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IIpeaucaoBue

Hacrogmee mocobue npencrasisier coboit cOOpHUK 3aaad MO MaTeMa-
THUKE, [PEIHA3HAYEHHDBIN MPEXKIE BCErO JJI YUIEHUKOB CTAPIINX KJIACCOB,
MHTEPECYIOMNUXCs TOYHbIMA HaykaMmu. OH Takke OyJeT MoJie3eH Mpernojia-
BaTeJIM MATEMATHKHU M CTYJIEHTAM, MU3Yy4alollNM MATEMATHKY B BBICIIHNX
yIeOHBIX 3aBEICHUSAX. JHAUNTEbHAS YaCTh MATEPUAJA MOXKET ObITh WC-
[TOJTb30BAHA, JIJIsi TOATOTOBKYM K MHCHbMEHHBIM W YCTHBIM BCTYIUTEIbHBIM
sk3amenaM B BY3br.

OcHOBY COOpHHMKA COCTABJISIIOT 3aJ[a9U K KypCy aJreOpbl, KOTOPBIi B
1995—2000 rogmax ugwmrasics O.A.Yausix, H.B. Audyrosoit u A.B. Ycru-
HOBBIM B mkoJie-uaTepHare uMm. A. H. Konmoroposa npu MI'Y. B mpuio-
>KeHnn A mpuBejieHa mporpaMma 3Toro Kypca. st Toro, 9robbl ciesiaTh
coJiepyKaHne KHUrn 0oJiee MMPOKUAM U TIEJIOCTHBIM, ABTOPBI BKJIIOUMINA B Hee
JIOIIOJIHUTEJIbHBIN MaTepuaJi, cobpaB U yIODPAI0YNB 33/1a49l U3 APYTUX UC-
TOYHHUKOB.

MatemaTndyecKkne Kypchl, ynTaemble B mkoJe-uaTepHare um. A. H. KoJ-
MOTOpOBa, TPAIUIMOHHO COJEPXKAT PAa3ejIbl, KOTOPbIE MOXKHO HAa3BaTh
cvekHbIMU. OHM HAXOIATCS Ha CTHIKE ajareOpbl ¢ KOMOMHATOPHUKOI, reoMeT-
pueit, Teopueil UMcesl M MaTeMATHIeCKUM aHaJm30M. [losToMy HEKOTOpBIE
3a/1a91 U3 KHUTU UMEIOT K ajredpe JIMIIb KOCBEHHOE OTHOINEHHE. DTH 3a-
Ja4y [PU3BAHBI [IOYEPKHYTH CBS3b PAa3/IMYHBIX PAa3/eJI0B MaTEMaTUKUA U
IPOUJITIOCTPAPOBATH MHOTOOOPA3Me METOOB.

B kaxk10if r;iaBe KpaTKO M3JIAaraeTcsi TEOPETUIECKUN MATEpPHUaJI, HEe0O-
XOJIMMBIN JIJIsi TIOHUMAaHUs 3a7a49. B KOHIEe 3a/1a9n WHOTIA JAI0TCA CCHIIKT
Ha 33J1a9¥ UJIH JINTEPATYPY, KOTOPbIe HEIIOCPEICTBEHHO CBS3aHBI C JIAHHBIM
MaTepuaJioM. BIM3Kuil 1Mo IyxXy TeOpeTHUYecKuit MaTepuaj MOXKHO HAWTH
B KHMrax [15] u [23], KoTOpbIe Tak:Ke HAIMCAHBI [0 MATEPHAJIAM KyDPCOB,
qurasimxcs B mkose uM. A. H. Kosmoroposa.

IIpu moaroroBke mMocobms UCIOJIB30BAIUCH PA3IUIHBIE YICOHUKT U MO-
Horpadun, COOPHUKH OJINMIIMAIHBIX M KOHKYDPCHBIX 3a/1a4, CYIIeCTBEHHAS
YacTh yHIPayKHEHUil Oblja IOYEPIHYTa U3 MHOIOYUCJIEHHBIX IIyOJIMKAIMii
Kypuasa «KBanTt». B pesynbrare paboThl Hal KHUTON ObLI CO3/IaH CBOEOO-
pPa3HbIl IyTEBOIUTE/b, IIOMEIEHHBIN B mpuioxkenne B. B Hem mo kaxmoit
73 TeM 3aJ[ATHNKA JIAHBI CCHIIKU HA COOTBETCTBYyOMUeE myomKkanmu. K co-



JKaJIEHUIO, B HACTOSIINI MOMEHT He IIPEJICTABJISIETCS BO3MOXKHBIM YKa3aTh
aBTOPOB BCEX 3a/1a4, BOIIEIINNX B KHUTY, U IIEPEUNCIUTh BCE OPUTUHAJBHBIE
ncrouHnku. JacTh Marepraja BCTPEYAETCS CPa3y B HECKOJBKUX COODHU-
kax. Co MHOTMMU 3a/a9aMy ABTOPBI MIO3HAKOMUJINCH €Ie 338 BPEMsi CBOETO
obyueHus B mkoJie-uHTepHATE. HekoTopble ypaskHeHNs POXKJIAJICH B Pa3-
roBOPax € KOJJIEraMu 1o Kadeape MaTeMaTUKH.

B kuure Taxxke BcTpedaiorcs OoJiee CIOXKHBIE 3aJa4UU, HE COOTBETCTBY-
foIue IKOJbHOMY ypoBHIO. OHE COCTaBJIEHBI [0 MATEPHAJIAM CIIEIKYD-
COB U CIIEICEMUHAPOB, KOTOPHIE BTOPOIl M3 ABTOPOB BEJ HA MEXaHUKO-
maremaTnaeckoM dakyiabrere MI'Y mm. M. B. Jlomorocosa.

ABTOpBI TprHOCAT TIyOOKYIO OJIANOJADHOCTH MEJAroraM M MaTeMaTHh-
kaM, paborasmuM B pasHoe Bpemst B ®MIIT Ne 18 mpu MI'Y (nosznmee B
mikosie uM. A. H. Kosimoroposa), ObIT KOTOPBIX OTPazKeH B 9T0it Kuure. As-
Topel Oaarogapar B. B. Basuwiosa, A. A. Eroposa, KoTopble B3sin Ha cebst
TPYJ, IPOYECTD IIPEIBAPUTEbHBIE BADUAHTHI IEPBOrO U3JAHUST KHUTH, 38, UX
MHOT'OYUCJIEHHBIE J00aBJICHNs, UCIIPABJIEHUSI U TOJe3Hble coBeThl. Ocobast
6maromapuocts U. /1. Kany, KoTOpbIit y9acTBOBaJI B MOJTOTOBKE KaK IIEPBO-
ro, Tak u Broporo usganust kauru. Oraensaoe cuacubo O. A. CojioBbeBy 3a
HenaMeHHYI0 TEX-HUYECKYIO MOIJIEPKKY.

ABTOpBI Oy/IyT GJIANOAPHBI YUTATEJISIM 38 OT3bIBbI, KPUTHIECKUE 3aMe-
qaHUs, [IPEJJIOKEHNS U HOBBIE 33 1a4H.

H. B. Aagymosa
iam.khv.ru

A. B. Yemumnos
ustinov@mech.math.msu.su
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['mtABA 1
Metoa MmaTeMaTn4ecKoil MHAYKIINN

1.1. ToxxiecTBa, HEpAaBEHCTBA U AEJINMOCTDH

Akcuoma mHAyKIMu. Ecim M3BeCTHO, 9TO HEKOTOPOE YTBEPXK/ICHHE
BEPHO JyIgd 1, U U3 NPENIIOJIOXKEHHsI, UTO YTBePXKJIEHUEe BEPHO JJIsI HEKO-
TOPOTO 7, BBITEKAET €ro CIPABEIUBOCTD JJIA N + 1, TO 3TO yTBEPIKJICHUE
BEPHO /I BCeX HATYPaJbHBIX YHCEJI.

1.1. [Tenenue c ocrarkom. Jlokaxkure, 9T0 ecu a u b— 1esibie auciia
u b# 0, TO cymecTByeT eIUHCTBEHHAS I1apa, YUCes ¢ U T TAKUX, ITO

a=bg+r, 0<r<lb.

1.2. Ilo3surmonHasi cucremMa caucjaeHusi. Jlokaxxure, 9T0 pu 1EI0OM
q = 2 KaxKJI0e HATyPAJbHOE YUCJIO N MOXKET OBITh €UHCTBEHHBIM 00Pa30M
IIPE/ICTaBJIEHO B BU/IE

n=a,q" + ar1¢" " + ... 4 a1+ ao,
rae 0 < ao, ..., a; < q. (Cm. Takxke 3.159, 11.87.)

Onpenenenne. Eciu ay, ag_1, ..., a1, g — IuPBl YUCIA N B ¢-UIHOHN
CHCTEMe CUUCJICHUSI, TO UCIIOIB3YeTCs 3alHUCh N = (Aplg_1 - .. Q100 ),-

151 3amucy 9uciia B IeCATUIHON CUCTeMEe CUMCICHUS UCIIOJIb3YEeTCs TaK-
2Ke 3aIUCH (GG _1 - .. 0100)10 = Aplr_1 - - C10g-

1.3. Iycre {a,} = ao, ay, - - ., Gy, ... — NEPUOAMIECKAS] TIOCIIEAOBATEI b
HOCTB, TO €CTh JIJIsI HEKOTOPOTO HATYPAJILHOTO 1’

Upir=a, (n=0).

JokaxkuTe, 9TO Cpeiil BCEX MMEPHUOJIOB ITOM MOCJIEIOBATETLHOCTH CYIIECTBY-
eT Mepuo/i HAUMEHbIel JInHb! ¢, npudem 1’ mequTcs Ha t 6e3 ocTaTKa.

1.4. AkcuoMbl HHAYKIINHU. JloKakKuTe, ITO aKCHOMA WHIYKIIUH PaB-
HOCWIIbHA JI060MY U3 cieayromux yreepxaennii. (Cum. takxke 12.1.)

1) Besikoe HerycToe HOAMHOXKECTBO HATYPAJIbHBIX YUCEJI COJMEPIKHUT HAU-
MeHBIIIee YHUCJIO.

2) Besikoe KOHEYHOE HEIyCTOE HMOJMHOXKECTBO HATYDAJIbHBIX YUCEN CO-
JEepKUT HAMOOJIbITIEe IUCIIO.



1.1. ToxkmecTBa, HEpABEHCTBA U AEJTUMOCTH 9

3) Ecsin HEKOTOPOE MHOXKECTBO HATYPAJIBHBIX YHCEJ COIEPKUT 1 1 BMe-
CTe C KaXK/JIpIM HATYPAJIHHBIM YUCJIOM COJIEPYKUT CJIEYIOIIee 38 HIUM, TO OHO
COJIEPYKUT BCE HATYPAJIbHBIE TUCTIA.

4) Ecau u3BecTHO, 9TO HEKOTOPOE YTBEPKJIECHUE BEPHO JJisi HEKOTOPO-
T'O @, U U3 TPE/IIOJIOKEHNs], ITO YTBEPXKICHIE BEPHO JIJIsl BCEX HATYPAIbHBIX
4quces k, Takux, 94To ¢ < k < n BBITEKAET €ro CIIPaBeJINBOCTD JJIs 1, TO TO
yYTBEpKIEHNE BEPHO JJIsi BCEX HATYPAJIbHBIX dncesn k 2 a.

5) (O6parnas wamyknus.) Eciau u3BecTHO, 4TO HEKOTODPOE YTBEPIKIe-
HU€e BepHO it 1 u 2, U U3 MPEIIOJIOKEHNUsI, ITO YTBEPKIEHUE BEPHO JIJIst
HEKOTOPOTO 1 > 1, BBITEKAET €ro CIHPaBEJIMBOCTD I 2n U 1 — 1, TO 3TO
YTBEPKIEHNE BEPHO Il BCEX HATYPAJIbHDBIX THCEI.

1
1.5. Yucmo r TakKOBO, YTO YHUCIO T + — — Iesoe. JlokaxKuTe, ITO TIpH
1 x
JF06OM HATYPAJIbHOM 1 9HCI0 " 4+ — TakxkKe sBisiercs meabim. (Cm. Tax-
xT
xKe 7.49.)

1.6. /lanbr HaTypaJIbHbIE YUCTA X1, - - ., Ty. JJOKAKUTE, 9TO UUCJIO
2 2
(I4+27)-...-(14+22)

MO2KHO IIPEACTaBUTHb B BHAE CYMMBI KBaJApPaTOB ABYX HaTyPaJIbHBIX YHCEJI.

(Cm. rakxe 7.14.)

"
1.7. YucsoBas 1ocjenoBaresibHOCTD A1, Ay, ..., A, ... OlpeesieHa pa-
BEHCTBaMU

Al = 17 A2 = _17 An = _Anfl - 2An72 (’I’L > 3)

Hoxazxkure, 9o pu n > 1 qncso 272 — 7TA2 gBisieTcst HOJTHBIM KBAJPATOM.
Onpenenenune. Yepes n! (umraercs «n gaxmopuans») obo3HAUAETCS
[IPOU3BEJIEHNE BCEX HATYPAIBHBIX Yrces oT 1 j10 N

nl=1-2-...-n.

st ynobersa cunraercs, yro 0 = 1.

B zagagax 1.8—1.14 nokaxknuTe TOXKECTBA.
1.8. 1+3+5+...+(2n—1)=n"
19,12 420 4 42 = MO DEED)
2 2 2_n(2n—1)(2n+1)
1.10. 12+ 324+ ...+ (2n — 1) = : .

1.11. 3+ 2° 4+ ... +nP=(1+2+...+n)

n(n+1)(n+2)(n+3)
1 .

1.12.1-2-34+2-3-44+...+n(n+1)(n+2)=
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12 22 n? ~ n(n+1)
LIS g rggt f 2n—1)2n+1)  2@2n+1)
1.14. 1-1'+2- 21+ ... +n-nl=n+1)! -1

1.15. ®akTopuajibHasi cucTeMa cumucjaeHuda. Jlokaxkure, ITO KaxkK-
JI0€ HATYPAJIbHOE YHCJIO 7L MOYKET OBITH €IMHCTBEHHBIM 00Pa30M IIPEJICTaB-
JIEHO B BHJIE

n=a; - 1!'4+ay-2'+as-3'+...,
rme0<a; <1, 0<a,<2,0<a3<3, ...
1.16. Yucna ag, @y, ..., Gy, ... ONPEJEJIECHBI CJIEIYIONINM 0OPA30OM:
ap=2, a;=3, a,.1=3a,—2a,,1 (n=2).
Hajinure u gokaxkure popMyJly JJIs STUX UHUCEJL.

Onpenenenune. Ilycts a — nenoe u b — HarypasabHoe ducia. duciao b
HAa3bIBAETCs JIEJIUTEJIEM @, €CJI CYIIEeCTBYET Iejioe ¢ Takoe, 9To a = bg. B
9TOM CJIydae ¢ Ha3bIBAETCS YACTHBIM OT JeJIeHHud a Ha b.

CooTHorenue «b e uT a», 3a0UChIBaeTCs B BUJIE b | a, mpudaem Takas 3a-
[IACh BCErJ[a BKJIIOYAET B Ce0sl IIPEIIOJIOKEHNE, YTO b — HATYPAJIbHOE YUCIIO.

Ecsu b we gaBigercs geqauresieM a, To Oyuem nucath b1 a.

Cy1iectByer Takke cooTHOIIeHHE @i b («a KpaTHO by ), KOTOPOEe O3HAYALT,
qr0 b = qa Jyis HEKOTOPOTrO MEeJIoTo . B 3TOM ciiydae 4mciio a MOXKeT OBITH
OTPUIATEJBHBIM U JaXKe HyJIEeBbIM (HOJIb KpaTeH HYJII0, HO HOJIb He JeJIUT
HOJIb).

Hoxkaxkure, 9To B 3ajadax 1.17—1.24, ykazaHHbIE COOTHOIIEHUS BBHITIOJI-
HSIOTCsL JIJIs JIFOOOTO HATYPAJBHOTO 1.

1.17. 10" +18n —1:27.
1.18. 1172 4 122741 : 133,
1.19. 257+3 4 5. 3742 : 17,
1.20. n® +5n: 6.

1.21. 6271 4 1:7.

1.22. 32"*2 + 8n — 9: 16.
1.23. 4" +15n —1:9.
1.24. 23" +1:37+,

1.25. JlokaxkuTte, UTO JijIsT BCEX HATYPAJIBHBIX 71 IUCJIO, 3AITUCHIBAEMOE
3™ eIUHUIIAMH, JIEJIUTCSI Ha 3.

1.26 13 uncen ot 1 j0 2n BuIOpano n + 1 gucio. JokazkuTe, 9T0 Cpeiu
BBIODAHHBIX YHCEJ HANIYyTCS [BA, OJHO M3 KOTOPBIX JIEJINTCS HA IPYTOe.

(Cm. rakxe 2.36, 3.35.)
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1.27. Pemure ypaBuenue

x | z(r—1)
1-— T + o
B zamagax 1.28—1.36 mokaxkuTe CripaBeJInBOCTb HEPABEHCTB JIJTsT HATY-

PaJIbHBIX 7.

zlx—1)-...-(x—n+1)
n!

A (=) =0.

1.28. 12 t5 + 32 +...+ % < 2. (Cwm. Takxe 7.85.)
1.29. L 4 i v+ Lt>um
VIO V2 vn~
2n) 4
130, o >
1 1 13
L3L o s +—>ﬂ (n>1).
1.32. HepasencrtBo Bepuymiu. (14 z)" > 1+ nx upu sobom z > —1.
1.33. 2" > n.
1gq 1350 (2n—1) 1

2:4-6- 2n \/2n+1
1.35. ! > (n + 1)" (n>2).

1.36. |z, +...+2,|<|zi|+...+ |x,|, e 24, ..., 2, — IPOU3BOJILHBIE
qucaa.

1.377 HepaBeHcTBO MexX/1y cpeJHUM apudMeTUIEeCKUM U Cpe-
HUM reomerpudeckuM. Ilycts x,, ..., X, — HOJOKUTEIbHBIE UUC/IA U
T1%s . ..x, = 1. Jlokaxkure, 910 x| + ...+ X, > N U BBIBEIUTE OTCIOIA HEPA-
BEHCTBO MEXK/Iy CPEIHNM apU(PMETHIECKUM U CPEIHUM I'€OMETPUIECKIIM:

m > VI T (1.1)

1.38. Ob6paTHast MHAYKIMsA. J[pyroe moKa3areibCTBO HEPABEHCTBA
(13.1) MOXKHO HOJYYUTHh C HOMOINLIO <«OOpaTHOW MHIAYKIuU» (CM. 3aja-
qy 1.4). Jljist 37010 CHAYAJIA IIPOBEPHTE, 9TO HEPABEHCTBO BBIOJIHIACTCS JJIsl
Bcex n Buja n = 2F. 3aTeM JOKasKHUTe, UTO U3 CIPABEJINBOCTH HEPABEHCTBA,
JIJIsT HEKOTOPOI'O 7 CJIEIYeT €ro CIPABEeIJINBOCTD U I 1 — 1.

1.39. TokaxkuTe HepaBeHCTBO 2™ " =2 > mn, rue m 1 n— HATYpaJIbHbBIE
qucIa.

1.40. it KaKuX 1 BBITOJHIIOTCS HEPABEHCTBA:
a) nl>2" 6) 2™ >n??
1.41. BeraucanTte nmpou3BeieHIe
-1 -1 -1
224+1 3¥+1 7 nf41
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1.2. nayKnousa B reOMeTpU U KOMOMHATOPUKE

1.42. U3 kBajipaTa KJjieT4daToit bymaru pazmepoMm 16 X 16 BeIpe3asin oiHy
kJIeTKy. Jokakure, 9T0 TOJIyIeHHYIO (DUTYPY MOXKHO pa3pe3aTh HA «yTOJ-
KI» U3 TPeX KJIETOK.

1.43. Xanoiickaga 6amnrus I. [omoBoomka «XaHoiicKast OaIHs» Ipei-
craBisieT coboil 8 TUCKOB, HAHM3AHHBIX B HOPSIJIKE YMEHBIIIEHUs] PAa3MePOB
Ha OJIMH W3 TPEX KOJIBIIIKOB. 3a/la9a COCTOUT B TOM, UTOOBI IIEPEMECTHUTH
BCIO OAITHIO HA OJWH U3 APYTUX KOJIBIIIKOB, IEPEHOCS KAXKIBI Pa3 TOJIBKO
OJIMH JINCK U He TOMeInast OOJIbINNN IUCK HA MEHBIIIHIA.

JokaxkuTe, 9TO 3Ta TOJOBOJOMKA MMeeT perrenmne. Kakoit crocob pe-
IIEHUST TOJIOBOJIOMKH OyJIeT ONTUMAIBHBIM (110 unciy nepemeriennii)? (Cum.
Takxke 5.89.)

1.44. Xamnoiickas 6amrasa II. SanymepyeMm KOJIBIIIIKE B 3aja9e 0 Xa-
Hoiickoit Oamre wmciaamu 1, 2, 3. IIpeamonoxum, uTo TpebyeTcs mnepeme-
CTUTH JUCKU ¢ 1-r0 KoJibImKa Ha 3-if. CKOJIBKO MOHAIO0UTCS MEPEKJIaIbIBa-
HU, €CJIN [IPSIMOE TIEPEMEITIEHIE JUCKA € 1-T0 KOJIBIIKA Ha 3-i 3aIpereHo?’
(Kazki0e nepexJiaJplBanue JOJKHO IPOU3BOAUTC Yepe3 2-ii Kosbiiek. Kax
U panblie, GOJIbIINH JUCK HeJIb3sd KJIACTh Ha MEHbINUii. )

1.45. Xanoiickas 6armmHst ITI. CKOJIbKO IOHA00UTCS TIePEKJIabIBa-
HUli, ecjin B ycsoBun 3agadu 1.43 100aBUTH JOMOJHUTEIBHOE TpebOBaHNME:
[IE€PBbIIT JUCK HEJIb3s KJIACTh HAa BTOPOM KOJIBIIIEK !

1.46. Xanoiickaga 6amrust IV. Ha maxmaTHoilt 10cKe pasmepaMu 3 X n
(3 cronbua u 1 CTPOK) B IMEPBOM CTOJIOIE PACIOIOKEHBI (DUIIKK ¢ HOMepa-
mu ot 1 10 n (mymeparus cBepxy Buu3). Ilepememars QUIIKE MOXKHO 1O
[IpaBUJIAM TOJIOBOJIOMKH XAaHOWCKas OAlHs; POJb CTEPXKHEl WIPAIOT TpU
BEPTUKAJBHBIX CTOJIONA, POJIb JUCKOB — IMpOHyMepoBaHHbie durmku. K mpa-
BIJIaM JIOOABUM €IME /1Ba: HeJb3sl JesiaTh OOPATHBIN XOJI, U IBET IIOJIS MO/L
KaXKJIOU 13 (DUIIEK JTOJIZKEH COXPAHSITHCS.

JokaxkuTe, 9TO B KaXKJI0il BO3HMKAIONIEH mo3unuu OymeT He 6ojee oj-
HOIO XOJ[a, IPUYEM HEePEMEIIeHUs CTAaHYT HEBO3MOXKHBI, KOTJa BCe (DUIIKU
3aifiMyT Tperuii cToaberr, TO ecTh rOJ0BOJIOMKA Oyer pertera. CKOJIBKO XO-
JI0B OyJIeT IIpXA 3TOM CIEIAHO?!

1.47. JloxaxuTte, 9TO KBaJpaT MOYKHO pa3pe3aTh HA N KBAJIPATOB JJIs
JIFOOOTO 1, HAYWHAS C IIEeCTH.

1.48. JloxaxuTte, YTO MPABUIbHBIN TPEYTOJLHIK MOXKHO pa3pe3aTh Ha
T NPABUWJIBHBIX TPEYTOJLHUKOB JJIsI JIIOOOr0 1, HAYUHAS C IIIEeCTH.

1.49. 3ouiorasi nenouka. a) Ha mocTosyioM JBOpe OCTAHOBUJICS ILy-
TEeIIeCTBEHHUK, U XO3dUH COIJIACHJICA B KadeCcTBe yILIATHI 38 IPOKUBAHUE
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6paTh KOJbIA 30JI0TOH IENOYKH, KOTOPYIO TOT Hocmsi Ha pyke. Ho mpwm
9TOM OH IOCTABUJI YCJIOBHUE, ITOOBI OILJIATA ObLIA €2KEITHEBHOMN: KaXK bl JI€Hb
JIOJRKHO ObITh OTJHAHO (B CyMMe) POBHO HA OJHO KOJILIO OOJIbINE, YeM B
pEbIIYInil 1eHb. 3aMKHYTasi B KOJIBIIO IEMOYKa cozepkaia 11 kogerr,
a IyTeNIeCTBEHHUK COOMPAJICS MPOXKUTH PoBHO 11 jHeH, mMO3TOMY OH CO-
rmacuscs. Kakoe HanMeHbITee HUC/I0 KOJIel OH JO/I?KEH PACIUINTD, YTOOBI
MMeTh BO3MOXKHOCTbD ILJIATUTH XO3SAUHY 7

6) U3 cKOJIbKUX KOJIEI] JIOJIZKHA COCTOATD HEIIOYKa, YTOOBI Iy TeIIeCTBEeH-
HHUK MOT IIPOXKUTH Ha MOCTOSIJIOM JBOPE HAUOOJIbIEEe IUCIO JHEH TIPH YCIIO-
BHUH, YTO OH MOYKET PACIIIUTEH TOJIBKO 7 KOJIEIL!

1.50. Bank nMmeer HEOTpaHUYIECHHOE KOJIMIECTBO TPEX- U MATUPYOJIEBBIX
kymop. Jlokaxknure, 9T0 OH MOXKET BBIIATH UMHU 0e3 cladd Jiroboe UUCTIO
pybGueit, Haunnas ¢ Bocbmu. (CM. Takxke 3.86.)

1.517 lenuanbHble MaTeMaTUKU. a) KaxkIoMy U3 JBYX reHHaIbHBIX
MaTeMAaTHUKOB COOOIIUJIM 110 HATYPAJbHOMY YHCIIY, IPUYEM UM H3BECTHO,
9TO ITU YUCIa OTJIMYAIOTCd Ha enuHuily. OHE [MOOYEpEeHO CIIPAIINBAIOT
apyr apyra: «l3BecrHo s Tebe Moe umcisio?» Jlokaxkure, UTO PAHO WA
[TO3/THO KTO-TO U3 HUX OTBETHUT «Ja». CKOJBKO BOIIPOCOB OHU 33831y T APYT
apyry? (MareMaTuKu peoaraiorTcs IPaBAUBbLIMU U GECCMEPTHBIMI. )

6) Kak u3meHUTC YUCIIO 3aJ@HHBIX BOIPOCOB, €CJIA C CAMOIO Hadaja
M3BECTHO, YTO JAHHbIE YuCa He npeBocxoisT 10007

1.52. Ha ckosbKO 9acTeil Je/aT IJIOCKOCTD 71 MPSIMBIX «OOIIEro IoJjIo-
2KEHUsI», TO €CTh TaAKUX, YTO HUKAKUE JIBe He MapaJslyIeIbHbl 1 HUKAKHe TPHU
HE IIPOXOJIAT YepPe3 OJIHY TOUKY !

1.53. Ha mrockocTu mpoBeieHbl 1 OKPYKHOCTEH TakK, ITO JI0ObIE IBE U3
HUX IIePeCeKaloTcs B IIape TOYeK, U HUKaKue TPHU He IIPOXOIAT dUepe3 OJIHY
TOuKy. Ha CKOJIbKO YacTeil Je/IsT IIJI0CKOCTh 3TU OKPYKHOCTH?!

1.54. Ha ckoJibKO "acTeil JeasaT MPOCTPAHCTBO N IJIOCKOCTEH, TPOXO/Is-
[IUX Yepe3 OJHY TOUYKY, eC/Id HUKaKue TP He uMeroT obmeil npsmoit? (Cwu.
rakxke 8.2.)

* o .
1.55. Ha cxkobKo "acTeil JesT TpOCTPAHCTBO N IJIOCKOCTEH «00IIero
noJiozkenus» ! V1 aro aTo 3a «obiee moJsioxkenues 7

1.56. IlnockocThb mofesieHa Ha 00JACTU HECKOJbKUMHE TpsaMbiMu. Jloka-
JKHUTE, 9TO 9TH 00JIACTA MOKHO PACKPACUTh B JIBa I[BETA TaK, YTOOBI JTIOOBIE
nBe cocenHme obsacTu GbLIM OKpaleHsl B pasuble nseta. (CocepnMu Ha-
3BIBAIOTCsL OOJIACTH, UMEIOIUe OOIIuii yIaCTOK MPAHUIIBI. )

1.57. BeinykJjasa obosiouka. Jlokaxkure, 910 J1j1s1 JIIOOOTO IUCTIA TOUEK
ILUTOCKOCTH HAiJIeTCS BBITYKJIbIIl MHOTOYTOJBHUK C BEPITAHAMEI B HEKOTOPBIX
73 HUX, COJEPKAINI BHYTPH cebs BCe OCTAIbHBIE TOYKM.
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1.58. CymmMa yrjoB n-yrojbHuka. J[okaxkure, 4TO IPOU3BOJIbHBII
N-yroJibHUK (He 00sI3aTe/bHO BBILYKJIbINH) MOXKHO Pa3pe3aTh Ha TPEYroJjib-
HUKW HEMEePeCeKaIoNMUCS JUaroHajsaMu. BuiBeuTe 0TCIO/Ia, UTO CyMMa
YIJIOB B [IPOM3BOJILHOM N-yTOJIbHUKE paBHa (n — 2)7.

1.59. Knerkn maxmarnoit gocku 100 X 100 packpariens! B 4 11BeTa Tak,
49TO B JIIOOOM KBajpare 2 X 2 BCe KJETKU pa3Horo isera. Jlokaxkure, 4TO
YIJIOBBIE KJIETKH PACKPAIIleHbl B PA3HLIE IIBETA.

1.60. Nmeercs k aimukoB. B HEKOTOPBIX U3 HUX JIEXKAT elre k amukos. B
HEKOTOPBIX U3 HOCJEIHUX JIeXKAT eme amuku (caoBa k mryk) u T. 1. CKojib-
KO BCETO SIIUKOB, €CJIN 3aII0JTHEHHBIX M7

1.61. Teopema Ditsepa. [lokaxkure, 9TO 1715 JIFOOOTO BBIILYKJIOIO MHO-
rOrpaHHUKA MUMeeT MeCTO COOTHOIIEHUE
B-P+I'=2,
rae B —awucio ero Beprmun, P — qucio pebep, I' — uucno rpaneii.

