêëþ÷àåòñÿ â ñëåäóþùåì. Âûïèñûâàåì âñå
íàòóðàëüíûå îò 2 äî N . Ïåðâîå ÷èñëî åñòü 2. Îíî ïðîñòîå. Âû÷åðêèâàåì âñå îñòàëüíûå
÷èñëà íàøåãî ðÿäà, êîòîðûå êðàòíû 2. Ïåðâîå ñëåäóþùåå çà 2 íåâû÷åðêíóòîå ÷èñëî åñòü
3. Îíî íå äåëèòñÿ íà 2, ïîýòîìó òàêæå ïðîñòîå. Âû÷åðêèâàåì âñå ÷èñëà, êðàòíûå 3, êðîìå
ñàìîãî 3. Ñëåäóþùåå çà 3 íåâû÷åðêíóòîå ÷èñëî åñòü 5 îíî íå äåëèòñÿ íà 2 è 3 è, çíà÷èò,
ÿâëÿåòñÿ ïðîñòûì. Âû÷åðêèâàåì âñå ÷èñëà, êðàòíûå 5, êðîìå ñàìîãî 5 è òàê äàëåå.

Àëãîðèòì (ðåøåòî Ýðàòîñôåíà). Äàíî N ∈ N. Íóæíî âû÷èñëèòü âñå ïðîñòûå, íå ïðå-
âîñõîäÿùèå N .

1. Ïîëàãàåì p = 2.

2. Âû÷åðêèâàåì âñå a ∈ [p2, N ], êîòîðûå êðàòíû p.

3. Ñëåäóþùåå çà p íå âû÷åðêíóòîå ÷èñëî îáîçíà÷àåì ÷åðåç p′.

4. Åñëè p′2 ≤ N , òî ïîëàãàåì p = p′ è ïåðåõîäèì ê øàãó 2.

5. Íåâû÷åðêíóòûå ÷èñëà èç {2, 3, . . . , N} îáðàçóþò èñêîìîå ìíîæåñòâî ïðîñòûõ. Êîíåö.

Òåîðåìà 2.1. ×èñëà, êîòîðûå îñòàíóòñÿ íåâû÷åðêíóòûìè ïîñëå îêîí÷àíèÿ âûøåïðè-
âåäåííîãî àëãîðèòìà, îáðàçóþò ìíîæåñòâî ïðîñòûõ èç îòðåçêà [1, N ].

Äîêàçàòåëüñòâî. Âû÷åðêíóòûå ÷èñëà ÿâëÿþòñÿ ñîñòàâíûìè. Îñòàëîñü äîêàçàòü, ÷òî ìû
âû÷åðêíóëè âñå ñîñòàâíûå ÷èñëà. Âîçüìåì ëþáîå ñîñòàâíîå a ∈ [1, N ]. Ïî ñëåäñòâèþ 2.1
ñóùåñòâóåò ïðîñòîå p òàêîå, ÷òî p | a, p ≤

√
a. Âñå ÷èñëà, êîòîðûå êðàòíû ïðîñòûì îòðåçêà

[2,
√
N ] âû÷åðêíóòû. Çíà÷èò, a âû÷åðêíóòî.

Ïðèìåð. Ïðîâåðèòü ÷èñëî 1009 íà ïðîñòîòó. Ïðåäïîëîæèì, ÷òî 1009 ñîñòàâíîå. Òîãäà
ïîë ëåììå 2.1 îíî èìååò ïðîñòîé äåëèòåëü p, ïðè÷åì 2 ≤ p ≤

√
1009 = 31.7 . . .. Âûïèøåì

âñå ïðîñòûå èç îòðåçêà [2, 31] ñ ïîìîùüþ ðåøåòà Ýðàòîñôåíà. Äëÿ ýòîãî ìû äîëæíû
âû÷åðêíóòü âñå ñîñòàâíûå êðàòíûå 2, 3, 5. Â ðåçóëüòàòå, ïîëó÷èì

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31.

Íè îäíî èç ýòèõ ÷èñåë íå äåëèò 1009. Ïîýòîìó ÷èñëî 1009 ïðîñòîå.

Òåîðåìà 2.2 (Åâêëèä). Ïðîñòûõ ÷èñåë áåñêîíå÷íî ìíîãî.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî ìíîæåñòâî ïðîñòûõ êîíå÷íîå è ñîñòîèò èç p1, p2, . . . , pn.
Ðàññìîòðèì ÷èñëî p = p1·. . .·pn+1. Åñëè îíî ñîñòàâíîå, òî äîëæíî èìåòü ïðîñòîé äåëèòåëü.
Îäíàêî p íå äåëèòñÿ íè íà îäíî èç pj. Ïîëó÷èëè ïðîòèâîðå÷èå.



Ãëàâà I. Òåîðèÿ äåëèìîñòè 7

Çàìå÷àíèå 2.1. Èçäàâíà âåäóòñÿ çàïèñè, îòìå÷àþùèå íàèáîëüøèå èçâåñòíûå íà òî âðå-
ìÿ ïðîñòûå ÷èñëà. Îäèí èç ðåêîðäîâ ïîñòàâèë â ñâîå âðåìÿ Ýéëåð, äîêàçàâ, ÷òî ïðîñòûì
ÿâëÿåòñÿ 231 − 1 = 2 147 483 647. Íàèáîëüøèì èçâåñòíûì ïðîñòûì ÷èñëîì ïî ñîñòîÿíèþ
íà ôåâðàëü 2013 ãîäà ÿâëÿåòñÿ 257885161 − 1. Îíî ñîäåðæèò 17 425 170 äåñÿòè÷íûõ öèôð è
ÿâëÿåòñÿ ïðîñòûì ÷èñëîì Ìåðñåííà.2 Çà íàõîæäåíèå ïðîñòûõ ÷èñåë èç áîëåå ÷åì 108 è
109 äåñÿòè÷íûõ öèôð àìåðèêàíñêàÿ îðãàíèçàöèÿ EFF íàçíà÷èëà äåíåæíûå ïðèçû ñîîò-
âåòñòâåííî â 150 è 250 òûñ. äîëëàðîâ ÑØÀ.

� 3. Îñíîâíàÿ òåîðåìà àðèôìåòèêè

Ëåììà 3.1. Ïóñòü p � ïðîñòîå

à) äëÿ ëþáîãî a ∈ Z ëèáî íîä (a, p) = 1, ëèáî p | a;

á) åñëè p | ab, òî ëèáî p | a, ëèáî p | b;

â) åñëè p | (a1 · . . . · an), òî íàéäåòñÿ õîòÿ áû îäèí aj, êîòîðûé êðàòåí p.

Äîêàçàòåëüñòâî. Äîêàæåì à). Òàê êàê íîä (a, p) | p, òî ëèáî íîä (a, p) = 1, ëèáî íîä (a, p) =
p, ò.å. p | a.

Äîêàæåì á). Åñëè p | a, òî óòâåðæäåíèå âûïîëíåíî. Ïóñòü p - a. Òîãäà íîä (p, a) = 1.
Òàê êàê ab êðàòíî p è êðàòíî a, òî

ab äåëèòñÿ íà íîê [a, p] =
a · p

íîä (a, p)
= ap.

Ïîýòîìó b äåëèòñÿ íà p.
Äîêàæåì â). Ïðåäïîëîæèì, ÷òî p - ai, i ≥ 2. Òàê êàê

p | (a1 · . . . an−1)an, p - an,

òî ñîãëàñíî á), p | (a1 · . . . an−1). Òàê êàê

p | (a1 · . . . an−2)an−1, p - an−1,

òî p | (a1 · . . . an−2). È òàê äàëåå. Â èòîãå, ïîëó÷àåì p | a1.

Òåîðåìà (Îñíîâíàÿ òåîðåìà àðèôìåòèêè). Ëþáîå öåëîå a > 1 ðàçëàãàåòñÿ â ïðîèçâåäå-
íèå ïðîñòûõ ÷èñåë, ïðè÷åì åäèíñòâåííûì îáðàçîì ñ òî÷íîñòüþ äî ïîðÿäêà ñëåäîâàíèÿ
ñîìíîæèòåëåé.

Äîêàçàòåëüñòâî. Äîêàæåì ñóùåñòâîâàíèå èñêîìîãî ðàçëîæåíèÿ. Ñëó÷àé a � ïðîñòîå ÿâ-
ëÿåòñÿ òðèâèàëüíûì. Ïóñòü a � ñîñòàâíîå. Òîãäà îíî èìååò ïðîñòîé äåëèòåëü p1, ò.å.
a = p1 · a1. Åñëè a1 � ïðîñòîå, òî ïðîöåññ çàêîí÷åí. Åñëè íåò, òî a1 = a2p2, ò.å.

a = p1p2a2.

2×èñëà Ìåðñåííà èìåþò âèä 2n − 1, ãäå n ∈ N. Ñóùåñòâóåò ýôôåêòèâíûé àëãîðèòì ïðîâåðêè ÷è-
ñåë Ìåðñåííà íà ïðîñòîòó. Ïîýòîìó ïðîñòûå ÷èñëà Ìåðñåííà äàâíî óäåðæèâàþò ëèäåðñòâî, êàê ñàìûå
áîëüøèå èç èçâåñòíûõ ïðîñòûõ.
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Åñëè a2 � ïðîñòîå, òî ïðîöåññ çàêîí÷åí. Ïðîäîëæàÿ ïðîöåññ, ìû çà êîíå÷íîå ÷èñëî øàãîâ
ïîëó÷èì

a = p1p2 . . . pn, (3.1)

ãäå pj � (âîçìîæíî ïîâòîðÿþùèåñÿ) ïðîñòûå.
Äîêàæåì, ÷òî ðàçëîæåíèå (3.1) åäèíñòâåííî (ñ òî÷íîñòüþ äî íóìåðàöèè pj). Ïðåäïî-

ëîæèì, ÷òî
a = q1q2 . . . qm,

ãäå qj � ïðîñòûå. Òîãäà
p1p2 . . . pn = q1q2 . . . qm.

Ëåâàÿ ÷àñòü äåëèòñÿ íà p1. Çíà÷èò, è ïðàâàÿ äåëèòñÿ íà p1. Ñîãëàñíî ëåììå 3.1 â) íàéäåòñÿ
qj, êðàòíûé p1. Ïóñòü, íàïðèìåð, j = 1. Òàê êàê q1 � ïðîñòîå, òî q1 = p1. Ñîêðàùàÿ ëåâóþ
è ïðàâóþ ÷àñòè íà p1, ïîëó÷àåì

p2 . . . pn = q2 . . . qm.

Àíàëîãè÷íûì îáðàçîì ñîêðàùàÿ íà p2, p3, . . . pn, ïðèõîäèì ê ñîîòíîøåíèþ

1 = Q,

ãäå Q � ïðîèçâåäåíèå îñòàâøèõñÿ ïîñëå ñîêðàùåíèé qj. Çíà÷èò, âñå qj äîëæíû ñîêðà-
òèòüñÿ. Ýòî îçíà÷àåò, ÷òî n = m è ïðîèçâåäåíèÿ p1 . . . pn è q1 . . . qm îòëè÷àþòñÿ òîëüêî
íóìåðàöèåé ñîìíîæèòåëåé.

Ñîãëàñíî îñíîâíîé òåîðåìå àðèôìåòèêè ëþáîå öåëîå a > 1 åäèíñòâåííûì îáðàçîì
ïðåäñòàâèìî â âèäå

a = pα1
1 p

α2
2 . . . pαss , (3.2)

ãäå pj � ïîïàðíî ðàçëè÷íûå ïðîñòûå (ïðîñòûå äåëèòåëè), ïðè÷åì p1 < p2 < . . . < ps, à
αj ∈ N (ïîêàçàòåëè).

Îïðåäåëåíèå. Ñîîòíîøåíèå (3.2) íàçûâàåòñÿ êàíîíè÷åñêèì ðàçëîæåíèåì öåëîãî a > 1.

Çàäà÷à ôàêòîðèçàöèè çàêëþ÷àåòñÿ â íàõîæäåíèè êàíîíè÷åñêîãî ðàçëîæåíèÿ çàäàííî-
ãî íàòóðàëüíîãî N . Îíà îòíîñèòñÿ ê ÷èñëó âàæíåéùèõ çàäà÷ òåîðèè ÷èñåë, èìåþùèõ ïðè-
êëàäíîé çíà÷åíèå (íàïðèìåð, â êðèïòîãðàôèè). Ñ âû÷èñëèòåëüíîé òî÷êè çðåíèÿ, ñàìûì
òðóäíûì ÿâëÿåòñÿ ñëó÷àé, êîãäà N åñòü ïðîèçâåäåíèå äâóõ ïðîñòûõ. Òàêèå N íàçûâàþò
åùå ïîëóïðîñòûìè. Â 1991�2007 ãã. RSA Laboratory ïðîâîäèëà êîíêóðñ ¾RSA Factoring
Challenge¿ äëÿ ïîîùðåíèÿ èññëåäîâàíèé â îáëàñòè âû÷èñëèòåëüíîé òåîðèè ÷èñåë è ïðàê-
òè÷åñêîé ñëîæíîñòè ôàêòîðèçàöèè áîëüøèõ öåëûõ ÷èñåë. Áûë îïóáëèêîâàí ñïèñîê èç 54
ïîëóïðîñòûõ ÷èñëà äëèíîé îò 100 äî 617 äåñÿòè÷íûõ çíàêîâ. Çà ôàêòîðèçàöèþ íåêîòî-
ðûõ èç íèõ ïðåäëàãàëèñü äåíåæíûå ïðèçû. Íàïðèìåð, ïðåìèÿ çà ôàêòîðèçàöèþ RSA-
1536 (1536 áèòîâ) ñîñòàâëÿëà 150 òûñ. äîëëàðîâ. Íàèìåíüøåå RSA-÷èñëî áûëî ðàçëîæåíî
çà íåñêîëüêî äíåé. Áîëüøèíñòâî ÷èñåë äî ñèõ ïîð íå ðàçëîæåíû è ïðåäïîëàãàåòñÿ, ÷òî
ìíîãèå èç íèõ îñòàíóòñÿ íåðàçëîæåííûìè åùå äîâîëüíî äîëãîå âðåìÿ äî çíà÷èòåëüíîãî
óëó÷øåíèÿ âû÷èñëèòåëüíûõ ìîùíîñòåé è ïðîäâèæåíèé â ôàêòîðèçàöèè öåëûõ ÷èñåë.
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� 4. Ñëåäñòâèÿ èç îñíîâíîé òåîðåìû àðèôìåòèêè

Ñëåäñòâèå 4.1. Ñïðàâåäëèâû ñëåäóþùèå ñâîéñòâà.

à) Ïóñòü (3.2) åñòü êàíîíè÷åñêîå ðàçëîæåíèå ÷èñëà a. Òîãäà ìíîæåñòâî åãî äåëèòåëåé
ñîñòîèò èç ÷èñåë d âèäà

d = pβ11 p
β2
2 . . . pβss ,

ãäå 0 ≤ βj ≤ αj.

á) Íàèáîëüøèé îáùèé äåëèòåëü íåñêîëüêèõ ÷èñåë ðàâåí ïðîèçâåäåíèþ ñòåïåíåé âèäà pα,
ãäå p � îáùèé ïðîñòîé äåëèòåëü ýòèõ ÷èñåë, à α � íàèìåíüøèé èç ïîêàçàòåëåé, ñ
êîòîðûìè p âõîäèò â èõ êàíîíè÷åñêèå ðàçëîæåíèÿ.

â) Ëþáîé îáùèé äåëèòåëü íåñêîëüêèõ ÷èñåë äåëèò èõ íàèáîëüøèé îáùèé äåëèòåëü.

ã) Îáùåå íàèìåíüøåå êðàòíîå íåñêîëüêèõ ÷èñåë ðàâíî ïðîèçâåäåíèþ ñòåïåíåé âèäà pα, ãäå
p � ïðîñòîé äåëèòåëü õîòÿ áû îäíîãî èç ýòèõ ÷èñåë, à α � íàèáîëüøèé èç ïîêàçàòåëåé,
ñ êîòîðûìè p âõîäèò â èõ êàíîíè÷åñêèå ðàçëîæåíèÿ.

Äîêàçàòåëüñòâî. Äîêàæåì à). Ïóñòü d | a, ïðè÷åì êàíîíè÷åñêîå ðàçëîæåíèå d èìååò âèä

d = qβ11 q
β2
2 . . . qβll .

Âîçüìåì ëþáîå i ∈ {1, . . . , l}. Òàê êàê qi | d, d | a, òî qi | a. Ñîãëàñíî ëåììå 3.1 â) îòñþäà
âûòåêàåò, ÷òî qi äåëèò êàêîå-íèáóäü èç ïðîñòûõ p1, . . . , ps. Ýòî âîçìîæíî òîëüêî â ñëó÷àå,
êîãäà qi ðàâåí îäíîìó èç p1, . . . , ps. Ïóñòü, äëÿ îïðåäåëåííîñòè, qi = p1. Îñòàëîñü äîêàçàòü,
÷òî βi ≤ α1. Èìååì

pβi1 | d, d | a =⇒ p1 | a =⇒ pβi1 | (pα1
1 p

α2
2 · . . . · pαss ) .

Åñëè βi > α1, òî p1 | (pα2
2 · . . . · pαss ). Ïîñëåäíåå íåâîçìîæíî ñîãëàñíî ëåììå 3.1. Çíà÷èò,

βi ≤ α1. Ââèäó ïðîèçâîëüíîñòè i, ñâîéñòâî à) äîêàçàíî.
Óòâåðæäåíèÿ á), â) ÿâëÿþòñÿ î÷åâèäíûìè ñëåäñòâèÿìè èç à). Ñâîéñòâî ã) äîêàçûâàåòñÿ

ïî òàêîé æå ñõåìå, ÷òî è à).

Ïðèìåð. Âûïèøåì êàíîíè÷åñêèå ðàçëîæåíèÿ ñëåäóþùèõ ÷èñåë

1 089 000 = 23 · 32 · 53 · 112, 720 = 24 · 32 · 5, 67 914 = 2 · 32 · 73 · 11.

×èñëî 67 914 èìååò ñëåäóþùèå äåëèòåëè

2α1 · 3α2 · 7α3 · 11α4 ,

ãäå α1 ∈ {0, 1}, α2 ∈ {0, 1, 2}, α3 ∈ {0, 1, 2, 3}, α4 ∈ {0, 1}. Êðîìå òîãî,

(1 089 000, 720, 67 914) = 2 · 32 = 18,
[1 089 000, 720, 67 914] = 23 · 32 · 53 · 73 = 3 087 000

Ñëåäñòâèå 4.2. Ïóñòü íîä (a, b) = 1. Òîãäà

à) íîä (a, bc) = íîä (a, c);
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á) åñëè a | bc, òî a | c.

Äîêàçàòåëüñòâî. Òàê êàê íîä (a, b) = 1, òî a, b íå èìåþò îáùèõ ïðîñòûõ äåëèòåëåé è
òðåáóåìûå óòâåðæäåíèÿ âûòåêàþò èç ñëåäñòâèÿ 4.1 à), á).

Ñëåäñòâèå 4.3. Ïóñòü íîä (ai, bj) = 1, i = 1, n, j = 1, k. Òîãäà

íîä

(
n∏
i=1

ai,

k∏
j=1

bj

)
= 1.

Äîêàçàòåëüñòâî. ×èñëà
∏
ai è

∏
bj íå èìåþò îáùèõ ïðîñòûõ äåëèòåëåé.

Èñïîëüçóÿ ñëåäñòâèå 4.1, ìîæíî òàêæå âûâåñòè ñëåäóþùèå ôîðìóëû

íîä (ba1, ba2, . . . , ban) = b · íîä (a1, a2, . . . , an), (4.1)

íîê [ba1, ba2, . . . , ban] = b · íîê [a1, a2, . . . , an], (4.2)

íîä (a1, a2, . . . , an−1, an) = íîä (íîä (a1, a2, . . . , an−1), an) , (4.3)

íîê [a1, a2, . . . , an−1, an] = íîê [íîê [a1, a2, . . . , an−1], an] , (4.4)

Óïðàæíåíèå 4.1. Ïóñòü a/b = c/d è íîä (c, d) = 1. Äîêàæèòå, ÷òî òîãäà a = c, b = d
ëèáî a = −c, b = −d.

×èñëåííûå óïðàæíåíèÿ ê ãëàâå I

1. Íàéäèòå íàèáîëüøèå îáùèå äåëèòåëè

(385, 781), (1234, 56789), (53357, 70303), (221 − 1, 227 − 1), (2100 · 1221, 3333)

2. Íàéäèòå íàèìåíüøèå îáùèå êðàòíûå

[33, 35], [34, 38], [30, 165], [8192, 32768], [6, 10, 55].

3. Èñïîëüçóÿ ðåøåòî Ýðàòîñôåíà, âûïèøèòå âñå ïðîñòûå, íå ïðåâîñõîäÿùèå 100.

4. Èññëåäóéòå ñëåäóþùèå ÷èñëà íà ïðîñòîòó: 131, 133, 233, 237, 311, 319, 419.

5. Íàéäèòå ìíîæåñòâî îáùèõ äåëèòåëåé ÷èñåë 385, 781.



Ãë à â à II

Àëãîðèòì Åâêëèäà è íåïðåðûâíûå

äðîáè

� 1. Ñëîæíîñòü àëãîðèòìà Åâêëèäà. Îáîáùåííûé àëãî-

ðèòì Åâêëèäà

Îäíèì èç äðåâíåéøèõ ìàòåìàòè÷åñêèõ àëãîðèòìîâ ÿâëÿåòñÿ àíòè÷íûé àëãîðèòì Åâêëèäà
íàõîæäåíèÿ íàèáîëüøåãî îáùåãî äåëèòåëÿ. Îí îñíîâûâàåòñÿ íà ñëåäóþùåì ýëåìåíòàðíîì
ðåçóëüòàòå (ñì. ëåììó I.1.2): åñëè a = bq + r, òî íîä (a, b) = íîä (b, r).

Àëãîðèòì Åâêëèäà. Äàíî a > b > 0. Íóæíî íàéòè d = íîä (a, b).

1. Ïðåäñòàâèì a â âèäå a = bq + r, ãäå 0 ≤ r < b. Òîãäà (a, b) = (b, r).

2. Åñëè r > 0, òî çàìåíÿåì ïàðó (a, b) íà (b, r) è ïåðåõîäèì ê øàãó 1.

3. Ïîëàãàåì d = b. ÑÒÎÏ.

Çàïèøåì àëãîðèòì â âèäå ñëåäóþùåé öåïî÷êè ñîîòíîøåíèé (äåëåíèÿ ñ îñòàòêîì)

a = bq0 + r1, 0 < r1 < b,
b = r1q1 + r2, 0 < r2 < r1,
r1 = r2q2 + r3, 0 < r3 < r2,
· · · · · ·
rn−2 = rn−1qn−1 + rn, 0 < rn < rn−1,
rn−1 = rnqn,

(1.1)

êîòîðàÿ çàêàí÷èâàåòñÿ ïðè rn+1 = 0.

Ëåììà 1.1. Äëÿ ëþáûõ íàòóðàëüíûõ a, b

íîä (a, b) = rn,

ãäå rn � ïîñëåäíèé íåíóëåâîé îñòàòîê â àëãîðèòìå Åâêëèäà.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ (1.1) è ëåììó I.1.2, ïîëó÷àåì

(a, b) = (b, r1) = (r1, r2) = (r2, r3) = . . . = (rn−1, rn) = (rnqn, rn) = rn,
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Ïðèìåð. Âû÷èñëèì íîä (525, 231). Èìååì a = 525, b = 231,

525 = 231 · 2 + 63, q1 = 2, r2 = 63,
231 = 63 · 3 + 42, q2 = 3, r2 = 63,
63 = 42 · 1 + 21, q3 = 1, r4 = 21,
42 = 21 · 2, q4 = 2, r5 = 21.

Îòâåò: íîä (525, 231) = 21.
Âðåìÿ ðàáîòû àëãîðèòìà Åâêëèäà çàâèñèò îò ÷èñëà äåëåíèé (ò.å. îò n). Ïîëó÷èì îöåíêó

äëÿ ýòîé âåëè÷èíû.

Îïðåäåëåíèå. Çîëîòûì ñå÷åíèåì íàçûâàåòñÿ êîíñòàíòà

ϕ =
1 +
√

5

2
= 1.61803398 . . .

Îíà ÿâëÿåòñÿ ïîëîæèòåëüíûì ðåøåíèåì êâàäðàòíîãî óðàâíåíèÿ

ϕ2 − ϕ− 1 = 0. (1.2)

Òåîðåìà 1.1. Ïóñòü a, b ∈ N, ïðè÷åì b < a. Êîëè÷åñòâî äåëåíèé, íåîáõîäèìûõ äëÿ
âû÷èñëåíèÿ íîä (a, b) ñ ïîìîùüþ àëãîðèòìà Åâêëèäà íå áîëüøå, ÷åì logϕ b+ 1.

Äîêàçàòåëüñòâî. Áóäåì èñïîëüçîâàòü ñîîòíîøåíèÿ (1.1). Äëÿ óäîáñòâà ïîëîæèì r0 = b.
×èñëî äåëåíèé â àëãîðèòìå Åâêëèäà ðàâíî n + 1. Ïîýòîìó äîñòàòî÷íî äîêàçàòü, ÷òî n ≤
logϕ b. Ïîëó÷èì ñëåäóþùóþ îöåíêó íåïîëíûõ ÷àñòíûõ:

rn−i ≥ ϕi, i = 1, n, (1.3)

èñïîëüçóÿ ìåòîä ìàòåìàòè÷åñêîé èíäóêöèè ïî i = 1, 2, . . . , n.
Áàçà èíäóêöèè. Òàê êàê rn−1 > rn ≥ 1, òî rn−1 ≥ 2 > ϕ. Íåðàâåíñòâî (1.3) âûïîëíåíî

ïðè i = 1.
Èíäóêöèîííûé ïåðåõîä îò (i − 1) ê i. Ïóñòü íåðàâåíñòâî (1.3) âûïîëíÿåòñÿ äëÿ âñåõ

i < j. Íóæíî äîêàçàòü, ÷òî îíî ñïðàâåäëèâî è ïðè i = j. Ïîëàãàÿ i = j − 1 è i = j − 2,
ïîëó÷àåì

rn−j+1 ≥ ϕj−1, rn−j+2 ≥ ϕj−2.

Èñïîëüçóÿ (1.1) è ðàâåíñòâî ϕ+ 1 = ϕ2, èìååì

rn−j = qn−j+1rn−j+1 + rn−j+2 ≥ rn−j+1 + rn−j+2 ≥ ϕj−1 + ϕj−2 = ϕj−2(1 + ϕ) = ϕj−2 · ϕ2 = ϕj.

Íåðàâåíñòâî (1.3) äîêàçàíî. Èç íåãî âûòåêàåò, ÷òî ϕn ≤ r0 = b, ò.å. n ≤ logϕ b.

Çàìå÷àíèå 1.1. Ïóñòü N � êîëè÷åñòâî ðàçðÿäîâ â äâîè÷íîé çàïèñè ÷èñëà b (êîëè÷å-
ñòâî áèòîâ, òðåáóåìûõ äëÿ õðàíåíèÿ b â ïàìÿòè êîìïüþòåðà). Òîãäà b < 2N . Ïîýòîìó
êîëè÷åñòâî äåëåíèé â àëãîðèòìå Åâêëèäà íå ïðåâîñõîäèò

logϕ b+ 1 = log−12 ϕ · log2 b+ 1 < log−12 ϕ ·N + 1 < 1.45 ·N + 1.

Åñëè ìû ïîïûòàåìñÿ íàéòè íîä (a, b) ïóòåì ïåðåáîðà âñåõ âîçìîæíûõ ÷èñåë îò 2 äî b, òî
êîëè÷åñòâî ïðîáíûõ äåëåíèé ïðèìåðíî ðàâíî b/2 ≈ 2N . Íàïðèìåð, ïðè N = 100 àëãîðèòì
Åâêëèäà ïîòðåáóåò íå áîëåå, ÷åì 146 äåëåíèé, à êîëè÷åñòâî äåëåíèé â ìåòîäå ïåðåáîðà
áóäåò

2100 = 10100/ log2 10 > 1033.

Îòìåòèì òàêæå, ÷òî êîëè÷åñòâî äåëåíèé â àëãîðèòìå Åâêëèäà íå ïðåâîñõîäèò ïÿòèêðàò-
íîãî êîëè÷åñòâà öèôð â äåñÿòè÷íîé çàïèñè b.
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Àëãîðèòì Åâêëèäà íåòðóäíî îáîáùèòü äëÿ íàõîæäåíèÿ íàèáîëüøåãî îáùåãî äåëèòåëÿ
íåñêîëüêèõ ÷èñåë.

Îáîáùåííûé àëãîðèòì Åâêëèäà. Äàí íàáîð öåëûõ íåîòðèöàòåëüíûõ ÷èñåë A =
{a1, a2, . . . , an}. Íóæíî íàéòè d = íîä (a1, a2, . . . , an).

1. Âû÷åðêèâàåì âñå íóëåâûå ÷èñëà íàáîðà A. Íàèìåíüøåå èç îñòàâøèõñÿ ñòàâèì íà
ïåðâîå ìåñòî. Ïîëó÷àåì íîâûé íàáîð A = {a1, a2, . . .}.

2. Åñëè A ñîäåðæèò òîëüêî a1, òî d = a1. Êîíåö.

3. Çàìåíÿåì êàæäîå aj (j ≥ 2) íà åãî îñòàòîê îò äåëåíèÿ íà a1. Ïåðåõîäèì ê øàãó 1.

Êîððåêòíîñòü àëãîðèòìà ñëåäóåò èç ñëåäóþùåé ëåììû.

Ëåììà 1.2. Ïóñòü aj ≥ 0, j = 1, n, ïðè÷åì a1 > 0. Ïóñòü

aj = qja1 + rj, j = 2, n,

ãäå 0 ≤ rj < a1. Òîãäà íîä (a1, a2, . . . , an) = íîä (a1, r2, . . . , rn).

Äîêàçàòåëüñòâî ñîâïàäàåò ñ äîêàçàòåëüñòâîì ëåììû I.1.2 è îñòàâëÿåòñÿ ÷èòàòåëþ.

Ïðèìåð. Èñïîëüçóÿ îáîáùåííûé àëãîðèòì Åâêëèäà, ïîëó÷àåì

íîä (10, 6, 15, 24) = (6, 10, 15, 24) = (6, 4, 3, 0) = (3, 6, 4) = (3, 0, 1) = (1, 3) = 1.

×èñëà 10, 6, 15, 24 âçàèìíî ïðîñòû.

� 2. Êîíå÷íûå íåïðåðûâíûå äðîáè

Ïóñòü a, b ∈ N, a > b. Çàïèøåì öåïî÷êó ñîîòíîøåíèé (1.1) àëãîðèòìà Åâêëèäà ñëåäóþùèì
îáðàçîì (ïåðâîå ðàâåíñòâî äåëèì íà b, âòîðîå íà r1, òðåòüå íà r2,. . . )

a

b
= q0 +

1

b/r1
,

b

r1
= q1 +

1

r1/r2
,

r1
r2

= q2 +
1

r2/r3
,

...
rn−2
rn−1

= qn−1 +
1

rn−1/rn
,

rn−1
rn

= qn.

Ñëåäîâàòåëüíî,
a

b
= q0 +

1

q1 +
1

q2 + . . .+
1

qn−1 +
1

qn

. (2.1)

Ïîä÷åðêíåì, ÷òî qn ≥ 2 (ò.ê. qn = rn−1/rn > 1), çà òðèâèàëüíûì èñêëþ÷åíèåì a/b = 1.
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Îïðåäåëåíèå. Ðàâåíñòâî (2.1) íàçûâàåòñÿ ðàçëîæåíèåì ðàöèîíàëüíîãî a/b â íåïðåðûâ-
íóþ (öåïíóþ) äðîáü. Íàòóðàëüíûå q0, . . . , qn íàçûâàþòñÿ íåïîëíûìè ÷àñòíûìè. Ñèìâîëè-
÷åñêè ðàâåíñòâî (2.1) çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

a

b
= [q0; q1, q2, . . . , qn].

Ïðèìåð.