1.627 Bagaua CuabbecTpa. Ha MIOCKOCTH B3ATH HECKOIBKO TOUEK
TaK, 9TO HA KAXKJION MPSAMOii, COeIUHSIONIEH JII00bIe JIBe U3 HUX, JIEYKUT 110
Kpaiiteit mepe ere ofgHa Touka. JIokaxkuTe, 9TO BCe TOUKH JIEyKAT Ha OTHOM
IPAMO.

1.63. Ckosibko cymiecTByeT (HEBBIPOJKJIEHHBIX) TPEYTOJbHUKOB IMEpH-
Merpa 100 ¢ mesibIMK JIJIMHAMEA CTOPOH?

1.64. MHOrOyroJsibHbIe 4ucJa. st HaX0XKIeHUsT 1M-yTOJbHBIX IUCET
P,.(n) mapbl yKJIaIbIBAIOTCA B BAJIE IPABUJILHBIX M-yTOJbLHUKOB CO CTOPO-
HOI 1 KaK MOKA3aHO Ha PUCYHKAX:

q@{ﬂ Q@@

Py(n)=1,3,6, 10, . .. Pi(n)=1,4,9,16, . ..
Py(n)=1,5,12,22, ... Ps(n)=1,6,15,28, ...

Hokaxkure, 9TO I TPOU3BOJIBLHOTO M > 3

n((m —2)n — (m —4))
3 .

Pn(n) =
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1.65. IIpoBepbTe caeyiomniue CBORCTBA MHOTOYTOILHBIX UHUCEJT:

a) P3(n) 4+ Ps(n —1) = P,y(n);

6) 3P5(n) = P3(3n — 1);

B) P,(n)=(m—2)Ps(n—1) +n.

Haiite anrebpanydeckne U TeOMEeTPUUECKHE JTOKA3aTE/IHLCTBA ITUX (haK-
TOB.

1.66. T'ekcol. MHOr1a mecTryroIbHBIME HA3BIBAIOT Takxke ducia X (n),
KOTOPBIE IIOJIy YaI0TCs, €CJIU IIaPhI YKJIAbIBATH B IPABUJIbHbBIE IIIECTHYT0JIb-
HUKHU CO CTOPOHOH M 6e3 MyCTOT:

X(n)=1,7,19,37

Yrobbr n3bexkars myTanuibl, M. [apaaep HazBaa Takue 9ucja «rekca-
mu». IIpoBepbre ciieayionue csoiicra dncen X (n):

a) X(n)=6P;(n—1)+1;

6) X(1)+X2)+...+ X(n)=n

Kak u B 3amage 1.65, Haiigure ajgrebpandeckue U reOMETPUIECKUE 10~
Ka3aTeJbCTBA ITUX (DOPMYIL.

1.67. TerpasapanbHbie yncia. [lycTs mapsl ¢J102KeHbI B BUJIE TETPa-
3/Ipa, y KOTOPOI'o Kazki0e pebpo cocrout u3 n mapos. Obo3HauuM yepes Y,
KOJIMYECTBO MIAPOB B TAKOM TeTpas’nape. IIpoBepbre ciemyromue cBoiicTBa
TETPadIPATHHBIX YUCEJ Y, :

a) Y, =Y, 1+ B(n);

6) Y, = n(n + 1)(n—|—2)'

B) Y,

6
1n+2-n—-1)+3-n—2)+...+n-1
1.68 Teopema Xosuta o cBaabbax. Ilycrbs mMeercs m IOHOIIEI,
KaXKJIbIi U3 KOTOPBIX 3HAKOM C HECKOJbKUM JieByliKamu. Jlokaxkure, 910
BCEX IOHOIIEH MOXKHO YKEHUTh Ha 3HAKOMBIX UM JIEBYIIKAX B TOM U TOJBKO
TOM cilydae, KOorja Jiobble k I0HOINel n3 JaHHOrO MHOXKECTBa 3HAKOMBI IO
Menblieit mepe ¢ k gesymkamu (1 < k< m).
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2.1. CjI0>XUTh WJIN YMHOXKUTb?

2.1. a) B Crpane Yyznec ectb tpu ropoga A, B u C. U3 ropona A B
ropoz, B Beger 6 mopor, a u3 ropoga B B ropog C'— 4 noporu. CkogbKuMu
crocobamMu MOXKHO 1poexarb oT A o C7

6) B Crpane Uynec nocrpousu eme oxus ropof, D u HECKOIBKO HOBBIX
gopor —aBe u3 A B D u gse uz3 D B C. CKOJIBKUME CITOCODaAMU MOXKHO
Tenepb Jo6parhesa u3 ropoga A B ropox C7

ITpaBuso cymmebl. Eciu snemerT a MOXKHO BbIOpaTh m crocobamu, a
as1eMeHT b (HE3aBUCUMO OT BBIOODA 3JIEMEHTa ¢) — 7 CocobaMu, TO BBIGOD
«a WM by MOXKHO cIIesiaThb 1M + n crocobaMu.

IIpaBusio mpousBeaenus. Ecin s71eMeHT a MOYXKHO BBIOpATH M CIIOCO-
Gamu, a ssiemeHT b (HE3aBUCHMO OT BBIOOpA JIEMEHTA @) — 7 CIIOCOOAMU, TO
BBIOOD «a 7 by MOXKHO CIEJIATH 1M - 1L CIOCODAMMU.

2.2. CKOJIBKO CYIECTBYET PA3JIMYHBIX CEMU3HAYHBIX TeJeOHHBIX HO-
MepOB (CYUTAETCsI, YTO HOMEP HAUYUHATHCS C HYJId HE MOXKET)?

2.3. Homep aBTOMAIMHBI COCTOUT U3 TPeX OYKB PYCCKOTO ajdaBuTa
(30 6yxB) u Tpex nudp. CKOIBKO CYIECTBYET PA3JINIHBIX HOMEPOB ABTO-
MalluH?

2.4. B HeKOTOPOI IMIKOJIe KAXKIBIN MKOJbHUK 3HAKOM C 32 IIKOJIHLHUATIA-
MU, & KazKJas IIKOJbHHIA — ¢ 29 mKogbHuKamMu. Koro B Imkosie GoJibIire:
IIKOJIbHUKOB MJIN MIKOJIBHUIL U BO CKOJIBKO pa3?

2.5. B a3bike 0JIHOTO JPEBHETO IJIEMEeHH ObLIO 6 TVIACHBIX U 8 COTJIACHBIX,
[IpUYEeM IIPU COCTABJIEHUU CJIOB IJIACHBIE U COIVIACHBIE HEIIPEMEHHO Yepeso-
Basuch. CKOJIBKO CJIOB U3 JIEBATH OYKB MOIJIO OBITH B 3TOM sI3bIKE?!

2.6. Andasur mwiemenn Mym60-FOM60 cocrout u3 tpex 6yke. CiioBoM
ABJIIeTCA JII00asI II0CJIEI0OBATEIBHOCTD, COCTOAINAs He 60sIee YeM U3 YeThIpeX
6yxB. CkoJIbKO 0B B si3biKe 1uieMern Mym6o-FOm60? (Cm. rakzke 12.10.)

2.7. CKOJIBKO CYIIECTBYET IMEeCTU3HATHBIX YUCEJT, JeANIXC Ha 57

2.8. CKOJIbKO CyIIECTBYET MECTU3HATHBIX YNCEJ, B 3AIMCHA KOTOPBIX €CTh
XOTs1 ObI OfIHA YeTHas mudpa’
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2.9. CKOJIBKO CYIIECTBYET JECATU3HAUHBIX YKCEJ, B 3AIMCH KOTOPBIX
MMeeTCsI XOTsI ObI IBE ONMHAKOBBIE TIUQPPHI?

2.10. Kakux ceMu3HAYHBIX 9uCes OOJIBINE: TE€X, B 3AIMCA KOTOPBIX €CTh
€JINHUTIA, WX OCTAJTHHBIX !

2.11. ITaccaxkup ocTaBWJI BEId B aBTOMATUYIECKON Kamepe XpaHeHWs,
a KOTJIa IIPUIIEN TOJydaTh BEIH, BBISICHUIOCH, 9TO OH 3a0bL1 HOMep. OH
TOJIBKO [TIOMHUT, 9TO B HOMepe ObLin dncia 23 u 37. UToObl OTKPBHITH KaMe-
DY, Hy2KHO MPaBWJIBHO HAOPATH IIsITH3HAYHBI HOMep. KaKoBO HamMeHbIee
KOJITYeCTBO HOMEPOB HY2KHO IepedpaTh, YTOOBI HaBEPHIKA OTKPBITH KaMe-
py? (Yucna 23 u 37 MOKHO yBUJETh U B uncie 237.)

2.12. CKOJBKO CyIIECTBYET HMATU3HAYHBIX UHCEJ, KOTOPBIE OJUHAKOBO
YUTAIOTCA CJIeBa HAIPABO U CIIpaBa HajeBO (Hampumep, Takux kak 54345,

17071)?

2.13. CKOJIBKO CYIIECTBYET JE€BATU3HAYHBIX YUCE]I, CyMMa IU(pP KOTO-
pbIX derHa?

2.14. CKOIBKAME CHOCOOAME MOYKHO PA3JIOXKUATH 7 MOHET PA3JIMIHOTO
JIOCTOMHCTBA [0 TPeM KapMaHam?

2.15. HazoBem HATypa/bHOE YUCTO «CUMIATUIHBIMY, €CJIA B €r0 3allu-
CH BCTPEUYAIOTCS TOJIBKO HedeTHbe U@Pbl. CKOIBKO CYNECTBYET YeThIPeX-
3HAYHBIX «CAMIIATUIHBIX» THCEJI!

2.16) Ha 1Byx KJIeTKax IMaXMATHOM JOCKH CTOAT depHasd U beaas pui-
Kd. 3a OJIMH XOJ| MOYKHO IE€DPEJIBUHYTH JIOOYIO U3 HUX HA COCEIHIOI IO
BEPTUKAJN WK 110 TOPU30HTAIM KJIETKY. (7B (DUIIKN He MOTYT CTOSTH Ha
ozHOM KyteTke). MoryT jim B pe3ysbrare TAKHX XOJIOB BCTPETUTCS BCE BO3-
MOXKHBIE BAPUAHTHI PACIIOJOXKEHUS ITUX JBYX (PUIIEK, TPUIEM POBHO IIO
ogHOMY pa3y?!

2.2. Ilpuniun /Inpuxie

IMpunuun Jupuxie (mpuHumn Aiukos). [pu mo6oM pactpeaeste-
mnu nk 4+ 1 wim 6oJiee TpeaIMETOB IO N SIIIUKAM B KAKOM-HUOYIDL SIIIKE
OKazKeTcs He MeHee ueM k + 1 mpeaMer.

2.17. JlokaxKuTe, 9YTO CPeI MOCKBHYEHl €CTh JBa UeJIOBEKa C PaBHBIM
YUCJIOM BOJIOC, €CJIM U3BECTHO, YTO Y JIIOOOro 4esjioBeKa Ha I'0JIOBE MeEHee
OJIHOI'0 MUJIJIMOHA BOJIOC.

2.18. CKOJIBKO paIMOHAIbHBIX CJIAraeMbIX COIEPIKUTCS B PA3JIOKEHUN

Q) VIV 6) (VI VB

2.19. B memke 70 m1apoB, OTIMIAIONTIXCS TOJIBKO IIBeTOM: 2(0) KpaCHBIX,
20 cunnx, 20 XKeJTHIX, OCTAJIbHBIE — YepHbIe U Oesble. Kakoe HamMenbImee
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YUCJIO MIAPOB HAJO BBIHYTH U3 MEIKa, He BUJIA UX, YTOOBI CPe HUX OBLIO
e meree 10-Tu mapoB oHOTO 1BeTa?

2.20. HekoTopble TOYKM M3 JAHHOTO KOHEYHOT'O MHOXKECTBA COEIUHE-
HbI oTpe3kaMu. JlokakuTe, ITO HAMTYTCA JIBE TOUYKH, U3 KOTOPBIX BBIXOJIUT
TIOPOBHY OTPE3KOB.

2.21. Nwmeercsa 2k + 1 xapTovek, 3aHyMEPOBAHHBIX YUCIAMHU OT 1 10
2k + 1. Kakoe HamboJibIliee 9MC/IO KAPTOYEK MOXKHO BBIODATH TaK, ITOOBI
HU OJWH U3 W3BJCYCHHBIX HOMEPOB He OBLI PAaBEH CyMMe IBYX JAPYTUX W3-
BJIEIEHHBIX HOMEPOB?

2.22. Kakoe HanboJIbIIIEE YUCIO KOPOJIEH MOXKHO IIOCTABUTH HA IMAXMAT-
HOM JTOCKe Tak, YTOObI HUKAKWE J[Ba M3 HUX He Omn Apyr apyra?

2.23. C10 9eI0BEK CUISAT 3a KPYIJIBIM CTOJIOM, IIpIdeM 0oJiee IOJIOBUHBI
U3 HUX — MYZKYIHBI. JIOKaXKuTe, 9T0 KaKHe-TO JIBOE U3 MYKIUH CHALAT JIPYT
HAIpOTHUB JpyTa.

2.24. Ha cknajze nmeerca no 200 canor 41, 42 u 43 pasmepoB, IpuaeM
cpean atux 600 camor 300 meBrix m 300 mpaBbiX. lokakuTe, 9TO U3 HAX
MOKHO cocTaBUTh He MeHee 100 roaHbIx map oO6yBH.

2.25. Heckobko Gy TOOMBHBIX KOMAH] IIPOBOSAT TYPHUDP B OJUH KPYT.
Hoxaxxure, 910 B JII0OOOI MOMEHT TypHHUPa HAWIyTCS JBE KOMAHIIBI, ChIT-
paBIIde K 3TOMY MOMEHTY OJMHAKOBOE THCJIO MaTdeil.

2.26. U3 guces ot 1 gm0 100 Beibpano 52 umcia. JJokaxkure, 9T0 cpean
BBIOPAHHBIX YHCEJ HAWIyTCs JiBa, PA3HOCTb MEXKJYy KOTOPBIMU paBHA 3.

2.277 Jlano 51 pasu9HbIX ABY3HAYHBIX Ynces (0HO3HAYHbIC THC/Ia CHH-
TaeM JBy3HAYHBIMU C 1epBoil nudpoii 0). JJokaxkure, 4T0 U3 HUX MOXKHO
BBIOpaTh 6 TAKMX YHUCEJI, YTO HUKAKHe 2 U3 HUX HE HUMEIOT OJIMHAKOBBIX
nudp HA B OTHOM paspsie.

2.28. Yucaa ot 1 g0 101 BBIUCAHBI B TPOU3BOJILHOM TOpsiiKe. /lokaxu-
Te, YTO U3 HUX MOXKHO BbIYepKHYTbh 90 unces Tak, 4To ocrasimecs 11 uncen
OYIyT CJIEJIOBATH OJIHO 32 JPYTUM B IOPsAJIKE BO3PACTAHUS MU YObIBAHUS.

2.29. Nmeerca 2000 Touek. Kakoe MakcuMaabHOE UUCJIO TPOEK MOYKHO
U3 HAX BBIOPATH TaK, YTOOBI KAXKJIbIE BE TPOMKU UMEIN POBHO OJTHY ODIILYIO
TOUKY?

2.30. Jlaner 1002 pasnuaabix uucia, #He mpeBocxoisimux 2000. loka-
JKUTE, 9YTO U3 HUX MOXKHO BBIOpDATH TPH TAKUX UUCJA, YTO CyMMa JBYX W3
HUX paBHA TpeTbeMy. OCTaHeTCs JI 9TO yTBEPXKIEHUE CIIPABEJINBBIM, €CJIN
quciio 1002 3amenuts Ha 10017

* o .
2.31. Jlana npsiMOyTOJIbHASI TabJIUIA, B KaXKJIOH KJeTKe KOTOPOW Ha-
[IICAHO BEIIECTBEHHOE YMCJIO, MPUYEM B KaXKJOH CTPOKe TabOJIUAIBI UUCTIA
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PaCIIOJIOZKEHBI B IIOPsIKe Bo3pacTaHus. JlokazKuTe, 9TO €CJIi PACIOIOKUTh
quCia B KaXKJIOM CTOJIONE TabJIAIB B ITOPSIKE BO3PACTAHUS, TO B CTPOKAX
[TOJTYy 9€HHO TabJ/IHUIIBL YUCIa TO-TIPEXKHEMY OYIyT PACIOIAraThCs B OPSIIKE
BO3pacCTaHU.

2.32. B Bos1€itb0/IbHOM TYPHUPE KOMAH/IbI UTPAIOT JPYT C JIPYTOM IO O
HOMY MaT4y. 3a M0be/ Iy JAeTCs OJTHO OUKO, 38 IopakeHne — HoJib. VI3BecTHO,
9TO B OJMH U3 MOMEHTOB TYyPHHPA BCE KOMaHIbI UMEJIN Pa3HOE KOJIMIECTBO
09kOB. CKOJIBKO OYKOB HaOpaJia B KOHIE TyPHUPA IIPE/IITOC/IEIHsIsT KOMAHIA
7 KaK OHA ChIrpaja ¢ mobdeauresemM?

2.33. BeckoneuHast KyeTaaTast J0CKa PACKpAIlleHa B TPU BeTa (KarxKaast
KJIETOUKA — B OJIUH U3 1[BETOB). JIoKaxKuTe, 9TO HAMYTCS YeThIpe KIEeTOUKH
OJIHOT'O I[BETA, PACIIOJIOXKEHHBIE B BEPIINHAX [IPIMOYTOJIBHUKA CO CTOPOHA-
MM, TapaJIEIbHBIMI CTOPOHE OJTHON KJIETOYKU.

2.34. Hokaxkure, uro u3 11 pasinaabix OECKOHEUHBIX JIECATUIHBIX JTIPO-
6eit MOXKHO BBIODATH JIBE TAKMe, KOTOPhIE COBIIAJAIOT B OECKOHETHOM YHCJIE
pa3psIoB.

2.35. Ha miockoctu manbl 6 TOUEK Tak, UTO HUKAKHE TPU U3 HUX HE
JIeKaT Ha ofHoi mpsmoit. Kakmas mapa Todek coeImHEHa OTPE3KOM CH-
Hero wim KpacHoro Iseta. Jlokaxkmre, 9TO Cpeu JaHHLIX TOYEK MOXKHO
BBIOPATH TaKWe TPHU, 9TO BCE CTOPOHBI OOPA3OBAHHOTO UMU TPEYTOJbHUKA
GyayT okparmmensl B onuH nser. (Cum. Takxke 5.47.)

2.36. Jlokaxkute yTBepKaeHue 33 1a4u 1.26 mpu oMoty npunnuma, Jlu-
puxiie.

2.37. Teopema dupuxie. Jokaxkure, 9T0 [jis1 JIFOOOTO JIEACTBUTE B~
HOTO (v U HATYPAJIBHOIO T CYMIECTBYIOT TAKHUeE IeJble a U b, 9T0

2.38. [lokaxwuTre, 9TO A5 JIOOOrO MPPAIMOHAIBHOIO (v HEPABEHCTBO

1

<

‘a_

umeeT GECKOHEYHO MHOIO PEIIeHHil B DAIMOHAJIBLHBIX Apodax a/b.

2.39. Ilyctb oy, ..., o, — JeficTBUTEIbHBIE YUCTIA U T — HATYPAJILHOE.
Jokazkure, 9TO CYIIECTBYIOT PAIMOHAJbHBIE Apodu a,/b, ..., a,/b Takue,
970

al 1 an 1 n
= =< —, ... ‘oa - = —, b<rT
‘ b br’ BN b br’ =
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2.40. CoBmecTHbie npubian>keHus. C IOMOIIBIO IPEIbLIYIIel 3a1a-

YU JIOKAXKUTE, YTO JJId JEHCTBUTEIBHBIX (U, . . ., (y, CUCTEMa HEPABEHCTB
ai 1 an 1
O = | Sy % T | S e
umeeT GECKOHEYHO MHOIO PEIEHUl B PAIMOHAJBHBIX Apo0sx a1 /b, ..., a,/b.

2.3. Pazmenienus, 1mepecTaHOBKN U COYETAHUS

Onpepnenenue. [lycts M ={a,, ..., a,} —MHOXKECTBO U3 N IEMEHTOB.
Ha6oper Buna (a;,, - - -, a;, ) OyneM Ha3bIBaTh k-pasmewenuamu. dpa k-pas-
MEIEHUsI CUATAIOTCS PA3IUIHBIME, €CJIM OHU OTJIUYAIOTCS JPYT OT JApyra
BXOAANIMMYU B HAX 3JIEMEHTAMHE HJIU MTOPSIKOM 3JIEMEHTOB.

Eciu B pasMeIIeHnsX 9JIeMEHTHI Gy, , - . . , (;, HONAPHO PA3INIHBL, TO 3TO
pasmewerus 6e3 nosmoperud. Eciu e cpeiu 37eMeHTOB a;,, . . ., G;,, MO-
I'YT TONAJAThCsI OJIMHAKOBbIE, TO TaKue HAGOPbI HAZBIBAIOTCS PA3MEUEHUS-
MU C NOBMOPEHUAMU.

KonmuecTsa pasmemmennii 6€3 MOBTOPEHUil U ¢ MOBTOPEHUSIME 0003HAYA-
torcss A® w AX coorsercTsemto.

i)

2.41. JlokaxkuTe paBeHCTBA: -
a) Ak =nn—1)...(n—k+1); 6) Ak =nk.
2.42. B naccaxxupckom 1oes;ie 17 Baronos. CKOJIBKIME CIIOCOOAMEI MOXK-

HO pacHpeJie]IuTh 110 BaroHaMm 17 IIPOBOTHUKOB, €CJIU 32 KazK/IbIM BaroHOM
3aKPEIISeTCs OJUH ITPOBOIHUK !

Omnpenemnenne. [lepecmarnoskamu Ha3bIBAIOTCS N-pa3MeNIeHus 6e3 mo-
BrOpeHuii asiemenToB Muoxkecrsa M = {ai, ..., a,}.

KonmiaecTBo mepecTaHOBOK MHOXKECTBA U3 71 JEMEHTOB O0O3HAYAET-
csa P,.

2.43. Jlokaxkure paBeHcTBo P, =nl.

2.44. CKOJIBKO CyIeCTBYeT CIIOCOOOB pacCTaBUTh 8 Jiajieil Ha ImaxMar-
HOM JTOCKe Tak, 9T0ObI OHU He Owim ApyT apyra?

2.45. CemHAOIATD AEBYIIEK BOIAT XOPOBOA. CKOJIBKAMEI PA3TUIHBIMEI
crrocobaMu OHU MOTYT BCTAThb B KPYT'!

2.46. CKOJIbKO CYIIECTBYET OXKEPEJIHii, COCTABIEHHBIX U3 17 pas3ImIHbIX
OyCUHOK?

2.47. Haiiymure cymMMy BCeX 7-3HAUHBIX HHCEJ, KOTOPbIE MOYKHO ITOJIY-
9UTHh BCEBO3MOXKHBIMU TlepecTanoBkamu mudp 1, ..., 7.

2.48. a) CxrosbKuMu criocobamu 28 yUYEeHUKOB MOT'YT BLICTPOUTHLCS B 09~
peJib B CTOJIOBYIO?
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6) Kak mamenurcs s1o uncio, ecau Ilerio Usanosa u Koo Bacuna
HeJIb3¢ CTABUTH APYT 3a Apyrom?

2.49. CKOJbKUMH CII0CO6AMHU MOXKHO BHIOPATh YeThIPEX YeJIOBEK Ha de-
TBhIPE PA3JIUYHBbIE JOJIZKHOCTHU, €CJIM HUMEETCs JEBATH KAHAWIATOB Ha ITH
JOJZKHOCTA?

2.50. U3 knacca, B KOTOPOM ydarcd 28 4YeJIOBEK, Ha3HAYAIOTCA Ha Je-
JKYPCTBO B CTOJIOBYIO 4 denoBeka. CKOJBKUME CIIOCOOAMEU 3TO MOXKHO CJIe-
sgaTh? CKOJIBKO CYIIECTBYET CrIocOO0B HAOpPATh KOMAH/LY JI€XKYPHBIX, B KO-
TOPYIO TONAJeT yIeHuK 31oro kjiacca Koss Bacun?

Ounpenenenne. [Iycts M ={ay, ..., a,} —MHOKECTBO U3 T JIEMEHTOB.
HaGopst (a;,, ..., a;, ), B KOTOPBIX MOPSJIOK CYATAETCS HECYIIECTBEHHBIM
Has3bIBaloTCA k-covemanuamu. To ecTb 1Ba k-coueTaHuss CINTAIOTCS PA3INY-
HBIMU, €CJTH OHU OTJIMIAIOTCS JPYT OT APYTra BXOAANIMMY B HIX 3JIEMEHTAMU,
HO HE MOPSIIKOM 3JIEMEHTOB.

AHAIOTUYHO pa3MeNeHnsIM CoOUeTaHus OBIBAIOT Oe3 TIOBTOPEHUH U C TI0-
BTOPEHUSIMU.

KomuuectBa coderanuii 6e3 MOBTOPEHUN U C MOBTOPEHUSIMU OOO3HAMA-
torca CF u C* coorsercTBemHo.

2.51. U3 aByX MaTeMaTHUKOB U JECATH SKOHOMHCTOB HAJI0 COCTAaBUTH
KOMECCHIO U3 BOCBMU 4ejioBeK. CKOJBKUMU CIHOCOOAMEU MOXKHO COCTABUTH
KOMICCHIO, €CJI B Hee JIOJI?KEH BXOJIUTHb XOTs Obl OJIUH MATEeMATHUK !

2.52. Ha mnockoctu mano n Touek. CKOJIBKO UMEETCs OTPE3KOB C KOH-
AMHI B 9TUX TOYKAX?!

2.53. Ha miockocTr mpoBeieHO 1 IPSIMBIX «ODINEro moJioxKeHusi». Haii-
JUTE KOJIMIECTBO TOYEK ITepecedeHns ITuX npsiMbix. CKOJIBKO TPEYTOIbHU-
KOB 00pa3yIioT 9TH MpPsMbIe?!

2.54. Ha 1Byx mapaJuiesibHbIX IPSAMBIX @ 1 b BIOpaHbl Toukn A, A, ...,
A, u By, By, ..., B, coorBercrBerto. CKOJILKO OyJeT TOUEK MepecedeHus,
ecam iposecTH Bee orpe3ku Buga A;B; (1 <i<m, 1< j < n), upu yciosuu,
9TO HUKAKWE TPU U3 ITUX OTPE3KOB B OJHON TOUYKE HE MEePECEKAIOTCs !

2.55) Kurouu ot ceiicpa. MexxayHapoHasi KOMUCCUSI COCTOUT U3 9 e-
JoBek. Marepuasibl komuccnu xpausarcs B cefidpe. CKOIBKO 3aMKOB JI0JIYKEH
UMeTh ceiid, CKObKO KJIOUe I HUX HY2KHO U3TOTOBUTH U KaK UX Pas-
JIEJIATD MEXKJIy 9JIEHAMH KOMUCCHU, ITOOBI JTOCTYII K celidy ObLIT BO3MOXKEH
TOIJIa U TOJIBKO TOTJA, KOl cobepyTcs He MeHee 6 9JIeHOB KOMUCCHU !

Paccmorpure 3ajady Takke B TOM ciydae, KOTJ@ KOMHCCHS COCTOUT
U3 N 9eJI0BEK, a cefih MOXKHO OTKPBITH [IPU HAJIWYHUN 111 UJIEHOB KOMUCCHAN
(m < n).
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2.56. Y Hunbr 7 pa3Hbix MOKOJaIHBIX KOHMeT, v Komn 9 pasubix Ka-
pamesek. CKoJbKUMHE CIIOCOOAMHU OHU MOTYT OOMEHSITHCSI JIPYT C JPYyTOM
MATHIO KOHpeTaMu?

2.57. Jlokaxxute paBeHCTBA

! = (n+k—1)!
k_ n k_ vk k—1. k_(k _ :

a) On_ (n—k)! k! 6) On_ n—1 +On71a B) Cn_0n+k71_ (n_ 1)!k! .

2.58. Jlokaxwure, uTo GuHOMHATLHLI Koaddumment CF MoxkHO ompe-
JEJINTH KaK KOJIMIECTBO CIIOCODOB BHIOPATH k-3JIeMEHTHOE TIOJIMHOXKECTBO B
MHOXKECTBE U3 N 3J1eMeHTOB. Kakoili KOMOMHATODHBIN CMBICJI MOXKHO IIPH-
JIATh PaBEHCTBY 0) M3 npeablryIedi 3azaau?

2.59. Bunom HsbroTona. Jlokaxkure CripaBeyIntBOCTb (hOPMYJIbI
(x+y)"=C2" + Cla" 'y + C2x" *y* + ... + Cly™.

Yucna C* mraspiBaloTcs GHHOMUATBHBIME KOIbDDHUITIEHTAME, HOCKOIbKY OHI
BOZHHMKAIOT IPU BO3BEJECHUU B CTEIIEHbL OUHOMA T + .

2.607 JTokazkuTe, 9To JIJId JI060r0 HATYPAJILHOrO ¢ HalIeTcs TaKoe Ha-
n
TypaJibHOE 1, UTO Bce yucaa n+ 1, n® + 1, n™ + 1, ... mexdarcda Ha a.

2.61. CKoJIBKO JMaroHajieii UMeeT BBIITYKJIbII:

a) 10-yrospuuk; 6) k-yrossuux (k> 3)?

2.62. B BBIIYKJIOM n-yroJibHUKE MPOBEEHbI Bee auaroHam. OHu pas-
OMBAIOT €ro Ha BBIIYKJIble MHOIOYIOJIbHUKU. BO3bMeM Cpeu HUX MHOI'O-
YTOJBHUK C CAMBIM OOJIBIAM YUCIOM CTOPOH. CKOJIBKO CTOPOH OH MOXKET
nMeTh?

2.63. AmarpaMmmbl. AHarpaMMoil Ha3bIBAETCS IIPOU3BOJILHOE CJIOBO,
[OJIyYE€HHOE U3 JIAHHOTO CJIOBa NepecTaHOBKON O6ykB. CKOJBKO aHArpaMm
MOKHO COCTaBUTh U3 CJIOB: &) TOYKa; 0) IpsiMasi; B) Hepelieek; ) Ouc-
cekTpuca; 1) abpakanabpa; e) KOMOMHATOpUKA?

CKOJIBKO aHATPAMM IOJIyYUTCs U3 CJIOBA, B KOTOPOM BCETO N OYKB, 13 KO-
TOPBIX M PA3JIMIHBIX, IPUYEM IepBast OyKBa BCTpedaeTcs k; pa3, BTopas —
ko pas, ..., nocaenass k,, pas?

Hexoropsie koMOMHATOPHBIE BOIIPOCHI PEIIAIOTCS, €CJIU YCJIOBUE YIAET-
cs1 repe>OpMYJINPOBAaTh B TEPMUHAX CJIOB U aHarpamm. I[Ipummepom moxker
CIIYKUTH CJIEJIYIONAst 3a/1a44a.

2.64. ITTaxmaTtHbIi ropoa. PaccMoTpuM IpsiMOYTOJIBHYIO CETKY KBaJI-
paToB pasMepaMu M X 1 — MIAXMAaTHBIN TOPOJI, COCTOSAIINNI U3 <KBapTAJIOB»,
pa3/1esIeHHbIX N — 1 TOPU3OHTAIBHBIME U M — 1 BEPTUKAJIBHBIMUA «YIIHIIAMU.
KakoBo 4mcI0 pasmumyHbIX KpaTdaiiiumx myTeifl Ha TO#l ceTKe, BELyIIIX
u3 jeBoro Humkuero yria (touka (0;0)) B upasblii BepxHuii yrosu (Touky
(m;n))? (Cm. Takxke 2.83.)
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2.65. Nmeerca xkyd pasmepom 10 x 10 x 10, cocrosiuit u3 MaJeHbKUX
emHUIHBIX KyOukoB. B neatrpe O 01HOTO U3 yIIIOBBIX KYOUKOB CHUIUT KY3HE-
quk. OH MOXKET IPBITaTh B IEHTP KyOWKa, MMEIOIIEro OOIyI0 IPaHb C TEM,
B KOTOPOM KY3HEUHK HAXOJUTCS B JAHHBI MOMEHT, IPUYEM TakK, ITOOBI
paccrosinue 10 ToYKu O yBesnauBajioch. CKOJIBKUME CIIOCOOAME KY3HEUNK
MOKeT JIONPBITATD JI0 KyOnKa, MPOTUBOIIOJIOZKHOTO UCXOJHOMY !

2.66. YiuTKa JOJKHA MIPOIOJI3TH BIOJIb JIMHAN KJIEeTIaTO! OyMaru myTh
JJIUHBL 21, HaYaB U KOHYUB CBO Iy Th B JJAHHOM y3Jie. /JJoKaXKuTe, ITO YUCIIO
Pa3IMIHLIX ee MaprmpyToB pasao (CF)2.

2.67. ITapaJuresiorpaMM mepeceKaeTcss IBYMsI PsA/IaMi IPSMbBIX, IIapaJi-
JIEJIbHBIX €r0 CTOPOHAM; KaXKJBIi DPsiJi COCTOUT U3 M NpsaMbIX. CKOJIBKO
[MapaJuIeIOrPaMMOB MOYKHO BBIIEJIUTH B 00pa30BaBIIelics CceTKe?!

2.68. CroapKUMHI crIocobaMy MOYKHO pa3leIuTh Ha KOMAHIBI 10 6 we-
JIOBEK JIJIsE UT'PBI B BOJIEHOOJI TpyIIITy:
a) u3 12; 6) u3 24 cnoprcmMeHoB?

2.69. nmeercsa muoxkectBo C', cocrosinee u3 n 3jaeMeHToB. CKOJIbLKAMEI
crocobamMu MOXKHO BbIGpaTh B C' J1Ba moaMHOXKecTBa A 1 B Tak, 9To0bI

a) MHOXKecTBa A U B He Iepecekauch;

6) MHOXKecTBO A cosepkaioch 66 B MHOXKecTBe BY?

2.70. ITostmHOMMAaIbHAsE TeopeMa. J/lokaxKuTte, ITO B pPABEHCTBE

k k
(14 ... +x,)" = g Cky, ..oy kp)zyt o oamm
ki+...+km=n
ko3 dburmenter C(ky, . . ., k,,) MOryT OGbITH HalizieHbI 10 dhOpMYJIe
|
mn.
Clki, ..., kp)=—"—"—.
(ky, - fom) Eile k!
Yucaa C(ky, ..., kn)Ha3BIBAIOTC HOIMHOMHUAJIBHBIME KO duUIneHTaMu.

2.71. Ilpu urpe B mpedepanc KaxkJOMy U3 TPeX HI'DOKOB PA3JAKT 10
10 xapT, a nBe KapThl KIaAyT B HPUKyI. CKOJIBKO PA3JIMUHBIX PACKJIAI0B
BO3MOXKHO B 310it urpe? (Cum. takxke 2.102.)

2.72. CKOJIBKO CyIIecTByeT 6-3HAYHBIX YUCEJI, Y KOTOPBIX KaxKJjasl I0-
creytomias nudpa MEHbIIE TPeIbIIyIIeni?

2.73. Unmeercst m GeJIBIX U 1 YePHBIX MIApOB, mpudeM m > n. CKOJbKUMI
crnocobaMu MOXKHO BCe IIaphl PA3JIOXKUTh B Pl TAK, YTOObI HUKAKUE JIBA
4YepHBIX mmapa He Jexamn psagom? (Cm. takxke 3.163, 11.107.)

2.74. Illectb sammKoB 3aHyMepoBaHbl yucjaaMu or 1 10 6. CrosibKuMU
crrocobaMu MOXKHO PA3JIOKUATH 1O STUM srukaM 20 0ITMHAKOBBIX IIAPOB TaK,
9TOOBI HU OJMH SIIIIUK HE OKA3AJICS IIYCTHIM?
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CKOJIBKHUMHE CITOCOOAME MOXKHO PA3JI0XKHUTh 1 OJMHAKOBLIX HIAPOB II0 M
(n>m) NPOHYMEPOBAHHBIM ANIMKAM TAK, YTOOLI HU OJIUH ANIUK HE OKA3AJIC
myCThIM?

2.75. lllectp smukoB 3aHyMepoBaHbl unciaavu or 1 10 6. CrosmbkuMu
C110c06aMU MOYKHO PA3JIOKUTD 1O 3TuM drmukaM 20 0JJMHAKOBBIX MIAPOB (Ha
9TOT Pa3 HEKOTOPBIE SMUKA MOTYT OKA3aThCs IyCTHIME)?

2.76. CKOJIBKO pellleHril nMeeT ypaBHEHMe
1+ X9+ 23 = 1000

a) B HATYDAJIbHBIX; ©) B IIEJIBIX HEOTPHUIATEIbHBIX IUCIIaX !

(Cm. rakxe 11.86.)

2.77. CKOJBKAMHU CIIOCODAMU MOYKHO COCTaBUTH OyKeT u3 17 IIBETKOB,
€CJI B IIPOJIarKe UMEIOTCS I'BO3/IUKH, PO3bI, TVI3 INOJIYChl, HPHUCHI, TIOJIbIIAHbI
U BaACUJIbKU?!

Onpenenenne. Bunomuasibabie KOG MUIUEHTHI YI00HO paciojararb
B BHjie TabJIUIBI, KOTOpas Ha3bIBAETC mpeyzosvrurom Ilackans

On obsazaer caMbiME Pa3HOOOpa3HbIME CBoOicTBaMu (cM. 3ajadu 2.82,

2.83).

2.78. Tlouemy pasencTBa 112 =121 u 11% = 1331 nmoxoxXu Ha CTPOYKH
rTpeyroubhuka [lackana? Yemy pasao 1147

2.79. CKOIbKUMHI CIOCODAMHE JABUTASICH TI0 CJEAYIONei Tabuie oT OyK-
BBI K OyKBe

MOZKHO IIPOYHUTATH CJIOBO «KBa,ZLpaT»?

2.80. [IpumymaiiTe Kakoit-HUOYIH CIIOCOO HOCTPOUTH TpeyroJabHUK [Tac-
KaJid BBEPX.
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2.81. Ilpm kakux 3HaYEHUSX N BCe KOIPDUIMEHTHI B PA3IOKEHUN OU-
unoma Heiorona (a + b)™ neuernnt?

2.82. Boryucanre CyMMBbI:

a) CY+2C% +22C2 + ... +2°C%;
6)C°—Cl+...+(-1)"C;

B) CO4+Cl+...+Cm

2.83. Jlokakure TOXKJIECTBA:

)C’"C’“ Croml;
6) n+m = Cock +CLOF 4+ L+ CECY;
B) O3, = (CO) F (C1 £+ (Cny?

) Ch= Ol il o]

IlompobyiiTe moKa3aTh STH TOXKIECTBA TPEMs PA3HBIMHU CIIOCODAMIU:
nosb3ysach TeM, 9to CF — 310 KOMmMIecTBO k-3/1IeMEHTHBIX MOJMHOXKECTB B
MHOKECTBE U3 71 3JIEMEHTOB; UCXOfust m3 Toro, uro CF —sro kosddurnm-
ent npu z° y Muorounena (1 4 x)™; NoJIb3ysaCh «IMAXMATHBIM FOPOJIOM» U3
3a 1a49n 2.64.

2.84. CBoiicTBO mHIiecTUyroJjibHuKa. JloKaxKure paBeHCTBO

Ck 1 Ck+1 k . Ck . Ok+1 . Ok*l.

n—1 n+1 n—1 n+1 n

2.85. B pasnoxenuu (x + y)" mo dopmyie 6unoma Hbiorona sropoit
qQjieH okasaJjica paseH 240, Tperuit — 720, a verBepThiit — 1080. Haitaure x,
Y U n.

2.86. BunomuasipHas cucreMa cuucjeHusi. [lokaxkure, 9To Jjodoe
11eJI0€ HEOTPUIATEIFHOE IHUCJIO 72 MOYKET OBITH MIPEJCTABICHO B BUIE

n=C,+C?+C2,
rjie x, Yy, 2 — liejable yuciaa takue, 910 0 <z <y < 2.

2.87. B xommanum u3 10 genoBek mpownsorniio 14 monmapabix ccop. Jo-
KaXKWUTe, 9TO BCE PABHO MOXKHO COCTABUTH KOMITAHUIO U3 TPEX APY3eil.

2.88. Haiiytute m u n 3Hast, 94TO

crtt.om 0™ '=5:5:3.

n+1 n+1 n+1

2.89. Kaxoe ciaraemoe B pazsoxkennn (1 + +/3)'° mo dbopmyie 6umoma
Herorona 6yner nanbonabmmm?

2.90. CKOJIBKO YeTBhIPEX3HAYHBIX YUCE MOXKHO COCTABUTH, UCIIOJIb3Ys
mudps 1, 2, 3, 4 u 5, ecou:

a) HuKakag nudpa He MOBTOpAeTCs HoJiee OJHOrO pasa;

6) nmoBropenus HUMP JOMYCTUMbL;
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B) YMCJIA JOJIKHBI OBITH HEYETHBIME U [TOBTOPEHUIT 1iudp OBITH HE JI0JIK-
HO?
2.91. CKOJIBKO CYIIECTBYET PA3JIMIHBIX BO3MOXKHOCTEH paccajuTb b

IOHOIE W 5 JIeByImIeK 3a KpyrJiblit croi ¢ 10-f0 KpecjaMu Tak, 9TOOBI
FOHOINN U JEBYIIKHA IePEIOBAJIUCH !

2.92! B BEITYKJIOM N-yTOABHUKE IPOBEIEHLI BCe TUArOHAA. VI3BecTHO,
9TO HUKAKHE TPU U3 HUX HE [ePeceKaroTcss B OJHON Touke. OO03HAUNM Ue-
pe3 T,, 9ucjio TOUEK, B KOTOPBIX IepeceKaloTcs guaronanu, u depe3 K, —
KOJIMYeCTBO 4YacTell, Ha KOTOpble MHOTOYT'OJIbHUK JIEJINTCSI TMATrOHAJISIMU:

{T\, Ty, ...} ={0,0,0,1,5,15,35, ...},
{K,, K,,...}={0,0,1,4,11,25,50,...}.

Haitmure u qokakute dopmysibl ais Bewaud 1, u K,.

2.93. (1, 2)-tpeyronsauk ITackans (rpeyrosibHuk JIoka). B ne-
KOTOPBIX KOMOMHATOPHBIX 33/I1a9aX BMECTO OMHOMHUAJIBHBIX KO UIneH-
TOB OKa3bIBAETCA yI00Hee paccMaTpuBarh ducaa 17, koropee pu n > 1 n
0 < k < n onpenensiorcs HopMyaoit

(@+y)" 'ty =Y Trary "
k=0

Kosddbumpmenr T MoxKHO cuuTaThb PaBHBIM 1 WM 2 B 3aBHCHMOCTH OT
curyanun. Kak u 6unomuanbubie kKoadgdunumentsl, unciaa TF ynobno pac-
[I0JIATaTh B BUJE TPEYTOJTbHUKA:

a) Jdokaxkure, 4T0o, Kak 1 B Tpeyrosbuuke llackass, B Tabiune ¢ Ko-
sdbdurmentamu T KaxKIplii 3JIEMEHT PABEH CyMME JIBYX JPYTHX, PACIIOJO-
JKEHHBIX HaJ[ HAM:

k __ k—1 k
T°=T"+1T; ,.

n n—1
6) Hokaxkmure, 9ro ancaa T* cBa3anpl ¢ GUHOMUAIBLHBIME KOb)UITIEH-
TaMu HopMyTIaMA
k __ k k—1 k k—1 __ k k—1
Tn _Cn =+ n—17 Tn +Tn71 _On72 +4 n—1-

B) Borunciure cymmbr

T+ Tr ... 4+T" u T°—T'+.. .+ (=1)"T"

n
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2.94. ,HOK&)KI/ITG TO)K;LeCTBa:

27

a) T, C"(1+ )( >1,0< k< n);

6)Tk+T"k 3Ck(n> 0<k<n);

B) T + T+ .+ T (n=2,2<k<n);

r) T, +TL2+ +T7?k1(n>2,0<k<n—2).

) CST,’; + C;T,’; Y+ CFTY =TE
3.174 u 3.175.)

2.95. T'apmoHuYeckuii TpeyroJibHUK JleiioHUIIA.

1

1

1 1
2 2
1 1 1
3 6 3
1 1 1 1
1 12 12 1
1 1 1 1 1
5 20 30 20 5
1 1 1 1 1
6 30 60 60 30

(n=0,m>1

). (Cm. Takzke

1

6

31ech m306parkeH pparMeHT TabJIUIbI, KOTOPasi Ha3bIBAETCS TPEYIOJIib-
uukoM Jleibnura. Ero cpoiicTBa «aHAJOTUYIHBI B CMBIC/E TTPOTUBOIIOJIOK-
HOCTH» CBOiicTBaM TpeyrosbHuka [lackass. Hucia Ha rpaHuiie TPeyroyib-
HUKA OOPATHBI [TOC/IEIOBATEIbHBIM HATYPAJIBHBIM dncaaM. Kaxkmoe qncsio
BHYTPHU PABHO CyMMe JBYX 4uces, crodmux mox auMm. Haitnure dopmyiy,
KOTOpasi CBA3BIBAET YMCJIa U3 TpeyroJabHuKOB [lackass u JleitOuura.

2.96. /loxkaxxuTe paBeHCTBa:

1
a) 7=5+ts T3t Tagt
1 1 1 1 1 1
0 3=3tmta et st
1 1
D513 e tim Tt

2.97. Haiiure cymmy

7 0DOOIIHTE IOy I€HHBIN PE3yJIbTAT.

2.98. Haiimure cymMMBbI PSIIOB

Vigtestaatas o
1 1 1 1
6)1~2~3+2~3~4+3 4~5+4 5~6+”’
0! 1! 2! 3!
Dot t toogi T 22
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Onpenenenune. Beposmnocmsvio HACTYILIEHUsS] KAKOIO-jaub0 COOBITHUSI
HA3bIBAETCsI OTHOIIEHAE YHCJIa OIArONPUATHBIX HCXOJIOB K YHCITy BCEX BO3-
MOXKHBIX HCXOJIOB, IpearnosaraeMbix pasaoseposTHbiME. (Cum. [10].)

2.99. B smuke nmeercs 10 6esibix u 15 gepHbIX mapos. 13 giuka BeIHI-
Martorcs 4 1mapa. KakoBa BEpOsSITHOCTD TOTO, ITO BCE BBIHYThHIE ITAPhl OVIYT
GebIMu?

2.100. ITumrercs Hayaady HEKOTOPOE JABY3HAUHOE YHCI0. KakoBa Bepo-
SITHOCTH TOTO, 9TO CyMMa I[P STOro Yucyia paBHa 57

2.101. Nmeercsa Tpu dmuKa, B KayKJIOM U3 KOTOPBIX JIEXKAT ITapbl C
moMepamu oT 0 110 9. I3 KaxKA0ro dmuKa BBIHUMAETCS O OJHOMY IIapy.
KaxkoBa BeposITHOCTH TOTO, ITO

a) BBIHYTBI TPU €MHUILI; ©) BBIHYTHI TPU PABHBIX dncia’

2.102. V urpoka B npedepaHc 0Ka3aI0ch 4 KO3bIps, a eIle 4 HaXO[MATCs
Ha PyKaXxX y JByX €ro MPOTUBHUKOB. KakoBa BEpOSATHOCTDH TOTO, UYTO KO3BIPH
aaryT a) 2:2; 6) 3:1; B) 4:07 (Cwm. Takxke 2.71.)

2.4. PopmyJia BKIIOYEHU U UCKJIIOYEHUN

2.103. 3oonmapkmu. Bo Bcex 300mapkax, re €CTh TUIIIOIOTAMBI X HOCO-
poru, Het xKupados. Bo Bcex 300mapkax, rjie €CTh HOCOPOTH U HET YKUPAdOB,
ecThb runnornorambl. HakoHer, Bo Bcex 300mapKax, IJie €CTh TUIIIOIOTAMBI
u xupadsbl, ecTb U Hocoporu. MoKeT i CyIecTBOBATh TaKOM 300IapK, B
KOTOPOM €CTh THIIIONOTaMbI, HO HET HU KUPadOB, HUI HOCOPOTrOB?

2.104. JdBoeunuku. B kjgacce mMmeercss a; YI€HUKOB, MOJIYyIUBIIUX B
TeYeHHe Iojia XOTs Obl OJIHY JBOWKY, G, YIEHUKOB, [TOJIYIUBIINX HE MEHEe
JIBYX JIBOEK, W T. JI., d), YICHUKOB, IOJYyINBINUX He MeHee k jBoeK. CKOJIBKO
Bcero nBoek B aroM Kiacce?! (IIpeamosaraercs, 4ro nu y Koro mer 6osee k
JIBOEK. )

2.105. U3 100 cTymeHTOB yHUBEpPCUTETA AHTIUNACKUNA S3BIK 3HAIOT 28
CTyseHTOB, HeMenkuit — 30, dbpaHIy3ckuit — 42, aHrTHACKUT 1 HeMEeIKnii —
8, anrymiickuit u dpany3ckuit — 10, Hemernkuii u dpaHiry3ckuit — 5, Bce
TPU sA3bIKA 3HAOT 3 cTyaeHTa. CKOMBKO CTYJIEHTOB HE 3HAIOT HU OJHOIO U3
Tpex sI3bIKOB?

2.106. CroJIBKO CyIIEeCTBYET Teibix duces or 1 1o 16 500, koTopbie
a) He JIEJIATCS Ha b;

6) He jmesdTCs HU HA 5 HU Ha 3;

B) He JeJiTCs HUA Ha b HU HA 3, Hu Ha 117

2.107. Ckoabko cymiecrByeT 1esbix gnces or 1 1o 33 000, KoTopbie He
JeJIATCS HU HA 3 HU Ha 5, HO Jeisrcs Ha 117
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2.108. CkoJibKo cymecTByer mesbix ducea or 1 go 1000000, koropsie
HE SIBJIAIOTCS HU TOJHBIM KBaJpPATOM, HHM TOJHBIM KyOOM, HH 9Y€TBEPTOi
CTeneHbio?

2.109. CrobkuMu crrocobamMu MOXKHO pacceuTh 15 rocreit B yeTbipex
KOMHATAaX, €U TpebyeTcst YTOObI HU OJTHA U3 KOMHAT He OCTAJIACh ILyCTON?

2.110. Ilycts umeercsa n nmoaMHOXKeCTB Aj, ..., A, KOHEYHOrO MHOMKE-
crBa E u x;(x) —xapakrepucrnieckue (byHKIMH ITUX MHOMXKECTB, TO €CTh

(2) = 1, zeA,

Hoxkazkure, aro npu 31oM X () —xapakrepuctuieckast GyHKIUST MHOXKE-
crBa A=A, U...UA,, cea3ana ¢ Gyarmuamu x;(x), ..., Xn(z) dopmysoit

L—x(x)=1—x1(x)) ... (1= xn(z))

2.111. Popmyiia BKIIOYEHUN U UCKIIOYeHU. /lokakuTte cipaBe/i-
JINBOCTH PAaBEHCTBA

(j=1,...,n).

= AL N A+ (CD)HAIN AN N AL,

rJie depe3 |A| 0603HAUEHO KOIHMIECTBO djieMeHTOB MHOXKecTBa A. (CM. TakxKe

4.158.)

2.112. O6osnaunm uepes Sy (1 <k <n—1) cymmy, KOTOpast MOy IATCS,
€CJI TIPaBYIO 9acThb (bOPMYJIbI BKIIIOUEHHI U UCKJIIOUeHNT 000pBaTh Iepe/I
k-#t cMeHOIT 3HAKA:

Se=|Ail+ ...+ |4+ ...
A EDEAIN AN N A+ (DA e N NAL

Kakum HepaBeHCTBOM CBsi3aHbl Besmautbl S, u |A; U Ay U ... U A,|.

2.113. Kaxas cropona B Tpeyrojbanke ABC pasnenena Ha 8 paBHBIX
oTpe3koB. CKOJIBKO CYMIECTBYET PA3JIMIHBIX TPEYTOJIHHUKOB C BEPITUHAMU
B Toukax jesierust (rouku A, B, C' He MOryT ObITH BEPUIMHAME TPEYIOJIb-
HUKOB), y KOTOPBIX HU OJ{HA CTOPOHA He IapaJiiejibHa HU OJIHON U3 CTOPOH
rpeyroiabauka ABC?

2.114. Becnopsinku. B knacce 30 yuenunkoB. CKOIbKAMI CrIOCOOaMT
OHM MOTYT II€PECECTb TaK, YTOOBI HA OJMH He CeJl Ha CBOe MeCTO?

2.115. B koMHuare 1mioma/pio 6 M? ocTeauIn Tpu KOBPa IIPOU3BOJILHOIM
dopMBI mIomaapI0 3 M? KaxKaplii. JJoKaxKnuTe, 9T0 KaKne-Iubo0 JBa U3 HUX
HEepeKPBIBAIOTCA 1O IUIOMAM, He MeHbImei 1 M2,
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2.116. B mpsMoyro/ibHUKE ILIOMAIN H paciooxkeno 9 ¢uryp momra-
mu 1 kaxpnpas. /lokaxkure, 94T0o HafigyTca gBe (DUIYDHI, IJIOMAIL OOIIEit
9acTH KOTOPBIX He MeHbIe 1/9.

2.1177 B npaMOyTONbHEKE IIOMAI 1 PACHOJIOXKEHO 5 (Uryp ILIOIA-
nu 1/2 xaxyast.

a) Jokaxkure, 4To HaiifyTcs ABe GUrypsl, mIOMa b 0bIeil 4acTi KOoTo-
pbIX He Menbire 3/20.

6) Jdokakure, uro HaiiiyTcs 1Be BUIYPBI, IIIOMALb ODIIEll 9acTu KOTO-
pBIX He MeHbIe 1/5.

B) Hokaxure, uro Haiimyrca Tpu bUIYDBI, IIIOMALbL O0IIEH JacTu KO-
TOpBIX He MeHble 1/20.

2.118. Jokaxkure, 910 B ycaoBun 3a1a4 2.117 6) u B) uncaa 1/5 u 1/20
HEJIb3s1 3AMEHHUTD GOJIBIIIMY BEJIMIMHAMY.

2.5. Yucaa Karamana

Bo mHOTEX KOMOMHATOPHBIX 33/Ia9aX PEIIEHUEM SIBJISIETCS TOC/IeI0BaA~
TeJLHOCTL uncesa Karamana

{C,}={Cy,Cy, Cs, ...} =1{1,1,2,5,14,42, ...}

Omnpenenenne. [lycts umeercst n + 1 nepeMeHHast Tg, Ty, ..., Tp, U
MBI XOTAM BBIMACJIATH WX IPOU3BEACHUE IPH TOMOITH 1. yMHOKeHmid. Ompe-
pesmmM quciio C), KaK KOJUIECTBO CIIOCODOB PACCTABUTH CKOOKU B IIPOU3-
BEJICHUU Tg * Ty - . .. T, TAK, 9TOOBLI MOPSIO0K YMHOMKEHHHA ObLIT MOJHOCTHIO
onpenesien. Hanpumep, npu n =2 cymecTsyer asa crnocoba: o - (o1 - Ta),
(zo - ) - 2, a ipu n =3 yxe 5:

zo - (@1 (22 23)), @0 (@1 32) - 23), (@0~ 21) - (T2~ T3),
(o - (21 - 22)) -3, ((mo 1) - Ta) - 3.

2.119. Ckosnbko nocenosarenbaocTei {ay, aa, . . ., Ga, }, COCTOSIUX U3
+1u — 1, obyamaoT TeM CBOMCTBOM, 9TO G + Gy + . . . + o, =0, a Bce ux
YACTHYHBIE CYyMMBI

aq, a1+a2, ey a, +as+ ...+ as,

HEOTPUIATEIbHBI?

2.120. CKOJBKO CyIIeCTByeT CIocobOB pa3pe3aTh BBINYKJbIA (n + 2)-
YTOJIbHUK JUArOHAJSME Ha TPEYTOJbHUKU?

2.121. MapmipyTsl Jagbu. PaccMoTpuM IaxMaTHbIE JOCKUA CO CTO-
ponamu 2, 3, 4, ... Tpebyercs mpoBecTu JaIpl0 U3 JIEBOI'O HU2KHETO YIJIA
B IIpaBblil BepxHUil. [BUraThCsi MOYKHO TOJIBKO BBEPX U BIIPABO, HE 3aXOIs
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[IpU 9TOM Ha KJIETKH JUATOHAJIN, COEIUHSIONIEH HAYAJIBHYIO M KOHEIHYIO
KJeTku, u HuxKe Hee. (Jlaabs oKasblBaercs HA ITON JMATOHAIU TOJHKO B
HAYAJILHBIA M B KOHEYHBIH MOMEHTHI BpeMenu. ) CKOJIbKO CYIIEeCTBYET TAKUX
MapIIpyTOB?

2.122. Ouepenp B kaccy. busiers! crostT 50 11eHTOB, U 2n OKyHaTe e
cTodaT B odepeau B Kaccy. lloioBuHA M3 HUX MMeeT TO OJHOMY JOJIIAPY,
ocraJsibabie — 110 50 menToB. Kaccup HaumHaeT mpojiaxKy OUIETOB, HE MMes
gener. CKOJIBKO CyIIEeCTBYET Pa3/IMIHBIX IOPSAJIKOB B OYEPE/N, TAKUX, ITO
KaCCHUP BCETJia MOXKET JaTh Clady?

2.123. Ha xosb11€BOit 10pore cTOAT OEH30KOJOHKY, ITPUIeM OEH3MHA, BO
BCcex OEH30KOJIOHKAX XBATUT, YTOOBI ABTOMOOUJIB IIPOEXaJI MOJIHbIH KpyT. [lo-
KaXKHUTe, YTO CYIIECTBYeT OEH30KOJIOHKA, HaYaB OT KOTOPOW aBTOMOOUIIL C
IIyCTBIM OAKOM CMOXKET IIPOeXaTh BECh KPYT, 3aIIPABJIASCH II0 JOPOTe.

2.124. ®opmyna gauasa uucen Karamana. Iycrs {ay, as, ..., an} —
[OCJIEIOBATE/ILHOCTD TIEJIBIX YUCE]I, CyMMa KOTOPbIX pasHa 1. Jlokaxkure,
YTO POBHO y OJHOTO U3 €€ MUKJIMYECKHUX CIBUTOB

{a,aa, ..., a,}, {ao, ... an, a1}, ..., {an,a1...,a,1},

BCE 9YaCTUYIHbIC CYMMBI ITOJIOZKUTEIbHDI. BbIBe,[LI/ITe OTCIOda paBEHCTBa:

1 .1 (4n — 2)1!

= n _— =
v Tondlon 41 mp 41 (n+1)

C,
rae (4n—2)1M=2-6-10...(4n — 2) —npoussesieHne, B KOTOPOM YIaCTBYET
kaxkoe yerseproe gncio. (Cum. rakxke 3.131.)

2.125. PexkyppenTHoe cooTHoIlieHue A4 duces Karamana. Jloka-
2KuTe, 94To unciia Karaana yIoBIeTBOPIIOT PEKYPPEHTHOMY COOTHOIIEHIIO

On - C()Cn,1 + Clcn,Q + e —|— Cnflco.
(Cm. makxe 11.115.)



['TABA 3
Agropnrm EBKImaa
1 OCHOBHasl TeopeMa apupMeTuKn

3.1. IlpocTbie ynucia

Onpenenenune. HarypajapbHoe 49nciio p HA3BIBACTCS NMPOCMbIM, €CJIH
p>1u p He MMeeT MOJOKUATETBHBIX JenuTeneil, ormnaasiX oT 1 u p. Ilo co-
[JIAIIEHUIO, | HE SABJIAETCS MPOCTBIM dnciaoM. OcTajbHbIE YUC/Ia, UMEIOIIe
Tpu u 60Jee nesuTesieil, HA3bIBAIOTCS COCTABHBIMU.

3.1. Teopema EBkamnpaa. Jlokaxxure, ITO MPOCTHIX UNUCET ODECKOHEYTHO
MHOTO.

3.2. Haiiute Bce mpocThbie Yncia, KOTOPbIe OTINYaloTcs Ha 17.

3.3. Ina kakux p yucaa p, p+ 2 u p + 4 0JHOBPEMEHHO SBJISIOTCS IIPO-
cTBIMU?

3.4. JlokaxKuTe, YTO OCTATOK OT JeJIEHNs MIPOCTOro uncia Ha 30 — mpo-
CTOE YHUCJIO.

3.5. Ilyctb n > 2. Jlokaxkure, 9T0 MeXKIy 1 U n! ecThb 1o KpaiiHeii mepe
OJIHO IIPOCTOE YHUCJIO.

3.6. HaiimuTe Bce TaKue IPOCTDHIE YUCIA P U ¢, IJIS KOTOPBIX BLITOJIH-
erca paBeHCTBO p? = 2¢% + 1.

3.7. Jly1g KaKuX IIPOCTBIX P U ¢ BO3MOXKHO PaBEHCTBO p = 2¢* + 17

3.8. Jlokazkure, uro ecau uuciao n! + 1 nequrcsa va n+ 1, to n+ 1 —
IIPOCTOE YUCJIO.

3.9. Jlokaxkure, 9TO0 MHOXKECTBO IIPOCTHIX dnces Buia p = 4k + 3 6ecko-
HevHo. (CM. Takzke 4.142.)

3.10. [lokaxxure, 9T0O MHOXKECTBO IPOCTHIX Yuces Buma p = 6k + 5 Gec-
koHeuHo. (CM. rTakxe 4.143.)