31

7
= 4 +

3

7
= 4 +

1

7/3
= 4 +

1

2 + 1
3

= [4; 2, 3],

8

5
= 1 +

3

5
= 1 +

1

5/3
= 1 +

1

1 + 2/3
= 1 +

1

1 + 1
3/2

= 1 +
1

1 + 1
1+1/2

= [1; 1, 1, 2].

Íåïîñðåäñòâåííî èç îïðåäåëåíèé âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 2.1. Ëþáîå ðàöèîíàëüíîå ïîëîæèòåëüíîå ÷èñëî a/b åäèíñòâåííûì îáðàçîì ðàç-
ëàãàåòñÿ â íåïðåðûâíóþ äðîáü (2.1), ãäå q0 ≥ 0, qj ∈ N, ïðè÷åì qn ≥ 2 (çà èñêëþ÷åíèåì
òðèâèàëüíîãî ñëó÷àÿ a/b = 1).

Îïðåäåëåíèå. Ïóñòü a/b = [q0; q1, . . . , qn]. Íåñîêðàòèìûå äðîáè

Pk
Qk

= [q0; q1, . . . , qk], k = 0, n

íàçûâàþòñÿ ïîäõîäÿùèìè äðîáÿìè. ×èñëèòåëè è çíàìåíàòåëè ïîäõîäÿùèõ äðîáåé íàçû-
âàþòñÿ ïîäõîäÿùèìè ÷èñëèòåëÿìè è ïîäõîäÿùèìè çíàìåíàòåëÿìè ñîîòâåòñòâåííî.

Ïîä÷åðêíåì, ÷òî ïîñëåäíÿÿ ïîäõîäÿùàÿ äðîáü ñîâïàäàåò ñ èñõîäíûì ÷èñëîì, ò.å.

Pn
Qn

=
a

b
,

Îäíàêî, â îáùåì ñëó÷àå, Pn 6= a, Qn 6= b.

Ïðèìåð. Íàéäåì ïîäõîäÿùèå äðîáè äëÿ 210
76
. Èìååì

210

76
= 2 +

29

38
,

38

29
= 1 +

9

29
,

29

9
= 3 +

2

9
,

9

2
= 4 +

1

2
,

2

1
= 2;

210

76
= [2; 1, 3, 4, 2].

P0

Q0

= [2] =
2

1
,

P1

Q1

= [2; 1] = 2 +
1

1
=

3

1
,

P2

Q2

= [2; 1, 3] = 2 +
1

1 + 1
3

=
11

4
,

P3

Q3

= [2; 1, 3, 4] = 2 +
1

1 + 1
3+1/4

=
47

17
,

P4

Q4

= [2; 1, 3, 4, 2] =
105

38
.

Ïîäõîäÿùèìè äðîáÿìè ÿâëÿþòñÿ 2
1
, 3

1
, 11

4
, 47

17
, 105

38
.

Äëÿ èçó÷åíèÿ äàëüíåéøèõ ñâîéñòâ, íàì ïîíàäîáèòñÿ îäèí âñïîìîãàòåëüíûé ðåçóëüòàò.
Äëÿ ëþáîãî âåùåñòâåííîãî x0 ≥ 0 è ïîëîæèòåëüíûõ âåùåñòâåííûõ x1, x2 . . . , xk îïðåäåëèì

[x0;x1, x2, . . . , xk] = x0 +
1

x1 +
1

x2 + . . .+
1

xk

.
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Ñðàçó îòìåòèì, ÷òî

[x0;x1, . . . , xk−1, α] = [x0;x1, . . . , xk−1 + 1/α]. (2.2)

Ëåììà 2.1. Îïðåäåëèì ìíîãî÷ëåíû fk = fk(x0, x1, . . . , xk) è gk = gk(x0, x1, . . . , xk) ïî
ñëåäóþùèì ðåêêóðåíòíûì ñîîòíîøåíèÿì

f−1 = 1, f0 = x0, fk = xkfk−1 + fk−2;
g−1 = 0, g0 = 1, gk = xkgk−1 + gk−2, k = 1, 2, 3, . . .

Òîãäà äëÿ ëþáîãî k ≥ 0
fk
gk

= [x0;x1, . . . , xk]. (2.3)

Äîêàçàòåëüñòâî. Ïðèìåíèì ìåòîä ìàòåìàòè÷åñêîé èíäóêöèè ïî k = 0, 1, 2, . . ..
Áàçà èíäóêöèè. Òàê êàê

f0(x0)

g0(x0)
= x0 = [x0],

òî óòâåðæäåíèå ëåììû âûïîëíÿåòñÿ ïðè k = 0.
Èíäóêöèîííûé ïåðåõîä îò k ê (k+1). Ïóñòü ôîðìóëà (2.3) âûïîëíÿåòñÿ ïðè âñåõ k ≤ n.

Íóæíî äîêàçàòü, ÷òî îíà ñïðàâåäëèâà è ïðè k = (n+1). Èñïîëüçóÿ (2.2) è ïðåäïîëîæåíèå
èíäóêöèè, ïîëó÷àåì

[x0;x1, . . . , xn, xn+1] = [x0;x1, . . . , xn + 1/xn+1] =
fn(x0, x1, . . . , xn + 1/xn+1)

gn(x0, x1, . . . , xn + 1/xn+1)
=

=
(xn + 1/xn+1) · fn−1 + fn−2
(xn + 1/xn+1) · gn−1 + gn−2

=
(xnfn−1 + fn−2) + fn−1/xn+1

(xngn−1 + gn−2) + gn−1/xn+1

=
fn + fn−1/xn+1

gn + gn−1/xn+1

=

=
xn+1fn + fn−1
xn+1gn + gn−1

=
fn+1

gn+1

.

Èñïîëüçóÿ ëåììó, ìû ìîæåì èçó÷èòü äàëüíåéøèå ñâîéñòâà ïîäõîäÿùèõ äðîáåé.

Òåîðåìà 2.2. Ïóñòü a/b = [q0; q1, . . . , qn] è Pk/Qk = [q0; q1, . . . , qk] (k = 0, n) � ïîäõîäÿùèå
äðîáè äëÿ a/b. Ñïðàâåäëèâû ñëåäóþùèå ñâîéñòâà.

à) ×èñëèòåëè è çíàìåíàòåëè îïðåäåëÿþòñÿ ðåêêóðåíòíûìè ñîîòíîøåíèÿìè

P−1 = 1, P0 = q0, Pk = qkPk−1 + Pk−2,
Q−1 = 0, Q0 = 1, Qk = qkQk−1 +Qk−2.

(2.4)

á) Äëÿ ëþáîãî k ∈ {0, . . . , n} ñïðàâåäëèâà ôîðìóëà

PkQk−1 − Pk−1Qk = (−1)k+1. (2.5)

â) Ïîñëåäîâàòåëüíîñòü ïîäõîäÿùèõ äðîáåé ñ ÷åòíûìè íîìåðàìè âîçðàñòàåò, à ñ íå÷åò-
íûìè óáûâàåò.

ã) Ïîäõîäÿùàÿ äðîáü ñ ÷åòíûì íîìåðîì ìåíüøå ëþáîé ïîäõîäÿùåé äðîáè ñ íå÷åòíûì.



Ãëàâà II. Àëãîðèòì Åâêëèäà è íåïðåðûâíûå äðîáè 16

Äîêàçàòåëüñòâî. Îïðåäåëèì íàòóðàëüíûå P ′k è Q
′
k ïî ðåêêóðåíòíûì ñîîòíîøåíèÿì

P ′−1 = 1, P ′0 = q0, P ′k = qkP
′
k−1 + P ′k−2,

Q′−1 = 0, Q′0 = 1, Q′k = qkQ
′
k−1 +Q′k−2.

Èñïîëüçóÿ ìàòåìàòè÷åñêóþ èíäóêöèþ, äîêàæåì ôîðìóëó

P ′kQ
′
k−1 − P ′k−1Q′k = (−1)k+1. (2.6)

Áàçà èíäóêöèè. Ïðè k = 0

P ′0Q
′
−1 − P ′−1Q′0 = q0 · 0− 1 · 1 = −1 = (−1)0+1.

Èíäóêöèîííûé ïåðåõîä îò k ê (k + 1). Èñïîëüçóÿ ïðåäïîëîæåíèå èíäóêöèè, ïîëó÷àåì

P ′k+1Q
′
k − P ′kQ′k+1 = (P ′kqk+1 + P ′k−1)Q

′
k − P ′k(Q′kqk+1 +Q′k−1) = P ′k−1Q

′
k − P ′kQ′k−1 =

= −(P ′kQ
′
k−1 − P ′k−1Q′k) = −(−1)k+1 = (−1)k+2.

Ñîîòíîøåíèå (2.6) äîêàçàíî. Èç íåãî âûòåêàåò, ÷òî äðîáü P ′k/Q
′
k íåñîêðàòèìàÿ. Äåéñòâè-

òåëüíî, d = íîä (P ′k, Q
′
k) äåëèò ïðàâóþ ÷àñòü (2.6) è ïîýòîìó d = 1.

Ñîãëàñíî ëåììå 2.1

P ′k
Q′k

=
fk(q0, . . . , qk)

gk(q0, . . . , qk)
= [q0; q1, . . . , qk] =

Pk
Qk

.

Òàê êàê äðîáè P ′k/Q
′
k è Pk/Qk íåñîêðàòèìûå, òî P ′k = Pk, Q

′
k = Qk. Îòñþäà âûòåêàåò

âûïîëíåíèå à) è á).
Äîêàæåì â). Èñïîëüçóÿ à), á), ïîëó÷àåì äëÿ ëþáîãî k ≥ 0

Pk+2

Qk+2

− Pk
Qk

=
Pk+2Qk − PkQk+2

Qk+2Qk

=
(qk+2Pk+1 + Pk)Qk − Pk(qk+2Qk+1 +Qk)

Qk+2Qk

=

= qk+2
Pk+1Qk − PkQk+1

Qk+2Qk

= qk+2
(−1)k

Qk+2Qk

.

Ïîýòîìó âûïîëíÿåòñÿ â).
Äîêàæåì ã). Ïóñòü n � íå÷åòíîå. Ñîãëàñíî á)

Pn
Qn

− Pn−1
Qn−1

=
(−1)n+1

QnQn−1
> 0.

Ó÷èòûâàÿ â), èìååì

P0

Q0

<
P2

Q2

< . . . <
Pn−1
Qn−1

<
Pn
Qn

<
Pn−2
Qn−2

< . . . <
P1

Q1

.

Ñëåäîâàòåëüíî, ã) ñïðàâåäëèâî ïðè íå÷åòíîì n. Ñëó÷àé ÷åòíîãî n ðàññìàòðèâàåòñÿ àíà-
ëîãè÷íî.

Ïîäõîäÿùèå äðîáè óäîáíåå íàõîäèòü ïî ôîðìóëàì (2.4), ÷åì ïî îïðåäåëåíèþ.
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Ïðèìåð. Íàéäåì ïîäõîäÿùèå äðîáè äëÿ 210
76

= [2; 1, 3, 4, 2]. Èñïîëüçóÿ (2.4), ïîëó÷àåì

P−1 = 1, Q−1 = 0,
P0 = 2, Q0 = 1,
P1 = 1 · 2 + 1 = 3, Q1 = 1 · 1 + 0 = 1,
P2 = 3 · 3 + 2 = 11, Q2 = 3 · 1 + 1 = 4,
P3 = 4 · 11 + 3 = 47, Q3 = 4 · 4 + 1 = 17,
P4 = 2 · 47 + 11 = 105, Q4 = 2 · 17 + 4 = 38.

Ïîäõîäÿùèå äðîáè èìåþò âèä 2
1
, 3

1
, 11

4
, 47

17
, 105

38
. Ðåçóëüòàòû âû÷èñëåíèé óäîáíî çàïèñûâàòü

â ñëåäóþùóþ òàáëèöó

k -1 0 1 2 3 4
qk 2 1 3 4 2
Pk 1 2 3 11 47 105
Qk 0 1 1 4 17 38

� 3. Ðåøåíèå ëèíåéíîãî äèîôàíòîâîãî óðàâíåíèÿ

Óðàâíåíèÿ, ðåøàåìûå â öåëûõ ÷èñëàõ, íàçûâàþòñÿ äèîôàíòîâûìè. Ìû ðàññìîòðèì ïðî-
ñòåéøåå ëèíåéíîå óðàâíåíèå

ax+ by = c (3.1)

îòíîñèòåëüíî íåèçâåñòíûõ x, y ∈ Z. Çäåñü è äàëåå ñ÷èòàåì, ÷òî a, b, c � çàäàííûå öåëûå.
Âìåñòå ñ (3.2) áóäåì ðàññìàòðèâàòü ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå

ax0 + by0 = 0. (3.2)

Ñëåäóþùàÿ ëåììà îòðàæàåò õîðîøî èçâåñòíûé ôàêò î òîì, ÷òî îáùåå ðåøåíèå ëèíåéíîãî
íåîäíîðîäíîãî óðàâíåíèÿ åñòü ñóììà ÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî è îáùåãî ðåøåíèÿ
îäíîðîäíîãî óðàâíåíèé.

Ëåììà 3.1. Ïóñòü ïàðà (u, v) åñòü ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (3.1), ò.å. au+bv =
c. Òîãäà ïàðà (x, y) ÿâëÿåòñÿ ðåøåíèåì (3.1), åñëè è òîëüêî åñëè

x = u+ x0, y = v + y0, (3.3)

ãäå (x0, y0) � ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ (3.2).

Äîêàçàòåëüñòâî. Åñëè x, y èìååò âèä (3.3), òî

ax+ by = a(u+ x0) + b(v + y0) = (au+ bv) + (ax0 + by0) = c+ 0 = c.

Âîçüìåì òåïåðü ëþáîå ðåøåíèå x, y óðàâíåíèÿ (3.1). Ïîëîæèì x0 = x−u, y0 = y−v. Òîãäà

ax0 + by0 = (ax+ by)− (au+ bv) = 0,

ò.å. ïàðà (x0, y0) ÿâëÿåòñÿ ðåøåíèåì îäíîðîäíîãî óðàâíåíèÿ (3.2).

Îäíîðîäíîå óðàâíåíèå (3.2) ðåøàåòñÿ äîâîëüíî ïðîñòî.
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Ëåììà 3.2. Ïóñòü d = íîä (a, b). Òîãäà ìíîæåñòâî ðåøåíèé îäíîðîäíîãî óðàâíåíèÿ (3.2)
ñîñòîèò èç ïàð (x0, y0) âèäà

x0 = t · b
d
, y0 = −t · a

d
, t ∈ Z. (3.4)

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî ïàðà (x0, y0) âèäà (3.4) åñòü ðåøåíèÿ (3.2). Âîçüìåì òå-
ïåðü ëþáîå ðåøåíèå (x0, y0) óðàâíåíèÿ (3.2). Ïîëîæèì t = íîä (x0, y0). Òîãäà

a

b
= −y0

x0
⇐⇒ a/d

b/d
=
−y0/t
x0/t

.

Òàê êàê öåëûå y0/t, x0/t âçàèìíî ïðîñòûå è öåëûå a/d, b/d âçàèìíî ïðîñòûå, òî

a/d = −y0/t, b/d = x0/t (ëèáî a/d = y0/t, b/d = −x0/t).

Ó÷èòûâàÿ, ÷òî t ∈ N, ïðèõîäèì ê (3.4).

Íàéäåì òåïåðü êàêîå-íèáóäü ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (3.1).

Ëåììà 3.3. Ïóñòü b > 0, d = íîä (a, b). Ïóñòü Pk/Qk � ïîäõîäÿùèå äðîáè äëÿ a/b =
[q0; q1, . . . , qn]. Òîãäà

a ·Qn−1 − Pn−1b = (−1)n+1 · d.

Äîêàçàòåëüñòâî. Ñîãëàñíî (2.5)

Pn ·Qn−1 − Pn−1Qn = (−1)n+1.

Êðîìå òîãî,
Pn
Qn

=
a

b
=
a/d

b/d
.

Ïîýòîìó Pn = a/d, Qn = b/d è óòâåðæäåíèå ëåììû ñòàíîâèòñÿ î÷åâèäíûì.

Ëåììà 3.4. Ïóñòü b > 0 è d = íîä (a, b) äåëèò c. Ïóñòü Pk/Qk � ïîäõîäÿùèå äðîáè äëÿ
a/b = [q0; q1, . . . , qn]. Ïîëîæèì

u = (−1)n+1Qn−1 ·
c

d
, v = (−1)nPn−1 ·

c

d
.

Òîãäà öåëûå x = u, y = v óäîâëåòâîðÿþò (3.1).

Äîêàçàòåëüñòâî. Ñîãëàñíî ïðåäûäóùåé ëåììå

au+ bv =
c

d
(−1)n+1(aQn−1 − bPn−1) =

c

d
(−1)n+1(−1)n+1d = c.

Ðåçóëüòàòû ýòîãî ïàðàãðàôà ìîæíî ñôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì.

Òåîðåìà 3.1. Ïóñòü d = íîä (a, b) è b > 0.
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à) Åñëè d íå äåëèò c, òî óðàâíåíèå (3.1) íå èìååò ðåøåíèé.

á) Åñëè d | c, òî óðàâíåíèå (3.1) èìååò áåñêîíå÷íî ìíîãî ðåøåíèé è îíè îïðåäåëÿþòñÿ
ôîðìóëàìè

x = u+
b

d
· t, y = v − a

d
· t, t ∈ N,

ãäå u, v òàêèå æå, êàê è â ëåììå 3.4.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî óðàâíåíèå (3.1) èìååò ðåøåíèå. Òîãäà d äåëèò ëåâóþ
÷àñòü (3.1). Çíà÷èò, d | c. Óòâåðæäåíèå à) äîêàçàíî.

Óòâåðæäåíèå á) âûòåêàåò èç ëåìì 3.1, 3.2, 3.4.

Ïðèìåð. Ðåøèì óðàâíåíèå
7x+ 11y = 13.

Èìååì a = 7, b = 11, c = 13. Ñíà÷àëà ìû íàéäåì íîä (a, b), ðàçëîæèì a/b = 7/11
â íåïðåðûâíóþ äðîáü, âû÷èñëèì Pn−1, Qn−1 è îïðåäåëèì ÷àñòíîå ðåøåíèå u, v íàøåãî
óðàâíåíèÿ. Èìååì

11

7
= 1 +

4

7
,

7

4
= 1 +

3

4
,

4

3
= 1 +

1

3
.

d = íîä (11, 7) = (1, 3) = 1,
11

7
= [1; 1, 1, 3],

a

b
=

7

11
= [0; 1, 1, 1, 3].

qk 0 1 1 1 3
Pk 1 0 1 1 2 7
Qk 0 1 1 2 3 11

, n = 4, Pn−1 = 2, Qn−1 = 3.

u = (−1)n+1Qn−1c = −3 · 13 = −39, v = (−1)nPn−1c = 2 · 13 = 26.

Òåïåðü íàõîäèì îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ. Òàê êàê d = 1, òî

x0 = 11 · t, y0 = −7 · t, t ∈ Z.

Îòâåò: x = −39 + 11 · t, y = 26− 7 · t, t ∈ Z.

� 4. Áåñêîíå÷íûå íåïðåðûâíûå äðîáè

4.1 Ñõîäèìîñòü áåñêîíå÷íîé íåïðåðûâíîé äðîáè

Îïðåäåëåíèå. Ïóñòü q0 ∈ N ∪ {0}, q1, q2, . . . ∈ N. Ñëåäóþùåå (ôîðìàëüíîå) âûðàæåíèå

[q0; q1, q2, . . .] = q0 +
1

q1 +
1

q2 + . . .

íàçûâàåòñÿ áåñêîíå÷íîé íåïðåðûâíîé äðîáüþ ñ íåïîëíûìè ÷àñòíûìè q0, q1, q2, . . .. Íåñî-
êðàòèìûå äðîáè

Pk
Qk

= [q0; q1, q2, . . . , qk]

íàçûâàþò ïîäõîäÿùèìè äðîáÿìè.
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Ïîä÷åðêíåì, ÷òî ïîäõîäÿùèå äðîáè îïðåäåëÿþòñÿ ÷åðåç êîíå÷íûå íåïðåðûâíûå äðîáè.
Ïîýòîìó äëÿ íèõ îñòàþòñÿ â ñèëå óòâåðæäåíèÿ òåîðåìû 2.2. Â ÷àñòíîñòè,

Q−1 = 0, Q0 = 1, Qk = qkQk−1 +Qk−2, (4.1)∣∣∣∣Pk+1

Qk+1

− Pk
Qk

∣∣∣∣ =
1

QkQk+1

. (4.2)

Ïîëó÷èì ñíà÷àëà íèæíþþ îöåíêó ñêîðîñòè ðîñòà ïîäõîäÿùèõ çíàìåíàòåëåé.

Îïðåäåëåíèå. ×èñëà Ôèáîíà÷÷è {Fk}∞k=0 îïðåäåëÿþòñÿ ðåêêóðåíòíûìè ñîîòíîøåíèÿìè:

F0 = 0, F1 = 1, Fk+1 = Fk + Fk−1.

Ëåììà 4.1. Ñïðàâåäëèâà îöåíêà Qk ≥ Fk+1, k = −1, 0, 1, 2, 3, . . ..

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèÿì, Q−1 = F0, Q0 = F1. Ïðè k ≥ 2, èñïîëüçóÿ ìåòîä
ìàòåìàòè÷åñêîé èíäóêöèè, èìååìQk = qkQk−1+Qk−2 ≥ Qk−1+Qk−2 ≥ Fk+Fk−1 = Fk+1.

Íåòðóäíî ïîëó÷èòü ñëåäóþùèå îöåíêè

Fk ≥ ϕk−2, Qk ≥ ϕk−1, k = 1, 2, . . . (ϕ � çîëîòîå ñå÷åíèå).

Íàïîìíèì, ÷òî ëþáàÿ êîíå÷íàÿ íåïðåðûâíàÿ äðîáü ðàâíà ðàöèîíàëüíîìó ÷èñëó.

Òåîðåìà 4.1. Äëÿ ëþáîé áåñêîíå÷íîé íåïðåðûâíîé äðîáè [q0; q1, q2, . . .] ñóùåñòâóåò ïðåäåë

α = lim
Pk
Qk

,

ïðè÷åì ÷èñëî α ÿâëÿåòñÿ èððàöèîíàëüíûì è èìååò ìåñòî îöåíêà∣∣∣∣α− Pk
Qk

∣∣∣∣ < 1

QkQk+1

, k = 0, 1, 2, . . . (4.3)

Äîêàçàòåëüñòâî. Ïîëîæèì βk = Pk/Qk. Èñïîëüçóåì òåîðåìó 2.2. Ñîãëàñíî â) ïîñëåäîâà-
òåëüíîñòü β2k ñòðîãî âîçðàñòàåò, à ñîãëàñíî ã) îíà îãðàíè÷åíà ñâåðõó. Çíà÷èò,

∃α′ ∈ R : lim
k→+∞

β2k = sup
k∈N

β2k = α′.

Àíàëîãè÷íûì îáðàçîì, äîêàçûâàåòñÿ, ÷òî ñóùåñòâóåò ïðåäåë

lim
k→+∞

β2k+1 = inf
k∈N

β2k+1 = α′′.

Â ñèëó òåîðåìû 2.2 ã), ÷èñëà α′ è α′′ ëåæàò ìåæäó βk è βk+1 ïðè ëþáîì âûáîðå íîìåðà k.
Ïîýòîìó, ó÷èòûâàÿ (4.2), ïîëó÷àåì

|α′ − α′′| ≤ |βk − βk+1| =
1

QkQk+1

→ 0.

Ñëåäîâàòåëüíî, α′ = α′′α, ïîñëåäîâàòåëüíîñòü βk ñõîäèòñÿ.
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Äîêàæåì (4.3). Òàê êàê α = sup β2k = inf β2k+1, òî α ëåæèò ìåæäó βk è βk+1. Ïîýòîìó∣∣∣∣α− Pk
Qk

∣∣∣∣ = |α− βk| < |βk+1 − βk| =
∣∣∣∣Pk+1

Qk+1

− Pk
Qk

∣∣∣∣ =
1

QkQk+1

.

Îñòàëîñü äîêàçàòü, ÷òî α èððàöèîíàëüíîå. Ïðåäïîëîæèì ïðîòèâíîå: α = a/b, a, b ∈ N.
Ïîñëåäîâàòåëüíîñòü {Qk}∞k=2 âîçðàñòàåò. Ïîýòîìó äëÿ âñåõ k, êðîìå âîçìîæíî îäíîãî

a

b
6= Pk
Qk

, aQk − bPk 6= 0, |aQk − bPk| ≥ 1,∣∣∣∣α− Pk
Qk

∣∣∣∣ =

∣∣∣∣ab − Pk
Qk

∣∣∣∣ =

∣∣∣∣aQk − bPk
Qk

∣∣∣∣ ≥ 1

bQk

.

Ñðàâíèâàÿ ïîñëåäíþþ îöåíêó è (4.3), ïîëó÷àåì 1/(bQk) < 1/(QkQk+1), ò.å. b > Qk+1. Ýòî
íåâîçìîæíî, ò.ê. Qk → +∞.

Îïðåäåëåíèå. ×èñëî α = lim
Pk
Qk

íàçûâàþò çíà÷åíèåì íåïðåðûâíîé äðîáè [q0; q1, q2, . . .] è

ïèøóò α = [q0; q1, q2, . . .].

4.2 Ðàçëîæåíèå ïðîèçâîëüíîãî âåùåñòâåííîãî â íåïðåðûâíóþ äðîáü

Îïðåäåëåíèå. Äëÿ ëþáîãî âåùåñòâåííîãî α îïðåäåëèì

[α] = max{k ∈ Z : k ≤ α} � öåëàÿ ÷àñòü α,
{α} = α− [α] � äðîáíàÿ ÷àñòü α.

Òàêèì îáðàçîì, α = [α] + {α}. Ïîä÷åðêíåì, ÷òî {α} ∈ [0, 1).

Ïðèìåð. [2.7] = 2, {2.7} = 0.7; [1/5] = 0, {1/5} = 1/5; [π] = 3, {π} = 0.14 . . .; [e] = 2,
{e} = 0.71 . . .; [−1.5] = −2, {−1.5} = 0.5.

Ðàññìîòðèì òåïåðü âîïðîñ: êàêèì îáðàçîì ïðîèçâîëüíîå α ðàçëîæèòü â áåñêîíå÷íóþ
íåïðåðûâíóþ äðîáü? Äðóãèìè ñëîâàìè, äëÿ çàäàííîãî α ∈ (0,+∞) íóæíî íàéòè òàêèå
q0 ∈ Z è q1, q2, . . . ∈ N, ÷òî

α = [q0; q1, q2, . . .] = q0 +
1

q1 +
1

q2 + . . .

.

Ñëó÷àé ðàöèîíàëüíîãî α ðàññìîòðåí â � 2. Äàëåå áóäåì ñ÷èòàòü, ÷òî α èððàöèîíàëüíîå.
Âûáîð q0 î÷åâèäåí: q0 = [α]. Òîãäà

α = [α] + {α} = q0 +
1

α1

= [q0;α1], (4.4)

ãäå α1 = 1
{α} > 1. Âåùåñòâåííîå α1 ìîæíî ðàçëîæèòü àíàëîãè÷íûì îáðàçîì

α1 = q1 +
1

α2

= [q1;α2],
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ãäå q1 = [α1] > 0, α2 = 1
{α1} > 1. Ó÷èòûâàÿ (4.4), ïîëó÷àåì

α = q1 +
1

α2

= q1 +
1

q1 +
1

α2

= [q0; q1, α2].

Äàëåå ìû òî÷íî òàêèì æå îáðàçîì ïðåäñòàâëÿåì α2, α3, . . . . Â èòîãå, ïîëó÷àåì

α = [q0; q1, . . . , qk, αk+1], k = 0, 1, 2, . . . , (4.5)

ãäå ïîñëåäîâàòåëüíîñòè αk è qk îïðåäåëÿþòñÿ ðåêêóðåíòíûìè ñîîòíîøåíèÿìè

α0 = α, αk+1 =
1

{αk}
;

qk = [αk], k = 0, 1, 2, . . .
(4.6)

Ò.ê. α � èððàöèîíàëüíîå, òî αk > 1, qk ∈ N ïðè k ≥ 1.

Îïðåäåëåíèå. Âåùåñòâåííûå αk, îïðåäåëåííûå ôîðìóëàìè (4.6), íàçûâàþò îñòàòêàìè
íåïðåðûâíîé äðîáè ÷èñëà α.

Òåîðåìà 4.2. Ïóñòü α � èððàöèîíàëüíîå âåùåñòâåííîå. Îïðåäåëèì öåëûå qk ïî ôîðìó-
ëàì (4.6). Òîãäà [q0; q1, q2, . . .] = α, ïðè÷åì

1

Qk(Qk+1 +Qk)
<

∣∣∣∣α− Pk
Qk

∣∣∣∣ < 1

QkQk+1

, k = 0, 1, 2, . . . (4.7)

Äîêàçàòåëüñòâî. Èñïîëüçóÿ (4.5) è ëåììó 2.1, ïîëó÷àåì

α = [q0; q1, . . . , qk, αk+1] =
fk+1(q0; q1, . . . , qk, αk+1)

gk+1(q0; q1, . . . , qk, αk+1)
.

Âñïîìèíàÿ îïðåäåëåíèå ôóíêöèé fk+1, gk+1 è ó÷èòûâàÿ, ÷òî

fk(q0; q1, . . . , qk) = Pk, gk(q0; q1, . . . , qk) = Qk,

ïðèõîäèì ê ðàâåíñòâó

α =
αk+1Pk + Pk−1
αk+1Qk +Qk−1

.

Èç ïîñëåäíåãî ñîîòíîøåíèÿ è (2.5) âûòåêàåò

Qkα− Pk =
(−1)k

αk+1Qk +Qk−1
.∣∣∣∣α− Pk

Qk

∣∣∣∣ =
1

Qk(αk+1Qk +Qk−1)
→ 0.

Ïîýòîìó α = [q0; q1, q2, . . .]. Îñòàëîñü äîêàçàòü (4.7). Òàê êàê qk+1 = [αk+1], òî

αk+1 < qk+1 + 1,

αk+1Qk +Qk−1 < (qk+1 + 1)Qk +Qk−1 = Qk+1 +Qk,∣∣∣∣α− Pk
Qk

∣∣∣∣ =
1

Qk(αk+1Qk +Qk−1)
≥ 1

Qk(Qk+1 +Qk)
.

Ïåðâîå íåðàâåíñòâî èç (4.7) äîêàçàíî. Âòîðîå íåðàâåíñòâî ñëåäóåò èç (4.3).
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Çàìå÷àíèå 4.1. Ëþáîå âåùåñòâåííîå åäèíñòâåííûì îáðàçîì ðàçëàãàåòñÿ â íåïðåðûâ-
íóþ äðîáü. Ïîëíîãî äîêàçàòåëüñòâà ýòîãî ôàêòà ìû íå ïðèâîäèì. Èç èçëîæåííîãî âûøå
âûòåêàåò, ÷òî q0 è q1 îïðåäåëÿåòñÿ åäèíñòâåííûì îáðàçîì.

Ñëåäñòâèå 4.1. Âåùåñòâåííîå ïîëîæèòåëüíîå α ÿâëÿåòñÿ èððàöèîíàëüíûì ÷èñëîì òî-
ãäà è òîëüêî òîãäà, êîãäà îíî ðàñêëàäûâàåòñÿ â áåñêîíå÷íóþ íåïðåðûâíóþ äðîáü.

Äîêàçàòåëüñòâî ÿâëÿåòñÿ î÷åâèäíûì ñëåäñòâèåì òåîðåì 4.1, 4.2.

Íåðàâåíñòâà (4.7) äàþò îöåíêè ïîãðåøíîñòè ïðèáëèæåííîé ôîðìóëû

α ≈ Pk
Qk

.

Ïîäõîäÿùèå äðîáè äàþò î÷åíü õîðîøèå ïðèáëèæåíèÿ âåùåñòâåííûõ ÷èñåë äðîáÿìè ñ
íåáîëüøèìè çíàìåíàòåëÿìè1. Ýòî ïîñëóæèëî îäíîé èç ïðè÷èí èíòåðåñà ê êîíñòðóêöèè
íåïðåðûâíûõ äðîáåé.