3.11. JTokaxKuTe, 9TO COCTABHOE TUCJIO 1 BCETIA UMEET JTENUTENh d < /7.

3.12. Koryma HaTypajgbHOE YHUCJIO N UMEET HeUeTHOe KOJUIECTBO JIE/TH-
Teneii?
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3.13. Pazyioxkute Ha mpocTble MHOXkuTean umcaa 111, 1111, 11111,
111111, 1111111, (Cwm. Takxke 4.26.)

3.14. [Tokaxkwure, aTo cymecTByoT 1000 m0psit MIyMuX COCTABHBIX TH-
cell.

3.15. [lokazkure, 9T0 /15t JTFOOOT0 HATYPAJIBHOTO 1 HANIYTCS 1 IO
UAYIIUX HATYPaJbHBIX YUCEJI, CPeJ KOTOPBIX POBHO OJIHO IIPOCTOE.

3.16. CymecrByior jin a) 5; 6) 6 npocTbix uuces, obpasyromux apud-
METHYECKYIO IIPOI'PECCUIo?

3.17. CymectBytor jiu apudMeTHIeCKast IIPOTPECCHsl, COCTOSIIIAST JIUIITh
13 IPOCTHIX dnces?

3.18. IlpeamnosmoKuM, ITO HAILIUCHL 15 MPOCTHIX |HCENT, 00pa3yIONUX
apudPMETHIECKYIO MPOrPECCHIo ¢ pasHocThio d. Jlokazkure, aro d > 30000.

Onpenenenue. /[Ba MpoCThIX YHUCIa, OTIHIAKOININECT HA 2 HA3BIBAIOTCS
NPOCTNBIMU YUCAGMU-OAUSHEYAMU.

3.19. lokaxkute, 9T0 3, 5 U 7 ABASIOTCS €IMHCTBEHHON TPOUKON IpO-
CTBIX IHCEJI-OJIU3HEIOB.

3.20. Haitiure Bce mpocThle YHCIa, KOTOPbIE PABHBI CYMME JBYX IIPO-
CTBIX YHCeJI U PA3HOCTHU JBYX IIPOCTBIX YHCEL.

3.21. Jloxkaxxure, 4To mpu n > 2 yucaa 2" — 1 u 2" 4+ 1 He MOryT OBITH
[IPOCTBIMU OJTHOBPEMEHHO.

3.22. Ilpu Kakux nejnix n uucjuo n + 4 — cocrapnoe?

3.23. Bepno au, aro MmHOrowien P(n) =n?+ n + 41 npu Beex n NpuHU-
MAET TOJBLKO IPOCTHIE 3HATCHUS !

3.24. Ilycrs {p, } —10CI€10BATEIHHOCTD POCTHIX Yucel (P = 2, Py = 3,
ps =5, ... ). Hokaxure, aro p, > 2n upu n > 5. IIpu kakux n Gyuer Bbl-
MIOJTHATHCST HEPABEHCTBO P, > 3n7

3.25. JloKayKuTe HePaBeHCTBA a) Ppi1 < P1D2 - - - Pn; 0) Pn < 227

3.26. BepHno i1, 9TO BCe UMCIA BUIA P1Ps - ..Pn + 1 SABISIOTCS MIPOC-
ThIMU?

3.27. Yucaa EBxkimpa. EBkiminoBo J10Ka3aTeJbCTBO OECKOHEYHOCTH
MHOXKECTBa IIPOCTBIX YKUCEJ HABOIUT HA MBIC/Ib OIPEIEIUTh PEKYPPEHTHO
yucaa Eexauda:

e1=2, e,=e€es...e, 1+1 (n=2).

Bce s uncia e,, siBastiorcst npoctbivu? (Cum. Takxke 4.81.)
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3.28. Yucaa Pepma. Jokaxkure, ITO ecan Iucao a” + 1 mpocroe, TO
k
ai2 n n=2" (Ilpocreie umcaa Buma fr =22 + 1 HA3BIBAIOTCA “UCAGMU
Depma.

3.29. Jlokaxkure, 9To f,, geaut 2 — 2.

3.30. [loxkaxwure, aro uucia Pepma f, npu n > 1 He npeacTaBUMbl B
BHUJI€ CYMMBI JIBYX IMIPOCTBIX IUCE]T.

3.31. Yucaa Mepcenna. [lokaxure, aTo ecim yucyio a” — 1 mpocroe,
TO @ =2 U N — IPOCTOE.
IIpocToie uncaa Buma ¢ = 27 — 1 nHazpiBatoTcsa wucaamyu Mepcenna.

3.32. IIycrb P, () =a,z™ + ...+ a1 + ap — MHOTOUIEH C TIEJIBIMA KO-
dbunmenramu (n =1, a, # 0). Moxer ju 6biTh Tak, uro upu x =0, 1,2, ...
Bee uncia P, (x) —upocrsie?

3.2. Asropurm EBKitnma

Onpenenenue. Haubosvwum obugum deaumenem (HOII) menbix amcesn

ai, ..., Q, HA3BIBACTCS TAKON MOJIOKUATEIHHBIN 00N JIETTUTEID Ay, - . ., Gy,
KOTODBIN JeuTcs Ha JE000# apyroit obmmuit nesurens stux ducena. HOJL
qucesn ai, ..., a, 00o3HauaeTcs (ay, ..., ay,).

Ecan naubosbinuit obmnit geuTesb 9uces ag, ..., 4, paBeH 1, To 3Tu

YHuCJ/la Ha3bIBaIOTCA 63AUMHO NPOCTNOIMU.

3.33. /lokazkute, YTO €Cjau B HADOPE MEIbIX TUCET Gy, ..., A, XOTs OBbI
OIHO OTINYIHO OT (), TO OHM UMEIOT HAMOOJIBIIII OOl TeTuTe b,

3.34. B npsaMoyroiabHUKE C MEJBIMI CTOPOHAMI M U 7, HAPUCOBAHHOM
Ha KJIeTYaTOl OyMare, IpOBEIEHA INATOHANB. epe3 KAKOe YUCJIO Y3JI0B OHA
npoxoaut? Ha cKoJIbKO dacTeil 9Ta JUATrOHAJD JEJIUTCS JIMHUASIMEI CeTKU !

3.35. U3 gucen ot 1 10 2n BoIOpano n + 1 aucno. Jlokaxkute, ITO cpeau
BBIOPAHHBIX YUCEN HalimyTes qBa B3anMHO npocThiX. (CM. Takke 1.26.)

3.36. Harypasbhuble uncia p u ¢ B3auMHo npoctsl. Orpesok [0; 1] pas-
OUT Ha p+ ¢ OAUHAKOBBIX OTPE3KOB. JlOKarKUTe, YTO B KasKJOM U3 3TUX
OTPE3KOB, KPOME JBYX KPAMHMX JIC2KAT POBHO OIHO U3 P + q — 2 9HCes

12 p—1 1 2 g—1

3 ) et 3 ) 3 et

p p p q q q

3.37. C 1 cenrsibpst 4eThIpe IIKOJIBHUKA HAYAJIM IIOCEIIATh KHHOTEeaTp.
IlepBoriit 6bIBAT B HEM KarK/IbIH Y€TBEPTHIH JeHb, BTOPOH — KaXK Il TSTHIH,
TPETU — KaXKIbI{ IeCTO U YeTBEPThIN — KaXK bl IeBATHI. Korma Bropoit
pa3 Bce IMIKOJbHUKU BCTPETATCH B KMHOTEATpe?
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3.38. B zagaque 1.1 joxkaszana BO3MOXKHOCTH JIeJIEHUSI C OCTATKOM IIPO-
M3BOJIBHOTO IIEJIOTO YUCIa @ Ha HaTypajabHoe umcyo b. lokaxwure, aro us
pasencTBa a = bq + r caemyer coornorenune (a, b) = (b, r).

3.39. Agropurm EBkaupna. Ilycts my u m; — nensie auciaa, m; > 0
u my tmyg. Jdokaxkure, 9T0 IpU HEKOTOPOM k > 1 CYIIECTBYIOT LeJble Yuca
gy, A1y -y Qg—1 U Mo, ..., My TAKAE, ITO My > Mg > M3z > ... > my > 0,
ap > 1,
Mo =My * Qo + Ma,
mip =mgy - a; + ms,
Mg = M3+ A2 + My,

Mp_2 =Mg_1* Qp_1 + My,

Mp_1 =My * A,
u (mo, ml) = M.

3.40. [loxaxxurte, 9To jjs joboro s or k— 1 g0 0 cymecTByoT duc-
Ja U, U, TAKWe, 9TO U M, + m,y10, = d, tie d = (mg, my). B gacTHOCTH,
JIJIsT HEKOTOPBIX U U ¥ BBIMOJIHSAETCST PABEHCTBO:

mot + mqv = d.
(Cm. rakxke 6.70.)

3.41. Ilycrs (a,b) =1 u a| be. Jokaxure, 9o a | c.

3.42. UzsecrHo, uro ab=c" u (a, b) = 1. JokaxKure, 4T0 Jjisi HEKOTOPBIX
T 1 y OyAyT BBINOJHEHBI paBEeHCTBA @ = ™ u b= y".

3.43. Haifigure (1...1,1...1).

m n
3.44. TIycrs {a} (k> 1) — Bospacraomast I0CIeI0BATEIBHOCTh HATY-
PAJbHBIX YHUCEJI, Takas 9To npu Beex 1 < n < m uaiinércea nomep | (Boobie
roBopd, 3aBUCAIIAN OT N U m), Takoit, 9To a,, — a, = a;. Jlokaxkure, 4T0
a, = ka,.
3.45. Kakoe nHaunboibIiiee 3HadeHne MOXKeT IPUHIMATDL HAUOOJIBITHI 00-
Uil AeJInTes b Juces ¢ u b, ecau u3BecTHO, 9TO @ - b = 6007

3.46. HarypaJsbHble 9ucaa ay, as, ..., Gi9 YAOBIECTBOPAIOT PABEHCTBY
a1+a2+...+a49:540.

Kakoe mamnbosibiliee 3HAYEHNE MOXKET NMPUHUMATH UX HAUOOJBIINN OOIIMit
JEeTUTETh !
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3.47. MoxKHO /i ¢ IOMOIIBIO TUPKYJId U JUHEHKN pa3aeanTh yroa 19°
Ha 19 paBHBIX YacTeii?

3.48. Yucna or 1 mo 1000 BeImumcanbl moapsi o Kpyry. Hadwnas c
[IepBOTO, BBIUEPKUBaETCS KaxKjoe 15-e wmcyo: 1, 16, 31, ..., npuyeM mpu
MMOBTOPHBIX 000POTaX, 3a9€PKHYTHIE UNCIA CIUTAIOTCS CHOBA. UHUCIO 000-
poToB He orparndeHo. CKOJIBKO 9HCeSI OCTAHYTCH HE3a9€PKHY THIMU !

3.49. JToxkaxure, uro eciu (a, b) =1, 10 (a + b, a — b) MmoxkeT OBITH paBeH
1 nmm 2.

3.50. okaxwure, uto ecau (a, b) =1, To (a + b, a®> — ab+ b?) MoxkeT OBITH
paBen 1 uam 3.

3.51. Jlokaxmure, uaro ecmu (a,b) =1 u d| (a +b), To (a, d) = (b,d) = 1.

3.52. IMokaxure, 9o (5a + 3b, 13a + 8b) = (a, b).

3.53. U3zBecTHO, 9TO CyMMa, IByX HECOKPATUMBIX JIpOOEl paBHA IEJIOMY
qucay: a/b+ ¢/d =n. Jokaxkure, 9ro |b| = |d|.

3.54. Hokaxure, aro eciu (a, b) =1, To Hauboibumil o6muii jgeauress
qnces a + b u a® + b? pasen 1 wm 2.

3.55. Moxker Jjin HanboIbIuit OOIHil NEJIUTENb IBYX HATYPAJIBHBIX UM~
ceJ1 ObITH DOJIbIIE UX PA3HOCTHU!

3.56. Hokaxkure, 9T0 /1Jisi HEIETHBIX YHCEN (4, b U ¢ IMEeT MECTO PABEH-

CTBO
b+c a+c a+bd
2 3 2 3 2 = (al, b, C)'

3.57. Ilo okpyxuoctu pamuyca 40 KaruTcs kojeco pajaunyca 18. B xo-
Jleco BOUT T'BO3/Ib, KOTOPBIA yIapsisicb 00 OKPY2KHOCTb, OCTaBJIsIeT Ha Hei
ormerku. CKOJIBKO BCETO TAKUX OTMETOK OCTABUT I'BO3[b HA OKPYKHOCTH !
CKOJIBKO pa3 IPOKATUTCS KOJIECO TI0 BCEil OKPYKHOCTH, IIPEXKIE I€M I'BO3/Ib
[OMaJIeT B y2Ke OTMEYEHHYIO paHee TOUKY !

3.58. JI1s1 HEKOTOPBIX TEJBIX T U Yy 9ucyao 3x + 2y nenurca na 23. Ho-
KaxkuTe, 9To yncio 17z + 19y rakke jesmrcs Ha 23.

3.59. J/loxkaxkure, ITO CJAEIyIONNE IPOOU HECOKPATUMBI TP BCEX HATY-
pPaJIbHBIX 3HAYEHUSX N
2) 2n 4+ 13 ) 2ln +4 5) 2% — 1 ) n®—n+1
n+7"’ 14n + 3’ n+1"’ n?+1
3.60. Yucna x u y cBA3aHbI C YUCTAMHI M U N PaBEHCTBAMU M = ax + by,
n=cx + dy, rue ad — bec = +1. dokaxure, uro (x, y) = (m, n).

3.61. IIpu KakmMx MEJBIX N COKPATUMBI IpObU
n?4+2n+4 nS—n2—3n?

a) — ; 6) — :
n"+n+3 n"—n+3
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3.62. IIpu KaKuX IEJIBIX N IUCIO
nt4+1 n*4+n+1
)n2—|—n—|—1’ )nz—n+1
Takke Oyjer mejbiM?

3.63. Haiiaure Bee HaTYpasbHbIE 11 > 1 119 KOTOPBIX n° — 3 JIe/IUTCA Ha
n— 1.
3.64. Pemmure B 1e/IbIX 9nucCIax ypPaBHEHU
a) 2>+ 2z —xy —3y=11; 6) 2zy +z +y=83.
m—"n
5n + 2m’
€CJI U3BECTHO, YTO OHA COKPATHMA W YTO YHUCJa M U 7 B3AaUMHO ITPOCTHI.

3.65. Ha xakue HaTYypaIbHbBIE YUCJIA MOXKHO COKPATUTH JPOOH

3.66. Jlokaxkure, 94TO IIPU M F N BBIMOJHAIOTCS PABEHCTBA
a) (am—1,a" —1)= atmm —1 (a>1); 6) (fn, f) =1,
rae fi =22 + 1 —uncna ®epua. (Cum. Taxxke 3.43, 3.156, 6.72.)

n o [ry
3.67. Hokaxkute, uTo unciao 22" — 1 uMeeT 1o KpaiiHeill Mepe n pa3/imd-
HBIX TPOCTHIX JETUTENEH.

3.68. [lokaxxure, 9TO €CaU JJIs HEKOTOPOT'O HATYPAJIBLHOTO 1 BBITIOTHSI-
ercs coorHomenue n | 2" —1lum=2"—1,tom|2™ 1 — 1.

3.69. [lokaxkuTe, 9TO JJI MPOCTBHIX YHUCE] BBIMOJHSIETCS HEPABEHCTBO
o
Pn+1 < 2 + 1.

3.70. Jokaxkure, 9T0 PABEHCTBO (@, mn) =1 PABHOCUIIBHO BBIIIOJHEHUIO
nByx yeaosnit (a, m)=1wu (a,n)=1.

3.71. Hokaxure, aro ecau (a, b) =1, to (2a + b, a(a + b)) = 1.

3.72. Ilycre a u b— marypasbable uncia. JJokakure, 9T0 Cpeu 9uce a,
2a, 3a, ..., ba posHO (a, b) ducesn geaurcs Ha b.

3.73. Ilycrs (a,b) =1 u (zo, Yo) — HEKOTOPOE IETOUNCIEHHOE PEIIEHIEe
ypaBuenust ar + by = 1. Jlokaxkure, 94T0 BCe PEIIEHUs] ITOIO yPABHEHUS B
TIEJIBIX YUCJIAX MOJIYIAIOTC 110 hopMyaaM T = xo + kb, y =yo — ka, tie k—
[IPOU3BOJILHOE TEJI0e TUCIIO.

3.74. Kak omnmcaTh Bce peIreHns B Me/IbIX 9UC/Iax ypaBHeHus ax + by = c
[IpY IPOU3BOJIBHBIX @, b, ¢?

3.75. Pemure B 1es1bIX 4nciax ypaBHeHUs (YKasKUTE 6Ce PEIeHUs )

a) 45z — 37y = 25; r) 109z + 89y = 1;

6) 19z + 95y = 1995; n) 43x + 13y = 21;

B) 10z 4+ 2y + 182=7; e) 34z —2ly=1.

3.76. [lokazkuTre, 9TO YUCJIO MATOB B ajropurme EBKmma MOXKeT OBITH
CKOJIb YTOJTHO OOJIBITTNM.
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3.77. Cpenu Bcex pemtenuii ypasuenus 113z — 69y = 11 B HaTypaJIbHBIX
quCIaxX BBIOEpUTE TO, JJjIs KOTOPOTO CyMMa T + Y MUHUMAJIbHA.

3.78. B apudmeruteckoit mporpeccuu a; M G, — HATYPAJbHBIE THUCTA.
Haiinmure ag, eciim u3BectHO, 9T0 S16 = 104.

3.79. CymecTByeT Jiu B CyTKAaX MOMEHT, KOTJ[a PACIIOJIOKEHHBIE HA 00-
meil ocu JacoBasi, MUHYTHAs U CEKyHIHAsl CTPEJKHM [MPABUJIBHO HIIyIIUX
9acoB 00pa3yoT momapHo yriisl B 120°7

3.80. Haiiiiure Bce B3auMHO mpOCTHIE @ U b, 1jIs KOTOPBIX

a+b 3

LY
3.81. Hokaxure, uro eciu (a, s, ..., a,) = 1, TO ypaBHEHUE
a1, + asxs + ...+ a,x, =1
PA3pEIINMO B IEJIBIX YUCJIAX.

Onpenenenune. llycrts ay, ..., a, —orauuansie ot 0 nesble yucaa. Hau-
menvwum obwum kpamuviv (HOK) sTuX 1amcen HasbiBaeTcst HAMMEHbIIEe
[IOJIOYKUTEJIbHOE YHCJIO, KPATHOE BCeM 3THM uncyaM. Hammenblee obiiee
KDPATHOE YUCeIl Ay, - . ., G, ODO3HAUAETCS [dy, . . ., Gy].

3.82. J/lokakuTe paBeHCTBA

a) [1,2,...,2n]=[n,n+1,...,2n];

6) (a1, ag,...,a,) = (a1, (az, ..., a,));

B) [a1, ag,...,a,] =la1, [as, ..., a,]].

3.83. Ha nocke HammcaHO 1 HATYPAJBHBIX YUCEJ. 32 OJHY OIEPAIUIO
BMECTO JIByX 4YHCeJI, He JeJIAMUX JAPYr JApyra, MOKHO HAIUCATh UX HaH-
00JTBIINI OOIUIT JIeJIUTEIb U UX HAaUMeHbIee odIee KpaTHoe.

a) Jokarkure, 4T0 MOYKHO IIPOBECTH TOJIBKO KOHEYHOE YUCIIO OIIEPAIuil.

6) PuHaJIbHBINA pe3y/IbTaT HE3aBUCUMO OT IIOpgAJKa AeficTBuil Gyaer oj-
HuM u TeM ke. Hampumep:

(4,6,9) — (2,12,9) — (2, 3, 36) — (1, 6, 36),
(4,6,9) — (4, 3,18) — (1,12, 18) — (1, 6, 36).
3.84. Haiiure HaMMeEHbIIIEE ¢, IPU KOTOPOM
a) ypaBHeHHE 7T + 9y = ¢ uMesio Gbl POBHO 6 LEJIBIX [TOJIOXKUTEJIBHBIX
pelenuii;

6) ypaBaenue 14z + 11y = ¢ uMesto 661 POBHO 5 LIEJIBIX ITOJIOXKUTEIIBHBIX
peneHuii.

3.85. B kakux mpezenax TO/KHO 3aK/IIOYATHCA ¢, 9TOOBI ypaBHEHUE
19z 4 14y = ¢ umesio ObI 6 TEIBIX TOJOKUTETbHBIX PEIICHMI !
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3.86. Ilycth @ u b— HaTypaJabHbIE B3AUMHO MIPOCThIE YHUCaa. PaccmoT-
PUM TOYKH ILJIOCKOCTH C IIEJIBIMEU KOOPAUHATAMU (I, Y), JEXKAIHUe B I10JI0-
ce 0 <z <b— 1. Kaxmoii Takoit Touke npunuiiem renoe qucio N(x,y) =
=azx + by.

a) Jokakure, 94TO JyIsi KaxKJOI0 HATYDPAJBHOIO C CYIIECTBYEeT DOBHO
onna Touka (x,y) (0 <z <b—1), Takag aro ¢ = N(z, y).

6) Teopema CuabBecrpa. lokaxure, 4ro HanboJblIee ¢, s KOTO-
poro ypasHeHue ax + by = ¢ He UMEeT PENICHUI B IEIbIX HEOTPUIATEIbHBIX
quciiax, uMeeT Bux ¢ = ab — a — b.

B) Ilycre aq, ..., G, — B3aMMHO IIPOCTBbIE B COBOKYIIHOCTH YHUCJA, TO
ectb (G, ..., a,)=1. Jlokaxkure, 4T0 CyIIeCTBYeT HaubOJblee YUCIO ¢,
HEIIPEICTABUMOE B BUJIE

a2z + ...+ a,z, (1,...,2, =0).

Ono HasbiBaercst wucaom Ppobenuyca n obosnavaercs g(ay, . . ., a,). B aact-
HOCTH,
g(ah @2) =a;az — a; — Q.

3.87. ®opmyna IxkoucoHna. [Iycrs (a, b, ¢) =1, d=(a, b). Jokaxure,

aTOo
gla, b, c) :d-g(g, g, c) + (d—1)c.

3.88. Ilycrs (a, b, ¢) = 1. C momomnrsio dopmybl JI2KOHCOHA TPOBEPHTE,
9T0

g(ab, be, ac) = 2abe — ab — be — ac.
3.89. [okaxure, uro eciu (a, b, ¢, d) =1, To

g(abc, abd, acd, bed) = 3abed — abe — abd — acd — bed.

JokaxkuTe TaKKe aHaJoTHIHyIo dhopMmyiry s uuciaa Ppobennyca oT n
apryMeHTOB.

3.907 Ilycrs uncia a u b B3aMMHO IIPOCTLI M YPaBHEHHE aT + by = ¢ mMeeT
POBHO 7. PelIeHHit B [EJIbIX HEOTPHUIATEbHBIX duciaax (n > 1). Tokaxkure,
9TO ¢ JOJIZKHO HAXOJUTHCS B MIPEJIEIax

(n—1Dab<e<(n+1)ab—a—b.
Jlokazkure Tak¥kKe, 9TO yCJIOBUE
nab—a—b+1<c<nab—-1

SIBJISIETCS JJOCTATOYHBIM JIJIsI TOTO, YTOOBI ypaBHEHUE ax + by = ¢ mMesio poB-
HO M PeIeHuil OTHOCUTETHHO ITepeMEeHHbIX T, Y = 0.
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3.917 OTMeTHM Ha IPsSIMOil KpaCHBIM IIBETOM Bee TOUKH Bua 812 + 100y,
TJe T, Yy — HAaTypaJbHble, I CHHAM IIBETOM — OCTAJIbHBIE TeJble TOuKu. Hait-
JUTE Ha MPSIMOIl TAKyI0 TOYKY, UTO JIIOObIE CHMMETPUIHBIE OTHOCUTEJHHO
Hee TieJIble TOYKHU 3aKpalleHbl B pa3ubie 1mBeta. OObsacHUTE, TIO9eMy TaKas
TOYKA CYIIECTBYET.

3.3. MyabTunimkaTuBHbie (QyHKIINN

OcHoBHasi Teopema apudMeTuku. Bcesgkoe HarTypajgbHOE UHCIIO,
Gouibliiee 1, pACKJIAIBIBAETCS M TOJIBKO OJHUM CHOCOOOM (C TOYHOCTBIO 10
LOPsIZIKA COMHOYKHUTEJIEll) B [IPOM3BEIEHNE IIPOCTHIX THCEJI.

3.92. J/lokaknuTe OCHOBHYIO TEOpEeMY apu(PMETUKN IPU IIOMOIIN yTBEP-
XKaeHus u3 3aa4au 3.41.

3.93. Haiinure Bce mBy3HAYHBIE YUC/IA, KBAJIPAT KOTOPHIX PaBEH KyOy
CYMMBI UX TTAQP.

3.94. Ha kakoe Komm4ecTBO HyJieil 3akaHunBaercs ducjo 100! 7

3.95. Haitnure HamMenblliee HATYpaJbHOE N, st Koroporo 1999! ne
neJmarcs Ha, 34™.

3.96. [lokaxkuTe, 4TO Mpou3BeJieHne Tuces oT n + 1 110 2n genurcs Ha 27,
HO He jieauTes Ha 27,

3.97. g Kaxkaoro u3 CAeAyOIIAX YTBEPXKICHUN WM IPUBEINTE I0-
Ka3aTe/IbCTBO, WU IIOCTPOATE KOHTPIPUMED.

1) Ecm @ |n, b* |[nma®? <b* o alb.

2) Ecsin b* — Hanbosbmuii MOHBIN KBAAPAT, €SN 1, TO U3 COOTHO-
menns a’ | n cemyer, 9ro a | n.

3.98. Iyt KaxKJI0r0 U3 CJAEIYIONIUX YTBEPXKJICHUN MU ITPUBEIATE JI0-
Ka3aTeJIbCTBO, UK [IOCTPOHTE KOHTPIPUMED (BCE UUCIIa, BXOISIIIE B yCIIO-
BUSI — HATYPAJIBHBIE).

1) Ecam a™ | b™, o a | b.

2) Econ n™ | m™, o n | m.

3) Ecim a™ [ 20" un > 1, To a | b.

3.99. Iyctb a=p{' -...-p2s, b=pi" -...-pP rtme pi, ..., p,—mpocTsie,
aay,...,Q 0, ..., 3s 2 0. Jlokaxkure paBeHCTBa

) (a,) = pfe it

6) [a, b] = py™ "L ple(en o

B) (a, b)|a, b] = abd.

3.100. /lokaxxute paBeHCTBA:
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a) la, (a, b)] = a; 6) (a, [a, b]) =
B) abc =[a, b, c|(ab, ac, bc); r) abe= (a, b, c)[ab be, acl;
) [(a,0), ¢ = ([a, c], [b; d]);e) ([a, b], ¢) = [(a, ¢), (b, )};
%) ([a, b, [a, c], [b, c]) = [(a, D), (a, ¢), (b, O)];
5) (a.b)(a, ) (b, ) _ laYa, d[b,
(a, b, c)? [a, b, c]?

3.101. Hdokaxwure, uro (be, ac, ab) i (a, b, ¢)?.

3.102. IIpusenure npumep, Korja paseHcTso (a, b, ¢)la, b, ¢] = abe me
BEIMOJTHEHO. Kaknm HepaBencTBOM Beerma OyIyT cBA3anbl uucia (a, b, ¢) X
X |a, b, ¢] n abe?

3.103. Hokaxure, uro (a, b) = (a + b, [a, b]).

3.104. Cymma JByX HaTypaJbHbIX dKce)l paBHa 5264, a ux HauMeHbIlIee
obiee kpaTnoe pasao 200340. Haiiure aT1 “nciia.

3.105. /lokaxxute TOXKJIECTBO

(ab, cd) = (a, c)(b, d) <( Bk (bdd)> ((a,CC)’ (bybd)) '

3.106. CKOJIPKO Pa3IUYIHBIX JIEJUTEIEH UMEIOT JHICJIa

a)2-3-5-7-11; 6)22-.33.5°.77.11117

3.107. [Ina kaxmoro k or 1 g0 6 HaliuTe HaMMEHbIIee HATYpPAJIbLHOE
YUCJI0, KOTOPOE UMEeET POBHO k PA3IMIHBIX JI€JTUTEIEH.

3.108. IIycrb 7(n) — KOAMYECTBO IOJIOKUTEIBHBIX JeJUTeNeli HaTy-

pasibHOrO unciaa n=p;t-...-p® a o(n) —unx cymma. JlokaxKnre paBeHCTBA:
_ o . pr T -1 prett 1
a) T(n)=(a;+1)-...-(as+1); 6)oc(n)= T

3.109. Haitnure HATYypaIbHOE YUCTO N, 3HAI, YTO OHO UMEET JBa IIPO-
CTBIX JIEJIUTEIIs U YAOBJIeTBOpsieT ycoBusM 7(n) =6, o(n) = 28.

3.110. HekoTopoe HaTypaJIbHOE YHUCJIO 7 UMEET JIBA MMPOCTHIX JIETUTEIIA.
Ero kBajpar nmeer a) 15; 6) 81 mesnureneit. CKobKO gennTeseil uMeer
Ky0 3roro uncna?

3.111. Haiimure HaTYpasbHOE YUCTO BUjga n = 2% - 3¥ - 5%, 3Hasd, 4TO IO-
JioBUHA ero nMeeT Ha 30 JresiTesieil MeHbITe, TPeTh — Ha 35 U MATasd 9acTh —
Ha 42 nenuTesis MEHBINE, 9YeM CaMO JYHUCTIO.

Onpenenenune. Oyukuus f(n), onpejeseHHas HA MHOYKECTBE HATY-
PaJIbHBIX YHCEJl HA3LIBACTCH MYALMUNAUKAMUGHOT, €CJIT OHa YIOBJIETBO-
PSeT JBYM YCIOBHUSAM:

D) f) =1 2) f(m-n)=f(m)-f(n) npu (m,n)=1.
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Ecin f(1) =1 u pasencrso f(m-n)= f(m) - f(n) BbimosHeHO 17151 BCex
nap HATYDAJbHBIX 9UCEN m W 7, TO hyHKuusa f(n) HA3BIBACTCA 6nOAMHE
MYABTUNAUKAMUEGHO.

3.112. JTokaxkuTe MyJbTUILINKATUBHOCTE dDyHKIWM 7(n) u o(n).
3.113. okaxmure HEPaBEHCTBO T(n) < 24/7.

3.114. OKazKNUTe, 9YTO IIPOU3BE/IeHNEe BceX JesinTesieil duciia n paBHO
)
nT(n)/2.

3.115. IlycTb v ABYX IEJIBIX MOJOKUTEILHBIX YUCEJ PABHBI CYMMBI JTe-
JINTeJIel U PaBHBI CYMMBI BCeX 0OPaTHBIX BEJIMYHH K JesnTessM. JlokaxuTe,
9TO ITH YHUCJIa PABHBL.