4.3 Ïðèìåðû

Êâàäðàòè÷íûå èððàöèîíàëüíîñòè. Íàéäåì ðàçëîæåíèå α =
√

2 â íåïðåðûâíóþ äðîáü.
Èìååì

α0 =
√

2, q0 = [
√

2] = 1,

α1 =
1

{α0}
=

1√
2− 1

=
√

2 + 1, q1 = [α1] = 2,

α2 =
1

{α1}
=

1√
2− 1

= α1.

Êàæäûé αj îäíîçíà÷íî îïðåäåëÿåòñÿ ïðåäûäóùèì αj−1. Ïîýòîìó èç óñëîâèÿ α2 = α1

ñëåäóåò, ÷òî âñå αj ðàâíû α1 ïðè j ≥ 2 è âñå qj ðàâíû q1 = 2 ïðè j ≥ 2. Çíà÷èò, ðàçëîæåíèå
â íåïðåðûâíóþ äðîáü áóäåò îáëàäàòü ïåðèîäè÷íîñòüþ:

√
2 = [1; 2, 2, . . .] = [1; 2].

Îòìåòèì, ÷òî ñîãëàñíî òåîðåìå Ëàãðàíæà (êîòîðóþ ìû íå áóäåì äîêàçûâàòü) íåïðåðûâíàÿ
äðîáü èððàöèîíàëüíîãî α ÿâëÿåòñÿ ïåðèîäè÷åñêîé òîãäà è òîëüêî òîãäà, êîãäà α èìååò
âèä (êâàäðàòè÷íàÿ èððàöèîíàëüíîñòü)

α =
a+
√
d

b
, a, d, b ∈ N,

√
d 6∈ N.

Äðóãèå èððàöèîíàëüíîñòè. Äëÿ íåêîòîðûõ ÷èñåë, íå ÿâëÿþùèõñÿ êâàäðàòè÷íûìè
èððàöèîíàëüíîñòÿìè, óäàåòñÿ íàéòè çàêîíîìåðíîñòü îáðàçîâàíèÿ íåïîëíûõ ÷àñòíûõ. Íà-
ïðèìåð,

e = [2; 1, 2, 1, 1, 4, 1, 1, 6, 1, 1, 8, 1, 1, 10, . . .],

tg 1 = [1; 1, 1, 3, 1, 5, 1, 7, 1, 9, . . .].

1íàèëó÷øèå â íåêîòîðîì ñìûñëå



Ãëàâà II. Àëãîðèòì Åâêëèäà è íåïðåðûâíûå äðîáè 24

Îäíàêî òàêèõ ïðèìåðîâ êðàéíå ìàëî. Äëÿ ÷èñëà π ñîîòâåòñòâóþùàÿ çàêîíîìåðíîñòü íåèç-
âåñòíà. Íàéäåì ïåðâûå òðè ïîäõîäÿùèå äðîáè äëÿ π. Èìååì

α0 = π = 3.14159+, q0 = [π] = 3,

α1 =
1

{α0}
=

1

π − 3
= 7.0625+, q1 = [α1] = 7,

α2 =
1

{α2}
=

1

0.0625+
= 15.996+, q2 = [α2] = 15.

π = [3; 7, 15, . . .]

qk 3 7 15
Pk 1 3 22 333
Qk 0 1 7 106

Ïîäõîäÿùèìè äðîáÿìè ÿâëÿþòñÿ

P0

Q0

= 3,
P1

Q1

=
22

7
,

P2

Q2

=
333

106
.

Ñîãëàñíî (4.7) ∣∣∣∣π − 22

7

∣∣∣∣ =

∣∣∣∣π − P1

Q1

∣∣∣∣ ≤ 1

Q1Q2

=
1

7 · 106
< 1.4 · 10−4;∣∣∣∣π − 333

106

∣∣∣∣ =

∣∣∣∣π − P2

Q2

∣∣∣∣ ≤ 1

Q2Q3

<
1

Q2
2

=
1

1062
< 8.9 · 10−5.

×èñëåííûå óïðàæíåíèÿ ê ãëàâå II

1. Íàéòè íàèáîëüøèå îáùèå äåëèòåëè

(28, 12, 60, 100), (255, 123, 211, 190), (1024, 26871031131)

2. Íàéòè ðàçëîæåíèå â íåïðåðûâíóþ äðîáü è âûïèñàòü ïîäõîäÿùèå äðîáè äëÿ ñëåäó-
þùèõ ðàöèîíàëüíûõ ÷èñåë

147

13
,

129

111
,

1135

129
,

1024

7013
.

3. Ðåøèòü óðàâíåíèÿ

11x+ 23y = 24, 15x+ 19y = 1, 15x+ 19y = 1,
253x− 449y = 1, 53x+ 47y = 11, 81x− 48y = 33,
258x− 172y = 112, 38x+ 114y = 209, 122x+ 129y = 2.

4. Íàéòè ðàçëîæåíèÿ â íåïðåðûâíóþ äðîáü ÷èñåë
√

5,
√

17,
√

19.

5. Âûïèñàòü ïåðâûå ïîäõîäÿùèå äðîáè ê e è tg 1, ïîêà íå áóäåò íàéäåíî ðàöèîíàëü-
íîå ïðèáëèæåíèå ñ ïîãðåøíîñòüþ 10−4. Äëÿ îöåíêè ïîãðåøíîñòè èñïîëüçóéòå òåî-
ðåìó 4.2.

6. Ó êàêîãî ÷èñëà ïîäõîäÿùèå çíàìåíàòåëè ñàìûå ìàëåíüêèå?

7. Âû÷èñëèòü çíà÷åíèå íåïðåðûâíîé äðîáè [1; 1, 2] = [1; 1, 2, 1, 2, 1, 2, . . .].



Ãë à â à III

Âàæíåéøèå ôóíêöèè òåîðèè ÷èñåë

Ôóíêöèÿ, îïðåäåëåííàÿ íà ìíîæåñòâå íàòóðàëüíûõ ÷èñåë N, íàçûâàåòñÿ àðèôìåòè÷åñêîé
(÷èñëîâîé). Â ýòîé ãëàâå ìû ðàññìîòðèì íåêîòîðûå îñíîâíûå àðèôìåòè÷åñêèå ôóíêöèè,
âîçíèêàþùèå â òåîðèè ÷èñåë.

� 1. Ìóëüòèïëèêàòèâíûå ôóíêöèè

Îïðåäåëåíèå. Àðèôìåòè÷åñêàÿ ôóíêöèÿ θ íàçûâàåòñÿ ìóëüòèïëèêàòèâíîé, åñëè

1) θ(1) = 1;

2) äëÿ ëþáûõ âçàèìíî ïðîñòûõ a è b âûïîëíÿåòñÿ ðàâåíñòâî: θ(ab) = θ(a) · θ(b).

Ïðèìåð. Ôóíêöèÿ θ(a) = as (s ∈ R) ÿâëÿåòñÿ ìóëüòèïëèêàòèâíîé.

Ëåììà 1.1. Ïóñòü ôóíêöèÿ θ ìóëüòèïëèêàòèâíàÿ. Òîãäà

à) åñëè a1, . . . , as � íàòóðàëüíûå ïîïàðíî âçàèìíî ïðîñòûå, òî

θ(a1 · . . . · as) = θ(a1) · . . . · θ(as).

á) åñëè n = pα1
1 p

α2
2 . . . pαss � êàíîíè÷åñêîå ðàçëîæåíèå íàòóðàëüíîãî n, òî

θ(n) = θ(pα1
1 ) · θ(pα1

1 ) · . . . · θ(pαss ). (1.1)

Äîêàçàòåëüñòâî. Êàæäîå aj âçàèìíî ïðîñòî ñ ïðîèçâåäåíèåì ëþáûõ èç îñòàâøèõñÿ ai.
Ïîýòîìó

θ(a1 ·. . .·as−1as) = θ(a1 ·. . .·as−1)·θ(as) = θ(a1 ·. . .·as−2)·θ(as−1))·θ(as) = . . . = θ(a1)·. . .·θ(as).

Óòâåðæäåíèå á) ñëåäóåò èç à), òàê êàê íîä (pαii , p
αj
j ) = 1 ïðè i 6= j.

Ëåììà 1.2. Ëþáàÿ àðèôìåòè÷åñêàÿ ôóíêöèÿ θ, óäîâëåòâîðÿþùàÿ (1.1) è óñëîâèþ θ(1) =
1, ÿâëÿåòñÿ ìóëüòèïëèêàòèâíîé.

Äîêàçàòåëüñòâî. Åñëè íàòóðàëüíûå a è b âçàèìíî ïðîñòû, òî îíè íå èìåþò îáùèõ ïðî-
ñòûõ äåëèòåëåé è ñîãëàñíî (1.1) θ(ab) = θ(a)θ(b).

Òàêèì îáðàçîì, ìóëüòèïëèêàòèâíàÿ ôóíêöèÿ îäíîçíà÷íî îïðåäÿëÿåòñÿ ñâîèìè çíà-
÷åíèÿìè â òî÷êàõ âèäà pα.
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Ëåììà 1.3. Ïðîèçâåäåíèå ìóëüòèïëèêàòèâíûõ ôóíêöèé ÿâëÿåòñÿ ìóëüòèïëèêàòèâ-
íîé ôóíêöèåé.

Äîêàçàòåëüñòâî. Ïóñòü θ = θ1 · . . . · θs, ãäå θj � ìóëüòèïëèêàòèâíûå ôóíêöèè. Òîãäà
θ(1) = 1. Ïóñòü íîä (a, b) = 1. Òîãäà

θ(ab) =
s∏
i=1

θi(ab) =
s∏
i=1

θi(a)θi(b) =

(
s∏
i=1

θi(a)

)(
s∏
i=1

θi(b)

)
= θ(a)θ(b).

Âñþäó íèæå â âûðàæåíèÿõ âèäà ∑
d|n

(. . .)

ñóììèðîâàíèå âåäåòñÿ ïî âñåì íàòóðàëüíûì äåëèòåëÿì öåëîãî n.

Òåîðåìà 1.1. Ïóñòü ôóíêöèÿ θ ìóëüòèïëèêàòèâíàÿ. Îïðåäåëèì f : N→ R ïî ôîðìóëå

f(n) =
∑
d|n

θ(d).

Òîãäà ôóíêöèÿ f òàêæå ÿâëÿåòñÿ ìóëüòèïëèêàòèâíîé, ïðè÷åì

f(n) =
s∏
i=1

(
1 + θ(pi) + θ(p2i ) + . . .+ θ(pαii )

)
, (1.2)

ãäå n = pα1
1 p

α2
2 . . . pαss � êàíîíè÷åñêîå ðàçëîæåíèå íàòóðàëüíîãî n.

Äîêàçàòåëüñòâî. Äîêàæåì, ÷òî f ìóëüòèïëèêàòèâíàÿ. Î÷åâèäíî, ÷òî f(1) = θ(1) = 1.
Îñòàëîñü ïðîâåðèòü âûïîëíåíèå óñëîâèÿ 2).

Âîçüìåì ëþáûå âçàèìíî ïðîñòûå a, b ∈ N. Äîêàæåì ñíà÷àëà, ÷òî

d | ab ⇐⇒ ∃d1, d2 ∈ N : d = d1d2, d1 | a, d2 | b. (1.3)

Äåéñòâèòåëüíî, åñëè d1 | a, d2 | b, òî d1d2 | ab. Âîçüìåì òåïåðü ëþáîé d | ab. Ïîëîæèì
d1 = íîä (a, d) è d2 = d/d1. Òîãäà d = d1d2. Êðîìå òîãî,

d2 | ab, íîä (d2, a) = íîä

(
d

íîä (a, d)
, a

)
= 1.

Ïîýòîìó d2 | b. Óòâåðæäåíèå (1.3) äîêàçàíî. Èç óñëîâèÿ íîä (a, b) = 1 äîïîëíèòåëüíî
ñëåäóåò, ÷òî íîä (d1, d2) = 1. Ïîýòîìó

f(ab) =
∑
d|ab

θ(d) =
∑

d1|a, d2|b

θ(d1d2) =
∑
d1|a

∑
d2|b

θ(d1)θ(d2) =
∑
d1|a

θ(d1)
∑
d2|b

θ(d2) = f(a)f(b).

Îñòàëîñü äîêàçàòü (1.2). Èñïîëüçóÿ (1.1), ïîëó÷àåì

f(n) =
s∏
i=1

f(pαii ).

Âîçüìåì ëþáîé i. Âñå äåëèòåëè ÷èñëà pαii èìåþò âèä 1, pi, p
2
i , . . . , p

αi
i . Çíà÷èò,

f(pαii ) =
∑
d|pαii

θ(d) = θ(1) + θ(pi) + θ(p2i ) + . . .+ θ(pαii ).

Èç äâóõ ïîñëåäíèõ ñîîòíîøåíèé è ðàâåíñòâà θ(1) = 1 âûòåêàåò (1.2).
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� 2. ×èñëî äåëèòåëåé è ñóììà äåëèòåëåé

Îïðåäåëèì
τ(n) � ÷èñëî ïîëîæèòåëüíûõ äåëèòåëåé íàòóðàëüíîãî n,
σ(n) � ñóììà ïîëîæèòåëüíûõ äåëèòåëåé íàòóðàëüíîãî n.

Ïðèìåð. Äåëèòåëÿìè ÷èñëà 6 ÿâëÿþòñÿ 1, 2, 3, 6. Ïîýòîìó τ(6) = 4, σ(6) = 1+2+3+6 = 12.
Ïóñòü n = pα, ãäå p � ïðîñòîå, α ∈ N. Òîãäà ìíîæåñòâî äåëèòåëåé n ñîñòîèò èç ÷èñåë

1, p, p2, . . . , pα. Ïîýòîìó

τ(pα) = α + 1, σ(pα) = 1 + p+ p2 + . . .+ pα =
pα+1 − 1

p− 1
. (2.1)

Òåîðåìà 2.1. Ôóíêöèè τ, σ : N→ N ÿâëÿþòñÿ ìóëüòèïëèêàòèâíûìè. Êðîìå òîãî, åñëè
n = pα1

1 p
α2
2 . . . pαss � êàíîíè÷åñêîå ðàçëîæåíèå íàòóðàëüíîãî n, òî

τ(n) = (α1 + 1) · (α2 + 1) · . . . · (αs + 1), (2.2)

σ(n) =
s∏
i=1

(
1 + pi + p2i + . . .+ pαii

)
=

s∏
i=1

pαi+1
i − 1

pi − 1
. (2.3)

Äîêàçàòåëüñòâî. Ôóíêöèè θ ≡ 1 è θ(n) = n ìóëüòèïëèêàòèâíûå. Ïîýòîìó ôóíêöèè

τ(n) =
∑
d|n

1, σ(n) =
∑
d|n

θ(n),

ÿâëÿþòñÿ ìóëüòèïëèêàòèâíûìè ïî òåîðåìå 1.1. Ôîðìóëû (2.2), (2.3) ñëåäóþò èç (1.1), (2.1).

Ïðèìåð. Òàê êàê 720 = 24 · 32 · 5, òî

τ(720) = (4 + 1)(2 + 1)(1 + 1) = 30, σ(720) =
25 − 1

2− 1
· 33 − 1

3− 1
· 52 − 1

5− 1
= 2418.

� 3. Ôóíêöèÿ Ìåáèóñà

Îïðåäåëåíèå. Ôóíêöèåé Ìåáèóñà íàçûâàåòñÿ ìóëüòèïëèêàòèâíàÿ ôóíêöèÿ µ, êîòîðàÿ
íà ñòåïåíÿõ ïðîñòûõ îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

µ(pα) =

{
−1, α = 1,

0, α ≥ 2
.

Ñîãëàñíî îïðåäåëåíèþ

µ(n) =


1, åñëè n = 1,

(−1)s, åñëè n = p1p2 . . . ps,
0 â ïðîòèâíîì ñëó÷àå.

Çäåñü pi ïîïàðíî ðàçëè÷íûå ïðîñòûå.
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Ïðèìåð.

µ(1) = 1, µ(2) = −1, µ(3) = −1, µ(4) = 0, µ(5) = −1, µ(6) = 1,
µ(7) = −1, µ(8) = 0, µ(9) = 0, µ(10) = 1, µ(11) = −1, µ(12) = 0.

Âñþäó íèæå
∏
p|n

(. . .) �- ïðîèçâåäåíèå ïî âñåì ïðîñòûì äåëèòåëÿì p | n.

Ëåììà 3.1. Ïóñòü θ � ìóëüòèïëèêàòèâíàÿ ôóíêöèÿ. Òîãäà äëÿ ëþáîãî n > 1∑
d|n

µ(d)θ(d) =
∏
p|n

(1− θ(p)). (3.1)

Äîêàçàòåëüñòâî. Ïóñòü n = pα1
1 . . . pαss (êàíîíè÷åñêîå ðàçëîæåíèå). Ïðîèçâåäåíèå µ è θ

åñòü ìóëüòèïëèêàòèâíàÿ ôóíêöèÿ. Ïîýòîìó ñîãëàñíî òåîðåìå 1.1

∑
d|n

µ(d)θ(d) =
s∏
i=1

(
1 + θ(pi)µ(pi) + θ(p2i )µ(p2i ) + . . .+ θ(psii )µ(psii )

)
=

s∏
i=1

(1− θ(pi)).

Ëåììà 3.2. Äëÿ ëþáîãî íàòóðàëüíîãî n∑
d|n

µ(d) =

{
1, n = 1,
0, n > 1.

(3.2)

Äîêàçàòåëüñòâî. Ïðè n = 1 òðåáóåìàÿ ôîðìóëà î÷åâèäíà. Ïðè n > 1 îíà âûòåêàåò èç
ñîîòíîøåíèÿ (3.1), â êîòîðîì θ ≡ 1.

Òåîðåìà 3.1 (ôîðìóëà îáðàùåíèÿ Ìåáèóñà). Ïóñòü f, g : N→ R. Òîãäà

g(n) =
∑
d|n

f(d) ⇐⇒ f(n) =
∑
d|n

µ(n) · g(n/d). (3.3)

Äîêàçàòåëüñòâî. Ïóñòü âûïîëíÿåòñÿ ïåðâàÿ ôîðìóëà èç (3.3). Òàê êàê

d | n, r | (n/d) ⇐⇒ rd | n ⇐⇒ r | n, d | (n/r),

òî, èñïîëüçóÿ îïðåäåëåíèå g, ïîëó÷àåì

∑
d|n

µ(d) · g(n/d) =
∑
d|n

µ(d) ·
∑
r|(n/d)

f(r) =
∑
rd|n

µ(d)f(r) =
∑
r|n

f(r) ·
∑
d|(n/r)

µ(d)

 .

Ñîãëàñíî (3.2) ∑
d|(n/r)

µ(d) =

{
1, r = n,
0, r < n.
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Ïîýòîìó ñïðàâåäëèâà âòîðàÿ ôîðìóëà èç (3.3).
Ïóñòü òåïåðü âûïîëíÿåòñÿ âòîðàÿ ôîðìóëà èç (3.3). Òîãäà

f(d) =
∑
r|d

µ(r)g(d/r),
∑
d|n

f(d) =
∑
d|n

∑
r|d

µ(r)g(d/r).

Óñëîâèå r | d ýêâèâàëåíòíî d = qr, ãäå r ∈ N. Ïîýòîìó∑
d|n

∑
r|d

µ(r)g(d/r) =
∑
qr|n

µ(r)g(q) =
∑
q|n

g(q)
∑
r|(n/q)

µ(r) = g(n).

Ïîýòîìó ñïðàâåäëèâà ïåðâàÿ ôîðìóëà èç (3.3).

Ïðèìåðû.

1. Îáðàùåíèåì ôîðìóëû τ(n) =
∑
d|n

1 ÿâëÿåòñÿ
∑
d|n

µ(n)τ(n/d) = 1.

2. Îáðàùåíèåì ôîðìóëû σ(n) =
∑
d|n

d ÿâëÿåòñÿ
∑
d|n

µ(n)σ(n/d) = n.

� 4. Ôóíêöèÿ Ýéëåðà

Îïðåäåëåíèå. Ôóíêöèÿ Ýéëåðà ϕ � ýòî àðèôìåòè÷åñêàÿ ôóíêöèÿ. Çíà÷åíèå ϕ(n) ðàâíî
êîëè÷åñòâó öåëûõ îò 1 äî n, êîòîðûå âçàèìíî ïðîñòû ñ n.

Ïðèìåð. ϕ(6) = 2, ϕ(10) = 4.

Ðàññìîòðèì ïðîñòåéøèå ñâîéñòâà ôóíêöèè Ýéëåðà. Ïî îïðåäåëåíèþ

ϕ(1) = 1, 1 ≤ ϕ(n) ≤ n− 1.

Ëþáîå ïðîñòîå p âçàèìíî ïðîñòî ñî âñåìè ÷èñëàìè èç {1, 2, . . . , p− 1}. Ïîýòîìó

ϕ(p) = p− 1.

Âû÷èñëèì ϕ(pα). Ïîäñ÷èòàåì ÷èñëà îò 1 äî pα, êîòîðûå íå âçàèìíî ïðîñòû ñ pα. Òàêèå
÷èñëà äåëÿòñÿ íà p è èìåþò âèä kp, ãäå k = 1, 2, . . . , pα−1. Èõ êîëè÷åñòâî ðàâíî pα−1.
Ïîýòîìó

ϕ(pα) = pα − pα−1 = pα
(

1− 1

p

)
. (4.1)

Òåîðåìà 4.1. Äëÿ ëþáîãî íàòóðàëüíîãî n

ϕ(n) = n
∑
d|n

µ(d)

d
. (4.2)
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Äîêàçàòåëüñòâî. Èñïîëüçóÿ (3.2), ïîëó÷àåì

ϕ(n) =
n∑
k=1

∑
d|íîä (n,k)

µ(d).

Óñëîâèå d | íîä (k, n) ýêâèâàëåíòíî òîìó, ÷òî d | k è d | n. Ïîýòîìó

ϕ(n) =
∑
d|n

 ∑
k∈[1,n]: d|k

µ(d)

 =
∑
d|n

µ(d) · fn(d),

ãäå fn(d) � êîëè÷åñòâî öåëûõ îò 1 äî n, êîòîðûå êðàòíû d. Òàêèå öåëûå èìåþò âèä jd,
ãäå j = 1, 2, . . . , n/d. Ïîýòîìó fn(d) = n/d.

Ñëåäñòâèå 4.1. Ôóíêöèÿ Ýéëåðà ÿâëÿåòñÿ ìóëüòèïëèêàòèâíîé, ïðè÷åì ïðè n > 1

ϕ(n) =
s∏
i=1

(
pαii − p

αi−1
i

)
= n ·

∏
p|n

(
1− 1

p

)
, (4.3)

n =
∑
d|n

ϕ(d), (4.4)

ãäå n = pα1
1 · . . . · pαss � êàíîíè÷åñêîå ðàçëîæåíèå n.

Äîêàçàòåëüñòâî. Ôóíêöèÿ d ∈ N → µ(d)/d ÿâëÿåòñÿ ìóëüòèïëèêàòèâíîé (êàê ïðîèçâå-
äåíèå äâóõ ìóëüòèïëèêàòèâíûõ ôóíêöèé). Ïîýòîìó ìóëüòèïëèêàòèâíîñòü ϕ âûòåêàåò èç
(4.2) è òåîðåìû 1.1. Ôîðìóëà (4.3) ñëåäóåò èç (1.1) è (4.1). Äëÿ äîêàçàòåëüñòâà (4.4) äî-
ñòàòî÷íî âîñïîëüçîâàòüñÿ (4.2) è ôîðìóëîé îáðàùåíèÿ Ìåáèóñà, ãäå g(x) = x, f = µ.

Çàìå÷àíèå 4.1. Ôîðìóëó (4.3) òàêæå ìîæíî âûâåñòè èç (1.2), (4.2) è ìóëüòèïëèêàòèâíî-
ñòè µ.

×èñëåííûå óïðàæíåíèÿ ê ãëàâå III

1. Âû÷èñëèòü τ(n), σ(n), ϕ(n) ïðè n = 100, n = 1000, n = 550.

2. Âû÷èñëèòü τ(n), σ(n), ϕ(n) ïðè n = 2100 · 72 · 1110.



Ãë à â à IV

Ñðàâíåíèÿ

Âñþäó â ýòîé ãëàâå ñ÷èòàåì, ÷òî m öåëîå è m ≥ 2.

� 1. Ñðàâíåíèÿ è èõ îñíîâíûå ñâîéñòâà

Îïðåäåëåíèå. Öåëûå a è b íàçûâàþòñÿ ñðàâíèìûìè ïî ìîäóëþ m, åñëè m | (a − b).
Îòíîøåíèå ñðàâíèìîñòè çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì

a ≡ b (mod m).

Ýêâèâàëåíòíîå îïðåäåëåíèå. Öåëûå a è b íàçûâàþòñÿ ñðàâíèìûìè ïî ìîäóëþ m, åñëè
ñóùåñòâóåò òàêîé k ∈ Z, ÷òî a = b + km, ò.å. a è b äàþò îäèíàêîâûå îñòàòêè îò äåëåíèÿ
íà m.

Ïðèìåð. −8 ≡ −1 ≡ 6 ≡ 13 (mod 7).

Ðàññìîòðèì ïðîñòåéøèå ñâîéñòâà ñðàâíåíèé, êîòîðûå âûòåêàþò èç òåîðèè äåëèìîñòè.

1. a ≡ a (mod m).

2. Åñëè a ≡ b (mod m), òî b ≡ a (mod m)

3. Åñëè a ≡ b (mod m), b ≡ c (mod m), òî a ≡ c (mod m).

Äîêàçàòåëüñòâî. Ïåðâûå äâà ñâîéñòâà î÷åâèäíû. Äëÿ äîêàçàòåëüñòâà 3-ãî äîñòà-
òî÷íî çàìåòèòü, ÷òî (a− c) = (a− b) + (b− c).

4. Ñðàâíåíèÿ (ïî îäèíàêîâîìó ìîäóëþ) ìîæíî ïî÷ëåííî ñêëàäûâàòü, âû÷èòàòü è óìíî-
æàòü, ò.å. åñëè ai ≡ bi (mod m), i = 1, 2, òî

a1 ± a2 ≡ b1 ± b2 (mod m), a1a1 ≡ b1b2 (mod m).

Äîêàçàòåëüñòâî ïåðâûõ äâóõ ñîîòíîøåíèé îñòàâèì ÷èòàòåëþ. Äîêàæåì ïîñëåäíåå:

ai = bi + kim, i = 1, 2 =⇒ a1a2 = (b1 + k1m)(b2 + k2m) ≡ b1 · b2 (mod m).
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5. Ïóñòü x ≡ y (mod m), à P (x) � ìíîãî÷ëåí ñ öåëûìè êîýôôèöèåíòàìè. Òîãäà

P (x) ≡ P (y) (mod m).

Äîêàçàòåëüñòâî. Ïóñòü P (x) = a0 + a1x+ . . .+ anx
n. Ñîãëàñíî ñâîéñòâó 4

x2 ≡ y2 (mod m), x3 ≡ y3 (mod m), . . . , xn ≡ yn (mod m).

akx
k ≡ aky

k (mod m), k = 0, 1, . . . , n,

a0 + a1x+ . . . anx
n ≡ a0 + a1y + . . . any

n (mod m).

6. Îáå ÷àñòè ñðàâíåíèÿ è ìîäóëü ìîæíî óìíîæèòü íà íàòóðàëüíîå, ëèáî ðàçäåëèòü íà
èõ îáùèé äåëèòåëü, òî åñòü äëÿ ëþáîãî d ∈ N

a = b (mod m) ⇐⇒ ad ≡ bd (mod md).

7. Îáå ÷àñòè ñðàâíåíèÿ ìîæíî äåëèòü íà îáùèé äåëèòåëü, åñëè îí âçàèìíî ïðîñò ñ
ìîäóëåì, ò.å.

ad ≡ bd (mod m), (d,m) = 1 =⇒ a ≡ b (mod m).

Äîêàçàòåëüñòâî. Òàê êàê m | d(a − b) è íîä (m, d) = 1, òî m | (a − b) ïî ñëåä-
ñòâèþ I.4.2 á).

Îòìåòèì, ÷òî óñëîâèå (d,m) = 1 âûáðîñèòü íåëüçÿ. Íàïðèìåð, 9 ≡ 6 (mod 3), îäíàêî
3 6≡ 2 (mod 3).

8. Åñëè a ≡ b (mod m), òî íîä (a,m) = íîä (b,m).

Äîêàçàòåëüñòâî. Òàê êàê a ≡ b (mod m), òî a = mk + b.

9. Åñëè a ≡ b (mod m) è d | m, òî a ≡ b (mod d).

Äîêàçàòåëüñòâî. Òàê êàê d | m, m | (a− b), òî d | (a− b).

10. Åñëè a ≡ b (mod mi), i = 1, n, òî a ≡ b (mod M), ãäå M = íîê (m1, . . . ,mn)

Äîêàçàòåëüñòâî. Ïî óñëîâèþ (a− b) åñòü îáùåå êðàòíîå m1, . . . ,mn. Ïîýòîìó a− b
äåëèòñÿ íà íîê (m1, . . . ,mn) ïî òåîðåìå I.1.2.

Ïðèìåð. Äîêàæåì, ÷òî óðàâíåíèå

x2 − 3y2 = 2 (1.1)

íå èìååò ðåøåíèé â öåëûõ ÷èñëàõ. Äåéñòâèòåëüíî, åñëè ðåøåíèå ñóùåñòâóåò, òî

x2 ≡ 2 (mod 3).

Ëþáîåé öåëîå x ñðàâíèìî ñ îäíèì èç ÷èñåë 0, 1, 2 ïî ìîäóëþ 3. Òàê êàê

02 ≡ 0 (mod 3), 12 ≡ 1 (mod 3), 22 ≡ 1 (mod 3),

òî x2 ≡ 0 (mod 3) ëèáî x2 ≡ 1 (mod 3). Çíà÷èò, ñðàâíåíèå x2 ≡ 2 (mod 3) íå èìååò
ðåøåíèé. Ïîýòîìó è èñõîäíîå óðàâíåíèå (1.1) íå èìååò ðåøåíèé â öåëûõ ÷èñëàõ.
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� 2. Êëàññû âû÷åòîâ

Îïðåäåëåíèå. Äëÿ ëþáîãî a ∈ Z ìíîæåñòâî ÷èñåë

a = {x ∈ Z : x ≡ a (mod m)}

íàçûâàåòñÿ êëàññîì âû÷åòîâ ïî ìîäóëþ m.

Ïî îïðåäåëåíèþ a = {a+ km : k ∈ Z}.

Ïðèìåð. Ïóñòü m = 3. Òîãäà

0 = {0,±3,±6,±9, . . .},
1 = {1, 4, 7, 10, . . .} ∪ {−2,−5,−8,−11 . . .},
2 = {2, 5, 8, 11, . . .} ∪ {−1,−4,−7,−10}.

Ëåììà 2.1. Ñïðàâåäëèâû ñëåäóþùèå ñâîéñòâà.

à) Åñëè a ≡ b (mod m), òî a = b. Åñëè a 6≡ b (mod m), òî a ∩ b = ∅.

á) Ñóùåñòâóåò ðîâíî m êëàññîâ âû÷åòîâ ïî ìîäóëþ m, ïðè÷åì

Z = 0 ∪ 1 ∪ . . . ∪ (m− 1).

Äîêàçàòåëüñòâî. Ïóñòü a ≡ b (mod m). Ñîãëàñíî ñâîéñòâó 3 (èç � 1) x ≡ a (mod m) òîãäà
è òîëüêî òîãäà, êîãäà x ≡ b (mod m). Ïîýòîìó a = b.

Ïóñòü a 6≡ b (mod m). Âîçüìåì ëþáîé x ∈ a. Òîãäà x ≡ a (mod m) è ïîýòîìó x 6≡ b
(mod m), ò.å. x 6∈ b. Çíà÷èò, a ∩ b = ∅.

Äîêàæåì á). Âîçüìåì ëþáîå x ∈ Z. Åãî ìîæíî ïðåäñòàâèòü â âèäå

x = km+ r, 0 ≤ r < m− 1.

Çíà÷èò, x ∈ r, ãäå 0 ≤ r < m−1. Îñòàëîñü çàìåòèòü, ÷òî âñå ÷èñëà ìíîæåñòâà {0, 1, . . . ,m−
1} ïîïàðíî íåñðàâíèìû ïî ìîäóëþ m.