3.116. Ilycrs (m, n) > 1. 9ro Goasute 7(m - n) wu 7(m) - 7(n)? Uccie-
nyiite ToT ke Borpoc jyuist pyHkmu o(n). (Cm. Takxke 4.164.)

Ounpenenenne. Yuciio n Ha3bBaeTCa cogepuiehibim, ecau o(n) = 2n.
Hampuwmep, uncia 6 u 28 — coBepiieHHbIe:

1+2+3+6=2-6, 1+24+44+7+14428=2-28.

3.117. CoBepiuennble uncia. Jokaxure, 910 ecaa 2F — 1 = p— Heko-
Topoe mpocToe uucao Mepcenna, To n = 2871(2% — 1) — cosepmennoe anco.

3.118" Teopema Diijiepa 0 YeTHBIX COBEpPIIEHHBLIX yMcaax. Jlo-
KayKUTe, YTO €CJU 7 — YEeTHOE COBEPIICHHOE YUCIO, TO OHO WUMEET BU/I
n=21(2F — 1), mw p=2* — 1 —mnpocroe uncto Mepcenna.

IIpoGJiema cyriecTBOBaHMS HEIETHBIX COBEPIIEHHBIX YUCEJ OCTACTCS CPe-
JI TPY/JIHBIX W HEPEIIeHHBIX 381894 TEOPUH THCE.

3.119. [lokaxure, 910, ecau [N — HeIEeTHOE COBEPIIEHHOE INCJIO, TO OHO
Jo/KHO uMeTh Bug, N = p**+1. M2 rne M — HaTypajbHOE U P — IIPOCTOE
Buja 4n + 1.

Omnpenenenne. Yucia m u n Ha3BIBAIOTCS 0PYHCceCcmMEEHHbMU, €CITN
cyMMa COOCTBEHHBIX JI€JIUTEJIEN YrCia m paBHA N U, HA00OPOT, CyMMa co0-
CTBEHHBIX JleJIUTeNIell dncia n paBHa m. Jpyruvmu cioBamu, 9ucia m u n
SIBJITFOTCS JIPY2KECTBEHHBIME, €CJIN

olm)—m=n, o(n)—n=m,
o(m)=m+n=o(n).

3.120. HdpyxkecTBeHHbIe umncJa. JlokaxknuTe, ITO €C/i BCe TPU TUC-
ga p=3-21—-1 ¢g=3-2-1u r=9-2%-1 -1 —npocTele, To unuCIA
m=2%.p-q un=2%.r— npyxecrsennrie. IlocTpoiiTe IpuMepsLI IpyKe-
CTBEHHBIX YHUCEJI.
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3.121. Mozker Jjin OBITH TAK, ITO

a) o(n) >3n; 6)c(n)>100n?

3.122. Bamaua Pepma. Haiinnre HanMeHbIee IuCIo BUIA 1= 2%P; Pa,
rjie p; # pp; — IPOCTBIE YHUCIA, TaKoe, 9To o(n) = 3n.

3.123. Ilyctp o — zeficTBUTEIBHOE TOJIOXKUTEIBHOE YHCI0, d — HATY-
pasibHOe. JIokaxkuTe, YT0 KOJIMIECTBO HATYPATbHBIX UHCEJI, HE TPEBOCXO/Is-

MAX ¢ U JeJSIIXcs Ha d, PaBHO [%}

3.124. JlokaxkuTte, ITO JJis1 JefICTBUTEIHLHOTO TOJIOXKUTEILHOTO (v ¥ Ha-

TYPaJBbHOTO d BCET/Ia BBHIIOJHEHO PABEHCTBO {%} = [[%]} .

3.125. ®opmyna Jlexxanapa. Yucio n! pasjioxkeHo B Ipou3BejieHNE
npocThix ynces n! = pit ... p%. JJoKaKure paBeHCTBO

o= 2]+ [2]+ [A] +

3.126. Haiiqure nanbosbmee a, Takoe, aro 3% | 1000!.

Onpepnenenune. lanee Oynem o6o3nadarh depes ord, m moka3aTesb, ¢
KOTOPBIM IIPOCTOE P BXOJUT B PA3JIOKEHUE TeJIOT0 ducja m 7# (0 Ha IpocThie
MHOXKUTEH. JIpyruMu c1oBaMu 3amuck ord, m = a 03Ha4aeT, 9To p | m, HO

m
p*t 1t m. Jns panmonansabx aucen ord, — = ord, m — ord, n.
n
3.127. Jokaxkure, 9TO JJjis JIOOOTO HATYPAJIBHOIO 7 2> 2 BBITOJTHSIETCS
Hepasenctso ord, n! < [n/(p — 1)].
3.128. Ilycth n — HaTypaJsibHOE YHUCTIO0, & P — IpocToe. Jlokaxkure, 410
eca pP | n!, To pPtt | nl.
3.129. Ilycrp mpeacTaBiienne YUCaAa 1 B JBOUYHOU CHCTEME BBITJISIUT
CJIEITYFOIIM 0Opa30M:
n=2"4+224+ . .4+2 (e1>ey>...>¢,20).

Joxaxkure, uro n! menurcs Ha 2", HO He JeauTcd Ha 2"~ "1,

3.130. Pesynprar npeabiayieit 3aaaqn Jgommyckaer obobmenne. [Iycrs
P — IPOCTOE YUCJO U IIPEJICTAaBJICHUE YUCJIA 7N B P-UYHOH CHUCTEMe HMeeT
BU/IL:
_ k k—1 1
n=agp" + ap_1p +...t+tap + ap.
Haitnure dbopmyiry, BeIpazKaloliyio oKa3aTesb oy,, C KOTOPBIM 3TO HCJIO D
BXOJIUT B KAHOHUYIECKOE pasJioxkenue n!, uepe3 n, p u KOIDOUIUEHTDI .

3.131. IIpu nomoru dhopmysaer Jlexkanapa u3 3agaqan 3.125 mokaxkure,

1
HTO HCIO —— » (n > 0) Becerga nenoe. (Cum. Takxke 2.124.)
n
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3.132. /loxaxuTe, ITO €CJIM M U 7N — B3AUMHO IIPOCTBHIE HATYPAJbHbIE
quciia, TO Apodb
(m+n-—1)!
mln!
SIBJISIETCSI TIETBIM IUCJIOM.
3.133. JlokazkuTte, 9TO JIJisI HATYPAJBHDBIX M U N IUCJIO
(mn)!
nl(mh)™
BCerJa IieJIoe.
(2m)! (2n)!

m m,n = 0) Bcerga meJioe.

3.134. /lokaxKkuTe, 9TO UHUCJIO

n!

27L*7"

3.135. CymiecTByer Jit TaKOe IeJIOE T, YTO YUCJI0 ——— SBJISIETCS [EJIbIM
rpu Jirobom 1 > 17

3.136. Hokaxwure, uro jys yobbix n >0 u k B mpemerax 0 < k< n
BILIOJIHSAIOTCH HEPABCHCTEA

a) ord, C* < = —1; 6) ord, C* < %
3.137. IIycro a) 1 —TIIPOCTOE YUCJI0; 6) N — CTEIEHb IPOCTOro uuca. Jlo-
E!
Kaxkure, uyTo uuciao Karanana C, = (g )] YAOBICTEOPACT CpaBHeIiio
C,, =2 (mod n).

3.138 JlokaxKuTe, 9T0 CyMMBI

n+1
1 n+1 ok
D= g v B=Tm) g
k=0 ™ k=1

paBHBI APYT APyry. B KadecTBe ciie/iCTBUS MIOJIYyYHUTE, YTO

" ok

k=1

3.139. CrojibKuMH €I10cO6aMU YHCJIO 7 MOXKET OBITH IIPEJICTABJIEHO B
BUJIE CYMMBI (OJJHOTO WJIM HECKOJIbKUX) IIOCJIEJOBATEIbHBIX HATYDAJbHBIX
quces?

3.1407 JlokaxkuTe, 9TO IIpU N > 2 KayKI0e I3 IHcell
nl+2 n4+3,...,n+n

UMeeT IPOCTOM JIeINTeNb, KOTOPBIA HEe JEJUT HUKAKOe JPYroe YHCJIO U3
storo crmmcka. (Cum. rakxke 4.238.)
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3.4. Yucaa ®PuboHad4un
Onpenenenne. IlociienoparebHOCTb wucea PuboHa
{Fy, F1, F5,...}={0,1,1,2,3,5,8,13,21, 34,55,89, 144, 233,377,610, ... }

samaercs yejopusimu Fo =0, Fy =1, F, ., =F, ., + F, (n >0).
Dru uncsa 6pin BriepBble onmcanbl B «Kuure abakas (1202 r.) uraibss-
ckoro Maremaruka Jleonapo ITuzanckoro (Pubonawqm).

3.141. 3agaua Jleonapao IIusauckoro. Hekro mpuobpest mapy Kpo-
JINKOB M TOMECTHUJI UX B OTOPOXKEHHBIH €O Bcex cTOPOH 3aroH. CKOJIbKO
KPOJIUKOB OyJIeT 94epe3 rojl, eCJii CIUTATh, 9TO KAXKJIBI MECSIl mapa JaeT
B KadveCTBe MPUILIOAA HOBYIO IMapy KPOJIUKOB, KOTOPHIE CO BTOPOTO MECSIIA
JKU3HU TAKXKe HAYMHAKT TPUHOCUTD TPHUILION !

3.142. O ToM, KaK IPBITalOT Ky3He4YuKu. llpemamnomoxnm, 910 nme-
ercsi JIeHTa, pa30uras Ha KJIETKH U yXOALAIas BIPABO 10 OECKOHEIHOCTH.
Ha mepBoit KjeTke 3To#l JeHTHI CUIUT Ky3Heunk. U3 jiroboit KIeTKu Ky3-
HEYNK MOYKET IEPENPBHIHYTh JIM00 Ha OJHY, JIMOO Ha JiBE KJETKH BIIPABO.
CKOJIBKUMHE CIIOCOOAMI KY3HEIHK MOXKET JOOPATHCs JI0 N-if OT HAYAJIA JIEH-
Tl Kaerku? (Cm. Takzke 3.148, 3.231-3.232.)

3.143. Hekoropwriit ajdaBut cocTouT n3 6 6yKB, KOTOPBIE s TE€PEIATH
o Tesierpady KOIMPOBAHBI ¢ mOMOIIbo a30yku Mopse:

IIpu nepeiade 0HONO CJIOBA HE CIEJIAJIN IIPOMEXKYTKOB, OTIE/ISIIONIX OYKBY
OT OYKBBI, TAK YTO IIOJIy YUJIACH CILIOIIHAS IIEII0YKa U3 TOYEK U THPE, COJIEp-
Kamasg 12 3Hak0B. CKOJIBKIMHI CITOCOOAMI MOYKHO IPOYIUTATH IMEPEIAHHOE
cJ10BO?

3.144. Yemy papubl uncia PuboHaTIN ¢ OTPUIATEILHBIMUA HOMEPAMU
F L, F, ...,F ,, ...7

3.145. Jlokaxkute, 4T0o ABa cocenuunx wuncia Pudbonadum F, , u F,
(n > 1) Bcerga B3aMMHO IIPOCTHIL.

3.146. ToxknectBo Kaccunu. Jlokaxkure paBeHCTBO
Fn+1Fn71 —FEZ(—I)’” (TL>O)
Byger s roxmpecrso Kaccunu cupaseyuso mis Beex nenabix n? (Cwm.
rakxke 12.15.)

3.147. Jlokaxxure cieytorue cBoiictBa uncen Oubonaadan
a,) F1+F2++Fn:Fn+2—1, B) F2+F4+...+F2n:F2n+1—1;
6) i+ Fs+...4+ Fy 1 =Fop; 0 F24+F2+.. .+ F2=F,F,.
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3.148. Jlokazxkute, ato 1ipu n > 1 u m > 0 BBIIOJHSIETCS PABEHCTBO
Fn+m - nlem + FnFm+1'

ITompoOyiiTe MO0Ka3aTH €TI0 ABYMSI CITOCOOAMU: IIPHU IIOMOIIH METOIA MaTe-
MATHIEeCKON NHIYKIIUH U IIPU IIOMOIIY HHTeprpeTanun dnces PuboHaqIu u3
zagaqau 3.142. IIpoBepbTe Takke, 9TO TOXKAecTBO Kaccuuu sBiseTcs dacT-
HBIM CJIy9a€eM 3TOTO PABEHCTBA.

3.149. Jlokaxxute paBeHCTBA
) F2n+1_F2+F2+1a
6) Frs1Fro — FpFpya = (1)
B) F37L_F3+F7?+1 - F}
r) F, e + F,_,=3F,;
A) Fy + F5, oy + 1=3Fon 1 Fons

3.150. Bpruucaure FLJr2 F.F,  F,. 3F,.,.
3.151. Borauciure cymmy

1 2 F,
1-2 + 13++ F7L—1'F7L+1'
3.152. [demumocth uucesa ®PudboHauyyu. /[okakute CrpaBeTMBOCTD
CJIETYTOIINX Y TBEPKICHUI:
a)2|F,<3|n; B)4|F,<6]|n;
6)3|F,<4|n; 1) F,|F,&m|n.

3.153. lokaxkure, 9TO JjIst JIFOOOTO HATYPAJIBHOTO 1M CYIIECTBYET TUCIIO
Dubonauun F, (n > 1), kparHoe m.

3.154. [Iycrs nepsoe uuncio Pubonaqqn, messieecss Ha m ectb Fy,. Jlo-
Kaxkure, uro m | F,, Torja u ToabKo torma, Korma k| n.

3.155. Jlokaxkure, uTo cpeau duces F, /2 mpocTsbiM GyZeT TOIBKO IHCIO
17=Fy/2.

3.1567 Teopema JIroka. lokaxure paseHcTso (F,, F,,) = F(n . (COM.
rakxke 3.180.)

3.157. B nocienoBarenbaoctu uncen Pubonaudm BHIOpaHO 8 dmCel,
uaynmx nonpsa. Jlokaxkure, 9TO UX cymMMa He sBjsercd amnciiom Pubo-
HAYYM.

3.158. PaccmMoTpuM MHOYKECTBO TIOCJIEI0BATEILHOCTEH JJIUHDI 11, COCTO-
amux u3 0 1 1, B KOTOPBIX He ObIBaeT JAByX 1 crosmux psiaoMm. /loxkaxkure,
9TO KOJIMYECTBO TAKHUX IIOCJeN0BaTesbHOCTe paBHO F), ... Haiinure B3a-
AMHO OJTHO3HAYHOE COOTBETCTBUE MEXKTYy TAaKUMHU MOCTIEJOBATEIHLHOCTIMA U
MAapIIpyTaMy Ky3HeUnKa n3 3aja4dn 3.142.
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3.159. ®ubonayumeBa cucrema cuucijeHus. Jlokaxxure, 9T0 IpO-
M3BOJIBHOE HATYPAJIBHOE YUCJIO T, HE TpeBocxojsiinee F),, €INHCTBEHHBIM
00pa3oM MOYKHO MPEJCTaBUThH B BUJIE

k=2

rae Bce gucia by, ..., b, paBubl 0 jmubo 1, mpudeM cpenu ITUX GUCEST HET
JIBYX €JIMHUIL CTOSIIIUX PAIOM, TO €cTh bb,y1 =0 (2<k<m —1). Jng 3anu-
cu unciia B puboHATINEBOH cruCcTEeMe CUNCIEHUs UCI0/Ib3yeTCs 0003HATEHHE:

n=_(by...b2)p.
B wacrrOCTH,
0=(0)r, 1=(1)p, 2=(10)r, 3=(100)F, 4=(101)F,
5=(1000)r, 6=(1001)r, 7=(1010)r, 8=(10000)r, 9=(10001),
10=(10010), 11=(10100)f, 12=(10101)x, 13=(100000), 14=(100001) .
(Cm. rakxe 12.18, 4.219.)
3.160. ®opmyna Bune. /lokaxkurte o wHIAyKImu dhopmyay Bure:

n __ ~n
F, = P \/g‘ﬂ 7
1+V5 . 1-+/5
[JIe (= ——=— — «30/I0TOE CeUeHNe» UM THC/IO Qunus, a p = 3 («bu

€ KDBIIIKO#» ) — conpsizkennoe K nemy. (Cum. taxxke 11.57, 11.94.)
3.161. Jlokaxxure cieytonuit BapuanT dhopmyssl bune:
[(n—1)/2]
yp = Y O
k=0
(Cm. Takxe 4.144.)

3.162. [okakure, uro uucyao Oudbonaaqu F, coBmagaer ¢ OJMXKANIITIM
n

OeJIBIM 9UCJIOM K 90—, TO €CTb

NG
F,= [‘p—n +3)
V52
3.163. Yucaa ®ubonauyum um TpeyroabHuk llackass. Jlokaxkute
DPABEHCTBO:
Co+Ch +C2 4 ... =Fyu.
CymmMma, cTosiInasi B JIEBOI YaCTH PABEHCTBA, MOXKET OBIThH MHTEPIIPETHPO-

BaHa, KaK CyMMa 3JIEMEHTOB TPEYTOJbHUKa llacKasist, CTOAMMX B OIHOMN
muaronasu (Cm. npunoxenue C, IT u 3amaqaun 2.73, 3.158, 11.58 u 11.60.)



48 3. Anropur™ EBKinjia 1 oCHOBHAsI TeopeMa apudMeTUKI

3.164. Brruucaure cymmy:
S, =C°—-C} +C?_
(Cm. Takeke 11.58, 11.60.)

3.165. CkoJIBKO CyIIecTByeT HocIeI0BaTeibHoCcTel u3 1 1 2, TAKUX 4TO
CyMMa, YHCeJl B KaXKJI0il Takoil mociegoBaTesbHocTH paBHa n? Hampumep,
ecsia n =4, TO TAKAX MOCJEI0BATEILHOCTEN MATD:

11111, 112, 121, 211, 22.

) 3

3.166. PemuTe B 11eIbIX YUCTIAX yPABHEHUE
x-" Tyt =1,
Omnpepenenne. [ocienoBaresbHocTs wuces Jloka
{Lo, L1, Lo, ...} =42,1,3,4,7,11, 18, 29, 47, 76, 123, 199, 322, 521, ... }
zagaerca pasercrsamu Lo =2, Ly =1, L, o =L,.; + L, (n>0).

3.167. Jlokaxkure, uTo unciaa JIioka cBs3anbl ¢ uncaamu Pubonawadn
COOTHOITICHU MU
a) Ly =F, 1+ Foyq;
6) 5Fn - Ln 1 + Ln+1a
B) Fyu= Lo Fo
r) L +1 + L =5F31.

3.168. /lokaxxute paBeHCTBA

a) Lo+ Li+...+L,=L,—1

) 2Fm+n - Fan + Fana

) 2L,in = LyL, +5F,,F, u, B uacraocru, 2L,, = L2 + 5F?;
) Lo, =L% —2-(—1)" ,LfL*Ln,an+1—|—5 (=)™

How O\

n) L Ln+3 =Ln1Lpia+5-(=1)%
e) [?=F, 1Fn—(=1)" (n>1);

X) F2 F, 2F, 5+ ( )" (n>2);
3) F Fn 3B, 13— 2% (=1)" (n>3);
n) F2=F, ,F, 4+ 3 A(=1)" (n>4);
K) F2=F, sF, .5 —5%-(=1)" (n>5).

(Cm. Takke 9.86, 11.54.)

3.169. B Bepmmrax mpaBUJIBHBIX MHOTOYTOJTGHAKOB 3aIMICHIBAIOTCS THC-
sga 1 u 2. CKOJIBKO CYIIECTBYET TAKAX MHOTOYTOJBHIUKOB, 9TO CyMMa YHCEJI
crogmux B BepruuHax pasua 1 (n > 3)? JIBe paccTaHOBKU 4YHUCEJ, KOTOPbIE
MOYKHO COBMECTUTH IIOBOPOTOM HE OTOZKJECTBJIAIOTCS.

3.170. Boeipasure L, B 3amkuyToil dopme uepes ¢ u . (Cm. Takxke
11.96.)
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3.171. JlokakuTe paBeHCTBA

) i1/7+3\/3_§1/7—3\/5_1;
2 2
6) §/11+25\/5+</76—234\/5_1'

Haiture obmiyro dopMyity, A1 KOTOPOI JTaHHbIE PABEHCTBA SIBJISIOTCS
YACTHBIMU CJIYIASIMU.

3.172. Tokaxkute, uto paseHcTBo F,, = L,, (m, n > 0) BO3MOKHO TOJBKO
ecmF,=L,=1wmF, =L, =3.

3.173. Jlokaxxure, 9TO IPOU3BOJIbHASL [TOCJIEIOBATEIBHOCTD (),,, 3aaH-
Hasg yCJIOBUSIMU

QO:aa Ql :6; Qn+2 :Qn+1 +Qn (TL}O),
MOXKeT ObITh BbIpaskena 1depes uncia Pudbonawuu F, u uuciaa Jloka L,,.

3.174. Koscpdunuenter T* u uncaa Jloka. Jokaxure, 9r0 1pn
n 2 1 cupaBejInBO TOXKJIECTBO

TP +T!  +T? ,+...=L,_4,

rae TF —amcna n3 sagaam 2.93, a L, — amcaa Jlioka. (CM. Takxke mpmiio-
xkenwe I11.)

3.175. Borauciure cymmy

T —T,  +T2 ,—...

3.176" PemuTe B Ie/IbIX YUCIAX YPABHEHUS:
a) x* —ay —y* =1,
6) x> —wy —y>=—1.

3.177. a) JJokazkuTe, 9TO B OCIEI0BATENBHOCTH drces OuboHaTIN 1pu
m > 2 BcTpedaeTcsd He Menee 4 n e 60jiee 5 M-3HATHBIX THCET.

6) Hokaxkure, 910 qnciao Fyo (t > 0) comep:KuT B CBOEH IecaTUIHOM
3amucy He MeHee t + 1 mudpsbl.

3.178. Paccmorpum anaroputM EBkinaa u3 3agaqu 3.39 cocrosmuit us k
maroB. Jlokaxkure, YTO HAYAIbHBIE YUCIA Mg U My JOJXKHBI YIOBIETBOPSATH
HepaBeHCTBaM My = Fi 1, mg 2 Fjo.

3.179. Teopema Jlame. IlycTsb 4ucio m; B JeCATUIHON CUCTEME CUUC-
JIEHWSI 3aIUChIBaeTCs Ipu nomorn ¢ mudp. lokaxkure, 9To mpu JOO0OM My
qucio maroB k B agropurme EBrimma mis aucen mg u my yIOBJIETBOPSET
mepaBeHCcTBY k < 5t.
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3.180. ®duboHaYUYMEBBI KOIDDUITMEHTHI.

1
1 1
1 1 1
1 2 2 1
1 3 6 3 1
1 5 15 15 5 1
1 8 40 60 40 8 1
1 13 104 260 260 104 13 1

Hammast Tabymia aHaJorudna Tpeyroiabauky [lackass u cocrout u3 dpu-
Gonagunesbix KoadgdurmenTos FF, onpeiessieMbIx paBEHCTBOM

Fo-Fopo1-...-Fpo
k n n—1 n—k+1
fn_ Fk~Fk71'..‘~F1

(0<k<n).

a) Hokaxwure, 9ro dubonavdmesbl KodpdunuenTsr 06JaAI0T CBOW-
crBoM cummerpun FF = FF .

6) Haiture dopmyity, KoTopas BeipazkaeT Koaddumuent F* wepes Fr-|
u FF_ | (amajornunyio pasencrBy 6) u3 sajgauu 2.57).

B) O6bgacuure, nouemy Bce bUbGOHATINEBBI KOIDDUIUEHTDI ABJIAIOTCS
[EJIBIMUA YUCJIAMH.

"
3.181. OGobIenubie GuHOMUAIBHBIE KO3ddumuenTsl. [Iycts A,
Ay, ... — IIOC/IEOBATENBHOCTD HEHYJIEBBIX IEJIbIX YUCEN, TAKasl, 9TO

(Am7 An) = A(m,n) (mu n 2 1)
Hoxkaxkure, 9TO BCce 000DIEHHbIE OMHOMUAIbHBIE KOIDDUITUEHTDHI

E_ An-An 1. An_kqa
A”_ Ak - Ag_1-...- Ay

stBJIstiOTCs TiesibiMu ancsamu. (Cu. takske 8.94.)

3.182. CoekTpsbl uncesi. CuekTpoM JefCTBUTEIBHOTO YUC/IA, (¢ HA3BI-
BaeTcsi GECKOHEYHOE MYJIbTUMHOXKECTBO UHCEJT

Spec(a) = {[a], [2a], [3¢] ... }.

(MysIbTUMHOXKECTBO — 3TO TO YK€ CAMOE, UTO U MHOXKECTBO, HO B HEM MOTYT
COJIEPIKATHCSI TOBTOPSIIONINECS JJIEMEHTHIL. )
Hanpuwmep, cuekrp uuciaa 1/2 umeer Bug,

Spec(1/2) =1{0,1,1,2,2,3,3,...}.

Iycrs Spec(a) = {ay, as, as, ... }. Jokaxure, 9ro
a) eciu o = 1, 10 apyq > a, (n > 0);
6) lim 2% =q;

n—oo M
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B) a = (3 < Spec(a) = Spec(5).

3.183. Ilycrb v u [ — 1m0JIOKUTEJIbHBIE UPPAIMOHAIBHBIE YKCJIA, CBS-
3aHHBIe paBeHCTBOM 1/av+ 1/ =1. JIoKayKkuTe, 9TO CIEKTPHI STUX UUCEI
00pa3yoT pa3buerue MHOYKECTBA HATYPAJIBHBIX YUCEJN, TO €CTh

Spec(a) N Spec(B) = &, Spec(a) U Spec(B) =N.
Hampumep, MHO)KECTBA
Spec(v2) = {1,2,4,5,7,8,9, 11,12, 14, 15, 16, 18, 19, 21, 22, ...},
Spec(2 + v/2) = {3, 6, 10, 13, 17, 20, 23, 27, 30, 34, 37, 40, 44, 47, ... }

He IIepeCceKaroTCd U IIPpUu O6'be,£LI/IH€HI/II/I JAI0T MHO2KECTBO BC€X HaTypPaJIbHBIX
quceJ1

3.184. IIpegnoxuTe aaropuT™, KOTOPbIH MTO3BOJIsT ObI 6€3 UCITOIb30Ba~
HIsI KAJIbKY/ISTOPA BBIUACIISTH CIHEKTPHI dices V2 i 2 + v/2.

3.185. CymecrBytor Ji JeficTBUTE/IbHBIE YKCIa «, (3, 7, TaKue, 4TO
Spec(a), Spec() u Spec(y) BMecTe B3siThIe 06Pa3yOT pasbHeHNE MHOKE-
CTBa HATYPAJbHBLIX 9HACE?

3.186. 13 paBencrsa
1 1
T 1
PN
caenyer, aro Spec(p) m Spec(¢ + 1) = Spec(p?) obpasyoT paséuenue MHO-
JKECTBA HATYPAJILHBIX THCEJL:

Spec(p) = {1,3,4,6,8,9,11, 12, 14, 16, 17,19, 21, ... },
Spec(p + 1) ={2, 5,7, 10, 13, 15, 18, 20, 23, 26, 28, 31, 34, ... }.

Kaxk o 3anmcu quciia n 8 GuboHATINEBOH crCTEeMe CUNC/IEHNsT OIPEIe/INTh
KAKOMY U3 9TUX JIBYX CHEKTPOB IPUHAJIEKUT 17

3.187. Ilycrs f u g — BO3pacrawinue (QYHKIMH, TAKHE, YTO MHOMKEe-
crea {f(1), f(2),...} u {g(1),9(2),...} obpasyor pasbueHne MHOKe-
CTBA HATYPAJBHBLIX 4ucel. [IpeanosokumM, 9ro f U ¢ CBA3AHBI yCJIOBHU-
eMm g(n)=f(f(n)) +1 opu mobom n > 0. Hoxaxure, uro f(n)=[ny] n
g(n) = [ne?].

3.188" Urpa «IIz3gubmunsei». Jpa Urpoka MO odepenn 0epyT KaM-
HU 13 JBYX Ky4eK. 3a OIUH XOJ MOYKHO B3ATb JIIOOOE KOJIMYIECTBO KaMHei
U3 OJHON Ky9YKHM WJIM PABHOE YUCIO KaMHedl u3 obenx. BuIUrpbIBaeT TOT,
KOMY JIOCTAETCA IIOCAEeTHAN KaMeHb. JIOKasKuTe, 4TO UIPOK HAXOJIUTCA B
[IPOMI'PBIIIHO ITO3UIUK TOTJIA U TOJBKO TOTJIA, KOTJa €My JOCTAJIUCH Kydu
B KOTODBIX JIEXKUT [np| n [ng?| kamueit. HanmpuMmep, mepBBIME TPOUTPHITI-
HbIMU nosuruamu OyayT napsr (1, 2), (3,5), ...
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3.1897 JIpa urpoka no odepequ 6epyT KaMHH U3 OJHOH Kydku. Ecim
OJIMH UI'POK B3sI kK KaMHE, TO BTOPOI CBOMM XOJOM MOXKET B3STb OT 1 710
2k kamueii. BagBimit nocaeHnit KaMeHb — BLIUTPbIBaeT. [lycTh n3nadaibHo
B Ky4Ke HaXOJUTCs M KaMHell U IEPBBIl NI'POK MOYKET B35ITh TOJILKO OJIUH
KaMeHb. JIJIs KaKux 3Ha4YeHuil n OH CMOXKET BBIUTDATDH !

3.1907 Maccus Burxodda. B mepsrx qsyx croabuax mMaccupa But-
xodda crosit uncaa n u [(n + 1)¢]. CTPOKE 3aMOIHSIIOTCST IMCIAMHE 10 TIPa-
Bty PUOOHAYYM, TO €CTh KaXKJI0e CJCAYIOoNee 9HCIO PABHO CYMMe JIBYX

IPEJIbLIY X

0 1 1 2 3 5 8 13 21 34
1 3 4 7 11 18 29 47 76 123
2 4 6 10 16 26 42 68 110 178
3 6 9 15 24 39 63 102 165 267
4 8 | 12 20 32 52 84 136 220 356
5 9 | 14 23 37 60 97 157 254 411
6 11 |17 28 45 73 118 191 309 500
7 12 (19 31 50 81 131 212 343 555

a) JokaxKure, 94TO €CJU JBUTATHCS [0 OJHON CTPOKE, TO MOCJIE BEPTHU-
KAJIbHOM YePThI KaXKJ0€ CJEIYIOee YHCJIO MOJIyIaeTCs U3 MPEIbLILyIIero
IyTeM MoOUTOBOrO caBura B puboHaTINeBoil cucrteme cuncienusi. Hampu-
Mep, 3a auciaoM 19 = (101001)x caemyer aucmo 31 = (1010010) .

6) okaxkure, 9T0 KarXKJI0€ HATYPAJILHOE YHUCJIO B [IPABOI YacTu TabJIUIbI
BCTPEYAETCsl POBHO OJIUH Pas.

B) B kaxmoit crpoke maccusa Burxodda crpynnmpyem umcia mapa-
mu. Tak mepsast cTpoka jgact nociaenosareabrocTs (1, 2), (3, 5), (8, 13), .. .;
Bropas — (4, 7), (11, 18), (29, 47), ... JlokaxkuTe, 9TO MOJYIEHHOE MHOKE-
CTBO TIAp YHCE COBMAJAET C MHOYKECTBOM MPOUTPBINIHBLIX MO3UIUH B UTpe
«II3gupmunzs» (cM. 3.188).

r) Hokaxure, 9ro B n-it crpoke u k-m cTosibue OyJer pacroararbes
qucsio [(n 4 1)pFy o] + nFyy 1 (HyJIeBBIM CIMTAETCS CTONGEIN, PACIOIOXKEH-
HBIl Cpa3y 110CjIe BEPTUKAJIBHOM 9epThl).

1) ITocraBuM B COOTBETCTBUE KAXKJIOMY HATYDPAJLHOMY YUCIY 7 HOMED
paia G,, B KOTOPOM OHO CTOUT (HyMepalys HAYUHAETCHA C HyJs U HOMEp
KaXKJIOI'0 PsiJIa COBIIAJAET C YUCJIOM, CTOLANIAM a HadaJje 3Toro psza). Toraa
[IOJIY IUTCS TIOCJIEIOBATEIBHOCTD

0,0,0,1,0,2,1,0,3,2,1,4,0,5,3,2,6,1,7,4,0,8,5, ...

JokaxkuTe, ITO ec/id U3 Hee YIAIUTH KaXKI0€ UUCI0, KOTOPOE MOSIBJSIETCS
BIIEPBBIE, TO MOCJEIOBATEILHOCTD HE M3MEHUTCA. TaK cpelu MepBBIX JJe-
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MEHTOB HY?KHO yJaJIUTh IIOJYEePKHYTHIE:
970707170727 170737 27 17470757 37 27@7 1717470757 57 AR

e) Jlokaxkure, UTO MeXKIy JBYMS MOCJIEIOBATEIHHBIMA HYJISIMA BCETIA
CTOWT NEPECTAHOBKA HECKOJIBKUX (CKOJIBKUX? ) MEPBBIX HATYPATbHBIX THCEL.

3.5. Ilenubie apobu

Onpenenenune. Ilycrs ag — menoe, ay, as, ..., G, — HATyPAJIbHBIE U
a, > 1. Koneunoti yennoti (nenpepueroti) 0pobuio Ha3bIBAETCS BHIPDAYKEHHE
1
a1 +
az + - 1
+ _
Gn
(obosHauaercs [ag; a1, Ag, - .., ay)).
Yucna ay, ag, ..., @, HASBIBAIOTCS HENOAHbIMU 4acMHbiMU 1pobu (3.1).
14 12
3.191. Pazmoxure B 1emHbIe ApodHU InCIIA, 1—37 u %
P,
3.192. Ilycte =+ =151, ..., 1]. Yemy pasust P, u Q.7
n N———

n

3.193. Kak cBa3aHO pa3jioXKeHHe PaIMOHAJHHOTO YHCIa B IEIHYIO
Jpobb ¢ ajiropuT™MoM EBkiinaa?

3.194. T'eomeTpuyeckasi MHTepIIpeTanus ajaroputMma EBKimaa.
Pa6ory anropurma Eekinma (eM. pasmesn 3.2) MOXKHO IIPEICTABUTD CIIEIY-
oM o6pa3oM. B IpgaMoyrosibHUK pasMepaMu mg X my (my <myg) YKIaIbl-
BaeM ¢ KBaJIpaTOB pa3Mepa 1m; X M;, B OCTABIIUICSA IPIMOYTOJIbHAK Pa3-
MepaMu My X My (Mg < My ) YKIAAbIBAEM @, KBaJPATOB Pa3Mepa My X My,
4 T.J. O T€X IO, II0Ka BECh IPSMOYTIOJLHUK HEe IOKPOETCS KBaJIpaTaMu.
(Cm. rakxe 3.207.)

Bripaszure obiiee gmcio KBaIpaToB 4epes3 3JIEMEHTHI [EITHOM Ipodu Juc-
Jga my /mo.

3.195. /11 KaxKJa0r0 HATYPaJIbHOTO 7 IPUBEJIUTE TPUMED MPSIMOYTOJIb-
HUKa, KOTOPBII pa3pe3aJicsi ObI POBHO Ha 7. KBAJIPATOB.

3.196. Ilennbie Apobu u 3jeKTpudecKue Iienu. /s manHoro pa-
[[MOHAJIBHOTO YMCJa a/b MOCTPOHTe JIEKTPUIECKYIO IIEIb U3 eIUHUIHBIX
COTIPOTHBJIEHUH, 00IIee CONMPOTUBJIEHNE KOTOPOH pasHsiioch Obl a/b. Kak
TaKyO IIeMb MOXKHO IIOJIyYUTH IPU IOMOIIM pa30ueHus MPsAMOYTOJbHUKA
a X b Ha KBagpaThl U3 3agaun 3.1947
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3.197. Ilycrb ay —ueioe, ay, .. . , a, —HaTypaabHble Yncia. Oupeaeaum
ABe IOCJIeJ0BATEILHOCTHI

P.=1, FPy=a, Pi=arPr1+P_> (1<k<n);
Q-1=0, Q=1 Qr=0;Qr1+Qr> (I1<k<n).
Jokaxkure, 9TO MOCTPOEHHBIE MOCeA0BaTe bHOCTH st k=0, 1, ..., n 00-
JIAZIAIOT CJIEYIOIIMME CBONCTBAMMT:
Py
a) — = [ag; ai, ao, ..., agl;
) Qk [ 0, &1, U2, ) k]7
6) PeQp_1 — Pk 1Qk = (1)
Onpenenenune. Paimonasibhble 1poou
ﬂ:[ao;al,a% oa;) (B=0,1,...,n)
Qk
HA3BIBAIOTCS N00T00AuuMY 0pobamu K HelpepbIBHON apobu (3.1).
3.198. JlokazkuTe CJIEIYIOINIEe CBOMCTBA MOIXOIANIINX APoOeii:
a) PiQi—2 — Py 2Qk—( ) Qg (k>2);
P, P (—DFH
0) — — —_— k>1);
) Qr  Qr-1  QrQr—1 (k=>1);
B) Q) <Q2 < Qu;
Po Py Pn Ps Ps P
N —< —< ——<...< — < =
) 0 Qz Qa Qn Qs Q Q1
Py, Py
= <= (k,1>0).
Y G Gy R120)
3.199. O npubuan>keHUM YNCEJ MOAXOAAIUMU Apobsmu. Ilycrs
g — MOAXOASIIIe Apodu K auciy «. Jlokaxkure, 9T0 I BCeX k
k
’ Pl L < L
Qrl ~ QrQrr Q3

3.200. Haiizure pasioxkenue B 1ennyio Apobb uucesn suga L,/ F,, riue
L,, —aucia Jlioka, a F,, —auciaa PuboHaATIN.

a
3.201. IIycre uyncia a u b onpese/ieHbl PABEHCTBOM 7= [ao; a1, as, . ..

a,]. Jlokaxkure, 4To ypasHeHue ax — by =1 ¢ HEUZBECTHLIME T U Y UMEET
periernem onHy u3 nap (Q,_1, P,_1) wmm (—Q,,_;, —P,_1). OTuero 3asucur,
KaKas UMEHHO U3 Hap sSBJsAeTcs pelenuaeM?

3.202. Pagnaras uuciio a/b B HenpepbIBHYIO 1pOOb, DEIIUTE B IEJIBIX
quciiax ypaBHeHus ar — by = 1, eciu

a) a=101,b=13; 6)a=79, b=19.
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3.203. I'puropuanckuit KajgeHaapb. OOBIKHOBEHHBII I'0JI COIEPKUT
365 nHeit, BucokocHblit — 366. Eciu n ne gemures ma 100, To n-if rom aBs-
€TCsi BUCOKOCHBIM TOTJIa ¥ TOJIBKO TOTJA, Koraa 1 KpaTHo 4. Eciu n nemurcs
Ha 100, TO n-it TOJI ABJISAETCA BUCOKOCHBIM TOTJIA W TOJILKO TOTJIA, KOTJIa 7
kpatHo 400. Tak, manpumep, 1996-it u 2000-it rop — BUCOKOCHBIE, a 1997-i
u 1900-it — HeT. DU npaBuia ObLIM ycTaHOBJEHBI nanoil ['puropuem XIII.

o cux 1mop Mbl IMeJIH BBUY <«I'DaKIAHCKUIA IOy, YUCJIO JTHEel KOTOPO-
IO JIOJIZKHO OBITH TEJIBIM. ACTPOHOMUYECKHUM YK€ TOJIOM HA3BIBAETCS TIEPUO]T
BPEMEHU, 38 KOTOPbI 3eMJisi COBEPIMAET MMOJIHBIN 060poT Bokpyr CoJsHIa.
Cuurasi, 9TO «I'PUTOPUAHCKUN T'OJ» MOJHOCTHIO COTJIACOBAH C ACTPOHOMUYIE-
CKUM TOJIOM, HaliJIuTe MPOIOZKUTEIBHOCT aCTPOHOMUIECKOTO rosia. (CMm.
rakxke 12.8.)

Ounpenesnenne. Beckonewnotl nenpepuerol (yennotl) dpoboro HasbiBa-
eTcsl BhIpaskKeHue BUa

1
[ao; @1y« vy Gy o ] =ag + i
ai +
az + -
. 1
+7
an + .

Ie ag — eJoe, (1, Agy -« ., Ap, - .. — HATyPAJbHbIE THCIIA.

Besmmunnoit 6eckonevHOi HENPEPBIBHOM Jpo0K Ha3bIBaeTCs Ipeed (Ipu
YCJIOBHUH, 9TO OH CYIIECTBYET) ee MOAXOIAIINX Apobeii, TO eCcTh TaKoe UuC-

JIO (¢, 9TO

a= lim Ln
n— oo Q’,L’

P, .
rae —— = [ag; 1, Ga, - - ., Ay
n

3.204. okaxkuTe, 4TO J1000€ UPPAIMOHATIHLHOE UHUCIO (v JOMYCKAET
[IPEJICTABIEHUE

o = [G’O; A1y evey Apn_1, an]7
rae ag —1esoe, ap, g, ..., Gy — HATypPaJbHbIE, (v, > 1 — APpanoOHaJIbHOE
,ZLGI;’ICTBI/ITGJII)HOQ qucJia. OTCIO,H,& CJIelyeT, YTO KazKJIOMY HPppalliOHaAJIbHOMY

JIEICTBUTEJILHOMY YHCJIY MOXKHO HOCTABUTH B COOTBETCTBUE OECKOHEUHYIO
MEMHYIO JIPO0D.

3.205. [lokaxkure, 910 115 JII0OON OECKOHEUIHOI TEITHON Ipoou!
[ag; @ty .oy ap,...]

CYIIIECTBYET MPEE €€ MOIXOISAIMNX APodeil — UPPAIMOHAIBLHOE YUCIO (.
OObsicHUTE, TOYEMY €CJIA ITO UUCTO (v PA3IOKUTH B OECKOHEUHYIO IEITHY O



56 3. Anropur™ EBKinjia 1 oCHOBHAsI TeopeMa apudMeTUKI

JpOOb IIPU IOMOIIY AJIPOPUTMa IPEAbLIYIIEH 3aa4u, TO MOJIy YUTCsT OECKO-
HeuHas lenHas Apo0b, paBHAas MCXOIHOI.

Takum 06pazom, CyIeCTBYET B3aUMHO-OJHO3HAYHOE COOTBETCTBUE MEK-
JIy APPAIMOHAJIHHBIMI YUCIAMEU W OECKOHEIHBIMU TemHbIME apobsivu. [To-
9TOMY B JaJibHeilleM OyeM OTOXKIECTBJISITh IEIHYIO JIPOOb C ee YHCJIOBBIM
3HAYECHUEM.

Bce cpoiicTBa nmoaxomgamux apobeit, onucanubie B 3amadax 3.197—3.199,
OCTAIOTCS CIPABEIINBLIMU U JJIsI OECKOHEYHBIX IEIMHBIX Ipobeii.

3.206. IIpeamomox)um, ITO YUCIO (¢ 33IaHO OECKOHEYHON IEMHON JPO-
6b10

a=lap; a1y ...y py ...
JHoxkaxkure, 94T0
1 1 1 1
a=ap+———+—— .. F(-1)"—
gdoq1 q192 q293 qnqn+1

3.207. TTocnenosarenbroctu {ay} u {by} crpositest mo coemyromemy 3a-
KOHY:

a; = 17 bl = \/57 Upi1 = min(a/na bn)a bn+1 = |bn - a/nl (’I’L > 1)

a) Jokaxwure, 4ro a, # 0 u a, crpemurcs K 0 npu n — oo.
6) dokaxkure, 9TO MOCIEIOBATEIBHOCTD ¢, = a3 + a3 + ...+ a? umeer
IIpeJiesl ¥ HAfuTe 3TOT Ipees.

3.208. HOumamckuii kKajgeHgapb. 13 acrpoHOMUM WM3BECTHO, YTO
acTpoHOMUYIECKHil rox umeer 365,2420...=[365;4,7,1,3,...] Tax Ha3BI-
BaeMBbIX «KaJIeHIapHBIX cyToKy. B FOmanckoMm crmiie Kaxkblit 4eTBepThIit
r'0JT — BUCOKOCHBII, TO eCTh cocTouT u3 366 aHeit. 3a CKOJIBKO JIeT IIPU TAKOM
KaJIeH/Iape HaKalinBaeTcs ommbKa B omuu cyTku! Ha ckonabko jHeil oT-
craer FOymanckuii kasengaps 3a 1000 Jjier? U BooOIIe, I0UeMy OH OTCTAET,
€CJIM I0JIMAHCKUN TOJT JJIMHHEE aCTPOHOMUYECKOr0?!

3.209. Ilepcuackumit KajieHaapb. Haubosee ToOIHBIN KaJgeHIapPh BBEJ
B Ilepcun B 1079 romy mepcuickuii acTpoHOM, mMareMaTwK u 1modT Omap
Asnbxaitsmu. BoccranoBute 3TOT KaJeHIAPHBIN CTUIIb, PACCMOTPEB TPETHIO
HOAXOASILY IO Apo0b [365; 4, 7, 1] K JIMTebHOCTH ACTPOHOMUIECKOIO TOIA.
3a CKOJIBKO JIET B 9TOM KaJIEHIIAPe HAKAIIMBAETCS OIMIMOKA B OJHU CYTKU !

Onpenenenne. beckoneunas HenpepbIBHAA IpOoOHL BHUIA

[G/O; A1y oeny Oy Qpg1y « ooy ATy g1y« ooy Q4T - - ] =
= [CLO; Ay oeey Qpy Apgp1y - oy ak+T]
Ha3bIBAETCST NEPUOIUYECKOT, ¢ NEPUOIOM Gpyq, - - -, Gprr. HADOD ag, a1, . ..

., Gy, HA3BIBACTCS NPEeInepuodoM.
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BeckoneuHnast HenpepbIBHasi 1po0b BUNA [Tg; G1, - - -, Gr_1 | HA3BIBAETCSI
wucmo nepuodureckoti.

3.210. Borancanre ciaempyromue memHbe Jpoom:
a) [5;1,2,1,10); 6)[51,4,1,10]; »)[2:1,1,3]

3.211. PazioKuTe B IEMHBIE JIPOOU TUCIA:

a) V2; ©) V3; B)%+\/7-

3.212. ®opmar A4. Haiinure HavMeHbIlee HATYPAJIBLHOE 1, JIJIsT KOTO-
pOro CyIIEeCTBYeT TaKOe 1M, ITO

m 297
\/5<Z<%'

3.213. Yucsaa u3 sjgekTpuvdeckoii po3erku. Hailiiure nanmenbiee
HaTypaJIbHBIE N U [, JJ7I KOTOPBIX CYIIECTBYIOT TakKue k W 1M, 9TO

(Cwm. [202].)

Omnpenenenne. Yucio Ha3bBaeTCs k6adpamuyHol UppauUuOHGALHO-
CMb10, €CJIA OHO SIBJISIETCS] UPPAIHOHAJIBHBIM KOPHEM HEKOTOPOTO KBaJIPAT-
HOTO ypaBHEHUS C TeJIbIMU KO3(ddUuimeHTaMu.

Ecin o = b+ ¢v/d — KBagparndnas HppanuoHaIbHOCTh, TO YHCIO (o =
= b — ¢V/d Ha3BIBAETCA CONPANCEHHBIM K TUCTY (.

3.214. JlokaxkuTe, ITO 3HAYEHUE JIIOOON MEPUOTUIECKON IEIMHON IpO-
O — KBaIpATHIHAS UPPAIMOHATIBLHOCTD.
Bepno 6osiee cubHOE yTBepKI€HUTE.

Teopema Jlarpanxka. Iucsio pasnaraerca B HEPUOMIECKYIO TIEITHYTO
JpO6b TOLJIA U TOJIBKO TOIJA, KOIJA OHO SIBJISIETCs KBaJPATHIHON Hppary-
onasbHocThiO. (CM. [7], [39].)

3.215. Haiinure paruoHaabHOE 9HCJIO, KOTOPOE OTJINIAETCS OT ¢ He 00-
sgee yeM Ha 0,0001, rae

a) a=+?2; 6) a=2+5; B) a=3+ V7.

3.216. J/lokakuTe paBeHCTBO:
[2.2 2]: (1+\/§)n+1_(1_\/§)n+1
SEAILL e Y Y (R T

n

3.2177 Teopema Jlexxkanapa. IlycTs o — melicTBHTEILHOE THCIIO,

P %
-Z==,

q q



58 3. Anropur™ EBKinjia 1 oCHOBHAsI TeopeMa apudMeTUKI

u p'/q — npemocyenHss MOAXOAMAst 1pobb K uuciay p/q. Jokaxwure, aro
p/q Gyner nojaxozsieil 1pobbI0 K YUCIY (v TOLIA M TOJBKO TOTJA, KOIJIA

0l < —=.
q+q
(Ecmm a=ap; a1, ..., n_1, Gn] — PAIMOHAJILHOE YHCJIO, TO JJisl CIPABEI-
JIMBOCTH 3TOTO YTBEPXKICHHS K MHOMKECTBY HOIXOIAMMX JApobeil Hy»KHO
J0GABUTD €IIe OJHY — [G; @1y « -« Gp_1, Gy — 1].)

Brisequre orciona Teopemy Jlexkanmpa: ecan

TO g — MOJXOJIAIIAS IPOOh K TIHUCTY (.

3.218. Teopema Banena. lokaxure, uro eciau p,/q, (n > 1) —non-
Xojidmas apobb K UUCJIY v, TO UMeeT MeCTO IO KpaiiHeil Mepe OJHO u3
HEPaBEeHCTB

1
2‘]72#1 '

_ Pn—1
qnfl

<—-— wm ‘a
2¢n

Iloyuure orciona Teopemy Basena: s ob60ro o Haitjiercss 66CKOHEYTHO
MHOTO J1pobeii p/q TaKux, 4To
1
o2,
gl 2q
3.219. [Tokaxkure, 9TO JJIsi JTEOOBIX 1eJIbIX auces p u g (¢ #0), cupases-
JINBO HEPABEHCTBO

1
\/Q—B]>—.
’ q 3q2

3.220. TokaxkuTe, ITO JJIsA JTIOOOTO HATYPAJIHLHOTO d, HE SBJISIONIETOCS
[TOJTHBIM KBaJIPATOM, HANIETCS TAKOE (v, 9TO JJIs JIFOOBIX IEJIbIX M U N

m 1
Va-2]> .

3.221. Jlokazkute, 9T0 1ipu k > 1 BBIOJTHSIETCS PABEHCTBO:

Frqo _

a 1: Fr. aFr—1 Fo
= a’*;a s e, @O,
a ktl —1

rie {Fy } —nocienoarenbrocTh unces OuboHaqdn.

3.222. J/lokaxxure, 4TO MOJIOKUTE/IHHBI KOPEHb KBaIPATHOTO ypaBHE-
nust br? — abx —a =0, rae a u b— HaTypaJbHbIC YUCJIA, PA3JIAraeTcda B YUCTO
[IEPUOINIECKYTO TIETHY0 APOo0h ¢ JUINHOM nepuoja, paBHoii 2. Bepuo ju 00-
paTHOe yTBepKIaeHne?
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3.223. JlokakuTe, UTO €C/IU KBaJpPaTHOE ypaBHEHUE C IMEJTbIMU KO-

dunmentamu umeer KopeHb T = [a; b], TO BTOPbIM KOPHEM CJLy?KUT IHUCJIO
1

lap]
3.224" Teopema I'asya. JJokazKuTe, 9TO KBaIpaTHIHAL HPPAIIOHAID-

A++D
B

HOCTb O = pa3jiaraercs B YHUCTO HEPHOIUYECKYIO IIENHYIO JIPOOb

TOTJ[a U TOJBKO TOTJA, KOTJa ¢ > 1, U cOmpsizKeHHasi (v KBaJpATUIHAST UP-
A—-+D
B

3.225. JlokazkuTe, UTO €c/IU KBaJpaTHOE ypaBHEHUE C IEJTbIMU KO-
dunmenramMu nmeer KopeHb = [a; b, ¢|, TO BTOpBIM KOpHEM OyJeT IHCJIO

a—[cb].

3.226. /lokaxxure, 9TO IEMHBIE IPOOU JIJTsi TUCET

PAIMOHAIBHOCTD (' = npuHajyiexkut uarepsaiay (—1;0).

2cos27” —[1;4,20,2,3,1,6,10,5,...],
4
2cos = [~1;1,1,4,20,2,3,1,6,10,5, ...,

2cos87” —[-2:5,20,2,3,1,6,10,5,...],

OTJINIaI0TCd JIMIIb IIEPBBIMU HEIIOJTHBIMU JaCTHBIMUA.

3.227. Ilycth o = 2 cos 277r u o, = g (n > 0) — noaxoagamue apobu K
qucay «. Jokaxkure, 9To npobu
_ Qn _ P, + Qn
67L - Pn _|_ Qn n ’77L - Pn
47 8w
OYIyT MOAXOMAIUME JJIs duces 3 = 2 cos — Y= 2 cos -

3.228. Cdhopmynupyiite U HOKaXKWUTE YTBEPKICHUE, AHAJOTHIHOE TO-

. 2
MY, 9TO PacCMaTPUBAJIOCH B IPEJIBLIYINENR 3ajade, HO JJId ducesa 2 cos —,

4 8w .

2 cos 35 1 2 cos 9 Pazoxkenne sTux unces B enHble POoOH MOKHO HATH
B npwioxkenuu C, IV.

3.2297 Cormacuo teopeme lanya u3 zagauu 3.224 uncia suga [V D] +
+ VD (korga D — He HOJIHBIH KBAIPAT) PACKJIAIBIBAIOTCA B YUCTO II€PUOIH-
9eCcKyIo IEeNHYI0 1po0b. Eciu npocienuts 3a mporeccoMm pa3sioyKeHusT TaKIX
4qucesl B IeNHble JPOOH, TO MOXKHO 3aMeTHTh HEKOTOPbIe 32aKOHOMEPHOCTH.
IIycTnb, nanpumep, o = 6 + /43 1 «,, — OJIHbIE YACTHbBIE:

o= [a’(); A1y -v oy An_1, an]
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Bruraucienns moKa3bIBaIOT, UTO MOCJIEI0BATEIBHOCTD Ojg = (X, V1, ... YCTPO-
€Ha CJIeIYIomuM 00pa3oM:

6+ Va3, 6+\/E, 1+\/E, 5+\/E7 4+\/E7 5+\/E7
7 6 3 9 2
5+9\/E, 4+?:/E, 5+(;/E7 1+7\/57 64+ Va3, ...

Kaxknprit pa3 moxydaroTcsd ducia BUIa

_Un+VD

an V )
n

upudeM uucia U,, V,, u HenosHble YacTHbIE {a, } 061a1a10T OlpeIeIeHHOI
CUMMeTpHUen:

n |0 1 2 3 4 5 6 7 8 9 10
an (12 1 1 3 1 5 1 3 1 1 12
U, |6 6 1 5 4 5 5 4 5 1 6
Vo1l 7 6 3 9 2 9 3 6 7 1

HoxkaxkuTe, 9TO U B O0IEM ciiy4ae, ecian 1 — JyInHA TepHojia MeHoN 1podu

,ILHH‘IHCH&O(Z[\/B]—F\/B, roupu 0 < n<T

Ap = a/Tfn; Un+1 - UTfnv Vn - VTfn-

3.6. KoHTHHYaHTBI

Paccmorpum  3aBucuMOCTh uncimTesieil M 3HAMEHATESIEH ITOXOIATIIINX
JIpobeii

Pn .
22 =ag; a1, ..., an)
dn
OT HEIIOJIHBIX YaCTHBIX:
Po_a0 p1_gartl p2_ dotias+ao+az
@ 1 ¢ a g aaz+1
P3 __ 0a102a3 + aoa1 + aoas + azas +1
qs arazaz + a1 + az '

Buwro, uro uncimress KaxkIoit 1enHONR Apodu 1Mo CBOE CTPYKType Ha-
[IOMUHAET 3HAMEHATeJb CJEeIyIollell IenHol apobu. MHOro4seHsl, Haxo-
JSAIMIUECs: B IUCIUTENISIX U 3HAMEHATEJSIX, HA3bIBAIOTCSI KOHTHHYaHTaMu (&
rakxke K-MHOTOWIeHAMY MK cKoOkamu Ditepa).

Ounpenenenne. Kourunyanrom K, (21, ..., &, ) HA3bIBAETCS MHOIOWIEH
OT MEPEMEHHBIX Ty, ..., Ly, KOTOPBI OMPEIEIIeTCs PEKYPPEHTHO CJIETYIO-
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IAM 00Pa30oM:

Ko()=1

Kl(xl) =T1;

K.(x1,...,20) =2, K 1(x1, .., 1) + Ky o(@y, ...y 20 n)  (n=2).
s ynoberBa MOKHO cantarh, 9ro K_; = 0.

3.230. JlokaxkuTe, ITO BCsAKAsI KOHEYUHAS IEITHas IPOOh €CTh OTHOIIEHNE
JBYX KOHTHHYaHTOB:

[ao; ai, ...,an]:% (n>=0).
3.231. IIposepbTe, uTO 0OOINEE KOJHMIECTBO CJIATAEMBIX B MHOTOUJIEHE
K(xy, ..., x,) paHo unciay @ubonauan: K, (1,...,1)=F,.; (n>0).
3.232. IIpaBuso Diinepa. Jlokaxure, aro muorowied K, (1, ..., T,)

MOXKET OBITH IIOJIyY€H, €CJIA HA4YaTh C IIPOU3BEJEHUS I ...T,, 32TEM BBI-
9epPKUBATH B HEM COCEJIHUE TIAPBI TTp1 BCEMH BO3MOXKHBIMU CIIOCODAMU 1
CKJIAJIBIBATD BCE ITOJIYYaIONIHeCs: OHOUICHBI.

IIpaBuio Ditytepa MOXKHO HpEIACTABUTH Tpadudecku, 0o0pa3ysi BCEBO3-
MO2KHBI€ CJIOBa JIJIMHBI 1 U3 TOYEK U THUPe B «a30yke Mopze», rie Kaxias
TOYKA UMeeT JJINHY 1, a KaXKJ10e TUpe uMeeT JJuHy 2. Bot, Hanpumep, cjioBa
aauHbl 4 B «a30yke Mopses:

U COOTBETCTBYIONUE UM ciaraeMble B K, (1, Ta, T3, T4):
T1ToX3Xy, Ti1Ty, T1Ty, X3Tg, 1.
Touka 03HAYAET MEPEMEHHYIO, KOTOPas OCTAETCs, a TUPE — Iapy IIePEeMeH-
HBIX, KOTOPbIe BBIYEPKHYTHI (CJOBY M3 OJHUX THPE COOTBETCTBYET ILyCTOE
[IPOM3BEIeHNE, KOTOPOE, 110 OIIPEIEJICHHI0, CIUTACTCSI PABHBIM 1).
3.233. C nomotpio mpapujia Jitjiepa [IPOBEPHTE CIIPABEJINBOCTD CJie-

JYIOIUX CBOHCTB:
a) Kp(xy, ..., 20) =K, (2, ..., 21);

6) Kn+2($15 <oy g, O) = Kn(xla tey xn)a
B) Kpn(1, ..., xn) =01 Ky (22, .o, @n) + Kpo(@s, .., X0);
F) Kern(:Eh sy :Ema :Em+17 L) mern) =
= Km(xlv ey Im)Kn($m+la tey 'rn) +
+ Kmfl('rla A Imfl)anl(IrrrFQ; A xm«rn)-

3.234. Ilycrn g—" (n > 0) — mogxongmue 1pobu K IuciIy o = [ag; ay, - - -

<y Ay, ... ]. Jokaxkure paBencrsa
P,  Kpyi(an, ..., a0) Qn Kn(an, ..., a1)

Po_1 Ka(an—1,...,a0)" Qn-1 Kn-1(an-1,...,0a1)"
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3.235. JlokaxKkuTe, 9TO €CJU KOHEUHAs IeNHas JIpo0b [ag; Ay, ..., dy)
CUMMETPHUYHA, TO €CThb g = Gy, A1 = Gp_1, - .., TO CIPABEIJINBO PABEHCTBO
Pnfl = Qn

3.236. JlokakuTe, UTO HYJIEBbIE apryMeHTBHI K-MHOTOYJIEHOB MOTYT
OBITH yIaJIeHBI IIyTeM CTATUBAHUSA UX coceeil (1 <m < n):
K. (21, Tm1,0, Ty o ooy Tn) =
=Ko(Z1,y ooy T2y Tt + Tong1y Tty « -+ 5 Tn)-
3.237. JlokakuTe, 9TO MHOTOUIEH
Crio(Tyy ooy Tpio) = Knpo(T1, .oy Tpgo) + Ko(za, .., 24)

HE U3MEeHAEeTCsA IIpUu HHKHH“IGCKOfI nepecTaHOBKE II€epEMEHHDBIX

Ty —Tay ...y, Tpi1 — Tpyo, Tppo — T,
TO eCTh
Crya(Tr, Tay ooy Tpyo) = Crio(Xa, ooy Tnio, T1).
3.238. IIycte p=4k + 1 —upocroe uucyo. Jokaxkure, 9T0 OTHO U3 IUCETT
p P P
27377777 2k

06/18/1a€T CAMMETPUIHBIM PA3JI02KEHUEM B IEITHY IO IPO0b, TO €CTh /I HEKO-
TOPOTO @, JiezKaIero B npeaenax 2 < q < 2k

p_ .
- [a/Ov aiy ..., 01, a/O]'
q
Haiinre ¢ momotnbio 3T0i nenHoil apobu Takme HATYpaJbHbIE @ U b, ITO
p=a’+ b
3.239. Pacemorpum muorousienst K, (xy, ..., &, ), KOTOPbIE IOy 9al0TCsl

13 YuCIUTeNIell 1 3HaMeHaTes el IelHbIX Apobeil ¢ MUHycaMu
1

g — 1
a; —
a2 — -
_1
Qn
HepBbIe IIOAXOOAIIIIIC rILpO6I/I HMEIOT BUL
aop apal — 1 apai1a2 — apg — a2
1’ a1 araz — 1

CrenoBare/ibHO, HY2KHO BBIOUDATH
Ko() =1, K1($1) =T, Kz(fvla 552) =x1%2 — 1,
K3($17 Z2, 553) = X1X2T3 — L1 — T3-

Kak rakue MHOrO4jIeHBI OYJIyT CBSI3aHbI C OOBIYHBIMK KOHTUHYaHTaMu?! Jlo-
KaxKuTe Jyisl HUX CBOCTBA AHAJIOMMYHbIE CBOHCTBAM MHOrOWIeHOB K, (21, . . .
.y T,,) U3 3aga9n 3.233.
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3.240. He Bce cpoiictsa MHOrOUwIeHOB K, (21, . .., &,) U COOTBETCTBYIO-
[UX UM TIEMHBIX JPoOeil ¢ «MUHYCAMU» AHAJIOTUYHBI CBOficTBaM K -MHOrO-
9JIEHOB M OOBIYHBIX IIEITHBIX JPOOEii.

a) IIpusenure npumep, Korga muorodier K, (z,, ..., x,) OT HATYpAJIb-
HBIX apryMEHTOB Ty, ..., L, IPUHAUMAET OTPUIATE]bHOE 3HAUEHME.