Îïðåäåëåíèå. Ýëåìåíòû ìíîæåñòâà a íàçûâàþòñÿ âû÷åòàìè êëàññà a.

Êëàññ âû÷åòîâ îäíîçíà÷íî îïðåäåëÿòñÿ ëþáûì ñâîèì ýëåìåíòîâ (ïðåäñòàâèòåëåì). Â
êà÷åñòâå ýòîãî ïðåäñòàâèòåëÿ ÷àñòî áåðóò íàèìåíüøèé íåîòðèöàòåëüíûé âû÷åò.

Ïðèìåð. Ïóñòü m = 5. Òîãäà 3 åñòü íàèìåíüøèé íåîòðèöàòåëüíûé âû÷åò êëàññà 8.

Íàïîìíèì îäíî îïðåäåëåíèå èç êóðñà àëãåáðû.

Îïðåäåëåíèå. Íåïóñòîå ìíîæåñòâî K íàçûâàåòñÿ êîëüöîì, åñëè íà íåì îïðåäåëåíû äâå
áèíàðíûå îïåðàöèè:

ñëîæåíèå êàæäîé ïàðå x, y ∈ K ñòàâèò â ñîîòâåòñòâèå ýëåìåíò z = (x+ y) ∈ K;

óìíîæåíèå êàæäîé ïàðå x, y ∈ K ñòàâèò â ñîîòâåòñòâèå ýëåìåíò z = x · y ∈ K.

Ïðè ýòîì äëÿ ëþáûõ x, y, z ∈ K âûïîëíÿþòñÿ óñëîâèÿ
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1) x+ y = y + x (êîììóòàòèâíîñòü ñëîæåíèÿ);

2) (x+ y) + z = x+ (y + z) (àññîöèàòèâíîñòü ñëîæåíèÿ);

3) ∃0 ∈ K : x+ 0 = x (ñóùåñòâîâàíèå íóëåâîãî ýëåìåíòà);

4) ∀x ∈ K ∃(−x) ∈ K : x+(−x) = 0 (ñóùåñòâîâàíèå îáðàòíîãî ýëåìåíòà ïî ñëîæåíèþ);

5) (x · y) · z = x · (y · z) (àññîöèàòèâíîñòü óìíîæåíèÿ);

6) (x+ y) · z = x · z + y · z, z · (x+ y) = z · x+ z · y (äèñòðèáóòèâíîñòü).

Åñëè äîïîëíèòåëüíî x · y = y · x, òî K íàçûâàåòñÿ êîììóòàòèâíûì êîëüöîì. Åñëè ñóùå-
ñòâóåò òàêîé ýëåìåíò 1 ∈ K, ÷òî x · 1 = 1 · x = x, òî K íàçûâàåòñÿ êîëüöîì ñ åäèíèöåé.

Óñëîâèå 4) ïîçâîëÿåò îïðåäåëèòü îïåðàöèþ âû÷èòàíèÿ ñëåäóþùèì îáðàçîì

x− y = x+ (−y).

Òàêèì îáðàçîì ýëåìåíòû êîëüöà ìîæíî ñêëàäûâàòü, âû÷èòàòü è óìíîæàòü.
Â ðàññìàòðèâàåìûõ íèæå ïðèìåðàõ îïåðàöèè ñëîæåíèÿ è óìíîæåíèÿ îïðåäåëÿþòñÿ

¾îáû÷íûì¿ îáðàçîì.
Ïðèìåðû.

1. Ìíîæåñòâî âåùåñòâåííûõ ÷èñåë R, ðàöèîíàëüíûõ Q è öåëûõ Z ÿâëÿþòñÿ êîììóòàòèâ-
íûìè êîëüöàìè ñ åäèíèöàìè.

2. Ìíîæåñòâî íàòóðàëüíûõ N íå ÿâëÿåòñÿ êîëüöîì.

3. Ìíîæåñòâî Z+ = Z ∩ [0,+∞) íå ÿâëÿåòñÿ êîëüöîì.

4. Ìíîæåñòâî Mn(R), ñîñòîÿùåå èç ìàòðèö ðàçìåðà n× n ñ âåùåñòâåííûìè ýëåìåíòàìè,
åñòü êîëüöî ñ åäèíèöåé. Îäíàêî êîëüöî Mn(R) íå ÿâëÿåòñÿ êîììóòàòèâíûì (óìíîæåíèå
ìàòðèö íå êîììóòàòèâíî).

Îïðåäåëåíèå. ×åðåç Zm áóäåì îáîçíà÷àòü ìíîæåñòâî êëàññîâ âû÷åòîâ ïî ìîäóëþ m1.

Â ñèëó âûøåèçëîæåííîãî,

Zm = {0, 1, . . . , m− 1}.

Íà ìíîæåñòâå Zm ìîæíî îïðåäåëèòü îïåðàöèè ñëîæåíèÿ è óìíîæåíèÿ ñëåäóþùèì îáðàçîì

a+ b = a+ b, a · b = a · b. (2.1)

Ïðèìåð. Ïóñòü m = 5. Òîãäà 2 + 3 = 0, 2− 3 = 4.

Íåòðóäíî ïðîâåðèòü, ÷òî ðåçóëüòàòû îïåðàöèé (2.1) íå çàâèñÿò îò âûáîðà ïðåäñòàâè-
òåëåé êëàññîâ a è b, Äåéñòâèòåëüíî, ïóñòü a1, a2 ∈ a è b1, b2 ∈ b. Òîãäà a1 ≡ a2 (mod m),
b1 ≡ b2 (mod m). Ïîýòîìó ïî ñâîéñòâó 4 ñðàâíåíèé

a1 + b1 ≡ a2 + b2 (mod m), a1 · b1 ≡ a2 · b2 (mod m).

Ñëåäîâàòåëüíî,
a1 + b1 = a2 + b2, a1 · b1 = a2 · b2.

1×àñòî âìåñòî Zm ïèøóò Z/mZ.
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Ëåììà 2.2. Ìíîæåñòâî Zm ñ îïåðàöèÿìè ñëîæåíèÿ è óìíîæåíèÿ (2.1) ÿâëÿåòñÿ êîì-
ìóòàòèâíûì êîëüöîì ñ åäèíèöåé 1. Íóëåâûì ýëåìåíòîì ÿâëÿåòñÿ 0. Îáðàòíûé ïî ñëî-
æåíèþ ýëåìåíò îïðåäåëÿåòñÿ ôîðìóëîé −(a) = (−a).

Äîêàçàòåëüñòâî. Äîñòàòî÷íî âîñïîëüçîâàòüñÿ òåì, ÷òî ìíîæåñòâî Z åñòü êîììóòàòèâíîå
êîëüöî ñ åäèíèöåé 1 è íóëåì 0. Íàïðèìåð, êîììóòàòèâíîñòü ñëîæåíèÿ ïðîâåðÿåòñÿ òàê

a+ b = a+ b = b+ a = b+ a.

Îñòàâøèåñÿ óñëîâèÿ äîêàçûâàþòñÿ àíàëîãè÷íûì îáðàçîì.

Çàìå÷àíèå 2.1. Êîëüöî Zm ìîæíî ðàññìàòðèâàòü êàê ìíîæåñòâî {0, 1, 2, . . . ,m − 1}, â
êîòîðîì ñóììà è ïðîèçâåäåíèå îïðåäåëåíû, êàê îñòàòîê îò äåëåíèÿ ¾îáû÷íîé¿ ñóììû è
ïðîèçâåäåíèÿ íà ìîäóëü m. Íàïðèìåð, 2 · 3 = 2, 2 + 3 = 1, 2− 3 = 3 â êîëüöå Z4.

Îïðåäåëåíèå. Ïóñòü K � êîëüöî ñ åäèíèöåé. Ýëåìåíò x−1 ∈ K íàçûâàåòñÿ îáðàòíûì ê
x, åñëè x · x−1 = x−1 · x = 1.

Îïðåäåëåíèå. Ýëåìåíòû x, y ∈ K íàçûâàþòñÿ äåëèòåëÿìè íóëÿ, åñëè x, y 6= 0 è x ·y = 0.

Ïðèìåðû.

1. Ëþáîé íåíóëåâîé ýëåìåíò êîëüöà Q èìååò îáðàòíûé. Äåëèòåëåé íóëÿ íåò.

2. Ýëåìåíòû êîëüöà Z, êðîìå 1, íå èìåþò îáðàòíûõ. Äåëèòåëåé íóëÿ íåò.

3. Ëþáàÿ íåâûðîæäåííàÿ ìàòðèöà èç Mn(R) èìååò îáðàòíóþ. Êîëüöî Mn(R) èìååò äåëè-
òåëè íóëÿ. Íàïðèìåð, (

1 1
1 1

)
·
(

1 1
−1 −1

)
= 0.

Äåëèòåëè íóëÿ íå ìîãóò áûòü îáðàòèìûìè. Äåéñòâèòåëüíî, åñëè x · y = 0 è ñóùåñòâóåò
x−1, òî y = x−1xy = 0.

Êîëüöî Zm ìîæåò èìåòü äåëèòåëè íóëÿ. Íàïðèìåð, 2 · 3 = 0 â Z6. Ïîýòîìó íå âñå
ýëåìåíòû êîëüöà Zm îáðàòèìû. Âûâåäåì íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå îáðàòèìîñòè.

Ëåììà 2.3. Ñðàâíåíèå
ax ≡ 1 (mod m) (2.2)

èìååò ðåøåíèå x ∈ Z òîãäà è òîëüêî òîãäà, êîãäà íîä (a,m) = 1.

Äîêàçàòåëüñòâî. Öåëîå x óäîâëåòâîðÿåò (2.2), åñëè è òîëüêî åñëè ñóùåñòâóåò òàêîé y ∈ Z,
÷òî ax+my = 1. Ïîëó÷åííîå äèîôàíòîâîå óðàâíåíèå èññëåäîâàíî â � II.3. Ïî òåîðåìå II.3.1
óðàâíåíèå ðàçðåøèìî, åñëè è òîëüêî åñëè íîä (a,m) | 1, ò.å íîä (a,m) = 1.

Îïðåäåëåíèå. Êîììóòàòèâíîå êîëüöî ñ åäèíèöåé, ó êîòîðîãî êàæäûé íåíóëåâîé ýëåìåíò
îáðàòèì, íàçûâàåòñÿ ïîëåì.

Â ïîëå ìû ìîæåì îïðåäåëèòü îïåðàöèþ äåëåíèÿ íà íåíóëåâîé ýëåìåíò ïî ôîðìóëå:
x
y

= x · y−1. Òàêèì îáðàçîì, ýëåìåíòû ïîëÿ ìîæíî ñêëàäûâàòü, âû÷èòàòü, óìíîæàòü è
äåëèòü íà íåíóëåâîé ýëåìåíò.

Ïðèìåð. Êîëüöà Q, R ÿâëÿþòñÿ ïîëÿìè. Êîëüöà Z, M(R) íå ÿâëÿþòñÿ ïîëÿìè.
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Òåîðåìà 2.1. Ñïðàâåäëèâû ñâîéñòâà

à) ýëåìåíò a ∈ Zm ÿâëÿåòñÿ îáðàòèìûì, åñëè è òîëüêî åñëè íîä (a,m) = 1;

á) êîëè÷åñòâî îáðàòèìûõ ýëåìåíòîâ êîëüöà Zm ðàâíî ϕ(m);

â) êîëüöî Zm ÿâëÿåòñÿ ïîëåì òîãäà è òîëüêî òîãäà, êîãäà m åñòü ïðîñòîå ÷èñëî.

Äîêàçàòåëüñòâî. Óòâåðæäåíèå à) ÿâëÿåòñÿ ýêâèâàëåíòíîé ôîðìóëèðîâêîé ëåììû 2.1.
Óòâåðæäåíèÿ á) ñëåäóåò èç à) è îïðåäåëåíèÿ ôóíêöèè Ýéëåðà. Äîêàæåì â). Ñîãëàñíî à),
êîëüöî Zm ÿâëÿåòñÿ ïîëåì, åñëè è òîëüêî åñëè íîä (a,m) = 1 ïðè âñåõ a ∈ {1, . . . ,m− 1}.
Ýòî ýêâèâàëåíòíî òîìó, ÷òî m � ïðîñòîå.

� 3. Ïîëíàÿ è ïðèâåäåííàÿ ñèñòåìû âû÷åòîâ

Îïðåäåëåíèå. Âûáåðåì ïî îäíîìó ýëåìåíòó èç êàæäîãî êëàññà âû÷åòîâ ïî ìîäóëþ m.
Ïîëó÷åííîå ìíîæåñòâî íàçûâàåòñÿ ïîëíîé ñèñòåìîé âû÷åòîâ ïî ìîäóëþ m.

Ïðèìåð. Ñëåäóþùèå ìíîæåñòâà îáðàçóþò ïîëíûå ñèñòåìû âû÷åòîâ ïî ìîäóëþ 5

{0, 1, 2, 3, 4}, {−2,−1, 0, 1, 2}, {0, 2, 4, 8, 16}.

Íàáîð {0, 1, . . . ,m− 1}, ñîñòàâëåííûé èç âñåõ íàèìåíüøèõ íåîòðèöàòåëüíûõ âû÷åòîâ,
îáðàçóþò ïîëíóþ ñèñòåìó âû÷åòîâ ïî ìîäóëþ m. Åùå îäíèì î÷åâèäíûì ïðèìåðîì ïîëíîé
ñèñòåìû âû÷åòîâ ïî ìîäóëþ m ÿâëÿåòñÿ ìíîæåñòâî

{x ∈ Z : −m/2 < x ≤ m/2}.

Îíî ñîñòîèò èç òàê íàçûâàåìûõ àáñîëþòíî íàèìåíüøèõ âû÷åòîâ. Ðàññìîòðèì êàêèå åùå
ìíîæåñòâà îáðàçóþò ïîëíûå ñèñòåìû âû÷åòîâ.

Òåîðåìà 3.1. Ñïðàâåäëèâû ñëåäóþùèå ñâîéñòâà.

à) Ëþáîé íàáîð èç m ïîïàðíî íåñðàâíèìûõ ïî ìîäóëþ m ÷èñåë îáðàçóåò ïîëíóþ ñè-
ñòåìó âû÷åòîâ ïî ìîäóëþ m.

á) Ïóñòü a, b ∈ Z, ïðè÷åì íîä (a,m) = 1. Åñëè {xj}mj=1 îáðàçóþò ïîëíóþ ñèñòåìó
âû÷åòîâ ïî ìîäóëþ m, òî

{axj + b}mj=1

òàêæå åñòü ïîëíàÿ ñèñòåìà âû÷åòîâ ïî ìîäóëþ m.

Äîêàçàòåëüñòâî. Äîêàæåì à). Ïóñòü x1, . . . , xm ∈ Z, ïðè÷åì xi 6≡ xj (mod m) ïðè i 6= j.
Òîãäà xi ïðèíàäëåæàò ðàçíûì êëàññàì âû÷åòîâ. Òàê êàê êîëè÷åñòâî xi ðàâíî m, òî îíè
îáðàçóþò ïîëíóþ ñèñòåìó âû÷åòîâ.

Äîêàæåì á). Ñîãëàñíî à) äîñòàòî÷íî äîêàçàòü, ÷òî ÷èñëà (axi+b) ïîïàðíî íåñðàâíèìû
ïî ìîäóëþ m. Äåéñòâèòåëüíî, åñëè

axi + b ≡ axj + b (mod m),

òî axi ≡ axj (mod m), à ò.ê. íîä (a,m) = 1, òî ïî ñâîéñòâó 6 ñðàâíåíèé xi ≡ xj (mod m).
Ñëåäîâàòåëüíî, i = j.
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Ñîãëàñíî ñâîéñòâó 8) ñðàâíåíèé ÷èñëà îäíîãî è òîãî æå êëàññà âû÷åòîâ ïî ìîäóëþ m
èìåþò ñ ìîäóëåì îäèí è òîò æå íàèáîëüøèé îáùèé äåëèòåëü. Îñîáåííî âàæíû êëàññû,
äëÿ êîòîðûõ ýòîò äåëèòåëü ðàâåí 1, ò.å. êëàññû, ñîñòîÿùèå èç ÷èñåë âçàèìíî ïðîñòûõ ñ m.

Îïðåäåëåíèå. Âûáåðåì ïî îäíîìó ýëåìåíòó èç êàæäîãî êëàññà âû÷åòîâ ïî ìîäóëþ m,
ñîñòîÿùåãî èç ÷èñåë âçàèìíî ïðîñòûõ ñm. Ïîëó÷åííîå ìíîæåñòâî íàçûâàåòñÿ ïðèâåäåííîé
ñèñòåìîé âû÷åòîâ ïî ìîäóëþ m.

Ïðèìåð.
Ìîäóëü 6 5 10
Ïðèìåð ïðèâåäåííîé ñèñòåìû 1, 5 1, 2, 3, 4 1, 2, 3, 7, 9

Äëÿ ëþáîãî m ÷èñëà èç 1, 2, . . . ,m− 1, êîòîðûå âçàèìíû ïðîñòûå ñ m, îáðàçóþò ïðè-
âåäåííóþ ñèñòåìó âû÷åòîâ ïî ìîäóëþ m. Ëþáàÿ ïðèâåäåííàÿ ñèñòåìà âû÷åòîâ ïî ìîäóëþ
m ñîñòîèò èç ϕ(m) ýëåìåíòîâ.

Òåîðåìà 3.2. Ñïðàâåäëèâû ñëåäóþùèå ñâîéñòâà.

à) Ëþáîé íàáîð èç ϕ(m) ïîïàðíî íåñðàâíèìûõ ïî ìîäóëþ m ÷èñåë, êîòîðûå âçàèìíî
ïðîñòûå ñ m, îáðàçóåò ïðèâåäåííóþ ñèñòåìó âû÷åòîâ ïî ìîäóëþ m.

á) Ïóñòü a ∈ Z, ïðè÷åì íîä (a,m) = 1. Åñëè {xj}ϕ(m)
j=1 ÿâëÿåòñÿ ïðèâåäåííîé ñèñòåìîé

âû÷åòîâ ïî ìîäóëþ m, òî {axj}ϕ(m)
j=1 òàêæå åñòü ïðèâåäåííàÿ ñèñòåìà âû÷åòîâ.

Äîêàçàòåëüñòâî. Ñâîéñòâî à) äîêàçûâàåòñÿ òàêæå, êàê è óòâåðæäåíèå à) òåîðåìû 3.1.
Äîêàæåì á). Ñîãëàñíî òåîðåìå 3.1 á) ÷èñëà axj ïîïàðíî íåñðàâíèìûå ïî ìîäóëþ m. Òàê
êàê íîä (a,m) = 1, íîä (xj,m) = 1, òî íîä (axj,m) = 1. Îñòàëîñü âîñïîëüçîâàòüñÿ à).

� 4. Òåîðåìû Ýéëåðà è Ôåðìà

Òåîðåìà 4.1 (Ýéëåð). Åñëè a ∈ Z, m ∈ N, ïðè÷åì íîä (a,m) = 1, òî

aϕ(m) ≡ 1 (mod m).

Äîêàçàòåëüñòâî. Ïóñòü ϕ = ϕ(m) è {xi}ϕi=1 � ïðèâåäåííàÿ ñèñòåìà âû÷åòîâ ïî ìîäóëþ
m. Òîãäà {axi}ϕi=1 òàêæå ÿâëÿåòñÿ ïðèâåäåííîé ñèñòåìîé âû÷åòîâ ïî ìîäóëþ m ñîãëàñíî
òåîðåìå 3.2 á). Çíà÷èò, êàæäîå ÷èñëî ïåðâîé ñèñòåìû ñðàâíèìî ïî ìîäóëþ m ñ îäíèì è
òîëüêî îäíèì ÷èñëîì âòîðîé ñèñòåìû. Äðóãèìè ñëîâàìè äëÿ ëþáîãî íîìåðà i ∈ {1, . . . , ϕ}
ñóùåñòâóåò åäèíñòâåííûé íîìåð ki ∈ {1, . . . , ϕ} òàêîé, ÷òî

xi ≡ axki (mod m).

Ñëåäîâàòåëüíî,

ϕ∏
i=1

xi ≡
ϕ∏
i=1

(axki) (mod m). Òàê êàê

ϕ∏
i=1

(axki) = aϕ
ϕ∏
i=1

xi, òî

ϕ∏
i=1

xi ≡ aϕ
ϕ∏
i=1

xi (mod m).

Êàæäîå èç ÷èñåë xi âçàèìíî ïðîñòî ñ ìîäóëåì m. Çíà÷èò, èõ ïðîèçâåäåíèå òàêæå âçàèìíî
ïðîñòî ñ ìîäóëåì. Ïîýòîìó ìû ìîæåì ñîêðàòèòü íà

∏ϕ
i=1 xi. Â èòîãå, ïîëó÷àåì

1 ≡ aϕ (mod m).
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Ïðèìåð. Ïóñòü m = 1000. Òîãäà m = 23 · 53, ϕ(m) = ϕ(23)ϕ(53) = (23− 22)(53− 52) = 400.
Ñëåäîâàòåëüíî, åñëè íîä (a, 1000) = 1, òî

a400 ≡ 1 (mod 1000).

Óñëîâèå íîä (a, 1000) = 1 îçíà÷àåò, ÷òî ïîñëåäíÿÿ öèôðà â äåñÿòè÷íîé çàïèñè ÷èñëà a íå
ðàâíà 0, 2, 5. Íàïðèìåð, 17888885671400 ≡ 1, 3400 ≡ 1 (mod 1000).

Òåîðåìà 4.2 (ìàëàÿ òåîðåìà Ôåðìà). Åñëè öåëîå a íå äåëèòñÿ íà ïðîñòîå p, òî

ap−1 ≡ 1 (mod p).

Äîêàçàòåëüñòâî. Òàê êàê a íå äåëèòñÿ íà p, à p ïðîñòîå, òî íîä (a, p) = 1. Îñòàëîñü
ïðèìåíèòü òåîðåìó Ýéëåðà â êîòîðîé m = p è ó÷åñòü, ÷òî ϕ(p) = p− 1.

Ñëåäñòâèå 4.1. Äëÿ ëþáîãî öåëîãî a è ïðîñòîãî p

ap ≡ a (mod p).

Äîêàçàòåëüñòâî. Åñëè p | a, òî óòâåðæäåíèå ñëåäñòâèÿ òðèâèàëüíî. Åñëè p - a, òî ìû
ìîæåì ïðèìåíèòü ìàëóþ òåîðåìó Ôåðìà. Óìíîæàÿ ñðàâíåíèå ap−1 ≡ 1 (mod p) íà a,
ïîëó÷àåì òðåáóåìûé ðåçóëüòàò.

� 5. Àëãîðèòì áûñòðîãî âîçâåäåíèÿ â ñòåïåíü

Îäíèì èç îñíîâíûõ äåéñòâèé àðèôìåòèêè âû÷åòîâ, âîçíèêàþùèõ, íàïðèìåð, â êðèïòî-
ãðàôèè, ÿâëÿåòñÿ âû÷èñëåíèå ax (mod m), òî åñòü íàõîæäåíèå òàêîãî y, ÷òî

y = ax (mod m), (5.1)

ãäå a, x,m � çàäàííûå íàòóðàëüíûå. Äàëåå ñ÷èòàåì, ÷òî a < m. Çàïèñü y = b (mod m)
îçíà÷àåò, ÷òî y ≡ b (mod m) è 0 ≤ y < m, ò.å. y � íàèìåíüøèé íåîòðèöàòåëüíûé âû÷åò
ïî ìîäóëþ m, ëåæàùèé â òîì êëàññå, ÷òî è b.

Åñëè âû÷èñëÿòü ¾â ëîá¿, ò.å. ïîñëåäîâàòåëüíî íàõîäèòü

a2 = a · a (mod m), a3 = a2 · a (mod m), . . . , ax = ax−1 · a (mod m),

òî íóæíî âûïîëíèòü (x − 1) óìíîæåíèå â êîëüöå Zm. Åñëè n � êîëè÷åñòâî ðàçðÿäîâ â
äâîè÷íîé çàïèñè x, òî ÷èñëî óìíîæåíèé íå ìåíüøå, ÷åì 2n−1.

Ëåììà 5.1. Ïóñòü x,m, a ∈ N. Ïóñòü x = (x0x1 . . . xn−1)2, ò.å.

x = x0 + 2x1 + 22x2 + . . .+ 2n−1xn−1 (xj ∈ {0, 1}).

Îïðåäåëèì öåëûå aj ïî ðåêêóðåíòíûì ôîðìóëàì

a0 = a; aj = a2j−1 (mod m), j = 1, n− 1. (5.2)

Òîãäà ax ≡ ax00 a
x1
1 . . . a

xn−1

n−1 (mod m).
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Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ ÷èñåë aj

a0 = a (mod m), a1 = a2 (mod m), a2 = a4 (mod m), a3 = a8 (mod m), . . .

Â îáùåì ñëó÷àå aj = a2
j

(mod m), j = 0, n− 1. Ñëåäîâàòåëüíî,

ax00 a
x1
1 . . . a

xn−1

n−1 ≡ ax0
(
a2
)x1 (a4)x2 . . .(a2n−1

)xn−1

= ax0+2x1+22x2+...+2n−1xn−1 = ax (mod m).

Àëãîðèòì (áûñòðîãî âîçâåäåíèÿ â ñòåïåíü). Äàíû íàòóðàëüíûå a,m è x = (xn−1xn−2 . . . x0)2.
Íóæíî âû÷èñëèòü y = ax (mod m).

1. Âû÷èñëÿåì aj (0 ≤ j ≤ n− 1) ïî ôîðìóëàì (5.2).

2. Âû÷èñëÿåì y = ax00 a
x1
1 . . . a

xn−1

n−1 (mod m).

Ëåììà 5.2. Ïóñòü n � ÷èñëî ðàçðÿäîâ â äâîè÷íîé çàïèñè x. Òîãäà ïðèâåäåííûé âûøå
àëãîðèòì òðåáóåò âûïîëíåíèÿ íå áîëåå, ÷åì 2(n− 1) óìíîæåíèé â êîëüöå Zm.

Ïðèìåð. Âû÷èñëèì 21000 (mod 100). Èìååì

a = 2,m = 100, x = 1000,

x = 1024− 24 = 210 − 24 − 23 = (10000000000)2 − (11000)2 = (10111101000)2, n = 10.

Âû÷èñëèì aj. Âñå äåéñòâèÿ âûïîëíÿåì ïî ìîäóëþ 100 (çàïèñü (mod 100) îïóñêàåì).

a0 = 2, a1 = 22 = 4, a2 = 42 = 16, a3 = 162 = (10 + 6)2 = 2 · 6 · 10 + 62 = 56,

a4 = 562 = (50 + 6)2 = 62 = 36, a5 = 362 = (50− 14)2 = 142 = (10 + 4)2 = 80 + 16 = 96,

a6 = 962 = (100− 4)2 = 42 = 16, a7 = 162 = 56,

a8 = 562 = 36, a9 = 362 = 96, a10 = 962 = 16.

Âû÷èñëåíèÿ óäîáíî çàïèñûâàòü â òàáëèöó

j 0 1 2 3 4 5 6 7 8 9 10
xj 0 0 0 1 0 1 1 1 1 0 1
aj 2 4 16 56 36 96 16 56 36 96 16

Ñëåäîâàòåëüíî,

21000 = 16 · 36 · 56 · 16 · 96 · 56 = 162 · 562 · 36 · 96 = 56 · 36 · 36 · 96 = 56 · 962 = 56 · 16 =

= (50 + 6) · 16 = 6 · 16 = 96.

� 6. Êðèïòîãðàôè÷åñêèå ïðèëîæåíèÿ (øèôð RSA)

Îïèñàíèå RSA

Ïðåäïîëîæèì, ÷òî äâà àáîíåíòà õîòÿò îáìåíèâàòüñÿ èíôîðìàöèåé ïî îáùåäîñòóïíîìó êà-
íàëó ñâÿçè (íàïðèìåð, ÷åðåç èíòåðíåò). ×òîáû îáåñïå÷èòü êîíôåäåíöèàëüíîñòü ïåðåïèñêè
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ìîæíî âîñïîëüçîâàòüñÿ øèôðîâàíèåì ñîîáùåíèé. Îäíèì èç ñàìûõ ïîïóëÿðíûõ àëãîðèò-
ìîâ øèôðîâàíèÿ ÿâëÿåòñÿ øèôð RSA2. Îí çàêëþ÷àåòñÿ â ñëåäóþùåì.

Ïîäãîòîâêà. Àáîíåíò A âûáèðàåò äâà ïðîñòûõ ÷èñëà p è q è âû÷èñëÿåò

m = pq, ϕ = ϕ(m) = (p− 1)(q − 1).

Äàëåå îí âûáèðàåò íàòóðàëüíîå d, óäîâëåòâîðÿþùåå óñëîâèþ

íîä (d, ϕ) = 1.

Ïîñëå ýòîãî A íàõîäèò e ∈ [1,m] (îáðàòíûé ê d ïî ìîäóëþ m), êàê ðåøåíèå ñðàâíåíèÿ

ed ≡ 1 (mod ϕ). (6.1)

Òàêîå e ñóùåñòâóåò, ò.ê. íîä (d, ϕ) = 1. Äëÿ åãî âû÷èñëåíèÿ ìîæíî èñïîëüçîâàòü àëãîðèòì
íåïðåðûâíûõ äðîáåé. Ïîäãîòîâêà çàêîí÷åíà.

×èñëî m íàçûâàþò ìîäóëåì, à e � ýêñïîíåíòîé øèôðîâàíèÿ (îòêðûòîé ýêñïîíåíòîé).
Àáîíåíò A ïóáëèêóåò (ïîìåùàåò â îòêðûòîì äîñòóïå) ïàðó (m, e).

Íàòóðàëüíîå d íàçûâàþò ýêñïîíåíòîé ðàñøèôðîâàíèÿ (ñåêðåòíîé ýêñïîíåíòîé). Àáî-
íåíò A äåðæèò ÷èñëî d â ñòðîãîé òàéíå.

Íàòóðàëüíûå p, q, ϕ ìîæíî ¾çàáûòü¿. Îíè áûëè íóæíû òîëüêî äëÿ âû÷èñëåíèÿ d. Îä-
íàêî èõ çíà÷åíèÿ íå äîëæíû áûòü äîñòóïíû íèêîìó, êðîìå A.

Àëãîðèòì øèôðîâàíèÿ. Ïóñòü àáîíåíò B õî÷åò íàïèñàòü ñåêðåòíîå ñîîáùåíèå äëÿ
A. Îí çíàåò òîëüêî m è e, êîòîðûå íàõîäÿòñÿ â îòêðûòîì äîñòóïå (â ñïðàâî÷íèêå, íà web-
ñòðàíèöå àáîíåíòà A è.ò.ä.). Ñîîáùåíèå ðàçáèâàåòñÿ íà áëîêè, êàæäûé èç êîòîðûõ êîäè-
ðóåòñÿ öåëûì íåîòðèöàòåëüíûì ÷èñëîì x òàê, ÷òîáû x < m (êàæäûé áëîê ïðåäñòàâëÿåòñÿ
íà êîìïüþòåðå â âèäå ïîñëåäîâàòåëüíîñòè íóëåé è åäèíèö, êîòîðóþ ìîæíî ðàññìàòðèâàòü
êàê çàïèñü íåêîòîðîãî íåîòðèöàòåëüíîãî öåëîãî â äâîè÷íîé ñèñòåìå èñ÷èñëåíèÿ).

Áëîê x øèôðóåòñÿ ñëåäóþùèì îáðàçîì

y = xe (mod m). (6.2)

Àáîíåíò B ïîñûëàåò y àáîíåíòó A ïî ëþáîìó êàíàëó ñâÿçè.
Àëãîðèòì äåøèôðîâêè. Àáîíåíò A, çíàÿ ñåêðåòíîå d, ðàñøèôðîâûâàåò áëîê y:

x = yd (mod m).

Äîêàçàòåëüñòâî êîððåêòíîñòè ïðîöåäóðû ðàñøèôðîâêè. Îãðàíè÷èìñÿ ñëó÷àåì, êîãäà
íîä (x,m) = 1. Èñïîëüçóÿ óñëîâèå ed ≡ 1 (mod ϕ) è òåîðåìó Ýéëåðà, ïîëó÷àåì

ed = 1 + kϕ =⇒ yd ≡ (xe)d = xed = x1+kϕ = x · (xϕ)k ≡ x · 1k = x (mod m).