6) Hokaxkure, uro mpu x; =2, ..., T, = 2 MHorowteH K, (zy, ..., ,)
IOJIOYKUTEJIEH.

B) ITokaxkure, 4T0 GeCKOHEYHAs HEIHAs JIPOODh

1
g — 1
a; —
a2 — -
_ 1
an — -

MOXKET CXOIUTCHA K PAIMOHAJBHOMY IUCJTY.
3.2417 MoposHble y30pbl. PaccMoTpuM Tabimiry, KOTOpas OrpaHd-

YeHa CJieBa 3UT3aroM W3 €IUHUIl, a CBEPXYy W CHU3Y — MOPU30HTATbLHBIMN
psaMu U3 eIUHUIL:

1 1 1 1 1 1 1 1 1
1 ? ? ? ? ? ? ?
1 ? ? ? ? ? ? ?
1 ? ? ? ? ? ? ?
1 ? ? ? ? ? ? ?
1 ? ? ? ? ? ? ?
1 ? ? ? ? ? ? ?
1 1 1 1 1 1 1 1

3areM mompoOyeM 3allOJHUTh BHYTPEHHUE KJIETKU, UCIOJIB3Ysl CIIEIYI0-
1ee TPaBUJIO: IUCaa a, b, ¢ u d, obpazyiolue MaJIeHbKUH KBaIpaT

b
a d
c

JIOJIZKHBI YIOBJIETBOPATDH ycjaoBuio ad — be = 1.
1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1

VauBUTEIHHBIM 00Pa30M OKA3LIBAETCS, ITO IPU BBHIYUCICHIN HOBBIX UM~
ceJl BCerja IMPOUCXOIUT JAeJeHne HAIeJ0 W Tab/IuIa 3aIloJIHSIeTCs TOJIHBKO
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HaTypaJIbHBIMHU 4YucjamMu. Kpome TOro, JieBblil 3ur3ar u3 eIUHUIL ITOSBJIs-
€TCsi CHOBA: CHAYaJIa B IIEPEBEPHYTOM BH/JIE, & ITOTOM — B II€PBOHAYAIBLHOM.
To ke caMoe TPOUCXOUT, €CJIN HAYMHATH C JIPYTOro 3Ur3ara Wik eCJId Pac-
CMaTpUBATH TAOUITEI APYTON MUPUHBI.

JlokarkuTe 3T 3aKOHOMEPHOCTH, IIOJIb3YsICh KOHTUHYaHTaMU U3 3aJa-
g 3.239.

Moxkuo Takke J0Ka3aTh, YTO TAOJMIBI IMUPUHBI 1 HAXOISTCS BO B3a-
MMHO OIHO3HAYHOM COOTBETCTBAU C TPUAHTYJISIUSMHU BBITYKJIOrO 7+ 1-
yroapuuka. Hampumep, Tabiuie

1 1 1 1 1 1

1 1 1 1 1 1

COOTBETCTBYET TPUAHTYIISINNS NATHYToIbHIKA. Ha pucynke oKoJio Kaxkaoi

2

3 1

BEPINUHBI HAIIMCAHO YHMCJIO TIPAMBIKAIONIMX TPeyroabHukoB. O6parure BHU-
MaHUEe Ha COBIQJCHHE ITUX YUCEJ C YUCJIAMH M3 BTODOil CTPOKH TabUIIbI
(06x0M MATHYTONBHUKA OCYIIECTBIAETCS IO 9acoBoil crpenke). Taknm 06-
pasoM, obIIiee KOJIMIeCTBO MOPO3HBIX y30POB JAHHOM IMPUHBL OY/eT PABHO
cooTBercTByIOmEeMy unciay Karamana (em. [17], pasmen 2.3.4.6, 3a:1. 4).



['TABA 4
Apudmernka ocTraTKoB

4.1. Yernocrnb

4.1. Iycrs m u n— uenble gucia. Jokaxure, aro mn(m + n) — dernoe
9HUCJIO.

4.2. Pykonoxkatusi. Kaxprit u3 jrozeit, Korga-yimdo KUBIIAX HA 3€M-
Jie, CIIeJIaJl ONPE/IeIEHHOE YUC/I0 PyKomoX)aTwii. Jloka)kure, 9T0 IUCIIO JIIO-
JIeit, CAeJIABINX HEYETHOE UUCJIO PYKOIOXKATHUI — YETHO.

4.3. B npaMOyroabHOM TPEYToJbHHUKE JJIUHBI CTOPOH — HATYPaJIbHbIE
B3aMHO MPOCThIe uncyaa. Jlokazkure, 9TO JJIMHA TUMOTEHY3bl — HEUETHOE
YHCJI0, & JJIMHBI KaTeTOB UMEIOT Pa3HYI0 YeTHOCTD.

4.4. Ha nocke nanmcano 10 mmocos u 15 munycos. Paspemnraercs crepersb
JI0Oble JBa 3HAKA M HAIMCATH BMECTO HUX ILIIOC, €CJIM OHU OJIMHAKOBBI, U
MUHYC B IPOTUBHOM ciy4dae. Kakoil 3HaK ocTaHeTcs Ha JJOCKE II0CJIE BBIIIOJI-
HeHus 24 TaKUX OIeparinii’

4.5. VI3 maxMaTHON JJOCKU BBIPE3aJIH J[B€ IIPOTHBOIIOJIOKHBIE YIJIOBBIE
kiaerku (a8 u hl). MoxKHO i OCTABINYIOCH YaCTh JOCKU MOKPBITH HElepe-
KPBIBAIOIUMUCH KOCTOYKAME JOMUHO?

4.6. Topox umeer dopmy kBajgpara 5 X 5 (cMm. pucynox). Kakyio nau-
MEHBIIYTO JJIMHY MOYKET MMETh MApIIPYT, €CJIN Hy?KHO MPOATH MO KazKI0i
YJIMIIE TOTO ropojia U BepHyThesd B npexkuee Mecto? (Ilo kax-
JIOH yJIUIle MOYKHO IPOXOAUTH JIH0B0E TUCIo pas.)

4.7. MoxkeT i 1abs IepefiTh U3 OTHOTO YTUIa MaXMAaTHON
JIOCKH B IIPOTUBOIOJIOXKHBIH yros (0 AuaroHasm), mobbBas 1o
OJIHOMY pa3y Ha Bcex 64 xjerkax? Tor »Ke BOIIPOC Jijisi KOHSI.

4.8. BopoHbl Ha jgepeBbax. Bionab yaunbl ctoaT 6 JepeBbeB U Ha
KaKJIOM U3 HUX CHJUT 110 BOpOHe. Pa3 B 4ac J[Be U3 HUX B3JIETAIOT U KaXK 1asi
CaJINTCSI HA OJHO M3 COCEJHUX JiepeBbeB. MOXKeT JIu TOJIyInTCs TaK, IYTO BCe
BOPOHBI CODEPYTCsT Ha OJHOM Jepene?

4.9. Tepmut u 27 kKybukoB. IIpencraBum cebe 60JbINTON KyO, CKIIe-
eHHBIN 3 27 MEeHbINX KyOMKOB. T€PMUT CauTcsd HA [EHTDP IPAHU OJHOTO
73 HapY>KHBIX KyOMKOB M HAYMHAET MPOrphi3aTh xoj. 1loObiBaB B KyOuke,
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TEpMUT K HEMY y»Ke He BO3BpaInaercs. JBUzKeTcst OH TP 9TOM BCerjia Ia-
paJjeIbHO KAaKOMY-HUOY1b pebpy Oosbinoro kyba. Moxker m TepMuT mpo-
IPBI3TH BCe 26 BHEIMHUX KyOMKOB M 3aKOHUYUTH CBOW XOJ B IIEHTPAJHHOM
kyouke? Ecan BO3MOXKHO, MOKAXKATE, KAKAM JIOJI2KEH OBITh ITyTh TEPMUTA.

4.10. Ha xokxkeitnoMm moJte jiexkat tpu maitbsr A, B u C'. Xokkencr 6ber
10 OJIHOW M3 HUX TaK, UYTO OHA IPOJETAeT MEXKIY JBYMs Jpyrumu. Tak oH
gesaer 25 pa3. MoryT i mocJie 3Toro maiibbl OKa3aThCsl HA CBOUX MECTaX !

4.11. Bce KOCTOYKH JIOMUHO BBLIOXKEHBI B 1ielb. Ha oqHOM KOHIE OKa-
3aj10ch 5 04KOB. CKOJIBKO OYKOB Ha JPyroM KOHIe?

4.12. MoKXHO JIn MHOXKECTBO BCEX HATYPAJbHBIX HHces 0oJibie 1 pas3-
OUTH Ha JIBA HEIYCTHIX IMOJMHOYKECTBA TAK, YTOOBI JJIsl JIFOOBIX JIBYX YHCEJI
a n b u3 ogHOrO MHOXKECTBa uncyio ab — 1 mpuHaIeKaI0 ApyromMy !

4.13. [Jan Boimykiibiii 2n-yroabuuk A;, ..., A,,. Buyrpu Hero B3sTa
Touka P, He mpuHaJUIeKalas HU OJHON n3 guaronaseil. Jlokaxkure, 4To
TO4YKa P IpUHAUIE’KUT 9eTHOMY YHCJIy TPEYTOJIBHUKOB C BEPIITUHAMY B TOY-
Kax Aq, ..., Ag,.

4.14. B pgan seimucansl uncaa 1, 2, ..., 10. MoxKHO Jin paccTaBUThH MEXK-
JIy HUMU 3HAKWU «+» U «—» TaK, YTOObI 3HAYEHUE 0Ty YEHHOTO BHIPAYKEHUS
OBLIIO0 PABHO HYJIIO?!

4.157 K 17-3Ha9HOMYy 4HCIy OPHOABHIIN WHCTIO, 3AIICAHHOE TEMH YKe
mudpamu, HO B obpaTHOM mopsake. JlokazkuTe, 9TO XOTs OBI omHa Iudpa
[IOJIy9€HHOI CyMMBI YeTHA.

4.16. YauTKa MOJI3eT MO IJIOCKOCTHU C IMTOCTOSHHON CKOPOCTBHIO, KarXKJIble
15 MuHYT nOBOpadmMBAas 1O IPAMBIM yIjIoM. JloKarkuTe, YTO BEPHYTHCS B
HACXOJIHYIO TOUKY OHA MOXKET JIUIIH Yepe3 IeJI0€ TUCIO TaCOB.

4.17. Ectp 101 monera, n3 xkoropbix 50 asbIIUBBIX, OTIMIAIOITIXCS
mo Becy Ha 1 rpamMm or Hacrogmux. Koss Bacue B341 ogHy MOHETY U 3a
OJTHO B3BEIIUBAHUE HA BECAX CO CTPEJIKOM, MOKA3BIBAOIIEH Pa3HOCTh BECOB
HA YaIlKaX, X04eT OIpeieuTh dasbimBas ju oHa. CMOXKeT Jin OH 3TO
clesnaTh?

4.18. 7 crakauoB. Ha crojsie crogar 7 crakaHOB — BCe BBEPX JTHOM.
Pazpermaerca 3a oguH X011 11epeBepHYTH JiIoOble 4 ctakana. MoXHO Jin 3a
HECKOJIBKO XOJIOB JIOOUTHCS TOTO, 9TOOBI BCE CTAKAHBI CTOSLINA ITPABUIHHO!

4.19. B rierkax KBajapaTHON Tabsmiel 4 X 4 paccTaBjeHbl 3HAKH +
U — , KaK II0Ka3aHO Ha PUCYHKE

+ 4+ +
++ +

+ 4+ +
+ 4+ +
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Paszpemiaercs oqHOBpEMEHHO MEHATH 3HAK BO BCEX KJIETKAX, PACIIOJIOXKEH-
HBIX B OJIHOI CTPOKe, B OJHOM CTOJIOIE WJIM HA MPSMOIi, HMapasjiebHOM
KaKOU-HUOY/ b jMaroHaiu (B 9aCTHOCTH, MOXKHO MEHSTh 3HAK B JIOOOH yr-
JIoBOH Kjerke). JJokaxkure, 4T0, CKOJIBKO Obl Mbl HU IIPOU3BOIUJIA TAKUX
repeMeH 3HaKa, HaM He yJIACTCs MOJIYYUTH TaOJIHUILy U3 OJHUX ILJIIOCOB.

4.20. MapcuaHckue amebbl. B mpobupke HAXOISITCS MapCHAHCKUE
amebbl Tpex tunoB A, B u C. JIBe aMeObl JIFOOBIX JIBYX Pa3HBIX THIIOB
MOTYT CJIUTbCS B OJHY ameOy Tperbero tuma. Ilociie HECKOJIBKHUX TaKUX
cJIusHUl B IPOOMpPKe OKa3ajach onHa amebda. KakoB ee Twm, eciam mCxof-
o ameb Tuna A 6b110 20 mryk, Tuna B — 21 mryka, u tuna C — 22 mrykn?

(Cm. rakxe 5.94.)

4.21. Urpa «Mora». Ha none mus UTPBI PACCTABJIEHBI 32 (DUIIKA
(cmorpure puc. 1). Ilpu B3gTum onHa QuIIKa IepecKaKUBaeT Uepe3 Jpy-
IyIO — [IOYTH KaK B IIAIIKAX, HO HE IO JINArOHAJIM, & 110 TOPU3OHTAHN WA
o Beprukau. Jomycrum, B KoHIE Urpbl octasack 1 dumka. O0bscauTe,
moueMy JJIsl ee PACIOJIOKEHUsI €CTh TOJLKO 5 BAPUAHTOB, M300PaKEHHBIX
Ha pucyske 2. (Cum. takxe 5.95.)

[ 3¢ X ) (]

[ 3¢ X )
[ 2K 2K 2K 2K K BN J AlB|C
[ 2 2K ) [ 2 2K ) [ ( [ J
[ JKJC 2 2K K K J

[ 3¢ X )

® 00 (]

Puc. 1. Puc. 2.

Vkaszanue: Paccagure Ha mose mjisa urpbl Mapcuanckux ameb. Ilycts B
kilerkax A u B cuusit ameObl, a kierka C —uycras. Torna ameba A, mepe-
npbiruBast yepes ameOy B npespainaercs B amedy C, a ameba B ucuesaer.

4.22. Ha maxmaTHOii 1ocke 8 X 8 IBEHa IATh MIAIeK 3aHIMAIOT YePHbIE
KJIETKH TpPEeX IEePBbIX rOpU30HTaj el (CTaHjapTHasd HAYAJbHAS [O3UIMA).
Onu HaymHAIOT OUTH APYT APYTa MO CTAHIAPTHBIM IMAIICTHLIM ITPABUIAM
(oHa mammka GbeT APYTYIO MepenphiruBast uepe3 Hee). JJoKaskuTe, 94TO IpH
JII00011 TTOC/IeIOBATE/IHLHOCTY B3ATHIT HA JOCKE OCTAHETCS HE MEHee JBYX Ia-
IIeK.

4.23. Koa, ucnpaJisiomuii ormmbky. [Ipeamnomoxkum, aTo TpedyeT-
cd IepelaTh COOOIIeHne, CoCTosAmmee U3 N’ Hysleil 1 eIuHAN,. 3alHIIeM ero
B BHUJe KBaJIPATHOI TabuIbl 1o X n. Jlonurmem K KarXKa0il CTPOKE CYMMY ee
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3J1IeMeHTOB 110 Moy o 2. Ilosyunrcs emie omun crosber; BHICOTHI 1. AHa-
JIOPMYHO IOCTYIIAM € KaXKJbIM CTOJIOIOM (B TOM YHC/Ie HafijieM U CyMMy
9JIEMEHTOB JOIUCaHHOro cToJbia). Hanpumep, eciu Tpebyercs mnepeiarTh
coobrmmenne 0111, To Tabauma 2 X 2 OKaXKeTcsl JOTOJHEHHOW 0 TaOJIMITBI
3 % 3:

0 11
21 ~ 1 1]0
T 01

Joxazkure, 910 ecjiu Upu nepeade paciumpentoi Tabauipt (n+ 1) x (n+ 1)
MIPOM30MIET OJIHA OMUOKA, TO ITY OMUOKY MOXKHO OyJeT HAWTH U UCIIPa-
BuThb. Kakoe HamMeHbIlee YUCI0 OMMHUOOK JOJIKHO TPOU30MTH, 9TOOBI 00
9TOM HEJIb3s1 ObLIO Y3HATH !

4.2. JlemmocThb

4.24. Tlycrs p > 3 — mpocroe uncyo. Jlokaxnre, ato p? —1:24. (Cwm.
rakxe 4.87.)

4.25. JlokaxkuTte, 9TO JI0O0OE HATYPAJIbLHOE UHUCJIO, JECITUIHAS 3AINCH
KOTOPOTO COCTOUT U3 3N OJIMHAKOBBIX IUDP, meaurcs Ha 37.

4.26. Hokaxkure, aro uncyo 11...1 (1986 eauuun) umeer 1o KpaitHeit
Mepe &) 8; 6) 32 pasMYHbIX JeJIUTEIs.

4.27. Jlokaxxurte, 9TO IUCJIA
32001 32001
a) 2 +1; 6)2 — 1— cocraBuble.

4.28. JIokaxKnTe CJIeIyIONe COOTHOITEHMS
a) 24 —1:83; 6)2°+4+30:13; =) 2" —1:20801.
4.29. JlokaxuTe, YTO JJIsd JIFOOOrO IIPOCTOrO YHCJA P > 2 YUCTUTEND

Japobu
m 1 1
nemurcs Ha p. (CuM. rakzke 4.117.)

4.30. HarypaJsibable 9nciia m U n TAKOBBI, YTO M > N, M He JIEJUTCA Ha
TN U AMeeT OT JeJIeHUs Ha N TOT Ke OCTATOK, UTO W M + N OT JIeJICHUS Ha
m — n. Haiiiure orHOImMEHue m : n.

4.31. Jlaub! niesible 9ucia a, b, ¢ Takue, 9to a + b+ ¢ 6. Jlokaxkute, 4o
a® + b+ 6.
4.32. Hoxaxure, uro 111° — 1:100.

4.33. CKOJIBKO UMEETCs Pa3JIUYHBbIX IPAMOYTOJbHBIX TPEYroJIbHUKOB,
JJIUHBI CTOPOH KOTOPBIX BBIPAYKEHBI MEJTBIMU IUCIAMU, €CJIU OJINH U3 KaTe-
TOB 9THUX TPEYTOJbLHUKOB paBeH 157
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4.34. Pemure ypaBHEeHUs:

a) 3z2 +5y?=345; 6) 14+ x + 22 + 2% =2v.

4.35. Joxaxxure, 9ro uncjo 11999 4 21999 4 31999 4~ 4 161999 nejurea
Ha 17.

4.36. HazoBeM mrecTu3HaIHOE YHUCJIO CHACTIMBLIM, €CJTH CyMMa, €0 Tep-
BBIX Tpex nudp paBHA CyMMe TOCIeIHIX Tpex mudp. Jokaxkure, 910 cymma
BCEX CYACTJIMBBIX YHCEJI JIeJUTCA Ha 13.

4.37. dokaxkwure, uro yncia oT 1 g0 2001 BKIIOYUTETHHO HEIb3s BbI-
IACATDh TOJPS B HEKOTOPOM TIOPSIIKE TAK, YTOOBI ITOJIyIeHHOE IUCIIO0 OBLIO
TOYHBIM KyOOM.

7
77 77
4.38. Tokazkure, aro 77— 77 :10.
4.39. Yucno z TakoBo, 4ro z? 3akamumBaerca Ha 001 (B mecarmanoill

cucreme cuucienus). Haiiyure Tpu nocnemure nudpbl dncia & (yKazkuTe
BCE BO3MOYKHBIE BADUAHTHI).

4.40. meeTcsi MHOTO OJMHAKOBBIX KB IpaTOB. B BepImHax KarKJI0To
U3 HAX B MPOU3BOJILHOM TOpsJiKe Hammcanbl yucia 1, 2, 3 u 4. Ksaapa-
TBI CJIOKIJIM B CTONKY W HAIWMCAJHA CyMMY YHCEN, HOMABIINX B KaKJIbI U3
qeThIpex yIJIoB cTonku. MoXKeT i 0Ka3aThCs TakK, ITO

a) B KaxKJOM yIUly CTOIKH cymMMa pasua 20047

6) B KaxKJOM yIuly cronku cymma pasaa 20057

4.41. Jan MmHOTOWIEH ¢ TIesTbiMu KO3d durmenramu. Eciin B Hero BmecTo
HEU3BECTHOM ITOJICTABUTH 2 WU 3, TO MOJIYYaIOTCS YHUCa, Jessdimpuecsd Ha 6.
JokaxkuTe, ITO €C/IM BMECTO HEM3BECTHOW B HETO IOJCTABUTDH D, TO TaKXKe
MMOJIYYUTCS 9UCJIIO0, JeJidlneecsd Ha 6.

4.42. JlokaxXuTe, 9TO B TPEX3HATHOM YUHUCJIE, JeJdmeMcsa Ha 37, Bce-
IJIa MOKHO TIE€PECTABUTH MUMPHI TaK, UTO MOJIYyIEHHOE TUCTO TaKXKe OyIeT
mennTcs Ha 37.

4.43. okaxure, 9To ecyim p—pocroe unciao u 1 < k< p—1, To C;f ip.

4.44. JlokaxkuTe yTBEpKIeHIE 00paTHOE TOMY, UTO OBLIO B 3ajat4e 4.43:
ecm CFinnpu 1 <k <n—1, To n—1npocToe Imcso.

4.45. ]Jlokaxkute, 9TO ecau p — mpoctoe umciao u 1 <k<p—2, 0

C§7k+1 — C;f:,?,l : p. BepHo jin o6paTHOe yTBepXKIeHUE?!

4.46. Jlokaxxure, 9TO €CJId P — IPOCTOE UUCJIO, TO MPH JIFOOBIX TEJIBIX @
u b BBINIOJIHAETCS COOTHOIIIEHUE

(a+b)P —a? — b7 ip.

4.47. KamMHun JIezkaT B Tpex KyJKax: B OJHOM — 51 KaMeHb, B Ipyroit — 49
KaMHeil, a B TpeTbeli — b Kamueil. Pazpermaercs o0bequHATE JIOOBIE Ky9KN
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B OJIHY, a TaKKe Pa3/e/isITh Ky4UKy U3 YEeTHOI'O KOJIMYeCTBa KaMHell Ha JiBe
pasuble. MozkHO s osryunTh 105 Kydek 110 OJIHOMY KaMHIO B KaXKJI0i !

B caepyromux 3aja9ax noHago6ures BCnoMauThb npunimn Jupuxie (cm.
paszien 2.2).

4.48. JlaHo n MENBIX TUCENT, 3AMUCAHHBIX B PAJ: A1, - . ., Ay,. JJOKaXKHUTE,
9TO €CJIU HU OJHO U3 YMCes HUX He JIJIUTCS Ha 7, TO U3 HAX BCErIa MOXKHO
BBIOPATH HECKOJIBKO IOJPSIJ MIAYIIUX YHCEJ, CyMMa KOTOPBIX JeJIHIach Obl
HA N.

4.49. Jokaxwure, uto u3 100 1ebIx 9mces BCerja MOXKHO BbIOpaTb 15
TaKUX, U3 KOTOPBIX PA3HOCTH JIFOOBIX JIBYX JEJINTCH Ha 7.

4.50. JlokakuTe, 9TO Cpeu JIIOOBIX JECATU IMOCTIEIOBATETbHBIX HATY-
PaJIbHBIX YnCesI HANJETCs YMCII0, B3AUMHO IIPOCTOE C OCTAIbHBIMU.

4.51. Ha 99 kaproukax numryrcs duciaa 1, 2, ..., 99. 3areM KapTouKH
TaCyIOTCS U PACKJIAIbIBAIOTCS IYUCTHIMU cTOpoHaMu BBepx. Ha dmcThix cTo-
poOHAX KapTOdeK CHOBa MUITyTcd yuciaa 1, 2, ..., 99. [na kaxKaoit KapTOIKH
qHCcIa, CTOSINE Ha Hell, CKIIbIBAIOTCT U 99 MOTyIeHHBIX CyMM IePEeMHO-
KaroTcs. JJokazkure, 9TO B pe3yJIbTaTe IOJIyYUTCS YETHOE YUCIIO.

4.3. CpaBHeHus

Onpenenenue. [lycts m > 1. JIa uncia a u b HA3BIBAIOTCH CPAGHUMDL-
MU MO MOJYAI0 M, €CJIU UX PA3HOCTH JEJINTCS Ha M. SAlUCBIBAECTCS 9TO B
Buzie a =b (mod m).

4.52. Yo 03HAYAIOT 3AIIUCH:

a) a=b (mod 0); 6) a=b (mod 1)?

4.53. CsoiictBa cpaBHenwuii. {okaxure, aro eciu ¢ =b (mod m) u
c¢=d (mod m), o

a) a+c=b+d (mod m); 6) ac=bd (mod m).

Omnpenenenne. Kaaccom 6biuemosg 1o JAHHOMY MOJLYJIIO 11 Ha3bIBACTCS
MHOXKECTBO BCEeX IEJIbIX YHMCeJI CPABHUMBIX C HEKOTOPBIM JAHHBIM II€JIbIM
qUCSIOM @ TI0 MOy Tto m. Takoil kiacc obo3HadaeTcs a.

4.54. JlokaxKnuTe, 9TO KJIACC G COCTOUT U3 BCEX JHUCes Buja mt + a, rie
{ — IIPOU3BOJIBHOE IILJIOE YHCJIO.

4.55. JlokaxkuTe, 9TO JBa KJjlacca G W b COBIAJAIOT TOTJA U TOJBKO
Torga, Korga a =b (mod m).

Omnpepenenne. Iloanot cucmemoti 6b14emos 1Mo HEKOTOPOMY MO/LYJTIO
Ha3bIBAETCsI CUCTEMA UHCEJI, B3ATHIX 10 OIHOMY U3 KaXKJOTO KJIACCA TI0 ITO-
MY MOJLYJTIO.
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4.56. Jlokaxxurte, 4TO JIIOObIE M YUCENT X1, ..., L,, IOIMAPHO HECPAB-
HUAMBIX [0 MOJYJIIO 1M, IPEJICTABILAIOT COOOM MOMHYI0 CUCTEMY BBIYETOB IO
MOJLYJIIO 170

4.57. Ilycts yucna x,, To, ..., T, 00PA3YIOT MOJHYIO CUCTEMY BBIYETOB
no moaymo m. s kakux o u b aucna y; =ax; +b (j=1,..., m) Takxe
00pa3yIoT HOJHYIO CHCTEMY BBIYETOB 110 MOJIYJIIO M7

4.58. I3 cBOIICTB CpaBHEHUIT CJIE/IYET, UTO C KJIACCAMU BBIYETOB MOYKHO
JIeJIaTh BCE OIlepallii, KOTOPBIE JIOIYCTUMBI JIJIs [EJIbIX YUCEesI: CKJIa IbIBATh,
BBIUYUTATDH, YMHOXKATH, BO3BOJUTH B crerneHb. Orymdane OyIeT JIUIIb B TOM,
9TO MOCTPOEHHAsT apuMeTHKa IefICTBYeT Ha KOHETHOM MHOYXKECTBE KJIACCOB
BeraeToB. Hampumep, /uist m = 6 mOJIyIaroTCs TaKue TAOIHUITHI CJIOKEHUS 1
YMHOXKEHUS:

+]{0 1 2 3 4 5 x|0 1 2 3 4 5
0(0 1 2 3 45 0|0 0 00 0D
111 2 3 4 50 110 1 2 3 45
212 3 45 01 210 2 40 2 1
313 45 0 1 2 3|0 3 0 3 0 3
414 501 2 3 410 4 2 0 4 2
5(/5 01 2 3 14 510 5 4 3 2 1

TTocrpoiire anajiorndHble TAOJIMIBI CJIOKEHUSI U YMHOYKEHUSI JJIsI MOJLyJIei
m=7,8,...,13.

4.59. Korua cpasuenus a =b (mod m) u ac = be (mod m) pasrOCHIb-
HBI!

4.60. Pasrocuwibabl s cpashenus ¢ = b (mod m) u ac = be (mod mce)?

4.61. Nmeerca 100 xkamueit. /Ia urpoka GepyT mo odepenu or 1 10 5
kamueii. [IpourpsiBaer ToT, KTO Geper nocseHuit Kamenb. OnpeienTe Bbl-
UTPBIIHYO cTpareruto nepsoro urpoka. (Cum. takxke 5.98.)

4.62. IlBan-1apeBrd UMeET J[Ba BOJIMIEOHBIX MEYa, OJIUH U3 KOTOPBIX MO-
xkeT orpyoutb 3mero ['opbiabiay 21 roJI0BY, 8 BTOpoii— 4 rOJIOBBI, HO TOTIA
y 3mest Topeiabiua Beipacraer 1999 rosios. Mozxker jiu Ban orpyburs 3Mero
TopBIHBITY BCe FOJIOBBI, ecyin B caMoM Hadaste y Hero 6610 100 rosos? (TIpu-
MeJaHue: ecjid, HapuMep, y 3Mesi [opbIHbIYA 0CTAJIOCH JIUIIb 3 TOJIOBBI, TO
pyOoUTH UX HU TE€M, HU JAPYTUM MEYOM HEJIb3sl. )

4.63. B marazumne 061710 6 AMMUKOB sI0JI0K, MaCChl KOTOPBIX COOTBETCTBEH-
no 15, 16, 18, 19, 20 u 31 kuorpammoB. /IBe dupmbr mpuobpetu 5 AMKUKOB,
[IpUYeM OJTHA U3 HUX B3sJIa 110 Macce si0JI0K B JBa pa3a 00JIbIle, 9eM Ipyras.
Kakoit smuk ocrajicst B marasuue?
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4.64. CocraBbTe CIIMCOK BCEBO3MOXKHBIX OCTATKOB, KOTOPBIE JIAI0T YUCIIA
n? upu genenun Ha 3, 4, 5, ..., 9.

4.65. JlokaxuTre, 9T0O U3 5 MEJIBIX YUCETI BCErJa MOYKHO BBIOPATH 2 TAKUX,
Pa3HOCTH KBaIPATOB KOTOPBIX JEJIUTC Ha 7.

4.66. /lokaxkuTte, 9TO ecjii Bce KOIDDUIUEHTDI YPABHEHUST
ax’ +br+c=0
— IeJIble HEYETHBIE YMCJIa, TO HU OIWH W3 KOPHEH 9TOro ypaBHEHHUS HE MO-
2KeT OBITh PaIMOHAIBHBIM.

4.67. JlokaxxuTe, ITO €CJIU JIBE MOCTEHNE ITUMPPHI TEJTIOTO YUCIa HedIeT-
HBI, TO 9TO YKCJIO HE MOXKET ObITh KBaJIPATOM IIEJIOT0 YUCJIA.

4.68. okaxkure, 9TO KBaIpaT IEJOT0 UNUCJIa HE MOXKET OKAHINBATHCS
9eTBIPbMsI OJIMHAKOBBIMU Itudpamu, oTanduabivu ot 0. Kakumu Tpemst mud-
paM# MOXKET OKaHINUBATBHCS IeJI0e YHUCJIO, KBaJIpaT KOTOPOIO OKAHINBAETCS
TpeMst OIMHAKOBBIME ITudpamu, oTndabiMu ot (7

4.69. Haiizure ocrarku ot jesenns uuciaa 22°°! na 3, 5,7, ..., 17.

4.70. IlecTuznagHoe 1uc/Io geauTtcsd Ha 7. Ero nepsyio iudpy crepiiu, a
3aTeM 3aIUCAJN €€ 03311 Tocienuei mudpsbl. JlokaxnTe, 970 HOBOE UUCIIO
TaK>XKe JIeJIUTCS Ha 7.

4.71. Haiimure BCce p Takue, uTo duciaa p, p + 10, p + 14 —apocTthie.
4.72. UsBecTHO, uTO unciaa p u 8p? + 1 — npocreie. Haiinure p.

4.73. U3BecTHO, 9TO UnCaa p u p? + 2 —mpocThle. JIOKayKUTe, UTO YHCIIO
p® + 2 TakKe ABJIACTCH TPOCTHIM.

4.74. Haiimre KOHEYHY0 aprdMeTHIECKYIO IIPOIPECCUI0 ¢ PA3HOCTHIO 6

MaKCAMAaJIbHOM JUIMHDBI, COCTOLAIILYIO U3 MPOCTBIX YHCEJI.

7
4.75. Haitnure nocienuion0 nudpy Iucia 7
2
1
4.76. Moxket 1 9ucyo % OBITBH TIEJIBIM [IPU HATYPAJIBHBIX N7

4.77. Ilycts a u b— nenbie yncia. Jlokaxxkure, 910

a) ecm a® +b2:3, 10 @ +0%:9; 6) ecom a® + b 21, To a® + b* i 441.

4.78. llensle uncia a, b, c u d TakoBbl, uTo a* +b* +c* +d*: 5. Ilokaxkure,
qaro abed i 625.

4.79. Lenble uncia a, b u ¢ TakoBeL, 910 a® + b3 + ¢ : 7. JTokaxKuTe, 9T0
abc: 7.

4.80. Haiiyiure ocTaToK OT jeseHus Ha 17 umcia 21999 + 1.

4.81. BerperuTes n KaXK0e MPOCTOE YUCIO B KAYeCTBE COMHOYKUTEIST
HekoToporo unciaa Eskmnia e,? (Cm. 3aqaqay 3.27.)
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4.82. Ilycth B NpsAMOYTOJIBHOM TPEYTOJLHUKE JIIMHBI CTOPOH BbIParKa-
IOTCH TIeJIBIMU arcaaMu. JlokazKuTe, 9To JIJIMHA OJTHOTO U3 KATETOB KpaTHA 3,
U JUIMHA OJTHON M3 TPEX CTOPOH JICJIUTCI HA 5.

4.83. ITycts m — npousBesieHne MepBBIX N NPOCThIX uucea (n > 1). Ho-
KayKUTe, 9TO HU OJHO U3 TUCEIT

aym+1; 6)m-—1
HE SIBJISIETCSI [TOJTHBIM KBaIPATOM.

4.84. TIpu KaKux IeJbIX N 9UCIO0 A, = 5n? + 10n + 8 gemurces na 37 A npu
Kakux Ha 47

4.85. IIpu KakKux LeJbIX N BhIpaxkenue n? — 6n — 2 geaurcs Ha

a)8 6)9; B)11; 1) 1217

4.86. IIpu Kakux LeJbIX N BhIpaxkeHue n? —n — 4 JgejuTcd Ha

a) 17; 6) 2897

4.87. Ilycts p > 5 — mpocroe aucio. Jokaxkure, uto (p? —1)(p?+11)=0
(mod 1440). (Cm. Takxe 7.86.)

4.88. Haiigure Bce Takme neable ducaa z, 9ro z =3 (mod 7), 22 =44
(mod 7?), z* =111 (mod 7%).

4.89. JTokazkure, 910 2222%5%% 4 55552222 ; 7,

4.90. /TokakuTe CIipaBeIUBOCTD CJIEIYIONINX CpaBHEHUIL:

a)l+24+34+...+12=1+2+2>+... 42" (mod 13);

6) 12+22+32+...+122°=1+4+4%>+... +4" (mod 13).

BymyT v cipaBeymuBer aHaIOTMYHBIE CPDABHEHUS [JTs1 OOJIBINNX TOKA3a-
Teseii?

4.91. Jokaxknre, uro uuciao 1¥+2%+ .. +12% nemmrea ma 13 gisa
k=1,2,...,11.

4.92. Jlokaxure, aTo ecau 6n + 11m menurcsa ua 31, To n + 7m Takxe
nenuTcst Ha 31.

4.93. szsecTHO, uTo MHOrounexn ax® + bx® + cx? +dx +e, rae a, b, c, d,
€— JJaHHbIe IeJIble YnCJIa, IIPU BeeX HeJbIX T jeauTcs Ha 7. Jokaskure, 4To
Bce uncia a, b, ¢, d, e genasites Ha 7.

4.94. Jloka)kuTe, 9TO €CJIM MHOTOYJIEH C IEJIBIMU KoddduirmeHTamu
P(z)=a,z" + ...+ a1x + ag

npuauMaer npu £ =0 u x = 1 HedeTHble 3HaUeHUs, TO ypaBuenue P(z) =0
HE WMeeT TIeJIBIX KOPHel.

4.95. JTokaxwure, uto p*2 + (p+2)? =0 (mod 2p + 2), rme p > 2 —mpo-
CTOE 9UCJIO.
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4.96. Pemure cpaBHeHUs:

a) 8¢ =3 (mod 13); B) Tz =2 (mod 11);

6) 17z =1 (mod 37); r) 80z =17 (mod 169).

Yrobsl pemuTs cpashenue az =b (mod m), nonpobyiite cHadasa pe-
NIATDH B HE/IbIX YUC/IaX ypaBHEHUE ax + my = b.

4.97. Haiture Bce mapnl unces Buia lxy2 u x12y, Takux, 9T0 00a ducia
JensTcs Ha 7.

4.98. B kakux ciyuasx paspemumo cpasaenue ax =b (mod m)? Onu-
IIUTE BCE PENIEHNUs ITOI'0 CPABHEHU B IIEJIBIX YHCJIAX.

4.99. [ng kakux 4uces ¢ peiienueM cpashenus ax = 1 (mod p) Gymer
camMo gucyio a?

4.100. Teopema Busibcona. lokaxkure, 9T0 JJIsi IIPOCTOTO P

(p—1D!'=-1 (mod p).

4.101. OG6pairenue TeopeMmbl BuabcoHa. lokaxkure, 4TO ecJn

n>1u
(n—1)!'=-1 (mod n),
TO M — IPOCTOE YUCJIO.

4.102. TeomeTpudeckoe A0Ka3aTeJbCTBO Teopembl BuibcoHa.
IIycts p > 2 — npocroe uuciio. CKOTBKAMHU CIHOCODAMH MOXKHO IPOBECTH
qepe3 BEPIIUHBI IPABUJIBHOTO P-yTOJbHUKA 3aMKHYTYI0 OPUEHTHUPOBAHHYO
p-3Bennyio jioManyio? (Jlomanbie, KOTOPbIE MOKHO COBMECTUTDH IIOBOPOTOM,
cunTaTcst oauHakoBbiMu. ) Halinure popmyily u BbIBequTE U3 HEE TEOPEMY
Busnbscona.

4.103. Teopema Jleifiobuuma. /loxazkure, 9TO p — MPOCTOE TOTAA U
TOJIBKO TOT/a, KOTJ1a

(p—2)!=1 (mod p).

4.104. Hokaxkure, 9TO JiJIsi JTIOOOTO IIPOCTOTO P U TEJIOTO ¢ B IPeeax

I<gs<p
— q
(¢—=Dp—q)!=(-1)* (mod p).

4.105. Teopema Kaementa. /[okazkute, 9T0 4nCIa P U P + 2 ABISAIOTCS

[IPOCTBIMU YHCJIAMU-OJIN3HEIIAME TOT/Ia U TOJIBKO TOIJIa, KOTJIa

4((p—1)!+1)4+p=0 (mod p*+p).

4.106. O606meHne Teopembl BunbcoHna. Jlokaxkure, 4TO JIJIsd JIFO-
6oro mpocToro p > 2

H k=-1 (mod p").
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4.107. JTlokazkuTe, 9TO I€THOE COBEPIIIEHHOE INC/IO MOYKET 3aKAHINBATH-
cs TOMBKO Ha 6 1 8.

4.108. 3BecTHO, 9TO 9UCIA Gy, ..., A, PABHBI 1 U
aas + asas + ...+ a,_1a, + a,a; =0.

Hoxkaxkure, ato n : 4.

IIycrs F(zy, ..., &,)— MHOTOWIEH ¢ mejbivu Koddhdunuearamn ot me-
PEMEHHBIX T, ..., L. OUEBUAHO, UTO KAXKJ0€ PEIICHHE YPABHEHU
F(zy,...,2,)=0 (4.1)
B IEJIBIX YUCIAX ABJACTCS M DEIICHUEM CDABHEHUs
F(zy,...,2,) =0 (modm) (m>=1). (4.2)

Tosromy, ecau xorsd 6bI Opu OJHOM M cpaBHeHue (4.2) Hepaspemumo, TO
ypasHeHue (4.1) He MMeeT pereHuii B IeJIbIX IUCIaX.

4.109. Jlokakute, uro aucao m = 4k + 3 He/b3s NPEICTABUTH B BUJIE
m=a?+ b

4.110. [oxaxxuTe, 9TO CJeAyIONINE ypaBHEHHUs HE UMEIOT PeIeHui B
[EJIBIX 9UCTIAX

a) 2 + 4y* = 2002; o) 1522 — 7y? = 9;

6) 12z + 5 =y?; e) 22 —by+3=0;

B) — 2?2+ Ty +6=0; x)zi+...+z!, =1999;

r) 2 +y* 4+ 22 =1999; 3) 8x® — 13y> =17.

4.111. /JokaxkuTe, 9TO CyMMa KBaJpPATOB ISITU MOCJIEI0BATEILHBIX 116~
JIBIX YHCeJI He MOXKET OBITH IIOJIHBIM KBa/IPATOM.

4.112. TapMoHuYeckue 4ducia. /lokaxkure, 4TO InCIa,
Hy=1+3+5+. .+

npu n > 1 He Oy T HEJbIMA.

4.113. PemmuTe B HATypaJbHBIX YHC/IAX YPaBHEHUE

U+214+ ... +nl=m’
4.114. Pemure B IeJIbIX YNCIAX ypaBHEHNE
2% —1=5".

4.1157 Ypasuenue 3° + 5Y = 7% + 1 umeer pemenue (z,y, 2) = (1, 1, 1).

JlokaxkuTe, 9TO OHO HE UMEET JPYTUX PENIeHUil B HATYPAJIHHBIX IUCIAX.

4.116. Hokaxkure uro ecau (m,n) =1, To cpasaenue a =b (mod mn)
PABHOCHJIBHO OJIHOBPEMEHHOMY BBINOJHEHUIO cpaBHeHuit a =b (mod m)
ua=b (mod n).
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4.117. Hokakure, 4TO JJIsd IIPOCTOIO P > 3 UUCIUTENH 1pobdu
m 1 1
E =1+ 5 + ...+ pTl

JIeJINTCA Ha, p2.

4.4. Teopembr @epma u Jiigepa

4.118. Haiigure Takoe n, 9rodnl gncjio 10" — 1 geanyioch Ha
a) 7; 6)13; B)91; r)8109.
4.119. lokaxkure, 9TO
a)111...1:13; 6) 111...1:17.
—_—— —_—

12 16
Manasi reopema @epwma. [Tycrs p —npocroe aucsio u pfa. Torma

a’ =1 (mod p).

4.120. Tokaxure teopemy Pepma, pasaaras (1 + 1+ ...+ 1)? mocpen-
CTBOM HOJIMHOMHAJILHON TEOPEMBI.

4.121. Ilycts p—upocroe uucio, p # 2, 5. Jlokazkure, 94T0 CyIIecTByer
qncyao Buga 111...11, kpaTHOE p.

IIpuaymaiite nBa pereHust 3TOM 3a1a9M: OHO, UCIOJIb3YIONIEE TEOPEMY
Ditnepa, u Bropoe — npunnui Jupuxire.

4.122. JlokazkuTe, 9TO JJIs JIOOOr0 mMpocToro p > 7 4ducao 3P — 2P — 1
JemuTcs Ha 42p.
4.123. Ioxazkure, 9ro 7°* — 1 gesmrcsa ma 103.
4.124. Ilycts p > 2 — npocroe yucio. Jokaxkure, 4To
7P — 57 — 21 6p.

2001

4.125. Jlyisg KaKuxX n IUCTIO N —n* gemurca na 117

4.126. Jlokaxkute, 9TO s JIIOOOTO0 HATYPAJBLHOIO YHCIA HAHIETCs
KpaTHOE €My 4HCJIO, JECATHYIHAs 3aIICh KOTOPOIO COCTOUT TOJBKO u3 0
u 1.

4.127. Jlamo mpocTtoe p u 1iesioe a, He jessdimieecs Ha p. [lycts k — nan-
MeHbBIIee HATYpaJbHOE Yucyo, Takoe 4ro a® =1 (mod p). [Jokaxure, 4TO
p — 1 penmrcs Ha k.

4.128. C noMOIIbI0 MHIYKIINN JIOKAXKUTE CIIEYIOIIee yTBEPIKIEHUE, IK-
BUBaJIEHTHOE MaJioit Teopeme Depma: ecyim p — IPOCTOE YUCJIO, TO JIJIsI JIFO-
60ro HATYPAJIHLHOTO ¢ CIPABEIINBO CPABHEHIE

a’ =a (mod p).
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4.129. 3BectHO, 9TO
a12 +b12 +C12 + d12 +612 + f12 : 13

Hoxkazkure, uto abede f i 136.

4.130. 1 KaKuX MEeJIBIX 71 BBIIOJTHSIIOTCS CPaBHEHUST

a) n'* =n (mod 1365); 6) n'” =n (mod 4080)?

4.131. Ilycts p > 2 —mupoctoe uucio. Jlokazkure, YTO CyMMa OCTATKOB
OT JleJIEHUS 1UCeJI

1w o2p 30 .., (p—1)*

na p? pasma (p® — p?)/2.

4.132. T'eomeTpuveckoe J0Ka3aTeJILCTBO MaJjioii Teopembl Pep-
ma. Ilycrs p > 2 —mupocroe ancso. CKOJIBKO CYIIECTBYeT CIOCO60B pacKpa-
CHUTHb BEPIIMHBI IPABUJILHOIO p-yrojbuuka B a useros? (Packpacku, xoro-

PbI€ MOXKHO COBMECTHUTH IIOBOPOTOM, CYUTAIOTCs OjuHakoBbimu. ) [Toayaure
dopmyity u BeIBeIuTE U3 Hee Masyio Teopemy Depma.

4.133. Haiinure ocrarku or jeneHus Ha 103 uuces

a) 5102. 6) 3104.

4.134. Joxazkure, 9o guciao 30230 4 23930 — cocrasnoe.
4.135. Byzer sm npoctbiM unciao 2571992 4+ 10927

4.136. [okazkure, 94TO €CJIU P — IIPOCTOE YUCJIO, P 7 2, 5, TO JIJINHA IIEePH-
oJia pasiokenus 1/p B ecarudamyio qpobs aeaut p — 1. [lpuseaure npumep,
KOT/Ia JIJTMHA TePHOJia COBMAIaeT ¢ p — 1.

4.137. Ilyctb p —upocroe uucio. Jlokaxkute, 910 J1000i TTPOCTOit Jie-
suTenb aucia 2P — 1 umeer Bug 2kp + 1.

4.138. IlycTts n — HaTypaJabHOE YUCTIO0, HE KpaTHoe 17. JlokazkuTe, ITO
6o n® + 1, mubo n® — 1 gemuresa wa 17.

4.139. JlokaxkuTe, 9TO MPHU JFOOOM IIPOCTOM P
1...12...23...3...9...9-123...9: p.
N e e SN—~—
P p p P

4.140. Ilycts a7 poOCTOrO 9HCaa P > 2 W IEJOTO G, He JEeJISIIEerocs
HA P, BBINOJIHEHO cpaBHeHne 2 = a (mod p). lokaxkute, 910

a? /2 =1 (mod p).
4.141. Joxazkute, uro eciau x> + 1 jennrces Ha HedeTHoe IPOCTOe P, TO
p=4k + 1.

4.142. Ilpu nomomu 3amaun 4.141 moKakure, 9TO CYIIECTBYET OECKO-
HEYHO MHOTO IpOCTHIX unces Buna p = 4k + 1. (Cwm. Takxke 3.9.)
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4.143. JlokaxkuTe, YTO [ TPOCTOTO Yucjaa p Bumga p =4k 4+ 1 uaucia
x = +(2k)! aeasorca pemenusvm cpasrenust 2 + 1 =0 (mod p), npuaem
JPYrux penreHuii (o MOZYJIO P) 9TO CDABHEHUE HE MMeer.

4.144. Ilompaydch pe3ynabTaToM 3a7adn 3.161 malimre ocTaTKM, KOTO-
pble IIpU IpOCcTOM p JaroT uucia Pudonauun F), u F,,, npu nejgeHuu Ha p.

4.145. Ilycts p —npoctoe unciio u p > 3. okaxKnTe, ITO ecjin pa3pe-
MO CPABHEHUE
¥ +2+1=0 (mod p),

To p=1 (mod 6). BeisesuTe 0TCrO/Ia GECKOHETHOCTH MHOYKECTBA MPOCTHIX
qucen Buga 6n + 1. (Cum. Takxke 3.9.)

4.146. Ilycts p —npocroe uucio u p > 5. Jlokaxkure, 4TO €CIu pa3pe-
IIIMO CPABHEHUE

'+ 2 +2°+2+1=0 (mod p),

To p=1 (mod 5). Beisesure 0TCrO/Ia GECKOHETHOCTh MHOYKECTBA MPOCTHIX
quceJs suga 5n + 1.

4.147. Tokaxxute, aro eciiu p=1 (mod n), To cpasrenune z” =1 (mod p)
UMeeT 1 pelleHu.

4.148. JlokaxkuTe, 9TO BO BCAKON apudMeTUIeCKO#l MIPOrpeccuu, CO-
craBJyieHHOM u3 wucesn 2pk + 1, riae p — Kakoe-TO HEYETHOE MIPOCTOE UUCIIO,
nMeeTcst OECKOHETHO MHOTO MIPOCTBIX YUCEJI.

4.149. YrBepxkaenue, obparaoe masoii Teopeme Pepma, BooOIIE TOBO-
ps, HeBepHO. [IpoBepbTe, UTO JUIA cocTaBHOTO Ynciaa n = 341 BBIIOJIHAETCS
CcpaBHEHUE

2"'=1 (mod n).
Omnpenenenne. Ecim n— cocraBHoe 9uCIIO U Jjisi HEKOTOPOTO @
a”'=1 (mod n),
TO YHCJIO N HA3BIBACTCS NCE8IONPOCTbIM TIO OCHOBaHUIO . Hampumep, 341 —
I[ICEBJIOIIPOCTOE YUCJIO II0 OCHOBAHUIO 2.

4.150. C nomompio 3aa4un 3.68 J0KaXKUTe, 9TO MCEBIOIPOCTHIX THCEI
10 OCHOBAHUIO 2 OECKOHEYHO MHOTO.

OKa3bIBAETCsI, 9TO CYIECTBYIOT COCTABHbBIE YUCIA 1, KOTOPBIE SIBJISIOTCS
[ICEBJOIPOCTBIMA O JIOOOMY OCHOBAHUIO G, B3AUMHO IIPOCTOMY C 71 (CM.
zajady 4.181).

4.151. JJokaxkure, 9To nipu n > 1 aucyao 2" — 1 He MOXKeT JeTUTHCA Ha N.

Ounpenenenne. Qynxyus Jidaepa p(n) onpeneasaercs Kak KOJIMIeCTBO
quces1 OT 1 JI0 n, B3aUMHO IMPOCTHIX C 7.



4.4. Teopembr @epma u ditaepa 79

4.152. Haitnure
a) ¢(17); 6) ©(p); B) w(p?); 1) P(p%).
4.153. Yemy paBHa cymma
e(1) +¢(p) + @) + ... + ("),
rjie o — HeKOTopoe HarypasbHoe uncio? (Cm. Takxke 4.170.)

4.154. OcHoBHBIM CBOicTBOM QyHKIMU Ditepa ¢(n) ABIILETCH ee MYAb-
MUNAUKAMUBHOCMY. [ 7151 B3BAMMHO MPOCTBHIX ¢ U b pacCMOTPUM TaOJIUILY

1, 2, 3, b
b+ 1, b+ 2, b+ 3, 2
(a—1)b+1, (a—1b+2, (a—1)b+3, ..., ab.

B kakux cTonbrax 3Toit TabIHITbI HAXOASITC THCIa B3AUMHO IIPOCTHIE ¢
qucyioMm b? CKOJIBKO B KayKJIOM M3 9THUX CTOJIOIOB UMCEJ B3AMMHO ITPOCTBIX
¢ a? JlokaxkuTe MyJbTUILIAKATABHOCTD (DYHKIINN Dilepa, OTBETUB Ha 9TH
BOIIPOCHIL.

Onpenenenune. [Ipusedentoti cucmemoti 6vi4emos M0 HEKOTOPOMY MO-
JIYJIIO 1M Ha3bIBAETCs CUCTEMA, YHMCEJI, B3ATHIX 110 OTHOMY U3 KaXKJI0T'0 KJlacca,
B3AMMHO IIPOCTOro ¢ MosysieM. (FOBOPST, UTO Kiace @ B3AUMHO HPOCT C MO-
JLyJIEM 1M, €CJIU CaMO YHCJIO @ B3AUMHO IIPOCTO C 1M.)

4.155. CKOJIBKO KJIACCOB COCTABJISIIOT IPUBEJIEHHYIO CHCTEMY BBIYETOB
110 MO0 m?
4.156. Ilyctp uncna x,, Ta, ..., T, 00PA3yIOT TPUBEIEHHYIO CHCTEMY

BBIYETOB 110 MOAyJo m. s kakux a u b ancna y; =ax; +b (j=1,...,7)
TakzKe 00pa3yloT NPUBEJEHHYIO CUCTEMY BLIUETOB 110 MO0 m?

4.157. Ilycre (m,n) =1, a uncia = u y npoberarT IPUBEEHHbBIE CH-
CTEMBI BBIYETOB 10 MOJYJISIM 1M U 1. COOTBETCTBEHHO. JIOKayKUTe, ITO INUCIIO
A = xn + ym upoberaer Ipu STOM IPUBEJEHHYIO CUCTEMY BBIYETOB 10 MO-
aymaio mn. BeiBequTe 0TCIOa MYJIBTUININKATHBHOCTD (DYHKITUN Dilyrepa.

4.158. Ilycrs n = p{* ... p%s. JJokaxkure paBeHCTBO

go(n)zn(l—p%)...(l—p%)

a) HOJIb3YSCh MYJIBTUILINKATHBHOCTBIO (DYHKIMH Dilrepa;
6) mosb3ysch HOpMyIIoil BKIIIOUEHHI 1 UCKIodeHnid (cM. 2.111).

4.159. Pemmmre ypaBHEHUT

a) p(x) =2; ©6) p(x) =8; B) p(r) =12; 1) p(z) =14,

4.160. Ilo xakoMy MOIYJIIO 9nCaa 1 U 5 COCTABJIAIOT IPUBEAECHHYIO CH-
cTeMy BBIYeTOB?
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4.161. Pemmre ypaBHeHUsT

a) p(z) =x/2; 0) px) =z/3; B) () =x/4.

4.162. JIyist KaKuX 1. BO3MOXKHBI pABEHCTBA:

a) p(n) =n—1; 6) ¢(2n) =2¢(n); B) p(n*)=n"""p(n)?

4.163. Pemmure ypaBHEHUT

a) p(5%) =100; 6) p(7*) =294; B) V(3" -5Y) =600.

4.164. Ussecrro, uto (m, n) > 1. Yo Gosbie p(m -n) wia p(m) X
x p(n)? (Cm. raxxke 3.116.)

4.165. Haiinure Bce HaTypasbHble N, 1yl KOTOPBIX p(n) =2 (mod 4).

4.166. Pemure ypasaenue a = 27(a).

4.167. JokaxKuTe, ITO €CJaU N > 2, TO UNUCJO BCEX MPABUILHBIX HECO-
KPaTUMBIX Apobeit co 3HAMEeHATEeIeM 71, — IeTHO.

4.168. Haiinure cymMMy BCeX MPaBUIBLHBIX HECOKPATUMBIX JApodeit co
3HAMEHATEJEM N.

4.169. Boemuiem B psj Bce MpaBUJIbHBIE IPOOK CO 3HAMEHATEJIEM 7 U
cliesaeM BO3MOXKHBIE coKparienns. Hanpumep, mis n = 12 nosyyurcs cire-
AYIOIIUI Pl YucelI:

0 1 111 5 1 7 235 11

17127 67 47 37 127 27 127 37 47 6 12°
CkoJIbKO ToJTyIuTcs apodeit co 3HamenareseM d, ecjid d — HEKOTOPBIA Jie-
JINTEIb 9ucyaa n?!

4.170. ToxxkaectBo I'aycca. JlokaxkuTe paBeHCTBO
> e(d) =n,
dln

e 3HAK Y , O3HAYAET, ITO CyMMHUPOBAHNE UJIET IO BCEM JETUTEIISIM TUCTIA T
d|n
(Cm. rakxe 4.153.)
4.171. Briucanubie jjoMaHble. OKPYyXKHOCTb pa3iejieHa 7 TOYKAME
Ha N paBHBIX dacTeil. CKOJIBKO MOYKHO COCTABUTH PA3IUIHBIX 3aMKHYTHIX
JIOMAHBIX U3 N P aBHBIX 3BEHBEB C BEPIIUNHAMU B ITUX TOUKAX !

4.172. JlokaxxuTe paBeHCTBA:
a) p(m) p(n) = ¢((m, n)) e([m, nl);
6) p(mn) ¢((m, n)) = ¢(m) ¢(n) (m, n).
4.173. Ilycrs m — narypasbaoe aucio u d | m. CKoJbKO pelnenuii umeer
CpaBHeHHUE
x=1 (mod d),
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KOIJIa TIepeMeHHast T IpoberaeT MPUBEIEHHYIO CUCTEMY BBIYETOB 110 MOJLY-
Jro m?
Caenyromast Teopema siBJisieTcst 00001erHnemM Majoi Teopembr Pepma.
Teopema Ditnepa. [lycrs m > 1 u (a, m) = 1. Torua umeer mecto cpas-
HEHHe

a*™ =1 (mod m).
(Cm. rakxe 4.223.)
4.174. CymecTByeT Jiu CTeleHb TPOKH, 3akanunBaomasics Ha 00017
4.175. okazkure TeopeMy Diljiepa, UCIOIb3Ys pe3ybTaT 3aga4u 4.156.
4.176. [lokaxure TeopeMy Jityiepa ¢ MOMOIIBI0 MaJjoi TeopeMbl Pepma
a) B ciydae, KOrja m = p™;
6) B 00IIEM Cirydae.
4.177. Ilpu momoru Teopembl Ditjepa HARIUTE TUCIO T, YIOBIETBOPSI-
fomee cpasaernto ax + b =0 (mod m), rue (a, m) = 1.
4.178. JlokaxkuTe, YTO IPHU JIOOOM IIEJIOM
a) a® —a i 30; B) a'' — a i 66;
6) a'" —aib10; r)a®—-a:2-3-5-7-13-19-37-73.
4.179. Jlokaxwure, 94TO Iy JIOOOr0 HEYETHOTO UUCA 1M CYIIECTBYET

TaKoe HATypaJIbHOE YHUCJIO0 1, u4To 2" — 1 im.

4.180. [lokazknTe, 9TO IIPH JIOOOM HEIeTHOM 1 4mcyo 2™ — 1 mesmures
Ha N.

4.181. Yucaa Kapwmaiikia. /lokaxkurte, 9TO JjisI COCTABHOTO YHCJIA,
561 cupasemius anasor maJjoi Teopembl Pepma: ecau (a, 561) = 1, To BbI-
nosmsiercsa cpaprenne a®*° =1 (mod 561).

YHucsa, 06/1aa10IHe STUM CBOICTBOM, HA3BIBAIOTCS “ucAamy