Î ñòîéêîñòè àëãîðèòìà RSA

Ïðåäïîëîæèì, ÷òî çëîóìûøëåííèê ìîæåò ïåðåõâàòûâàòü øèôðîâàííûå ñîîáùåíèÿ (ò.å.
y). Îí çíàåò e è m. Ïàðàìåòðû d, p, q, ϕ åìó íåèçâåñòíû. Ðàñøèôðîâêà áëîêà y ñâîäèòñÿ
ê íàõîæäåíèþ ðåøåíèÿ x ñðàâíåíèÿ

xe ≡ y (mod m), (6.3)

ãäå y � çàäàííîå ÷èñëî. Ðàññìîòðèì ïðîáëåìû, âîçíèêàþùèå ó çëîóìûøëåííèêà.

2åãî ñîçäàòåëÿìè ÿâëÿþòñÿ Rivest R., Shamir A., Adleman L.
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1. Âñå ñóùåñòâóþùèå íåòðèâèàëüíûå ìåòîäû ðåøåíèÿ (6.3) òðåáóþò çíàíèÿ ðàçëîæå-
íèÿ ìîäóëÿ m íà ïðîñòûå ñîìíîæèòåëè:

m = pq. (6.4)

2. Ñðàâíåíèå (6.3) ëåãêî ðåøàåòñÿ, åñëè èçâåñòåí ñåêðåòíûé êëþ÷ d. Äëÿ åãî íàõîæ-
äåíèÿ èç (6.1) íóæíî çíàòü ϕ. Çàäà÷à íàõîæäåíèÿ çíà÷åíèÿ ôóíêöèè Ýéëåðà ϕ(m)
ýêâèâàëåíòíà ðåøåíèþ çàäà÷è ôàêòîðèçàöèè (6.4).

3. Ìîæíî ïîïûòàòüñÿ íàéòè ñåêðåò d ñëåäóþùèì îáðàçîì. Âîçüìåì ëþáîå a è âû÷èñ-
ëèì b = ae (mod m). Òîãäà ñîãëàñíî êîððåêòíîñòè àëãîðèòìà ðàñøèôðîâêè

a = bd (mod m), (6.5)

ò.å. d åñòü ðåøåíèå çàäà÷è (6.5). Âñå ñóùåñòâóþùèå íåòðèâèàëüíûå ìåòîäû ðåøåíèÿ
(6.5) òðåáóþò çíàíèÿ ðàçëîæåíèÿ (6.4). Îòìåòèì, ÷òî äàæå â ñëó÷àå ïðîñòîãî ìîäóëÿ
m íå ñóùåñòâóåò ýôôåêòèâíûõ àëãîðèòìîâ ðåøåíèÿ (6.5), à ñëîæíîñòü ñóùåñòâóþ-
ùèõ àëãîðèòìîâ ïðèìåðíî ñîîòâåòñòâóåò ñëîæíîñòè ðåøåíèÿ çàäà÷è ôàêòîðèçàöèè.

Âîçìîæíî ñóùåñòâóþò ìåòîäû ðåøåíèÿ ñðàâíåíèÿ (6.3), íå èñïîëüçóþøèå ðåøåíèå çà-
äà÷è ôàêòîðèçàöèè. Îäíàêî îíè íåèçâåñòíû. Ïîýòîìó íà ñåãîäíÿøíèé äåíü êðèïòîñòîé-
êîñòü àëãîðèòìà RSA îïðåäåëÿåòñÿ ñëîæíîñòüþ ðåøåíèÿ çàäà÷è ôàêòîðèçàöèè (6.4).

Ñàìûå ýôôåêòèâíûå èç èçâåñòíûõ ìåòîäû ðåøåíèÿ çàäà÷è ôàêòîðèçàöèè (6.4) òðåáó-
þò âûïîëíåíèÿ ïîðÿäêà

c · exp(2n1/3 ln2/3 n)

ýëåìåíòàðíûõ îïåðàöèé (ñëîæåíèå, âû÷èòàíèå, óìíîæåíèå, äåëåíèå) â êîëüöå Zm. Çäåñü
n � êîëè÷åñòâî ðàçðÿäîâ â äâîè÷íîé çàïèñè ìîäóëÿ m, à c � íåêîòîðàÿ ïîëîæèòåëüíàÿ
àáñîëþòíàÿ ïîñòîÿííàÿ. Âñïîìèíàÿ ðåçóëüòàòû ïðåäûäóùåãî ïàðàãðàôà çàêëþ÷àåì: êî-
ëè÷åñòâî äåéñòâèé â Zm, íåîáõîäèìûõ äëÿ øèôðîâàíèÿ (6.2) áëîêà x íå áîëüøå, ÷åì 2n,
à êîëè÷åñòâî îïåðàöèé, íåîáõîäèìûõ äëÿ âçëîìà øèôðà (ò.å. ðåøåíèÿ çàäà÷è ôàêòîðè-
çàöèè (6.4)) ïðîïîðöèîíàëüíî exp(2n1/3 ln2/3 n). Ôóíêöèÿ exp(2n1/3 ln2/3 n) ðàñòåò ãîðàçäî
áûñòðåå, ÷åì n. Ïîýòîìó, íåçàâèñèìî îò âîçìîæíîñòåé ÝÂÌ, ìû ìîæåì âûáðàòü òàêîå
(áîëüøîå) n, ÷òîáû øèôðîâàíèå çàíèìàëî, ãðóáî ãîâîðÿ, ñåêóíäû, à âçëîì øèôðà � òû-
ñÿ÷åëåòèÿ. Â íàñòîÿùèé ìîìåíò, âûáèðàþò n â ïðåäåëàõ ïðèìåðíî îò 1024 äî 2048, òî
åñòü

21024 � m� 22048.

Åñëè n = 1024, òî exp(2n1/3 ln2/3 n) > 10168.
Ñèòóàöèÿ ìîæåò èçìåíèòüñÿ, åñëè ïîÿâÿòñÿ ïðèíöèïèàëüíî íîâûå ìåòîäû ðåøåíèÿ

çàäà÷ (6.4) èëè (6.3). Â ÷àñòíîñòè, èçîáðåòåíèå ýôôåêòèâíîãî àëãîðèòìà ôàêòîðèçàöèè
öåëûõ ÷èñåë ïðèâåäåò ê êðàõó øèôðà RSA, êîòîðûé èñïîëüçóåòñÿ ïîâñåìåñòíî.

RSA è ïðîñòûå ÷èñëà

Ðåàëèçàöèÿ øèôðà RSA â ñåòÿõ ñ ìíîãèìè àáîíåíòàìè (íàïðèìåð, áàíê è åãî êëèåíòû)
ïðèâîäèò ê ñëåäóþùåé ïðîáëåìå. Êàæäûé àáîíåíò äîëæåí èìåòü ñâîé óíèêàëüíûé ìîäóëü
m = pq. Â íàñòîÿùèé ìîìåíò, áåçîïàñíûì ñ÷èòàåòñÿ èñïîëüçîâàíèå ìîäóëåé, íå ìåíüøèõ,
÷åì 21024 èëè äàæå 22048 ≈ 3 ·10616. Øèôðû, èñïîëüçóþùèå ìîäóëè ìåíüøåé äëèíû, ìîãóò
áûòü âçëîìàíû (íåáîëüøîå ÷èñëî ìîæíî ðàçëîæèòü íà ìíîæèòåëè ïðîñòûì ïåðåáîðîì
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âîçìîæíûõ äåëèòåëåé). Â öåëÿõ áåçîïàñíîñòè, ïàðàìåòðû àáîíåíòîâ äîëæíû ðåãóëÿðíî
ìåíÿòüñÿ. Âîïðîñ: êàêèì îáðàçîì ìû ìîæåì ãåíåðèðîâàòü áîëüøèå ïðîñòûå ÷èñëà? Åäèí-
ñòâåííûé (ïîêà) îòâåò çàêëþ÷àåòñÿ â ñëåäóþùåì: âûáèðàåòñÿ íåêîòîðîå áîëüøîå ñëó÷àé-
íîå ÷èñëî è ïðîâåðÿåòñÿ ÿâëÿåòñÿ îíî ïðîñòûì èëè íåò. Åñëè íåò, òî âûáèðàåì äðóãîå
ñëó÷àéíîå ÷èñëî è ò. ä. Ýòî ïðèâîäèò ê ñëåäóþùåé çàäà÷å: êàêèì îáðàçîì ïðîâåðèòü çà-
äàííîå n íà ïðîñòîòó? Ìîæíî êîíå÷íî ïðîâåðèòü äåëèìîñòü n íà âñå íàòóðàëüíûå, íå
ïðåâîñõîäÿùèå

√
n. Îäíàêî òàêîé àëãîðèòì ÿâëÿåòñÿ íåýôôåêòèâíûì äëÿ áîëüøèõ n.

Íàïðèìåð, ïðè n ≈ 21024 êîëè÷åñòâî ïðîáíûõ äåëåíèé áóäåò ïîðÿäêà 2512 ≈ 1, 3 · 10154.
Òåñòû íà ïðîñòîòó äåëÿò íà äåòåðìèíèðîâàííûå è âåðîÿòíîñòíûå. Ïåðâûå äàþò îä-

íîçíà÷íûé îòâåò íà âîïðîñ î ïðîñòîòå òåñòèðóåìîãî ÷èñëà. Âåðîÿòíîñòíûå òåñòû çàêëþ-
÷àþòñÿ â ìíîãîêðàòíîé ïðîâåðêå íåêîòîðûõ óñëîâèé. ×åì áîëüøå ïðîâåðîê âûäåðæàëî
÷èñëî, òåì âûøå âåðîÿòíîñòü òîãî, ÷òî îíî ÿâëÿåòñÿ ïðîñòûì. Â ïðèëîæåíèÿõ, êàê ïðà-
âèëî, èñïîëüçóþòñÿ âåðîÿòíîñòíûå òåñòû, êîòîðûå ÿâëÿþòñÿ áîëåå áûñòðûìè, ÷åì äåòåð-
ìèíèðîâàííûå.

Òåñò ïðîñòîòû Ôåðìà. Äàíî n ∈ N. Íóæíî ïðîâåðèòü ÿâëÿåòñÿ n ïðîñòûì èëè íåò.

1. Ñëó÷àéíûì îáðàçîì âûáèðàåì íàòóðàëüíîå a.

2. Åñëè íîä (n, a) > 1, òî n � ñîñòàâíîå.

3. Åñëè an−1 6≡ 1 (mod n), òî n � ñîñòàâíîå.

4. Âîçâðàùàåìñÿ ê øàãó 1.

×åì áîëüøå ïðîâåðîê âûäåðæàëî n, òåì âûøå âåðîÿòíîñòü òîãî, ÷òî n � ïðîñòîå.
Ñóùåñòâóþò ¾áûñòðûå¿ àëãîðèòìû âû÷èñëåíèÿ íîä (a, n) (àëãîðèòì Åâêëèäà) è an−1

(mod m). Òåì íå ìåíåå òåñò Ôåðìà èìååò ðÿä íåäîñòàòêîâ3 è íà ïðàêòèêå íå èñïîëüçóåòñÿ.
Îí ÿâëÿåòñÿ îñíîâîé äëÿ ðÿäà ýôôåêòèâíûõ òåñòîâ. Îïèñàíèÿ ðåàëüíî èñïîëüçóåìûõ
òåñòîâ íà ïðîñòîòó âûõîäèò çà ðàìêè íàñòîÿùåãî êóðñà. Èõ ìîæíî íàéòè â [?].

×èñëåííûå óïðàæíåíèÿ ê ãëàâå IV

1. Èñïîëüçóÿ ñâîéñòâà ñðàâíåíèé, âûâåäèòå êðèòåðèè äåëèìîñòè íàòóðàëüíîãî ÷èñëà,
çàïèñàííîãî â 10-è÷íîé ñèñòåìå èñ÷èñëåíèÿ, íà 3, 7, 9, 11.

2. Èññëåäîâàòü âîïðîñ î ðàçðåøèìîñòè äèîôàíòîâûõ óðàâíåíèé

y2 = 5 + 9x, y3 = 1 + 7x, 3x9 − 2y2 = 1.

3. Âû÷èñëèòü 7 · 8−1 − 10 â Z11;
11 + 7

6
â Z13.

4. Èñïîëüçóÿ ñâîéñòâà ñðàâíåíèé, à òàêæå òåîðåìû Ýéëåðà è Ôåðìà, âû÷èñëèòü

100000018 (mod 19), 7170119 (mod 19), 1111172 (mod 17), 300100 (mod 11),
3331003 (mod 10), 2500 (mod 7), 31151 (mod 100).

5. Âû÷èñëèòü 52100 (mod 50), 51151 (mod 100).

3Íàïðèìåð, ñóùåñòâóåò áåñêîíå÷íî ìíîãî ñîñòàâíûõ ÷èñåë n (÷èñëà Êàðìàéêëà) òàêèõ, ÷òî äëÿ ëþáîãî
a, êîòîðîå âçàèìíî ïðîñòî ñ n, an ≡ 1 (mod n).



Ãë à â à V

Ïîëèíîìèàëüíûå ñðàâíåíèÿ

� 1. Îñíîâíûå îïðåäåëåíèÿ

Ìû áóäåì èçó÷àòü ñðàâíåíèÿ ñëåäóþùåãî âèäà

anx
n + . . .+ a1x+ a0 ≡ 0 (mod m). (1.1)

Åñëè an íå äåëèòñÿ íà m, òî n íàçûâàåòñÿ ñòåïåíüþ ñðàâíåíèÿ.
Ðåøèòü ñðàâíåíèå � çíà÷èò íàéòè âñå öåëûå çíà÷åíèÿ x, åìó óäîâëåòâîðÿþùèå. Åñëè

x óäîâëåòâîðÿåò (1.1), òî ñîãëàñíî ñâîéñòâó 5 ñðàâíåíèé (ñì. � IV.1) ýòîìó æå ñðàâíåíèþ
óäîâëåòâîðÿþò âñå öåëûå, ñðàâíèìûå ñ x ïî ìîäóëþ m, ò.å. âñå ÷èñëà êëàññà âû÷åòîâ x.

Îïðåäåëåíèå. Ðåøåíèåì ñðàâíåíèÿ (1.1) íàçûâàåòñÿ êëàññ âû÷åòîâ ïî ìîäóëþ m, ñî-
ñòîÿùèé èç öåëûõ, óäîâëåòâîðÿþùèõ (1.1). Êîëè÷åñòâî ðåøåíèé ñðàâíåíèÿ (1.1) � ýòî
êîëè÷åñòâî êëàññîâ âû÷åòîâ, óäîâëåòâîðÿþùèõ (1.1).

Èç îïðåäåëåíèé âûòåêàþò ñëåäóþùèå î÷åâèäíûå ñâîéñòâà.

1. Êîëè÷åñòâî ðåøåíèé ñðàâíåíèÿ (1.1) ðàâíî êîëè÷åñòâó ÷èñåë 0 äî m− 1, óäîâëåòâî-
ðÿþùèõ (1.1).

2. Êîëè÷åñòâî ðåøåíèé ñðàâíåíèÿ (1.1) ðàâíî êîëè÷åñòâó ÷èñåë x1, . . . , xk òàêèõ, ÷òî

1) x1, . . . , xk óäîâëåòâîðÿþò (1.1),

2) x1, . . . , xk ïîïàðíî íåñðàâíèìû ïî ìîäóëþ m,

3) ëþáîå öåëîå, óäîâëåòâîðÿþùåå (1.1), ñðàâíèìî ñ îäíèì èç xi ïî ìîäóëþ m.

Ïðèìåð. Ðåøèì ñðàâíåíèå
x5 + x+ 1 ≡ 0 (mod 7). (1.2)

Äîñòàòî÷íî íàéòè ÷èñëà èç 0, 1, 2, . . . , 6, êîòîðûå óäîâëåòâîðÿþò (1.2). Òàêèõ ÷èñåë òîëüêî
äâà x = 2 è x = 4. Çíà÷èò, ñðàâíåíèå èìååò äâà ðåøåíèÿ: x ≡ 2 è x ≡ 4 (mod 7). Ýòî
îçíà÷àåò, ÷òî x óäîâëåòâîðÿåò (1.2), åñëè è òîëüêî åñëè x ≡ 2 ëèáî x ≡ 4 (mod 7).

� 2. Ñðàâíåíèÿ ïåðâîé ñòåïåíè

Ëþáîå ñðàâíåíèå ïåðâîé ñòåïåíè ìîæíî çàïèñàòü â ñëåäóþùåì âèäå

ax ≡ b (mod m). (2.1)
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Òåîðåìà 2.1. Ïóñòü d = íîä (a,m). Òîãäà

à) ñðàâíåíèå (2.1) ðàçðåøèìî, åñëè è òîëüêî åñëè d | b;
á) åñëè d | b, òî ñðàâíåíèå (2.1) èìååò ðàâíî d ðåøåíèé:

x ≡ u+
m

d
k, k = 0, 1, . . . , d− 1, (2.2)

ãäå u � ëþáîå òàêîå öåëîå, ÷òî au ≡ b (mod m).

Äîêàçàòåëüñòâî. Öåëîå x óäîâëåòâîðÿåò ñðàâíåíèþ (2.1) â òîì è òîëüêî òîì ñëó÷àå, êîãäà
ñóùåñòâóåò òàêîå öåëîå y, ÷òî

ax+my = b. (2.3)

Ñîãëàñíî òåîðåìå II.3.1, óðàâíåíèå (2.3) èìååò ðåøåíèå, åñëè è òîëüêî åñëè d | m. Óòâåð-
æäåíèå à) äîêàçàíî. Ñîãëàñíî ýòîé æå òåîðåìå âñå ðåøåíèÿ (2.3) îïðåäåëÿþòñÿ ôîðìóëîé

x = u+
m

d
· t, y = v − a

d
· t, t ∈ N,

ãäå u, v òàêèå öåëûå, ÷òî au+mv = b. Òîãäà au ≡ b (mod m) è ìíîæåñòâî x, óäîâëåòâîðÿ-
þùèõ (2.1), èìååò âèä

x = u+
m

d
t, t ∈ Z. (2.4)

Ðàññìîòðèì ñëåäóþùèå ÷èñëà

xk = u+
m

d
k, k = 0, 1, . . . , d− 1.

Äîêàæåì, ÷òî ëþáîå x, óäîâëåòâîðÿþùåå (2.1), ñðàâíèìî ñ îäíèì èç ÷èñåë xk ïî ìîäóëþ
m. Äåéñòâèòåëüíî, x èìååò âèä (2.4). Ïóñòü k � íàèìåíüøåå íåîòðèöàòåëüíîå, ñðàâíèìîå
ñ t ïî ìîäóëþ d. Òîãäà k ∈ {0, 1, . . . , d− 1} è

x− xk =
m

d
(t− k) =

t− k
d

m ≡ 0 (mod m).

Äîêàæåì, ÷òî ÷èñëà xk ïîïàðíî íåñðàâíèìû ïî ìîäóëþm. Äåéñòâèòåëüíî, åñëè xk ≡ xj
(mod m), òî m

d
k ≡ m

d
j (mod m). Ñîêðàùàÿ íà m/d, èìååì k ≡ j (mod d), ò.å. k = j.

Òàêèì îáðàçîì, ÷èñëà x0, . . . , xd−1 óäîâëåòâîðÿþò (2.1), ïîïàðíî íåñðàâíèìû ïî ìîäóëþ
m è ëþáîå äðóãîå öåëîå, óäîâëåòâîðÿþùåå (2.1), ñðàâíèìî ñ îäíèì èç x0, . . . , xd−1. Çíà÷èò,
êîëè÷åñòâî ðåøåíèé (2.1) ðàâíî d è âñå ðåøåíèÿ èìåþò âèä (2.2).

Ïóñòü d | b. Ñîãëàñíî òåîðèè íåïðåðûâíûõ äðîáåé (ñì. � II.3), åñëè Qn−1 � ïðåäïîñëåä-
íèé ïîäõîäÿùèé çíàìåíàòåëü äëÿ a/m, òî öåëîå

u =
b

d
·Qn−1(−1)n−1,

óäîâëåòâîðÿåò ñðàâíåíèþ au ≡ b (mod m).

Ïðèìåð. Ðåøèì ñðàâíåíèå
111x ≡ 75 (mod 321). (2.5)
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Ðåøåíèå. Íàéäåì d = (111, 321), ðàçëîæèì 111/321 â íåïðåðûâíóþ äðîáü è âû÷èñëèì
ïîäõîäÿùèå çíàìåíàòåëè. Ïîëó÷àåì

d = (111, 321) = (111, 99) = (12, 99) = (12, 3) = 3,
111

321
= [0; 321/111] = [0; 2, 111/99] = [0; 2, 1, 99/12] = [0; 2, 1, 8, 12/3] = [0; 2, 1, 8, 4].

qk 0 2 1 8 4
Qk 0 1 2 3 26 107

, n = 4, Qn−1 = 26.

Çíà÷èò,

u =
75

3
· 26 · (−1)3 = −25 · 26 ≡ 99 (mod 107),

m

d
=

321

3
= 107.

Îòâåò: ñðàâíåíèå (2.5) èìååò òðè ðåøåíèÿ

x ≡ 99 (mod 321),
x ≡ 99 + 107 ≡ 206 (mod 321),
x ≡ 99 + 107 · 2 ≡ 313 (mod 321),

Åñëè íîä (a,m) = 1, òî ñóùåñòâóåò öåëîå a−1 òàêîå, ÷òî a−1a ≡ 1 (mod m) è ðåøåíèå
ñðàâíåíèÿ (2.1) èìååò ñëåäóþùèé âèä

x ≡ a−1b (mod m).

Ýòà ôîðìóëà óäîáíà äëÿ ðåøåíèÿ íåñêîëüêî ñðàâíåíèé ñ îäèíàêîâûìè a è m.

Ïðèìåð. Âûïèøåì ôîðìóëó äëÿ ðåøåíèÿ ñðàâíåíèÿ

7x ≡ b (mod 57).

Òàê êàê (7, 57) = 1, òî ñóùåñòâóåò öåëîå y = 7−1, óäîâëåòâîðÿþùåå ñðàâíåíèþ

7 · 7−1 ≡ 1 (mod 57).

Íàéäåì åãî ñ ïîìîùüþ àëãîðèòìà íåïðåðûâíûõ äðîáåé. Èìååì

7

57
= [0; 8, 7];

qk 0 8 7
Qk 0 1 8 57

; n = 2, Q1 = 8, 7−1 = 8 · (−1)1 = −8.

Îòâåò: x ≡ −8b (mod 57).

� 3. Àëãîðèòì Åâêëèäà ðåøåíèÿ ëèíåéíîãî ñðàâíåíèÿ

Ïðîíóìåðîâàííûå øàãè àëãîðèòìà Åâêëèäà âû÷èñëåíèÿ íîä (a,m) èìåþò âèä

m = aq1 + r2 (0 < r2 < a),
a = r2q2 + r3 (0 < r3 < r2),
r2 = r3q3 + r4 (0 < r4 < r3),
. . . . . .
rn−2 = rn−1qn−1 + rn (0 < rn < r3),
rn−1 = rnqn.
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Â ýòîì ñëó÷àå íîä (a,m) = (a, r2) = (r2, r3) = (r3, r4) = . . . = (rn−1, rn) = rn. Äëÿ íàõîæ-
äåíèÿ ðåøåíèÿ u ñðàâíåíèÿ au ≡ b (mod m) íóæíî äîïîëíèòåëüíî âû÷èñëÿòü çíà÷åíèÿ
íåêîòîðîé âñïîìîãàòåëüíîé ïåðåìåííîé Si:

S−1 = 0, S0 = 1; Si = −qiSi−1 + Si−2 (mod m), i = 1, n− 1.

Ëåììà 3.1. Ñïðàâåäëèâà ôîðìóëà

aSn−1 ≡ íîä (a,m) (mod m).

Äîêàçàòåëüñòâî. Èñïîëüçóÿ îïðåäåëåíèå Si è ôîðìóëû àëãîðèòìà Åâêëèäà, ïîëó÷àåì

S1 = −q1, S2 = −S1q2 + 1, S3 = −S2q3 + 2,

r2 ≡ −aq1 = aS1 (mod m),

r3 = a− r2q2 ≡ a− aS1q2 = a(−S1q2 + 1) = aS2 (mod m),

r4 = r2 − r3q3 ≡ aS1 − aS2q3 = a(−S2q3 + S1) = aS3 (mod m).

Ïîýòîìó (ñòðîãîå îáîñíîâàíèå ïðîâîäèòñÿ ñ ïîìîùüþ ìåòîäà ìàòåìàòè÷åñêîé èíäóêöèè)

ri ≡ aSi−1 (mod m), i = 2, n.

Ñëåäîâàòåëüíî, aSn−1 ≡ rn = íîä (a,m) (mod m).

Àëãîðèòì. (Ðàñøèðåííûé àëãîðèòì Åâêëèäà) Äàíî: a,m ∈ N. Íàéòè d = íîä (a,m) è
öåëîå u0 òàêîå, ÷òî

au0 ≡ d (mod m). (3.1)

1. Ïîëàãàåì S0 = 0, S1 = 1.

2. Äåëèì m íà a ñ îñòàòêîì: m = aq + r, 0 ≤ r < a.

3. Åñëè r = 0, òî d = a, u0 = S1. Êîíåö.

4. Çàìåíÿåì ïàðó (S0, S1) íà (S1, −qS1 + S0), à ïàðó (m, a) íà (a, r) è ïåðåõîäèì ê
øàãó 2.

Ïóñòü d | b, à u0 óäîâëåòâîðÿåò (3.1). Ïîëîæèì

u ≡ b

d
u0 (mod m).

Òîãäà
au ≡ b (mod m).

Ïðèìåð. Íàéòè õîòÿ áû îäíî öåëîå, óäîâëåòâîðÿþùåå ñðàâíåíèþ 111x ≡ 75 (mod 321).
Èñïîëüçóÿ àëãîðèòì Åâêëèäà, ïîëó÷àåì

S0 = 0, S1 = 1,
(m, a) = (321, 111), 321 = 111 · 2 + 99, q = 2, r = 99, S0 = 1, S1 = −q = −2;
(m, a) = (111, 99), 111 = 99 · 1 + 12, q = 1, r = 12, S0 = −2, S1 = −q · (−2) + 1 = 3;
(m, a) = (99, 12), 99 = 12 · 8 + 3, q = 8, r = 3, S0 = 3, S1 = −q · 3− 2 = −26;
(m, a) = (12, 3), 12 = 3 · 4, q = 4, r = 0.

Çíà÷èò,

íîä (321, 111) = 3; 111 ·(−26) ≡ 3 (mod 321); x ≡ 75

3
·(−26) = −650 ≡ −8 (mod 321).

Îòâåò: x = −8.
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� 4. Ñèñòåìà ñðàâíåíèé ïåðâîé ñòåïåíè. Êèòàéñêàÿ òåî-

ðåìà îá îñòàòêàõ

Ðàññìîòðèì ñëåäóþùóþ ñèñòåìó ñðàâíåíèé ïåðâîé ñòåïåíè îòíîñèòåëüíîãî íåèçâåñòíîãî x

x ≡ ai (mod mi), i = 1, 2, . . . , n. (4.1)

Ïðè n = 2 åå ðåøåíèå íå ïðåäñòàâëÿåò òðóäà. Äåéñòâèòåëüíî ïî îïðåäåëåíèþ

x = a1 + k1m1, x = a2 + k2m2,

ãäå k1, k2 � íåêîòîðûå öåëûå. Îíè äîëæíû óäîâëåòâîðÿòü äèîôàíòîâîìó óðàâíåíèþ

k1m1 − k2m2 = a2 − a1,

êîòîðîå èññëåäîâàíî â � II.3. Íåîáõîäèìîå è äîñòàòî÷íî óñëîâèå ðàçðåøèìîñòè èìååò âèä:
íîä (m1,m2) | (a2 − a1). Ðàññìîòðèì òåïåðü îáùèé ñëó÷àé.

Ëåììà 4.1. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ðåøåíèå x0 ∈ Z ñèñòåìû (4.1). Òîãäà ìíî-
æåñòâî öåëûõ ÷èñåë, óäîâëåòâîðÿþùèõ (4.1), ñîâïàäàåò ñ êëàññîì âû÷åòîâ

x ≡ x0 (mod M),

ãäå M = íîê [m1, . . . ,mn]

Äîêàçàòåëüñòâî. Äîêàæåì, ÷òî åñëè x ≡ x0 (mod M), òî x óäîâëåòâîðÿåò (4.1). Äåéñòâè-
òåëüíî, ò.ê. x = x0 + kM , à M êðàòíî ëþáîìó mi, òî

x ≡ x0 ≡ ai (mod mi).

Ïóñòü òåïåðü x óäîâëåòâîðÿåò (4.1). Îñòàëîñü äîêàçàòü, ÷òî x ≡ x0 (mod M). Òàê êàê

x ≡ ai ≡ x0 (mod mi), i = 1, n,

òî (x− x0) êðàòíî ëþáîìó mi, ò.å. (x− x0) åñòü îáùåå êðàòíîå m1, . . . ,mn. Ñîãëàñíî òåî-
ðåìå I.1.2 (x− x0) äåëèòñÿ íà M , ò.å. x ≡ x0 (mod M).

Òàêèì îáðàçîì, äîñòàòî÷íî íàéòè õîòÿ áû îäíî ÷àñòíîå ðåøåíèå ñèñòåìû (4.1). Ýòà
çàäà÷à ëåãêî ðåøàåòñÿ â ñëó÷àå, êîãäà ìîäóëè mi ïîïàðíî âçàèìíî ïðîñòûå.

Òåîðåìà 4.1 (êèòàéñêàÿ òåîðåìà îá îñòàòêàõ). Ïóñòü mi ïîïàðíî âçàèìíî ïðîñòûå. Òî-
ãäà ñèñòåìà (4.1) èìååò ðåøåíèå è îíî îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì. Ïîëîæèì

M = m1 · . . . ·mn, Mi =
M

mi

, i = 1, n.

Íàéäåì öåëûå bi, óäîâëåòâîðÿþùèå ñðàâíåíèÿì

Mibi ≡ ai (mod mi), i = 1, n (4.2)

Òîãäà ìíîæåñòâî öåëûõ ÷èñåë, óäîâëåòâîðÿþùèõ (4.1), ñîâïàäàåò ñ êëàññîì âû÷åòîâ

x ≡ (M1b1 + . . .+Mnbn) (mod M).
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Äîêàçàòåëüñòâî. Òàê êàê ìîäóëè mi ïîïàðíî âçàèìíî ïðîñòûå, òî M = íîê [m1, . . . ,mn].
Ïîýòîìó äîñòàòî÷íî äîêàçàòü, ÷òî x0 = M1b1 + . . .+Mnbn óäîâëåòâîðÿåò (4.1).

Òàê êàê ìîäóëè mi ïîïàðíî âçàèìíî ïðîñòûå, òî íîä (Mi,mi) = 1. Çíà÷èò, ñóùåñòâóþò
bi, óäîâëåòâîðÿþùèå (4.2). Âîçüìåì ëþáîå i ∈ {1, . . . , n}. Òàê êàê mi |Mj ïðè j 6= i, òî

x0 ≡Mibi ≡ ai (mod mi),

ò.å. x = x0 åñòü ðåøåíèå (4.1).

Ïðèìåð. Ðåøèì ñëåäóþùóþ ñèñòåìó

x ≡ 4 (mod 3), x ≡ 5 (mod 11), x ≡ 2 (mod 13).

Òàê êàê ìîäóëè âçàèìíî ïðîñòûå, òî ìîæíî ïðèìåíèòü êèòàéñêóþ òåîðåìó îá îñòàòêàõ:

M = 2 · 11 · 13 = 429, M1 = 11 · 13 = 143, M2 = 2 · 13 = 39, M3 = 3 · 11 = 33.

143b1 ≡ 4 (mod 3) ⇔ 2b1 ≡ 1 (mod 3) ⇔ b1 ≡ 2 (mod 3);
39b2 ≡ 5 (mod 11) ⇔ 6b2 ≡ 5 (mod 11) ⇔ b2 ≡ −1 (mod 11);
33b3 ≡ 2 (mod 13) ⇔ 7b3 ≡ 2 (mod 13) ⇔ b3 ≡ 4 (mod 13).

x0 = M1b1 +M2b2 +M3b3 = 143 · 2 + 39 · (−1) + 33 · 4 = 379.

Îòâåò: x ≡ 379 (mod 429).

Åñëè íóæíî ðåøèòü íåñêîëüêî ñèñòåì ñ îäèíàêîâûìè íàáîðàìè ìîäóëåé âû÷èñëåíèÿ
ëó÷øå ïðîâîäèòü ñëåäóþùèì îáðàçîì.

Ñëåäñòâèå 4.1. Ïóñòü ìîäóëè mi ïîïàðíî âçàèìíî ïðîñòûå. Âû÷èñëèì

M = m1 · . . . ·mn, Mi =
M

mi

, i = 1, n

è íàéäåì öåëûå b′i, óäîâëåòâîðÿþùèå ñðàâíåíèÿì

Mib
′
i ≡ 1 (mod mi), i = 1, n.

Òîãäà ìíîæåñòâî öåëûõ ÷èñåë, óäîâëåòâîðÿþùèõ (4.1), ñîâïàäàåò ñ êëàññîì âû÷åòîâ

x ≡ (M1b
′
1a1 + . . .+Mnb

′
nan) (mod M).

Äîêàçàòåëüñòâî ñëåäñòâèÿ òðèâèàëüíî è îñòàâëÿåòñÿ ÷èòàòåëþ.

Ïðèìåð. Ðåøèòü ñèñòåìó

x ≡ a1 (mod 7), x ≡ a2 (mod 11), x ≡ a3 (mod 13).

Ðåøåíèå. Ìîäóëè ïîïàðíî âçàèìíî ïðîñòûå, ïîýòîìó ïðèìåíÿåì ñëåäñòâèå 4.1:

M1 = 11 · 13 = 143, M2 = 7 · 13 = 91, M3 = 7 · 11 = 77, M = 1001.

143b′1 ≡ 1 (mod 7), 3b′1 ≡ 1 (mod 7), b′1 ≡ −2 (mod 7);
91b′2 ≡ 1 (mod 11), 3b′2 ≡ 1 (mod 11), b′2 ≡ 4 (mod 11);
77b′3 ≡ 1 (mod 13), −b′3 ≡ 1 (mod 13), b′3 ≡ −1 (mod 13).

Îòâåò: x ≡ (−2 · 143a1 + 4 · 91a2 − 77a3) = (−286a1 + 364a2 − 77a3) (mod 1001).
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� 5. Ñðàâíåíèÿ ëþáîé ñòåïåíè ïî ïðîñòîìó ìîäóëþ

Ðàññìîòðèì ñëåäóþùåå ñðàâíåíèå

f(x) = anx
n + . . .+ a1x+ a0 ≡ 0 (mod p), (5.1)

ãäå p � ïðîñòîå, ïðè÷åì an 6≡ 0 (mod p).

Òåîðåìà 5.1. Ñðàâíåíèå (5.1) èìååò íå áîëåå, ÷åì n ðåøåíèé.

Äîêàçàòåëüñòâî. Ïðåæäå âñåãî îòìåòèì, ÷òî äëÿ ëþáûõ x, x0

xk − xk0 = (x− x0) ·
(
xk−1 + xk−2x0 + xk−3x20 + . . .+ xxk−20 + xk−10

)
,

f(x)− f(x0) =
n∑
k=1

ak(x
k − xk0) = (x− x0) · g(x), (5.2)

ãäå g(x) � ìíîãî÷ëåí ñ öåëûìè êîýôôèöèåíòàìè (çàâèñÿùèìè îò ai è x0) ñòåïåíè (n− 1)
ñî ñòàðøèì êîýôôèöèåíòîì ðàâíûì an.

Äîêàæåì òåîðåìó, èñïîëüçóÿ ìàòåìàòè÷åñêóþ èíäóêöèþ ïî n = 1, 2, . . ..
Áàçà èíäóêöèè. Ïðè n = 1 òðåáóåìîå óòâåðæäåíèå ñëåäóåò èç òåîðåìû 2.1.
Èíäóêöèîííûé ïåðåõîä îò (n − 1) ê n. Ïóñòü óòâåðæäåíèå òåîðåìû ñïðàâåäëèâî äëÿ

âñåõ ñðàâíåíèé ñòåïåíè íå âûøå, ÷åì (n− 1). Âîçüìåì ëþáîå ðåøåíèå x0 ñðàâíåíèÿ (5.1).
Íóæíî äîêàçàòü, ÷òî êîëè÷åñòâî îñòàâøèõñÿ ðåøåíèé íå áîëåå, ÷åì (n − 1). Ïóñòü x1 �
åùå îäíî ðåøåíèå. Èñïîëüçóÿ (5.2), ïîëó÷àåì

f(x1)− f(x0) = (x1 − x0)g(x1),

ãäå g � ìíîãî÷ëåí ñòåïåíè (n− 1). Ïîýòîìó

f(x1) ≡ (x1 − x0) · g0(x1) ≡ 0 (mod p).

Òàê êàê (x1 − x0) íå êðàòíî p, òî ÷èñëî (x1 − x0) âçàèìíî ïðîñòîå ñ ìîäóëåì p. Çíà÷èò,

g(x1) ≡ 0 (mod p).

Òàê êàê g � ìíîãî÷ëåí ñòåïåíè (n−1) è åãî ñòàðøèé êîýôôèöèåíò íå êðàòåí p, òî ñîãëàñíî
ïðåäïîëîæåíèþ èíäóêöèè ÷èñëî ðåøåíèé ñðàâíåíèÿ

g(x) ≡ 0 (mod p)

íå ïðåâûøàåò (n− 1). Ïîýòîìó (5.1) èìååò íå áîëåå (n− 1) ðåøåíèé, êðîìå x0.

Çàìå÷àíèå 5.1. Â ñëó÷àå ñîñòàâíîãî ìîäóëÿ p óòâåðæäåíèå òåîðåìû ìîæåò íå âûïîë-
íÿòüñÿ äàæå ïðè n = 1 (ñì. òåîðåìó 2.1).

Ñëåäñòâèå 5.1. Ïóñòü êîëè÷åñòâî ðåøåíèé ñðàâíåíèÿ (5.1) áîëüøå, ÷åì n. Òîãäà âñå
êîýôôèöèåíòû ai ìíîãî÷ëåíà f äåëÿòñÿ íà p.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå. Òîãäà ñóùåñòâóåò êîýôôèöèåíò ai, êîòîðûé
íå êðàòåí p, ïðè÷åì âñå êîýôôèöèåíòû ñ íîìåðàìè áîëüøèìè i äåëÿòñÿ íà p. Òîãäà ñðàâ-
íåíèå (5.1) ýêâèâàëåíòíî ñëåäóþùåìó

aix
i + . . .+ a1x+ a0 ≡ 0 (mod p),

êîòîðîå ñîãëàñíî òåîðåìå 5.1 èìååò íå áîëåå, ÷åì i ðåøåíèé.
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Òåîðåìà 5.2 (òåîðåìà Âèëüñîíà). Ïóñòü p > 1. Òîãäà p ïðîñòîå, åñëè è òîëüêî åñëè

(p− 1)! + 1 ≡ 0 (mod p). (5.3)

Äîêàçàòåëüñòâî. Äîêàæåì íåîáõîäèìîñòü. Ïóñòü p � ïðîñòîå. Ðàññìîòðèì ìíîãî÷ëåí

f(x) = (x− 1)(x− 2) · . . . · (x− (p− 1))− (xp−1 − 1).

Åãî ñòåïåíü ðàâíà p− 2. Ðàññìîòðèì ñðàâíåíèå

f(x) ≡ 0 (mod p).

Åãî ðåøåíèÿìè ÿâëÿþòñÿ 1, 2, . . . , p− 1. Äåéñòâèòåëüíî, ñîãëàñíî ìàëîé òåîðåìå Ôåðìà

∀a ∈ {1, 2, . . . , p− 1} f(a) = −(ap−1 − 1) ≡ 0 (mod p).

Òàêèì îáðàçîì, ÷èñëî ðåøåíèé áîëüøå ñòåïåíè ìíîãî÷ëåíà. Çíà÷èò, âñå êîýôôèöèåíòû
ìíîãî÷ëåíà êðàòíû p. Òàê êàê ñâîáîäíûé ÷ëåí ðàâåí (1− (p− 1)!), òî âûïîëíÿåòñÿ (5.3).

Äîêàæåì äîñòàòî÷íîñòü. Ïóñòü âûïîëíÿåòñÿ (5.3). Åñëè p ñîñòàâíîå, òî ñóùåñòâóåò
ïðîñòîé äåëèòåëü q ÷èñëà p. Òàê êàê 1 < q ≤ p− 1, òî q äåëèò (p− 1)!. Ïîýòîìó (p− 1)! + 1
íå äåëèòñÿ íà q. Íî òîãäà (p− 1)! + 1 6≡ 0 (mod p) (ò.ê. p êðàòíî q).

Ñîãëàñíî ñëåäóþùåé ëåììå ñðàâíåíèå (5.1) ìîæíî ñâåñòè ê ñðàâíåíèþ ñòåïåíè ìåíü-
øåé p.

Ëåììà 5.1. Ïóñòü f(x) = (xp− x)g(x) + r(x), ãäå g è r � ìíîãî÷ëåíû ñ öåëûìè êîýôôè-
öèåíòàìè. Òîãäà (5.1) ýêâèâàëåíòíî ñðàâíåíèþ r(x) ≡ 0 (mod p).

Äîêàçàòåëüñòâî. Ïî ìàëîé òåîðåìå Ôåðìà xp ≡ x (mod p). Ïîýòîìó f(x) ≡ r(x) (mod p).

Ïðèìåð. Ðåøèì ñðàâíåíèå x18 − 2x+ 1 ≡ 0 (mod 7). Òàê êàê

x18 − 2x+ 1 = (x7 − x)(x11 + x5) + x6 − 2x+ 1,

òî îíî ýêâèâàëåíòíî x6 − 2x+ 1 ≡ 0 (mod 7). Ïåðåáèðàÿ öåëûå 0, 1, . . . , 6, ïîëó÷àåì åäèí-
ñòâåííîå ðåøåíèå x ≡ 1 (mod 7).

� 6. Ñðàâíåíèÿ ëþáîé ñòåïåíè ïî ìîäóëþ pα

Ïóñòü f � ìíîãî÷ëåí ñòåïåíè n ñ öåëûìè êîýôôèöèåíòàìè. Ðàññìîòðèì ñðàâíåíèå

f(x) ≡ 0 (mod pα), (6.1)

ãäå p � ïðîñòîå, à α � íàòóðàëüíîå. Åñëè x óäîâëåòâîðÿåò (6.1), òî

f(x) ≡ 0 (mod pk), k ∈ {1, 2, . . . , α}. (6.2)

Ïîýòîìó öåëûå, óäîâëåòâîðÿþùèå (6.1), íóæíî èñêàòü ñðåäè ðåøåíèé ñðàâíåíèÿ

f(x) ≡ 0 (mod p). (6.3)
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Ëåììà 6.1. Äëÿ ëþáûõ x,m, t ∈ Z

f(x+ tm) ≡ f(x) + f ′(x)tm (mod m2). (6.4)

Äîêàçàòåëüñòâî. Âîçüìåì ëþáîå k ∈ N è ïîëîæèì g(x) = xk. Òîãäà

g(x+ tm) = (x+ tm)k ≡ xk + kxk−1tm = g(x) + g′(x)tm (mod m2).

Èç ïîëó÷åííîé ôîðìóëû âûòåêàåò (6.4).

Òåîðåìà 6.1. Ïóñòü x1 ∈ Z, ïðè÷åì

f(x1) ≡ 0 (mod p). (6.5)

f ′(x1) 6≡ 0 (mod p). (6.6)

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå ñðàâíåíèÿ (6.1), óäîâëåòâîðÿþùåå óñëîâèþ

x ≡ x1 (mod p). (6.7)

Äîêàçàòåëüñòâî. Ñîãëàñíî (6.7) íåèçâåñòíîå x íóæíî èñêàòü â âèäå:

x = x1 + t1p, t1 ∈ Z.

Íóæíî ïîäîáðàòü ïàðàìåòð t1 òàê, ÷òîáû âûïîëíÿëîñü (6.1). Ïîñëåäíåå ýêâèâàëåíòíî (6.2).
Òàê êàê x ≡ x1 (mod m), f(x1) ≡ 0 (mod m), òî f(x) ≡ 0 (mod p) ïðè ëþáîì t1.
Ïîäáåðåì t1 òàê, ÷òîáû f(x) ≡ 0 (mod p2). Cîãëàñíî (6.4)

f(x1 + t1p) ≡ f(x1) + t1pf
′(x1) (mod p2).

Ïîýòîìó
f(x) ≡ 0 (mod p2) ⇐⇒ f(x1) + t1pf

′(x1) ≡ 0 (mod p2).

Òàê êàê f(x1) äåëèòñÿ íà p, òî ïîñëåäíåå ýêâèâàëåíòíî

f(x1)

p
+ t1f

′(x1) ≡ 0 (mod p) ⇐⇒ t1f
′(x1) = −f(x1)

p
(mod p).

Òàê êàê p ïðîñòîå, òî ââèäó (6.6), íîä (f ′(x1), p) = 1. Ïîýòîìó ïîñëåäíåå ñðàâíåíèå èìååò
ðîâíî îäíî ðåøåíèå t1 ≡ t′1 (mod p). Çíà÷èò, t1 = t′1 + t2p. Òàêèì îáðàçîì,

x = x1 + t1p = x1 + (t′1 + t2p)p = x1 + t′1p+ t2p
2 = x2 + t2p

2,

ãäå x2 = x1 + t′1p, à t2 ∈ Z. Îòìåòèì, ÷òî ïðè ëþáîì âûáîðå t2

f(x2) ≡ 0 (mod p2).

Ïîäáåðåì t2 òàê, ÷òîáû f(x) ≡ 0 (mod p3). Ïîäñòàâëÿÿ x = x2 + t2p
2 â ñðàâíåíèå

f(x) ≡ 0 (mod p3)
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è èñïîëüçóÿ (6.4), ïîëó÷àåì ñëåäóþùåå ñðàâíåíèå äëÿ t2:

f(x2) + t2p
2f ′(x2) ≡ 0 (mod p3) ⇐⇒ t2f

′(x2) = −f(x2)

p2
(mod p). (6.8)

Òàê êàê x1 ≡ x2 (mod p), f ′(x1) 6≡ 0 (mod p), òî f ′(x2) 6≡ 0 (mod p). Ïîýòîìó f ′(x2) íå äå-
ëèòñÿ íà p. Çíà÷èò, íîä (p, f ′(x2)) = 1, ñëåäîâàòåëüíî, ñðàâíåíèÿ (6.8) èìåþò åäèíñòâåííîå
ðåøåíèå t2 ≡ t′2 (mod p). Ïîýòîìó t2 ìîæíî åäèíñòâåííûì îáðàçîì ïðåäñòàâèòü â âèäå:

t2 = t′2 + t3p,

Òàêèì îáðàçîì,
x = x2 + t2p

2 = x2 + t′2p
2 + t3p

3 = x3 + t3p
3,

ãäå x3 = x2 + t′2p
2, à t3 ∈ Z. Îòìåòèì, ÷òî ïðè ëþáîì âûáîðå t3

f(x3) ≡ 0 (mod p3).

Ïîäñòàâëÿÿ x = x3 + t3p
3 â f(x) ≡ 0 (mod p4), ïðèõîäèì ê t3 = t′3 + t4p. È òàê äàëåå. Â

èòîãå, ïîëó÷àåì, ÷òî

x = x1 + t′1p+ t′2p
2 + . . .+ t′α−1p

α−1 + tαp
α,

ãäå êîýôôèöèåíòû t′1, . . . , t
′
α−1 ∈ [0, p− 1) îïðåäåëÿþòñÿ åäèíñòâåííûì îáðàçîì. Çíà÷èò,

x ≡ x1 + t′1p+ t′2p
2 + . . .+ t′α−1p

α−1 (mod pα)

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì ñðàâíåíèÿ (6.1), óäîâëåòâîðÿþùèì (6.7).

Íàïîìíèì, ÷òî äëÿ ëþáîãî öåëîãî x, óäîâëåòâîðÿþùåãî (6.1), âûïîëíÿåòñÿ è ñðàâíåíèå
(6.3). Ïîýòîìó äëÿ ëþáîãî òàêîãî x ñóùåñòâóåò ðåøåíèå x1 ñðàâíåíèÿ (6.3) òàêîå, ÷òî
x ≡ x1 (mod p)

Ïðèìåð. Ðåøèòü ñðàâíåíèå

x3 − 3x2 − 1 ≡ 0 (mod 125). (6.9)

Ðåøåíèå. Ïî óñëîâèþ f(x) = x3 − 3x2 − 1, f ′(x) = 3x2 − 6x, 125 = 53, p = 5.
Ñíà÷àëà íàõîäèì ðåøåíèÿ ñðàâíåíèÿ ïî ïðîñòîìó ìîäóëþ: x3 − 3x2 − 1 ≡ 0 (mod 5).

Èõ ðîâíî äâà: x ≡ 2 (mod 5) è x ≡ −1 (mod 5).
1. Èùåì ðåøåíèå èñõîäíîãî ñðàâíåíèå, óäîâëåòâîðÿþùåå óñëîâèþ x ≡ 2 (mod 5), ò.å.

x = 2 + 5t1. Ïîäñòàâëÿÿ â ñðàâíåíèå f(x) ≡ 0 (mod p2), ïîëó÷àåì

f(2) + pf ′(2)t1 ≡ 0 (mod p2), −5 ≡ 0 (mod 25).

Ïîëó÷åííîå ñðàâíåíèå íå èìååò ðåøåíèé. Çíà÷èò (6.9) íå èìååò ðåøåíèé, óäîâëåòâîðÿþ-
ùèõ óñëîâèþ x ≡ 2 (mod 5). Îòìåòèì, ÷òî f ′(2) = 0 (âûðîæäåííûé ñëó÷àé).

2. Èùåì ðåøåíèå, óäîâëåòâîðÿþùåå óñëîâèþ x ≡ −1 (mod 5), ò.å. x = −1 + 5t1. Ïîä-
ñòàâëÿÿ â ñðàâíåíèå f(x) ≡ 0 (mod p2), ïîëó÷àåì

f(−1)+5t1f
′(−1) ≡ 0 (mod 52) ⇒ −5+5 ·9t1 ≡ 0 (mod 25) ⇒ 9t1 ≡ 1 (mod 5).

Ñëåäîâàòåëüíî, t1 ≡ −1 (mod 5), t = −1 + 5t2,

x = −1 + 5 · (−1 + 5t2) = −6 + 25t2.

Ïîäñòàâëÿÿ ïîñëåäíåå âûðàæåíèå â ñðàâíåíèå f(x) ≡ 0 (mod p3), ïîëó÷àåì

f(−6) + 25t2f
′(−6) ≡ 0 (mod 125) ⇒ −325 + 25 · 144t2 ≡ 0 (mod 125) ⇒

−t ≡ −2 (mod 5) ⇒ t2 ≡ 2 (mod 5) ⇒ x = −6 + 25t2 = −6 + 25 · 2 = 44.

Îòâåò: ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå x ≡ 44 (mod 125).
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� 7. Ñðàâíåíèÿ ëþáîé ñòåïåíè ïî ïðîèçâîëüíîìó ìîäóëþ

Ïóñòü f � ìíîãî÷ëåí ñòåïåíè n ñ öåëûìè êîýôôèöèåíòàìè. Ðàññìîòðèì ñðàâíåíèå

f(x) ≡ 0 (mod m). (7.1)

Òåîðåìà 7.1. Ïóñòü m = m1 ·m2 · . . . ·ms, ãäå mi > 1 ïîïàðíî âçàèìíî ïðîñòûå. Òîãäà
ñðàâíåíèå (7.1) ýêâèâàëåíòíî ñèñòåìå

f(x) ≡ 0 (mod mj), 1 ≤ j ≤ s. (7.2)

Äîêàçàòåëüñòâî. Åñëè öåëîå x óäîâëåòâîðÿåò (7.1), òî äëÿ ëþáîãî j

mj | m, m | f(x) =⇒ mj | f(x) ⇐⇒ f(x) ≡ 0 (mod mj).

Ïóñòü öåëîå x óäîâëåòâîðÿåò (7.2). Òîãäà f(x) åñòü îáùåå êðàòíîå âñåõ mj. Çíà÷èò, f(x)
äåëèòñÿ íà íîê [m1, . . . ,ms] = m, ò.å. f(x) ≡ 0 (mod m).

Çàìå÷àíèå 7.1. Åñëè Nf (n) � êîëè÷åñòâî ðåøåíèé ñðàâíåíèÿ f(x) ≡ 0 (mod n), òî

Nf (m1 · . . . ·ms) = Nf (m1) · . . . ·Nf (ms),

åñëè ìîäóëè mi ïîïàðíî âçàèìíî ïðîñòûå. Ïîëíîå äîêàçàòåëüñòâî ìû îïóñêàåì.

Ëþáîé ìîäóëü m ìîæíî ïðåäñòàâèòü â âèäå (êàíîíè÷åñêîå ðàçëîæåíèå)

m = pα1
1 · . . . · pαss ,

Ïîýòîìó, ñîãëàñíî òåîðåìå 7.1, èññëåäîâàíèå è ðåøåíèå ñðàâíåíèÿ (7.1) ñâîäèòñÿ ê èññëå-
äîâàíèþ è ðåøåíèþ ñèñòåìû, ñîñòîÿùåé èç ñðàâíåíèé âèäà

f(x) ≡ 0 (mod pα).

Ïðèìåð. Ðåøèòü ñðàâíåíèå x4 + 2x3 + 8x + 9 ≡ 0 (mod 35). Òàê êàê 35 = 5 · 7, òî îíî
ýêâèâàëåíòíî ñëåäóþùåé ñèñòåìå

x4 + 2x3 + 8x+ 9 ≡ 0 (mod 5), x4 + 2x3 + 8x+ 9 ≡ 0 (mod 7).

Ïåðâîå ñðàâíåíèå èìååò äâà ðåøåíèÿ: x ≡ 1, x ≡ 4 (mod 5).
Âòîðîå ñðàâíåíèå èìååò òðè ðåøåíèÿ: x ≡ 3, x ≡ 5, x ≡ 6 (mod 7).
Çíà÷èò, èñõîäíîå ñðàâíåíèå ñâîäèòñÿ ê ðåøåíèþ ñëåäóþùèõ ñèñòåì

x ≡ a1 (mod 5), x ≡ a2 (mod 7), (7.3)

ãäå a1 ∈ {1, 4}, a2 ∈ {3, 5, 6}. Èñïîëüçóåì êèòàéñêóþ òåîðåìó îá îñòàòêàõ. Èìååì

M = 35, M1 = 7, M2 = 5,

7b1 ≡ a1 (mod 5), b1 = 3a1,

5b2 ≡ a2 (mod 7), b2 = 3a2.
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Ñëåäîâàòåëüíî, ðåøåíèå (7.3) èìååò âèä

x ≡M1b1a1 +M2b2a2 ≡ 21a1 + 15a2 (mod 35).

Ïîäñòàâëÿÿ âìåñòî a1, a2, óêàçàííûå âûøå çíà÷åíèÿ, ïîëó÷àåì 6 ðåøåíèé èñõîäíîé çàäà÷è

x ≡ 21 · 1 + 15 · 3 ≡ 31, x ≡ 21 · 1 + 15 · 5 ≡ 26, x ≡ 21 · 1 + 15 · 6 ≡ 6 (mod 35),
x ≡ 21 · 4 + 15 · 3 ≡ 24, x ≡ 21 · 4 + 15 · 5 ≡ 19, x ≡ 21 · 4 + 15 · 6 ≡ 34 (mod 35).

Îòâåò: ñðàâíåíèå èìååò øåñòü ðåøåíèé x = 31; 26; 6; 24; 19; 34 (mod 35).

Â çàêëþ÷åíèå, îòìåòèì, ÷òî â íåêîòîðûõ ÷àñòíûõ ñëó÷àåâ ñóùåñòâóåò äîâîëüíî ïðî-
ñòûå è ýôôåêòèâíûå ìåòîäû ðåøåíèÿ ïîëèíîìèàëüíûõ ñðàâíåíèé ïî ïðîñòîìó ìîäóëþ.
Íàïðèìåð, ïóñòü íîä (n, p− 1) = 1. Òîãäà, åñëè ñðàâíåíèå

xn ≡ a (mod p)

èìååò ðåøåíèå, òî îíî åäèíñòâåííî è îïðåäåëÿåòñÿ ôîðìóëîé

x ≡ an
∗

(mod p),

ãäå n∗ � îáðàòíûé ê n ïî ìîäóëþ p−1, ò.å. n ·n∗ ≡ 1 (mod p−1). Äîêàçàòåëüñòâî ïîâòîðÿ-
åò ðàññóæäåíèÿ, èñïîëüçîâàííûå ïðè îáîñíîâàíèè êîððåêòíîñòè àëãîðèòìà äåøèôðîâêè
øèôðà RSA. Òåì íå ìåíåå, íåò óíèâåðñàëüíûõ ìåòîäîâ ðåøåíèÿ ïðîèçâîëüíûõ ïîëèíî-
ìèàëüíûõ ñðàâíåíèé áîëüøîé ñòåïåíè.

×èñëåííûå óïðàæíåíèÿ ê ãëàâå V

1. Ðåøèòü ñðàâíåíèÿ

à) 11x ≡ 45 (mod 37); á) 26x ≡ 19 (mod 31);
â) 899x ≡ 7 (mod 2166); ã) 32x ≡ 4 (mod 60).

Îòâåòû: à) −6; á) 21; â) 359; ã) 2, 17, 32, 47.

2. Ðåøèòü ñèñòåìû ñðàâíåíèé

à)

{
x ≡ 7 (mod 11),
x ≡ 13 (mod 63);

á)


x ≡ 3 (mod 29),
x ≡ 13 (mod 21),
x ≡ −5 (mod 32);

â)


11x ≡ 1 (mod 2),
x ≡ 7 (mod 21),
x ≡ 3 (mod 17);

ã)


x ≡ 9 (mod 17),
x ≡ 16 (mod 19),
x ≡ 29 (mod 41).

Îòâåòû: à) 139 (mod 693); á) 7195 (mod 19488); â) 343 (mod 714); ã) 111 (mod 13243).

3. Ðåøèòü ñðàâíåíèÿ

à) x3 + 2x+ 2 ≡ 0 (mod 125); á) x4 + 7x+ 4 ≡ 0 (mod 27);
â) x5 + x4 + 1 ≡ 0 (mod 1024); ã) x3 + 2x+ 9 ≡ 0 (mod 216);
ä) x4 + 7x+ 4 ≡ 0 (mod 189).

Îòâåòû: à) −12; á) −5; â) ðåøåíèé íåò; ã) 85, 117, 149; ä) 101, 76.
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Ñðàâíåíèÿ âòîðîé ñòåïåíè

Íà ïðîòÿæåíèè âñåé ãëàâû ñ÷èòàåì, ÷òî p � íå÷åòíîå ïðîñòîå (p 6= 2).

� 1. Ñðàâíåíèÿ âòîðîé ñòåïåíè ïî ïðîñòîìó ìîäóëþ

Ëåììà 1.1. Åñëè a ≡ 0 (mod p), òî ñðàâíåíèå

x2 ≡ a (mod p). (1.1)

èìååò ðîâíî îäíî ðåøåíèå x ≡ 0 (mod p). Åñëè a 6≡ 0 (mod p), òî ëèáî ñðàâíåíèå (1.1)
íå èìååò ðåøåíèé, ëèáî èìååò ðîâíî äâà ðåøåíèÿ.

Äîêàçàòåëüñòâî. Ïóñòü a ≡ 0 (mod p) è x ≡ x0 (mod p) � ðåøåíèå (1.1). Òîãäà x20 ≡ a ≡ 0
(mod p). Ñëåäîâàòåëüíî, x0 ≡ 0 (mod p).

Ïóñòü a 6≡ 0 (mod p) è ñðàâíåíèå (1.1) èìååò ðåøåíèå x ≡ x1 (mod p). Òîãäà x ≡ −x1
(mod p) òàêæå óäîâëåòâîðÿåò (1.1). Åñëè x1 ≡ −x1 (mod p), òî 2x1 ≡ 0 (mod p). Ïîýòîìó
p | 2 ëèáî p | x1. Òàê êàê p > 2, òî p | x1. Íî òîãäà

p | x21 =⇒ x21 ≡ 0 (mod p) =⇒ x21 ≡ a ≡ 0 (mod p).

Ïîëó÷èëè ïðîòèâîðå÷èå ñ óñëîâèåì. Ïîýòîìó x1 6≡ −x1 (mod p) è ñðàâíåíèå (1.1) èìååò
äâà ðåøåíèÿ x ≡ ±x1 (mod p). Áîëüøå ðåøåíèé íåò ñîãëàñíî òåîðåìå V.5.1.

Îïðåäåëåíèå. Ïóñòü a 6≡ 0 (mod p). Òîãäà a íàçûâàåòñÿ êâàäðàòè÷íûì âû÷åòîì ïî
ìîäóëþ p, åñëè ñðàâíåíèå (1.1) èìååò ðåøåíèå è êâàäðàòè÷íûì íåâû÷åòîì, åñëè íå èìååò.

Ïðèìåð. Ñðàâíåíèå x2 ≡ −1 (mod 3) íå èìååò ðåøåíèé, à ñðàâíåíèå x2 ≡ −1 (mod 5)
èìååò äâà ðåøåíèÿ x ≡ ±2 (mod 5). Ïîýòîìó −1 åñòü êâàäðàòíûé íåâû÷åò ïî ìîäóëþ 3 è
êâàäðàòíûé âû÷åò ïî ìîäóëþ 5.

Íàïîìíèì, ÷òî ïðèâåäåííàÿ ñèñòåìà âû÷åòîâ ïî ìîäóëþ p, ñîñòîèò èç (p− 1) ïîïàðíî
íåñðàâíèìûõ ÷èñåë ïî ìîäóëþ p, êîòîðûå íå äåëÿòñÿ íà p (íàïðèìåð, 1, 2 . . . , p− 1).

Òåîðåìà 1.1. Ëþáàÿ ïðèâåäåííàÿ ñèñòåìà âû÷åòîâ ïî ìîäóëþ p ñîäåðæèò ðîâíî (p −
1)/2 êâàäðàòè÷íûõ âû÷åòîâ è ñòîëüêî æå íåâû÷åòîâ.

Åñëè a 6≡ 0 (mod p), òî p åñòü êâàäðàòè÷íûé âû÷åò òîãäà è òîëüêî òîãäà, êîãäà

a(p−1)/2 ≡ 1 (mod p) (1.2)

è êâàäðàòè÷íûé íåâû÷åò òîãäà è òîëüêî òîãäà, êîãäà

a(p−1)/2 ≡ −1 (mod p). (1.3)
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Äîêàçàòåëüñòâî.
1. Äîêàæåì, ÷òî åñëè a 6≡ 0 (mod p), òî èìååò ìåñòî îäíî (è òîëüêî îäíî) èç ñðàâíåíèé

a(p−1)/2 ≡ 1 (mod p) ëèáî a(p−1)/2 ≡ −1. (1.4)

Äåéñòâèòåëüíî, èñïîëüçóÿ ìàëóþ òåîðåìó Ôåðìà, ïîëó÷àåì(
a(p−1)/2 − 1

) (
a(p−1)/2 + 1

)
= ap−1 − 1 ≡ 0 (mod p).

Çíà÷èò, ïðîñòîå p äåëèò îäèí èç ìíîæèòåëåé, ñòîÿùèõ â ëåâîé ÷àñòè ïîñëåäíåãî ñðàâíå-
íèÿ, òî åñòü âûïîëíÿåòñÿ (1.4). Åñëè âûïîëíåíû îáà ñðàâíåíèÿ èç (1.4), òî ñêëàäûâàÿ èõ,
ïîëó÷àåì 2a(p−1)/2 ≡ 0 (mod p), òî åñòü a ≡ 0 (mod p).

2. Äîêàæåì, ÷òî ëþáàÿ ïðèâåäåííàÿ ñèñòåìà âû÷åòîâ ïî ìîäóëþ p ñîäåðæèò íå ìåíåå,
÷åì (p− 1)/2 êâàäðàòè÷íûõ âû÷åòîâ. Äëÿ ýòîãî ðàññìîòðèì öåëûå

12, 22, . . . ,

(
p− 1

2

)2

.

Îíè ÿâëÿþòñÿ êâàäðàòè÷íûìè âû÷åòàìè. Êðîìå òîãî, îíè ïðèíàäëåæàò ðàçíûì êëàññàì
âû÷åòîâ. Äåéñòâèòåëüíî, åñëè k,m ∈ {1, 2, . . . , (p− 1)/2}, k2 ≡ m2 (mod p), òî

k2 −m2 = (k −m)(k +m) ≡ 0 (mod p).

Çíà÷èò, p | (k −m), ëèáî p | (k +m). Òàê êàê |k ±m| < p, òî k = m.
3. Äîêàæåì, ÷òî ëþáîé êâàäðàòè÷íûé âû÷åò a óäîâëåòâîðÿåò (1.2). Ïî îïðåäåëåíèþ,

íàéäåòñÿ òàêîé x, ÷òî x2 ≡ a (mod p). Ò.ê. a 6≡ 0 (mod p), òî x 6≡ 0 (mod p). Èñïîëüçóÿ
ìàëóþ òåîðåìó Ôåðìà, ïîëó÷àåì

a(p−1)/2 ≡ xp−1 ≡ 1 (mod p).

4. Ñîãëàñíî òåîðåìå V.5.1 ñðàâíåíèå (1.2) èìååò, íå áîëåå ÷åì (p − 1)/2 ðåøåíèé a.
Ó÷èòûâàÿ âûøåäîêàçàííîå, ïîëó÷àåì, ÷òî ëþáàÿ ïðèâåäåííàÿ ñèñòåìà âû÷åòîâ ïî ìîäóëþ
p ñîäåðæèò ðîâíî (p − 1)/2 êâàäðàòè÷íûõ âû÷åòîâ è îíè îáðàçóþò ìíîæåñòâî ðåøåíèé
ñðàâíåíèÿ (1.2).

5. Îñòàëîñü äîêàçàòü, ÷òî ëþáîé êâàäðàòè÷íûé íåâû÷åò a óäîâëåòâîðÿåò (1.2). Ýòî
âûòåêàåò èç (1.4) è òîãî, ÷òî ëþáîå ðåøåíèå (1.2) åñòü êâàäðàòè÷íûé âû÷åò.

Òàê êàê p íå÷åòíîå, òî p ≡ 1 ëèáî p ≡ 3 (mod 4). Â ñëó÷àå p ≡ 3 (mod 4) ñðàâíåíèå
(1.1) ìîæíî ëåãêî ðåøèòü ñëåäóþùèì îáðàçîì.

Ñëåäñòâèå 1.1. Ïóñòü p ≡ 3 (mod 4) è a(p−1)/2 ≡ 1 (mod p). Òîãäà, ñðàâíåíèå (1.1) ðàç-
ðåøèìî è åãî ðåøåíèÿ îïðåäåëÿþòñÿ ôîðìóëàìè

x ≡ ±a(p+1)/4 (mod p).

Äîêàçàòåëüñòâî. x2 ≡ a(p+1)/2 = a(p−1)/2a ≡ 1 · a = a (mod p).

Ïðèìåð. Ðåøåíèÿ ñðàâíåíèÿ x2 ≡ 11 (mod 19) èìåþò âèä x ≡ ±115 ≡ ±7 (mod 19).
Ðàññìîòðèì òåïåðü ïðîèçâîëüíîå ñðàâíåíèå âòîðîé ñòåïåíè

ax2 + bx+ c ≡ 0 (mod p), (1.5)
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ãäå a 6≡ 0 (mod p). Îíî ñâîäèòñÿ ê ñðàâíåíèÿ âèäà

y2 ≡ D (mod p). (1.6)

Äåéñòâèòåëüíî, ò.ê. 4a 6≡ 0 (mod p), òî óìíîæàÿ (1.5) íà 4a, ïîëó÷àåì ýêâèâàëåíòíîå
ñðàâíåíèå

4a2x2 + 4abx+ 4ac ≡ 0 (mod p) ⇐⇒ (2ax+ b)2 ≡ b2 − 4ac (mod p).

Ïîëàãàÿ D = b2 − 4ac è y = 2ax + b, ïðèõîäèì ê (1.6). Îòìåòèì, ÷òî ò.ê. 2a è p âçàèìíî
ïðîñòû, òî äëÿ ëþáîãî y ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå x ñðàâíåíèÿ

2ax+ b ≡ y (mod p),

ò.å. ñóùåñòâóåò âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó ðåøåíèÿìè (1.5) è (1.6).
Ðåøåíèå (1.6) ìîæíî îïðåäåëèòü ñëåäóþùèìè ôîðìóëàìè

x ≡ −b±
√
D

2a
(mod p),

ãäå ïîä ¾äåëåíèåì¿ íà 2a ïîíèìàåòñÿ óìíîæåíèå íà îáðàòíûé ê 2a ïî ìîäóëþ p, à
√
D = y,

ãäå y � íàèìåíüøåå ïîëîæèòåëüíîå ðåøåíèå ñðàâíåíèÿ y2 ≡ D (mod p).

Ñëåäñòâèå 1.2. Ïóñòü D = b2−4ac. Òîãäà ñðàâíåíèå (1.5) èìååò åäèíñòâåííîå ðåøåíèå
ïðè D ≡ 0 (mod p), èìååò äâà ðåøåíèå, åñëè D êâàäðàòè÷íûé âû÷åò ïî ìîäóëþ p è íå
èìååò ðåøåíèé, åñëè D êâàäðàòè÷íûé íåâû÷åò ïî ìîäóëþ p.

Ïðèìåðû.

1. Ðåøèòü ñðàâíåíèå x2 + x+ 2 ≡ 0 (mod 7).

Ðåøåíèå:

4x2 + 4x+ 8 ≡ 0 (mod 7), (2x+ 1)2 − 1 + 8 ≡ 0 (mod 7),

(2x+ 1)2 ≡ 0 (mod 7), 2x+ 1 ≡ 0 (mod 7), x ≡ 3 (mod 7).

Îòâåò: x ≡ 3 (mod 7).

2. Ðåøèòü ñðàâíåíèå x2 + x− 2 ≡ 0 (mod 11).

Ðåøåíèå.D = 1−4(−2) ≡ 9 (mod 7). Òàê êàê ñðàâíåíèå y2 ≡ 2 (mod 7) èìååò ðåøåíèå
y = 3, òî

x =≡ −1± 3

2
≡ (−1± 3) · 4 = −16, 8

Îòâåò: x ≡ −2 (mod 7) è x ≡ 1 (mod 7).

� 2. Ñèìâîë Ëåæàíäðà

Îïðåäåëåíèå. Äëÿ ëþáîãî öåëîãî a è íå÷åòíîãî ïðîñòîãî p ñèìâîë Ëåæàíäðà

(
a

p

)
îïðå-

äåëÿåòñÿ ôîðìóëîé(
a

p

)
=


−1, åñëè a � êâàäðàòè÷íûé íåâû÷åò ïî ìîäóëþ p,

0, åñëè p | a,
1, åñëè a � êâàäðàòè÷íûé âû÷åò ïî ìîäóëþ p.
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Ñèìâîë Ëåæàíäðà åñòü ôóíêöèÿ äâóõ àðãóìåíòîâ a è p, ãäå a � öåëîå, à p � íå÷åòíîå
ïðîñòîå. Îíà ìîæåò ïðèíèìàòü òðè çíà÷åíèÿ: ±1 è 0.

Ïðèìåð. Íàéäåì
(a

3

)
.

Ïóñòü a ≡ 1 (mod 3). Òîãäà ñðàâíåíèå x2 = a (mod 3) ýêâèâàëåíòíî x2 ≡ 1 (mod 3) è

èìååò ðåøåíèÿ x ≡ ±1 (mod 3), ñëåäîâàòåëüíî,
(a

3

)
= 1.

Ïóñòü a ≡ 2 (mod 3). Òîãäà ñðàâíåíèå x2 = a (mod 3) ýêâèâàëåíòíî x2 ≡ 2 (mod 3) è

íå èìååò ðåøåíèé, ñëåäîâàòåëüíî,
(a

3

)
= −1.

Îòâåò: (a
3

)
=


−1, a ≡ 2 (mod 3),
0 a ≡ 0 (mod 3),
1, a ≡ 1 (mod 3).

(2.1)

Òåîðåìà 2.1. Ñïðàâåäëèâû ñëåäóþùèå ñâîéñòâà ñèìâîëà Ëåæàíäðà(
a

p

)
≡ a(p−1)/2 (mod p), (2.2)(

a

p

)
=

(
b

p

)
ïðè a ≡ b (mod p), (2.3)(

ab

p

)
=

(
a

p

)
·
(
b

p

)
, (2.4)(

ab2

p

)
=

(
a

p

)
ïðè b 6≡ 0 (mod p), (2.5)(

1

p

)
= 1, (2.6)(

−1

p

)
= (−1)(p−1)/2. (2.7)

Äîêàçàòåëüñòâî. Ôîðìóëà (2.2) âûòåêàåò èç îïðåäåëåíèÿ è òåîðåìû 1.1.
Åñëè a ≡ b (mod p), òî ñðàâíåíèÿ x2 ≡ a (mod p) è x2 ≡ b (mod p) ýêâèâàëåíòíû.

Çíà÷èò, îíè îäíîâðåìåííî ðàçðåøèìû ëèáî íåðàçðåøèìû. Ïîýòîìó èìååò ìåñòî (2.3).
Èñïîëüçóÿ (2.2), ïîëó÷àåì(

ab

p

)
≡ (ab)(p−1)/2 = a(p−1)/2 · b(p−1)/2 ≡

(
a

p

)
·
(
b

p

)
(mod p).

Àáñîëþòíàÿ âåëè÷èíà ðàçíîñòè ëåâîé è ïðàâîé ÷àñòè ïîñëåäíåãî ñðàâíåíèÿ ìåíüøå p.
Ïîýòîìó ëåâàÿ è ïðàâàÿ ÷àñòè ðàâíû, ò.å. âûïîëíÿåòñÿ (2.4).

Äîêàæåì (2.5). Òàê êàê b íå êðàòíî p, òî

(
b

p

)
·
(
b

p

)
= 1. Èñïîëüçóÿ (2.4), ïîëó÷àåì

(
ab2

p

)
=

(
a

p

)
·
(
b

p

)
·
(
b

p

)
=

(
a

p

)
.

Ñðàâíåíèå x2 ≡ 1 (mod p) èìååò ðåøåíèÿ x ≡ ±1 (mod p). Ïîýòîìó ñïðàâåäëèâî (2.6).
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Äîêàæåì (2.7). Ñîãëàñíî (2.2)(
−1

p

)
≡ (−1)(p−1)/2 (mod p).

Òàê êàê ìîäóëü ðàçíîñòè ëåâîé è ïðàâîé ÷àñòè ñðàâíåíèÿ ìåíüøå p, òî ïîëó÷àåì (2.7).

Çàìå÷àíèå 2.1. Ôîðìóëà (2.7) îçíà÷àåò ñëåäóþùåå: óðàâíåíèå x2 + 1 ≡ 0 (mod p) èìååò
ðåøåíèå â òîì è òîëüêî òîì ñëó÷àå, êîãäà p = 4k + 1 (ò.å. p ≡ 1 (mod 4)).

Òåîðåìà 2.2 (êâàäðàòè÷íûé çàêîí âçàèìíîñòè). Åñëè p è q � ðàçëè÷íûå ïðîñòûå íå÷åò-
íûå, òî (

p

q

)
·
(
q

p

)
= (−1)

p−1
2

q−1
2 . (2.8)

Äîêàçàòåëüñòâî òåîðåìû ìû îïóñòèì. Åãî ìîæíî íàéòè â [].

Òàê êàê

(
q

p

)
= ±1, òî óìíîæàÿ (2.8) íà

(
q

p

)
, ïîëó÷àåì

(
p

q

)
=

(
q

p

)
(−1)

p−1
2

q−1
2 . (2.9)

Êâàäðàòè÷íûé çàêîí âçàèìíîñòè è òåîðåìó 2.1 ìîæíî èñïîëüçîâàòü äëÿ âû÷èñëåíèÿ ñèì-
âîëà Ëåæàíäðà è èññëåäîâàíèÿ âîïðîñîâ î ðàçðåøèìîñòè êâàäðàòè÷íûõ óðàâíåíèé.
Ïðèìåðû.

1. Èññëåäîâàòü âîïðîñ î ðàçðåøèìîñòè ñðàâíåíèÿ x2 ≡ 53 (mod 233).

Ðåøåíèå. ×èñëà 53 è 233 ïðîñòûå. Ïîýòîìó äëÿ âû÷èñëåíèÿ

(
53

233

)
ìîæíî ïðèìåíÿòü

êâàäðàòè÷íûé çàêîí âçàèìíîñòè. Òàê êàê 233 ≡ 21 (mod 53), òî ñîãëàñíî (2.3), (2.4),
(2.9)(

53

233

)
=

(
233

53

)
(−1)

232
2

52
2 =

(
233

53

)
=

(
21

53

)
=

(
7 · 3
53

)
=

(
7

53

)
·
(

3

53

)
=

(
53

7

)
·
(

53

3

)
.

Òàê êàê 53 ≡ 4 (mod 7), 53 ≡ −1 (mod 3), òî(
53

7

)
=

(
4

7

)
=

(
22

7

)
= 1,

(
53

3

)
=

(
−1

3

)
= (−1)

3−1
2 = −1,

(
53

233

)
= −1.

Îòâåò: ðåøåíèé íåò.

2. Âûÿñíèòü äëÿ êàêèõ ïðîñòûõ p ðàçðåøèìî ñðàâíåíèå x2 + 3 ≡ 0 (mod p).

Ðåøåíèå. Åñëè p = 2, òî ðåøåíèå ñóùåñòâóåò x ≡ ±1 (mod 2). Åñëè p = 3, òî ðåøå-
íèåì ÿâëÿåòñÿ x ≡ 0 (mod 3).

Ðàññìîòðèì òåïåðü ñëó÷àé p > 3. Èñïîëüçóÿ òåîðåìû 2.1, 2.2, ïîëó÷àåì(
−3

p

)
=

(
−1

p

)
·
(

3

p

)
= (−1)

p−1
2

(
3

p

)
= (−1)

p−1
2

(p
3

)
(−1)

p−1
2

3−1
2 =

(p
3

)
(−1)p−1 =

(p
3

)
.
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Åñëè p ≡ 1 (mod 3), òî
(p

3

)
=

(
1

3

)
= 1. Òàê êàê p ≡ 1 (mod 2), òî óñëîâèå p ≡ 1

(mod 3) îçíà÷àåò, ÷òî p = 6n+ 1, n ∈ N.

Åñëè p ≡ 2 (mod 3), òî
(p

3

)
=

(
2

3

)
=

(
−1

3

)
= (−1)

3− 1

2 = −1.

Îòâåò: ñðàâíåíèå ðàçðåøèìî ïðè p = 2, 3 è âñåõ ïðîñòûõ âèäà p = 6n+ 1.

Ïðèâåäåì áåç äîêàçàòåëüñòâà åùå îäíó âàæíóþ ôîðìóëó(
2

p

)
= (−1)

p2−1
8 . (2.10)

Îòìåòèì, ÷òî (p2 − 1) = (p − 1)(p + 1) åñòü ïðîèçâåäåíèå äâóõ ïîñëåäîâàòåëüíûõ ÷åòíûõ
÷èñåë. Ïîýòîìó îäíî èç íèõ êðàòíî 4. Ñëåäîâàòåëüíî, p2 − 1 ≡ 0 (mod 8).

� 3. Ñèìâîë ßêîáè

Îïðåäåëåíèå. Ïóñòü N > 2 � íàòóðàëüíîå íå÷åòíîå è N = p1 · . . . ·ps � åãî ðàçëîæåíèå â
ïðîèçâåäåíèå ïðîñòûõ, íå îáÿçàòåëüíî ðàçëè÷íûõ. Äëÿ êàæäîãî öåëîãî a, êîòîðîå âçàèìíî

ïðîñòî ñ N , ñèìâîë ßêîáè
( a
N

)
îïðåäåëÿåòñÿ ôîðìóëîé

( a
N

)
=

(
a

p1

)
· . . . ·

(
a

ps

)
,

ãäå â ïðàâîé ÷àñòè ñòîèò ïðîèçâåäåíèå ñèìâîëîâ Ëåæàíäðà.

Îòìåòèì, ÷òî äëÿ ïðîñòîãî N ñèìâîë ßêîáè
( a
N

)
ðàâåí ñèìâîëó Ëåæàíäðà

( a
N

)
.

Ïîýòîìó äëÿ íèõ èñïîëüçóþò îäèíàêîâîå îáîçíà÷åíèÿ. Ôóíêöèÿ ¾ñèìâîë Ëåæàíäðà¿ åñòü
ñóæåíèå ôóíêöèè ¾ñèìâîë ßêîáè¿ íà áîëåå óçêóþ îáëàñòü îïðåäåëåíèÿ.

Ñèìâîë ßêîáè
( a
N

)
íå èìååò îòíîøåíèÿ ê ðàçðåøèìîñòè êâàäðàòè÷íîãî ñðàâíåíèÿ

x2 ≡ a (mod N) â ñëó÷àå ñîñòàâíîãî N .

Ïðèìåð. Ñðàâíåíèå x2 ≡ 2 (mod 3) íå èìååò ðåøåíèé. Ïîýòîìó ñðàâíåíèå x2 ≡ 2 (mod 15)
òàêæå íå èìååò ðåøåíèé. Îäíàêî(

2

15

)
=

(
2

3 · 5

)
=

(
2

3

)
·
(

2

5

)
= −1 · (−1)

52−1
8 = 1.

Ìû áóäåì èñïîëüçîâàòü ñèìâîë ßêîáè äëÿ ïîñòðîåíèÿ ýôôåêòèâíîãî àëãîðèòìà âû-
÷èñëåíèÿ ñèìâîëà Ëåæàíäðà. Äëÿ ýòîãî íàì ïîíàäîáÿòñÿ íåêîòîðûå ñâîéñòâà.

Ëåììà 3.1. Ïóñòü u1, . . . , us � öåëûå íå÷åòíûå. Òîãäà

(u1 · . . . · us)− 1 ≡ (u1 − 1) + . . .+ (us − 1) (mod 4), (3.1)

(u21 · . . . · u2s)− 1 ≡ (u21 − 1) + . . .+ (u2s − 1) (mod 64). (3.2)
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Äîêàçàòåëüñòâî. Òàê êàê ui � íå÷åòíîå, òî ui − 1 ≡ 0 (mod 2). Ïîýòîìó

(ui − 1)(uj − 1) ≡ 0 (mod 4),

(u1 · . . . · us)− 1 =
(

1 + (u1 − 1)
)
·
(

1 + (u2 − 1)
)
· . . .

(
1 + (us − 1)

)
− 1 ≡

≡ 1 + (u1 − 1) + . . .+ (us − 1)− 1 (mod 4).

Ñðàâíåíèå (3.1) äîêàçàíî. Òàê êàê ui íå÷åòíî, òî u
2
i −1 = (ui−1)(ui+1) åñòü ïðîèçâåäåíèå

äâóõ ïîñëåäîâàòåëüíûõ ÷åòíûõ. Îäíî èç íèõ êðàòíî 4. Çíà÷èò, u2i−1 ≡ 0 (mod 8). Ïîýòîìó

(u2i − 1)(u2j − 1) ≡ 0 (mod 64),

(u21 · . . . · u2s)− 1 =
(

1 + (u21 − 1)
)
·
(

1 + (u22 − 1)
)
· . . .

(
1 + (u2s − 1)

)
− 1 ≡

≡ 1 + (u21 − 1) + . . .+ (u2s − 1)− 1 (mod 64).

Âåëè÷èíû â îáåèõ ÷àñòÿõ ñðàâíåíèÿ (3.1) êðàòíû 2, à (3.2) � êðàòíû 8. Ïîýòîìó ýòè
ñðàâíåíèÿ ìîæíî ïåðåïèñàòü â ñëåäóþùåì âèäå

u1 · . . . · us − 1

2
≡ (u1 − 1) + . . .+ (us − 1)

2
(mod 2), (3.3)

u21 · . . . · u2s − 1

8
≡ (u21 − 1) + . . .+ (u2s − 1)

8
(mod 8). (3.4)

Åùå ðàç íàïîìíèì, ÷òî ìû îïðåäåëèëè ñèìâîë ßêîáè
( a
N

)
äëÿ íå÷åòíîãî N > 2 è

öåëîãî a, êîòîðûé âçàèìíî ïðîñòîé ñ N . Íèæå âåçäå ñ÷èòàåì âûïîëíåííûìè ýòè óñëîâèÿ.

Òåîðåìà 3.1. Ñïðàâåäëèâû ñëåäóþùèå ñâîéñòâà ñèìâîëà ßêîáè( a
N

)
=

(
b

N

)
ïðè a ≡ b (mod N), (3.5)(

ab

N

)
=
( a
N

)
·
(
b

N

)
, (3.6)(

1

N

)
= 1, (3.7)(

−1

N

)
= (−1)

N−1
2 , (3.8)(

2

N

)
= (−1)

N2−1
8 . (3.9)

Êðîìå òîãî, åñëè P,Q ïîëîæèòåëüíûå íå÷åòíûå è íîä (P,Q) = 1, òî(
P

Q

)
=

(
Q

P

)
(−1)

P−1
2

Q−1
2 . (3.10)
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Äîêàçàòåëüñòâî. Ñ÷èòàåì, ÷òî N = p1 · . . . · ps, ãäå pi � ïðîñòûå.
Ïóñòü a ≡ b (mod N). Òîãäà a ≡ b (mod pi), i = 1, s. Ïîýòîìó, ñîãëàñíî (2.3)( a

N

)
=

s∏
i=1

(
a

pi

)
=

s∏
i=1

(
b

pi

)
=

(
b

N

)
.

Äîêàæåì (3.6). Ââèäó (2.4),(
ab

N

)
=

s∏
i=1

(
ab

pi

)
=

s∏
i=1

(
a

pi

)(
b

pi

)
=

(
s∏
i=1

(
a

pi

))( s∏
i=1

(
b

pi

))
=
( a
N

)( b

N

)
.

Ôîðìóëà (3.7) âûòåêàåò èç (2.6). Äîêàæåì (3.8). Èñïîëüçóÿ (2.6), èìååì(
−1

N

)
=

s∏
i=1

(
−1

pi

)
=

s∏
i=1

(−1)
pi−1

2 = (−1)
(p1−1)+...+(ps−1)

2 .

Ñîãëàñíî (3.3) íàéäåòñÿ òàêîå öåëîå k, ÷òî

(p1 − 1) + . . .+ (ps − 1)

2
=

(p1 · . . . · ps)− 1

2
+ 2k =

N − 1

2
+ 2k.

Ïîýòîìó

(
−1

N

)
= (−1)

N−1
2

+2k = (−1)
N−1

2 .

Äîêàæåì (3.9). Ââèëó (2.10),(
2

N

)
=

s∏
i=1

(
2

pi

)
=

s∏
i=1

(−1)
p2i−1

8 = (−1)
(p21−1)+...+(p2s−1)

8 .

Ñîãëàñíî (3.3) íàéäåòñÿ òàêîå öåëîå k, ÷òî

(p21 − 1) + . . .+ (p2s − 1)

8
=

(p21 · . . . · p2s)− 1

8
+ 8k =

N2 − 1

8
+ 8k.

Ïîýòîìó

(
2

N

)
= (−1)

N2−1
8

+8k = (−1)
N2−1

8 .

Îñòàëîñü äîêàçàòü (3.10). Ïóñòü P = p1 · . . . · ps è Q = q1 · . . . · qr � ðàçëîæåíèÿ P è Q
â ïðîèçâåäåíèå ïðîñòûõ. Òàê êàê íîä (P,Q) = 1, òî pi 6= qj äëÿ ëþáûõ i è j. Èñïîëüçóÿ
(3.6), êâàäðàòè÷íûé çàêîí âçàèìíîñòè, ñâîéñòâî (2.4) è ôîðìóëó (3.3), ïîëó÷àåì(

P

Q

)
=

r∏
j=1

(
p1 · . . . · ps

qj

)
=

r∏
j=1

s∏
i=1

(
pi
qj

)
=

r∏
j=1

s∏
i=1

(
qi
pj

)
(−1)

pi−1

2

qj−1

2 =

(
Q

P

)
(−1)T ,

ãäå

T =
r∑
j=1

s∑
i=1

pi − 1

2

qj − 1

2
=

(
r∑
j=1

qj − 1

2

)
·

(
s∑
i=1

qi − 1

2

)
≡

≡ q1 · . . . qr − 1

2
· p1 · . . . ps − 1

2
=
Q− 1

2

P − 1

2
(mod 2).

Ïîýòîìó (−1)T = (−1)
Q−1
2

P−1
2

+2k = (−1)
Q−1
2

P−1
2 .
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Ñâîéñòâà ñèìâîëà ßêîáè (3.5), (3.10) ïîçâîëÿþò ñâîäèòü âû÷èñëåíèå ñèìâîëà Ëåæàíä-
ðà ê ñëó÷àÿì âèäà (3.7), (3.8) è (3.9). Ãëàâíàÿ îñîáåííîñòü çàêëþ÷àåòñÿ â ñëåäóþùåì:
êâàäðàòè÷íûé çàêîí âçàèìíîñòè äëÿ ñèìâîëà Ëåæàíäðà ïðèìåíèì òîëüêî ïðè íå÷åòíûõ
ïðîñòûõ P è Q. Ïîýòîìó, åñëè P ñîñòàâíîå, òî åãî íóæíî ðàçëàãàòü íà ïðîñòûå ñîìíîæè-
òåëè. Ýòî ñëîæíàÿ çàäà÷à. Òîãäà êàê ôîðìóëà (3.10) äëÿ ñèìâîëà ßêîáè ñïðàâåäëèâà äëÿ
ïðîèçâîëüíûõ íå÷åòíûõ âçàèìíî ïðîñòûõ P,Q.

Âû÷èñëåíèå ñèìâîëà ßêîáè
(a
b

)
ñâîäèòñÿ ê ìíîãîêðàòíîìó ïîâòîðåíèþ øàãîâ ñëåäó-

þùèõ òðåõ âèäîâ.

1. Åñëè a ∈ {1,−1, 2}, òî
(a
b

)
âû÷èñëÿåòñÿ ïî ôîðìóëàì (3.7), (3.8), (3.9).

2. Åñëè a > b, òî
(a
b

)
=
(r
b

)
, ãäå r � îñòàòîê îò äåëåíèÿ a íà b.

3. Ïóñòü a � ÷åòíîå è a > 2. Òîãäà a = 2k · ã, ãäå ã � íå÷åòíîå. Ñîãëàñíî (3.6)

(a
b

)
=

(
ã

b

)(
2

b

)k
.

4. Åñëè a < b, a, b � ïîëîæèòåëüíûå íå÷åòíûå è a > 2, òî
(a
b

)
=

(
b

a

)
(−1)

a−1
2

b−1
2 .

Çàìå÷àíèå 3.1. Êîëè÷åñòâî øàãîâ âèäà 2 íå áîëüøå, ÷åì êîëè÷åñòâî äåëåíèé â àëãîðèòìå
Åâêëèäà íàõîæäåíèÿ íîä (a, b), òî åñòü îíî îöåíèâàåòñÿ âåëè÷èíîé 1.45 · log2 a. Êîëè÷åñòâî
øàãîâ âèäà 3 íå áîëüøå, ÷åì log2 a.

Ïðèìåðû.

1. Âû÷èñëèì ñèìâîë Ëåæàíäðà

(
53

233

)
ñ ïîìîùüþ ñâîéñòâ ñèìâîëà ßêîáè:

(
53

233

)
=

(
233

53

)
(−1)

233−1
2

53−1
2 =

(
233

53

)
=

(
21

53

)
=

(
53

21

)
(−1)

53−1
2

21−1
2 =

(
53

21

)
=

=

(
11

21

)
=

(
21

11

)
=

(
−1

11

)
= (−1)

11−1
2 = −1.

2. Èññëåäîâàòü âîïðîñ î ðàçðåøèìîñòè ñðàâíåíèÿ x2 ≡ 219 (mod 383).

Ðåøåíèå. Âû÷èñëèì ñèìâîë Ëåæàíäðà

(
219

383

)
ñ ïîìîùüþ ñâîéñòâ ñèìâîëà ßêîáè:

(
219

383

)
= −

(
383

219

)
= −

(
164

383

)
= −

(
383

164

)
= −

(
41

219

)
= −

(
219

41

)
= −

(
14

41

)
=

= −
(

2

41

)(
7

41

)
= −

(
7

41

)
= −

(
41

7

)
= −

(
−1

7

)
= 1.

Îòâåò: ñðàâíåíèå èìååò äâà ðåøåíèÿ.
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3. Èññëåäîâàòü âîïðîñ î ðàçðåøèìîñòè ñðàâíåíèÿ x2 ≡ 871 (mod 1009).

Ðåøåíèå. Âû÷èñëèì ñèìâîë Ëåæàíäðà

(
871

1009

)
ñ ïîìîùüþ ñâîéñòâ ñèìâîëà ßêîáè:

(
871

1009

)
=

(
1009

871

)
(−1)

871−1
2

1009−1
2 =

(
1009

871

)
=

(
138

871

)
=

(
2 · 69

871

)
=

=

(
2

871

)
·
(

69

871

)
= (−1)

8712−1
8

(
69

871

)
=

(
69

871

)
=

(
871

69

)
(−1)

871−1
2

69−1
2 =

=

(
871

69

)
=

(
43

69

)
=

(
69

43

)
(−1)

69−1
2

43−1
2 =

(
69

43

)
=

(
26

43

)
=

(
2 · 13

43

)
=

=

(
2

43

)
·
(

13

43

)
= (−1)

432−1
8

(
43

13

)
(−1)

43−1
2

13−1
2 = (−1) ·

(
4

13

)
=

= −
(

2

13

)
·
(

2

13

)
= −1.

Îòâåò: ñðàâíåíèå íå èìååò ðåøåíèé.

Â çàêëþ÷åíèå îòìåòèì, ÷òî â ñëó÷àå íîä (a,N) > 1 ïîëàãàþò
( a
N

)
= 0.

×èñëåííûå óïðàæíåíèÿ ê ãëàâå VI

1. Ñðåäè âû÷åòîâ ïðèâåäåííîé ñèñòåìû ïî ìîäóëþ 23 íàéòè âñå êâàäðàòè÷íûå âû÷åòû
è êâàäðàòè÷íûå íåâû÷åòû.

2. Ñðåäè âû÷åòîâ ïðèâåäåííîé ñèñòåìû ïî ìîäóëþ 37 íàéòè âñå êâàäðàòè÷íûå âû÷åòû
è êâàäðàòè÷íûå íåâû÷åòû.

3. Ðåøèòü ñðàâíåíèÿ x2 ≡ 2 è x2 ≡ 5 (mod 23).

4. Âû÷èñëèòü à)

(
111

541

)
, á

(
529

601

)
, â)

(
2108

2003

)
, ã)

(
19525

1847

)
.

5. Èññëåäîâàòü âîïðîñ î ðàçðåøèìîñòè ñðàâíåíèé

à) x2 ≡ 68 (mod 113), á) x2 ≡ 219 (mod 383),
â) x2 + 7x+ 45 ≡ 0 (mod 409), ã) 5x2 + 11x− 91 ≡ 0 (mod 379).

6. Íàéòè âñå ïðîñòûå p, äëÿ êîòîðûõ ðàçðåøèìî ñðàâíåíèå x2 ≡ 5 (mod p).

7. Íàéòè âñå ïðîñòûå p äëÿ êîòîðûõ ðàçðåøèìî ñðàâíåíèå x2 − 2 ≡ 0 (mod p).

8. Íàéòè âñå ïðîñòûå p äëÿ êîòîðûõ ðàçðåøèìî ñðàâíåíèå x2 + 2 ≡ 0 (mod p).

Îòâåòû. 3. à) íåò; á) x ≡ ±5. 4. à) −1; á) 1; â) 1; ã) −1. 5. à) íåò; á) äà; â) äà; ã)
íåò. 6. p = 2, 5 è p ≡ ±1 (mod 5). 7. p = 2, p ≡ ±1 (mod 8). 8. p = 2 è p ≡ ±1 (mod 8),
p ≡ ±3 (mod 8).



Ãë à â à VII

Ïåðâîîáðàçíûå êîðíè è èíäåêñû

� 1. Ïîêàçàòåëè ÷èñåë è èõ îñíîâíûå ñâîéñòâà

Âîçüìåì ëþáîå íàòóðàëüíîå m > 2. Åñëè íîä (a,m) = 1, òî ïî òåîðåìå Ýéëåðà

aϕ(m) ≡ 1 (mod m), (1.1)

ãäå ϕ(m) � ôóíêöèÿ Ýéëåðà. Äëÿ íåêîòîðûõ a ñðàâíåíèå

au ≡ 1 (mod m) (1.2)

ìîæåò âûïîëíÿòüñÿ äëÿ íàòóðàëüíîãî u, êîòîðîå ìåíüøå, ÷åì ϕ(m).

Ïðèìåð. ϕ(8) = 4, 32 ≡ 1 (mod 8).

Îïðåäåëåíèå. Íàèìåíüøåå íàòóðàëüíîå u, óäîâëåòâîðÿþùåå (1.2), íàçûâàåòñÿ ïîêàçà-
òåëåì ÷èñëà a ïî ìîäóëþ m.

Ïðèìåð. Ïóñòü a = 2, m = 7. Òîãäà 21 ≡ 2, 22 ≡ 4, 23 ≡ 1 (mod 7). Çíà÷èò, ïîêàçàòåëü 2
ïî ìîäóëþ 7 ðàâåí 3.

Ïîä÷åðêíåì, ÷òî ëþáîé ïîêàçàòåëü ïî ìîäóëþ m óäîâëåòâîðÿåò íåðàâåíñòâàì

1 ≤ u ≤ ϕ(m).

Ñëó÷àém = 2 èñêëþ÷àþò èç ðàññìîòðåíèþ, ââèäó òðèâèàëüíîñòè. Åñëè íîä (a,m) > 1,
òî íå ñóùåñòâóåò u, óäîâëåòâîðÿþùåãî (1.2). Ïîýòîìó ïîêàçàòåëè îïðåäåëÿþòñÿ òîëüêî äëÿ
öåëûõ âçàèìíî ïðîñòûõ ñ ìîäóëåì è íèæå ýòî óñëîâèå ñ÷èòàåòñÿ âñþäó âûïîëíåííûì.

Òåîðåìà 1.1. Ïóñòü u � ïîêàçàòåëü öåëîãî a ïî ìîäóëþ m > 2.

à) Åñëè n ∈ N è an ≡ 1 (mod m), òî u | n.

á) Öåëûå
1, a, a2, . . . , au−1 (1.3)

ÿâëÿþòñÿ ïîïàðíî íåñðàâíèìûìè ïî ìîäóëþ m. Ëþáîå ÷èñëî âèäà ak, k ∈ N ñðàâ-
íèìî ïî ìîäóëþ m ñ îäíèì èç ÷èñåë (1.3).

â) Åñëè v � ïîêàçàòåëü öåëîãî b ïî ìîäóëþ m, ïðè÷åì íîä (u, v) = 1, òî ïîêàçàòåëü
ab ðàâåí uv.
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ã) Åñëè k ∈ N, òî ïîêàçàòåëü ak ðàâåí u/d, ãäå d = íîä (k, u).

Äîêàçàòåëüñòâî. Äîêàæåì à). Ïóñòü n = uq + r, ãäå 0 ≤ r < u. Òàê êàê

1 ≡ an = auq · ak = (au)q · ar ≡ ar (mod m),

òî ar ≡ 1 (mod m), ïðè÷åì r < u. Ïî îïðåäåëåíèþ ïîêàçàòåëÿ u, ýòî âîçìîæíî òîëüêî
ïðè r = 0. Ñëåäîâàòåëüíî, n äåëèòñÿ íà u.

Äîêàæåì á). Ïóñòü ak ≡ aj (mod m), ãäå k, j ∈ {0, . . . u − 1}, j ≤ k. Òàê êàê a è
m âçàèìíî ïðîñòûå, òî íîä (aj,m) = 1. Ïîýòîìó îáå ÷àñòè ñðàâíåíèÿ ak ≡ aj (mod m)
ìîæíî ñîêðàòèòü íà aj. Ïîëó÷àåì

ak−j ≡ 1 (mod m).

Òàê êàê (k − j) < u, òî ýòî âîçìîæíî òîëüêî ïðè k = j. Âîçüìåì òåïåðü ëþáîå k ∈ N è
ïðåäñòàâèì åãî â âèäå k = qu+ r, ãäå 0 ≤ r < u. Òîãäà

ak = aqu+r = (au)q · ar ≡ ar (mod m),

ò.å. ak ñðàâíèìî ñ îäíèì èç ÷èñåë (1.3).
Äîêàæåì â). Ïóñòü w � ïîêàçàòåëü ab. Òàê êàê

(ab)uv = (au)v · (bv)u ≡ 1v · 1u = 1 (mod m),

òî, ââèäó à), w | uv. Ñ äðóãîé ñòîðîíû, ïîñêîëüêó (ab)w ≡ 1 (mod m), òî

1 ≡ ((ab)w)u = (au)w · bwu ≡ bwu (mod m).

Ñîãëàñíî à), v | wu. Òàê êàê íîä (v, u) = 1, òî v | w. Àíàëîãè÷íûì îáðàçîì äîêàçûâàåòñÿ,
÷òî u | w. Çíà÷èò, (uv) | w. Ïîëó÷èëè w | uv è (uv) | w. Ïîýòîìó uv = w.

Äîêàæåì ã). Èñïîëüçóåì òàêèå æå ðàññóæäåíèÿ êàê è ïðè äîêàçàòåëüñòâå â). Ïóñòü w
� ïîêàçàòåëü ak. Òîãäà

íîä

(
u

d
,
k

d

)
= 1,

(ak)u/d = (au)k/d ≡ 1 (mod m).

Çíà÷èò, w äåëèò u/d. Ñ äðóãîé ñòîðîíû,

1 ≡ (ak)w = akw (mod m).

Çíà÷èò, u äåëèò kw. Ïîýòîìó u
d
äåëèò k

d
·w. Òàê êàê íîä (u/d, k/d) = 1, òî u

d
| w. Ïîëó÷èëè

u
d
| w è w | u

d
. Çíà÷èò, w = u/d.

� 2. Ïåðâîîáðàçíûå êîðíè è èõ îñíîâíûå ñâîéñòâà

Îïðåäåëåíèå. Öåëîå a íàçûâàåòñÿ ïåðâîîáðàçíûì êîðíåì ïî ìîäóëþ m, åñëè åãî ïîêà-
çàòåëü ðàâåí ϕ(m).
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Ïðèìåð. Ïóñòü m = 7. Èìååì ϕ(m) = 6,

32 = 9 ≡ 2 (mod 7), 33 = 9 · 3 ≡ 2 · 3 = 6 (mod 7), 34 = 92 ≡ 22 = 4 (mod 7),

35 = 92 · 3 ≡ 22 · 3 = 5 (mod 7), 36 ≡ 1 (mod 7).

Çíà÷èò, 3 ÿâëÿåòñÿ ïåðâîîáðàçíûì êîðíåì ïî ìîäóëþ 7.

Åñëè a � ïåðâîîáðàçíûé êîðåíü ïî ìîäóëþ m, òî åãî ïðîñòåéøèå ñâîéñòâà âûòåêàþò
èç òåîðåìû 1.1, â êîòîðîé ïîëàãàåì u = ϕ(m).

Òåîðåìà 2.1.

à) Íàòóðàëüíîå a ÿâëÿåòñÿ ïåðâîîáðàçíûì êîðíåì ïî ìîäóëþm òîãäà è òîëüêî òîãäà,
êîãäà ÷èñëà

1, a, a2, . . . , aϕ(m)−1, (2.1)

îáðàçóþò ïðèâåäåííóþ ñèñòåìó âû÷åòîâ ïî ìîäóëþ m.

á) Ïóñòü m � ïðîñòîå. Íàòóðàëüíîå a ÿâëÿåòñÿ ïåðâîîáðàçíûì êîðíåì ïî ìîäóëþ m
òîãäà è òîëüêî òîãäà, êîãäà ÷èñëà

0, 1, a, a2, . . . , am−2 (2.2)

îáðàçóþò ïîëíóþ ñèñòåìó âû÷åòîâ ïî ìîäóëþ m.

Äîêàçàòåëüñòâî. Äîêàæåì à). Ïóñòü a � ïåðâîîáðàçíûé êîðåíü. Ñîãëàñíî òåîðåìå 1.1 á),
÷èñëà (2.1) ïîïàðíî íåñðàâíèìû ïî ìîäóëþm. Êîëè÷åñòâî ýòèõ ÷èñåë ðàâíî ϕ(m). Çíà÷èò,
(2.1) îáðàçóþò ïðèâåäåííóþ ñèñòåìó âû÷åòîâ. Ïóñòü ÷èñëà (2.1) îáðàçóþò ïðèâåäåííóþ
ñèñòåìó âû÷åòîâ. Ïóñòü u � ïîêàçàòåëü a. Òîãäà

au ≡ 1 (mod m).

Òàê êàê ÷èñëà (2.1) ïîïàðíî íåñðàâíèìû, òî u > ϕ(m)− 1, ò.å. u ≥ ϕ(m), u = ϕ(m).
Óòâåðæäåíèå á) âûòåêàåò èç à), ò.ê. ϕ(m) = m− 1 äëÿ ïðîñòîãî m.

Çàìå÷àíèå 2.1. Åñëè p � ïðîñòîå, a � ëþáîé ïåðâîîáðàçíûé êîðåíü ïî ìîäóëþ p, òî

Zp \ {0} =
{
ak (mod p) : k = 0, 1, . . . , p− 2

}
.

Ïîä÷åðêíåì, ÷òî íå äëÿ âñåõ ìîäóëåé ñóùåñòâóþò ïåðâîîáðàçíûå êîðíè.

Ïðèìåð. Ïóñòü m = 12. Òîãäà ϕ(12) = 4. Èç ÷èñåë {2, 3, . . . , 11} âçàèìíî ïðîñòûìè ñ
ìîäóëåì 12 áóäóò 5, 7 è 11 (òîëüêî îíè ìîãóò áûòü ïåðâîîáðàçíûìè). Îäíàêî

52 = 25 ≡ 1 (mod 12), 72 ≡ (−5)2 ≡ 1 (mod 12), 112 ≡ (−1)2 = 1 (mod 12).

Ïîýòîìó ïåðâîîáðàçíûõ êîðíåé ïî ìîäóëþ 12 íå ñóùåñòâóåò.

Âîïðîñ î òîì äëÿ êàêèõ ìîäóëåé ñóùåñòâóþò ïåðâîîáðàçíûå êîðíè áóäåò ðàññìîòðåí
â ñëåäóþùåì ïàðàãðàôå.

Åñëè èçâåñòíû ïðîñòûå äåëèòåëè ϕ(m), òî ïåðâîîáðàçíûå êîðíè ìîæíî íàõîäèòü ñ
ïîìîùüþ ñëåäóþùåãî ðåçóëüòàòà.
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Ëåììà 2.1. Ïóñòü íîä (a,m) = 1. Òîãäà a ÿâëÿåòñÿ ïåðâîîáðàçíûì êîðíåì ïî ìîäóëþ
m, åñëè è òîëüêî åñëè äëÿ ëþáîãî ïðîñòîãî p, äåëÿùåãî ϕ(m),

aϕ(m)/p 6≡ 1 (mod m). (2.3)

Äîêàçàòåëüñòâî. Åñëè a � ïåðâîîáðàçíûé êîðåíü, òî (2.3) âûòåêàåò èç îïðåäåëåíèé.
Ïóñòü âûïîëíÿåòñÿ (2.3). Ïóñòü u � ïîêàçàòåëü a ïî ìîäóëþ p. Òàê êàê aϕ(m) ≡ 1

(mod m), òî ïî òåîðåìå 1.1 à), u | ϕ(m). Åñëè u < ϕ(m), òî ñóùåñòâóåò ïðîñòîå p, äåëÿùåå
ϕ(m)/u, ò.å. íàéäåòñÿ òàêîå k ∈ N, ÷òî

ϕ(m)

u
= kp, aϕ(m)/p = auk ≡ 1 (mod m).

Ïîëó÷èëè ïðîòèâîðå÷èå ñ óñëîâèåì (2.3). Çíà÷èò, u = ϕ(m).

Ïðèìåð. Íàéäåì ïåðâîîáðàçíûå êîðíè a ∈ {1, . . . , 10} ïî ìîäóëþ 11.
Ðåøåíèå. Òàê êàê ϕ(11) = 10 = 2 · 5, òî a åñòü ïåðâîîáðàçíûé êîðåíü, åñëè è òîëüêî åñëè

a 6≡ 0 (mod 2), a 6≡ 0 (mod 5), a2 6≡ 1 (mod 11), a5 6≡ 1 (mod 11).

Èìååì
32 ≡ 9 (mod 11), 35 = 3 · 81 ≡ 3 · 4 ≡ 1 (mod 11),
42 ≡ 5 (mod 11), 45 = 4 · 64 ≡ 5 · 9 ≡ 1 (mod 11),
62 ≡ (−5)2 ≡ 4 (mod 11), 65 ≡ (−5)5 ≡ −1 (mod 11),
72 ≡ (−4)2 ≡ 5 (mod 11), 75 ≡ (−4)5 ≡ −1 (mod 11),
82 ≡ (−3)2 ≡ 9 (mod 11), 85 ≡ (−3)5 ≡ −1 (mod 11),
92 ≡ (−2)2 ≡ 4 (mod 11), 95 ≡ (−2)5 ≡ 1 (mod 11),
102 ≡ (−1)2 ≡ 1 (mod 11).

Îòâåò: 2, 6, 7, 8.

� 3. Ðåçóëüòàòû î ñóùåñòâîâàíèè ïåðâîîáðàçíûõ êîðíåé

Ñíà÷àëà ìû äîêàæåì òåîðåìó î ñóùåñòâîâàíèè ïåðâîîáðàçíûõ êîðíåé ïî ïðîñòîìó íå÷åò-
íîìó ìîäóëþ p. Äëÿ ýòîãî íàì ïîíàäîáÿòñÿ äâå âñïîìîãàòåëüíûå ëåììû.

Ëåììà 3.1. Ïóñòü p � ïðîñòîå íå÷åòíîå, a ∈ Z, ïðè÷åì ïîêàçàòåëü a ïî ìîäóëþ p
ðàâåí u. Òîãäà ëþáîå öåëîå ñ ïîêàçàòåëåì u ñðàâíèìî ïî ìîäóëþ p ñ îäíèì èç ÷èñåë

1, a, a2, . . . , au−1. (3.1)

Äîêàçàòåëüñòâî. Ëþáîå öåëîå x ñ ïîêàçàòåëåì u óäîâëåòâîðÿåò ñðàâíåíèþ

xu ≡ 1 (mod p). (3.2)

Ïî òåîðåìå V.5.1 ñðàâíåíèå (3.1) èìååò íå áîëåå, ÷åì u ðåøåíèé. ×èñëà (3.1) óäîâëåòâîðÿþò
(3.2), îíè ïîïàðíî íåñðàâíèìû ïî ìîäóëþ p (ñì. òåîðåìó 1.1 á)) è èõ ðîâíî uøòóê. Ïîýòîìó
ëþáîå x, óäîâëåòâîðÿþùåå (3.2), ñðàâíèìî ñ îäíèì èç ÷èñåë (3.1).
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Ëåììà 3.2. Ïóñòü p � ïðîñòîå íå÷åòíîå; ω(u) � êîëè÷åñòâî òàêèõ a ∈ {1, 2, . . . , p−1},
÷òî ïîêàçàòåëü a ïî ìîäóëþ p ðàâåí u. Òîãäà äëÿ ëþáîãî u | (p− 1)

ω(u) = ϕ(u). (3.3)

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñíà÷àëà ñëó÷àé, êîãäà ω(u) > 0. Òîãäà ñóùåñòâóåò òàêîé a ∈
{1, 2, . . . , p−1}, ÷òî ïîêàçàòåëü a ðàâåí u. Âîçüìåì ëþáîå äðóãîå öåëîå b ∈ {1, 2, . . . , p−1}
ñ ïîêàçàòåëåì u. Ïî ëåììå 3.1 ñóùåñòâóåò åäèíñòâåííîå k ∈ {0, 1, . . . , u − 1} òàêîå, ÷òî
b ≡ ak (mod p). Ïîêàçàòåëü ak ðàâåí b è ðàâåí u. Ñîãëàñíî òåîðåìå 1.1 ã) ïîêàçàòåëü ak

ðàâåí u, åñëè è òîëüêî åñëè íîä (k, u) = 1. Ïîýòîìó ω(u) ñîâïàäàåò ñ êîëè÷åñòâîì òàêèõ
k ∈ {1, . . . , u−1}, ÷òî íîä (k, u) = 1, ò.å. ðàâíî ϕ(u). Ôîðìóëà (3.3) äîêàçàíà ïðè ω(u) > 0.

Ðàññìîòðèì òåïåðü îáùèé ñëó÷àé. Ïóñòü Ω(u) ñîñòîèò èç ÷èñåë a ∈ {1, 2, . . . , p − 1}
òàêèõ, ÷òî ïîêàçàòåëü a ðàâåí u. Òîãäà

p−1⋃
u=1

Ω(u) = {1, . . . , p− 1},

ïðè÷åì ω(a) åñòü êîëè÷åñòâî ýëåìåíòîâ ìíîæåñòâà Ω(u). Òàê êàê ap−1 ≡ 1 (mod p), òî ïî
òåîðåìå 1.1 ã), ëþáîé ïîêàçàòåëü ÿâëÿåòñÿ äåëèòåëåì (p− 1). Çíà÷èò,⋃

u|(p−1)

Ω(u) = {1, . . . , p− 1}.

Òàê êàê Ω(u) ∩ Ω(v) = ∅ ïðè u 6= v, òî∑
u|(p−1)

ω(u) = p− 1.

Ñîãëàñíî ôîðìóëå (III.4.4) ∑
u|(p−1)

ϕ(u) = p− 1.

Ñëåäîâàòåëüíî, ∑
u|(p−1)

(ϕ(u)− ω(u)) = 0.

Ïîñêîëüêó ϕ(u) = ω(u) ïðè ω(u) > 0, òî ϕ(u)− ω(u) ≥ 0. Çíà÷èò, âûïîëíÿåòñÿ (3.3).

Òåîðåìà 3.1. Ïóñòü p � ïðîñòîå íå÷åòíîå. Òîãäà ñóùåñòâóåò ðîâíî ϕ(p− 1) ïåðâîîá-
ðàçíûõ êîðíåé ïî ìîäóëþ p.

Äîêàçàòåëüñòâî. Ïóñòü ôóíêöèÿ ω òàêàÿ æå, êàê è â ïðåäûäóùåé ëåììå. Òîãäà êîëè÷å-
ñòâî ïåðâîîáðàçíûõ êîðíåé ïî ìîäóëþ p ðàâíî ω(ϕ(p)) = ω(p− 1) = ϕ(p− 1).

Ïðèìåð. Ïóñòü p = 1009. Òîãäà

p− 1 = 1008 = 24 · 32 · 7, ϕ(p− 1) = ϕ(24)ϕ(32)ϕ(7) = (24 − 23)(32 − 3)(7− 1) = 288.

Ñëåäîâàòåëüíî, ñóùåñòâóåò 288 ïåðâîîáðàçíûõ êîðíåé ïî ìîäóëþ 1009.

Ïðèâåäåì òåïåðü âñå ñëó÷àè, â êîòîðûõ ïåðâîîáðàçíûå êîðíè ñóùåñòâóþò.

Òåîðåìà 3.2. Ïåðâîîáðàçíûå êîðíè ñóùåñòâóþò òîëüêî äëÿ ñëåäóþùèõ ìîäóëåé

2, 4, pα, 2pα,

ãäå p � ïðîñòîå íå÷åòíîå, à α ∈ N.
Äîêàçàòåëüñòâî òåîðåìû ìû îïóñêàåì. Åãî ìîæíî íàéòè â [].
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� 4. Èíäåêñû (äèñêðåòíûå ëîãàðèôìû)

Îïðåäåëåíèå. Öåëîå x, óäîâëåòâîðÿþùåå ñðàâíåíèþ

ax ≡ b (mod m), (4.1)

íàçûâàåòñÿ èíäåêñîì (äèñêðåòíûì ëîãàðèôìîì) ÷èñëà b ïî ìîäóëþ m ïðè îñíîâàíèè a è
îáîçíà÷àåòñÿ inda b.

Ïî îïðåäåëåíèþ
aindab ≡ b (mod m).

Î÷åâèäíî, ÷òî èíäåêñû ñóùåñòâóþò íå äëÿ ëþáûõ a, b,m. Íàïðèìåð, ñðàâíåíèå (4.1)
çàâåäîìî íå èìååò ðåøåíèé, åñëè íîä (a,m) íå äåëèò b. Ïðîñòîòà ìîäóëÿ m òàêæå íå
ãàðàíòèðóåò ðàçðåøèìîñòü (4.1).

Ïðèìåð. Óðàâíåíèå 2x ≡ b (mod 7) èìååò ðåøåíèå òîëüêî ïðè b ∈ {1, 2, 4}.

Ðàññìîòðèì ñíà÷àëà âîïðîñ î ñòðóêòóðå ìíîæåñòâà âîçìîæíûõ ðåøåíèé (4.1).

Ëåììà 4.1. Ïóñòü íîä (a,m) = 1 è ñóùåñòâóåò òàêîå x0, ÷òî a
x0 ≡ b (mod m). Òîãäà

ìíîæåñòâî öåëûõ, óäîâëåòâîðÿþùèõ ñðàâíåíèþ (4.1), ñîâïàäàåò ñ êëàññîì âû÷åòîâ x ≡
x0 (mod u), ãäå u � ïîêàçàòåëü öåëîãî a ïî ìîäóëþ m.

Äîêàçàòåëüñòâî. Ïóñòü x ≡ x0 (mod u). Òîãäà ñóùåñòâóåò òàêîé k, ÷òî

x = x0 + ku, ax = ax0 · (au)k ≡ b · (1)k = b (mod u),

ò.å. ëþáîå ÷èñëî èç êëàññà âû÷åòîâ x ≡ x0 (mod u) óäîâëåòâîðÿåò (4.1).
Âîçüìåì ëþáîå öåëîå x, óäîâëåòâîðÿþùåå (4.1). Ïóñòü, íàïðèìåð, x > x0. Òàê êàê

íîä (a,m) = 1, òî íîä (ax0 ,m) = 1. Ïîýòîìó îáå ÷àñòè ñðàâíåíèÿ ax ≡ ax0 (mod m) ìîæíî
ñîêðàòèòü íà ax0 . Â èòîãå, ïîëó÷àåì

ax−x0 ≡ 1 (mod m).

Çíà÷èò, u | (x− x0) ïî òåîðåìå 1.1.

Ðàññìîòðèì òåïåðü âîïðîñ î ðàçðåøèìîñòè ñðàâíåíèÿ (4.1). Ñëåäóþùàÿ òåîðåìà ÿâëÿ-
åòñÿ ýêâèâàëåíòíîé ôîðìóëèðîâêîé òåîðåìû 1.1 á).

Òåîðåìà 4.1. Ïóñòü íîä (a,m) = 1 è u � ïîêàçàòåëü öåëîãî a ïî ìîäóëþ m. Ñðàâíåíèå
(4.1) èìååò ðåøåíèå òîëüêî äëÿ öåëûõ b âèäà

b ≡ ak (mod m), k ∈ {0, 1, . . . , u− 1}. (4.2)

Â ÷àñòíîñòè, êîëè÷åñòâî b ∈ Zm äëÿ êîòîðûõ ñðàâíåíèå (4.1) èìååò ðåøåíèå ðàâíî u.

Äîêàçàòåëüñòâî. Åñëè ñóùåñòâóåò x, óäîâëåòâîðÿþùèé (4.1), òî ïî òåîðåìå 1.1 á) íàé-
äåòñÿ òàêîå k ∈ {0, 1, . . . , u − 1}, ÷òî ax ≡ ak (mod m). Ïîýòîìó èìååò ìåñòî (4.2). Åñëè
âûïîëíÿåòñÿ (4.2), òî x = k óäîâëåòâîðÿåò (4.1).

Åñëè íîä (a,m) = 1, òî óñëîâèå íîä (b,m) = 1 ÿâëÿåòñÿ íåîáõîäèìûì äëÿ ðàçðåøè-
ìîñòè ñðàâíåíèÿ (4.1). Ðàññìîòðèì âîïðîñ î òîì, êîãäà ýòî óñëîâèå ÿâëÿåòñÿ íå òîëüêî
íåîáõîäèìûì, íî è äîñòàòî÷íûì.
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Ñëåäñòâèå 4.1. Ïóñòü íîä (a,m) = 1. Ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû.

à) Ðåøåíèå ñðàâíåíèÿ (4.1) ñóùåñòâóåò, åñëè íîä (b,m) = 1;

á) ×èñëî a ÿâëÿåòñÿ ïåðâîîáðàçíûì êîðíåì ïî ìîäóëþ m.

Äîêàçàòåëüñòâî. Ïóñòü âûïîëíÿåòñÿ à). Òîãäà ñîãëàñíî òåîðåìå 4.1 u = ϕ(m), ò.å. a åñòü
ïåðâîîáðàçíûé êîðåíü. Ïóñòü âûïîëíÿåòñÿ á). Òîãäà ïî òåîðåìå 2.1 à) ÷èñëà 1, a, . . . , au−1

îáðàçóþò ïðèâåäåííóþ ñèñòåìó âû÷åòîâ. Óòâåðæäåíèå à) ñëåäóåò èç òåîðåìû 4.1.

Ñëåäñòâèå 4.2. Ïóñòü íîä (a,m) = 1. Ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû.

à) ñðàâíåíèå (4.1) èìååò ðåøåíèå äëÿ ëþáîãî b, íå êðàòíîãî m;

á) m � ïðîñòîå ÷èñëî, a � ïåðâîîáðàçíûé êîðåíü ïî ìîäóëþ m.

Äîêàçàòåëüñòâî. Ïóñòü âûïîëíÿåòñÿ à). Ñîãëàñíî òåîðåìå 4.1 ýòî îçíà÷àåò, ÷òî u = m−1.
Òàê êàê u ≤ ϕ(m) ≤ m− 1, òî u = ϕ(m) = m− 1, ò.å. èìååò ìåñòî á).

Ïóñòü âûïîëíÿåòñÿ á). Òîãäà ñîãëàñíî ñëåäñòâèþ 4.1 êîëè÷åñòâî b ∈ Zm äëÿ êîòîðûõ
ñðàâíåíèå (4.1) èìååò ðåøåíèå ðàâíî u = ϕ(m) = m− 1. Îòñþäà âûòåêàåò à).

Òàêèì îáðàçîì, èíäåêñ indab ïî ìîäóëþ m ñóùåñòâóåò, åñëè a � ïåðâîîáðàçíûé êî-
ðåíü ïî ìîäóëþ m è (b,m) = 1. Íèæå ïðåäïîëàãàåì, ÷òî âñå ðàññìàòðèâàåìûå èíäåêñû
ñóùåñòâóþò. Ñëåäóþùèå ñâîéñòâà èíäåêñîâ ïîõîæè íà ñâîéñòâà ëîãàðèôìîâ.

Ëåììà 4.2. Ïóñòü u � ïîêàçàòåëü a ïî ìîäóëþ m. Òîãäà

inda(xy) ≡ indax+ inday (mod u),

indax ≡ (indbx) · (indab) (mod u).

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ èíäåêñà

ainda(xy) ≡ xy ≡ aindaxainday = aindax+inday (mod m).

aindbx indab = (aindab)indbx ≡ bindbx ≡ x ≡ aindax (mod m).

Îñòàëîñü âîñïîëüçîâàòüñÿ ëåììîé 4.1.

×èñëåííûå óïðàæíåíèÿ ê ãëàâå VI

1. Íàéòè ïîêàçàòåëü 7 ïî ìîäóëþ 43.

2. Íàéòè ïåðâîîáðàçíûå êîðíè ïî ìîäóëþ 7.

3. Íàéòè íàèìåíüøèå ïåðâîîáðàçíûå êîðíè ïî ìîäóëÿì 13, 17, 23.

4. Âûÿñíèòü äëÿ êàêèõ b ∈ {0, 1, . . . , 19} ðàçðåøèìî ñðàâíåíèå 3x ≡ b (mod 20).

Îòâåòû: 1) 6; 2) 3 è 5; 3) 2, 3, 3; 4) 1, 3, 7, 9.
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Âàðèàíò 1

Êîíòðîëüíàÿ ðàáîòà ïî ãëàâå I.

1. Óêàçàòü êàêèå èç ÷èñåë 233, 237 ïðîñòûå. Îáîñíîâàòü îòâåò ñ ïîìîùüþ ðåøåòà Ýðà-
òîñôåíà.

2. Íàéòè ìíîæåñòâî îáùèõ äåëèòåëåé ÷èñåë a, b, ãäå a = 1000, b = 550.

3. Íàéòè íîä (a, b, c), ãäå a = 2100399740, b = 250 · 3 · 52 · 75, c = 2 · 321 · 510 · 7.

Êîíòðîëüíàÿ ðàáîòà ïî ãëàâå II.

1. Íàéòè íîä (28, 12, 60, 102).

2. Ðàçëîæèòü â íåïðåðûâíóþ äðîáü ÷èñëî 25/9 è íàéòè âñå ïîäõîäÿùèå äðîáè.

3. Ðåøèòü óðàâíåíèå 61x+ 17y = 1.

Êîíòðîëüíàÿ ðàáîòà ïî ãëàâå III.

Âû÷èñëèòü τ(n), σ(n) è ϕ(n) ïðè 1) n = 1000, 2) n = 33 · 7 · 112.

Îòâåòû:
ÊÐ 1: 2) 1, 2, 5, 10, 25, 50. 3) 42

ÊÐ 2: 1) 2. 2) [2; 1, 3, 2];
2

1
,
3

1
,
11

4
,
25

9
. 3) x = −5 + 17t, y = 18− 61t.

ÊÐ 3:
τ(1000) = 16, σ(1000) = 12 · 13 · 15 = 2340, ϕ(1000) = 400;
τ(33 · 7 · 112) = 24, σ(. . .) = 40 · 8 · 33 = 42560, ϕ(. . .) = 17820.
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Âàðèàíò 2

Êîíòðîëüíàÿ ðàáîòà ïî ãëàâå I.

1. Óêàçàòü êàêèå èç ÷èñåë 281, 283 ïðîñòûå. Îáîñíîâàòü îòâåò ñ ïîìîùüþ ðåøåòà Ýðà-
òîñôåíà.

2. Íàéòè ìíîæåñòâî îáùèõ äåëèòåëåé ÷èñåë 1100 è 450.

3. Íàéòè íîä (a, b, c), ãäå a = 2531074, b = 250 · 3 · 53 · 72, c = 22 · 331 · 520 · 7.

Êîíòðîëüíàÿ ðàáîòà ïî ãëàâå II.

1. Íàéòè íîä (66, 42, 18, 54).

2. Ðàçëîæèòü â íåïðåðûâíóþ äðîáü ÷èñëî 111/40 è íàéòè âñå ïîäõîäÿùèå äðîáè.

3. Ðåøèòü óðàâíåíèå 15x+ 19y = 1.

Êîíòðîëüíàÿ ðàáîòà ïî ãëàâå III.

Âû÷èñëèòü τ(n), σ(n) è ϕ(n) ïðè 1) n = 900, 2) n = 25 · 33 · 5.

Îòâåòû:
ÊÐ 1: 2) 2α15α211α3 , α1,2 = 0, 1, 2, α3 = 0, 1. 3) 22 · 3 · 7 = 84.

ÊÐ 2: Îòâåòû: 1) 6. 2) [2; 1, 3, 2, 4];
2

1
,
3

1
,
11

4
,
25

9
,
111

40
. 3) x = −5− 19t, y = 4 + 15tt.

ÊÐ 3:
τ(900) = 27, σ(900) = 7 · 31 · 13 = 2821, ϕ(900) = 240;
τ(35 · 33 · 5) = 48, σ(. . .) = 64 · 40 · 20 = 51200, ϕ(. . .) = 32 · 18 · 4 = 2304.


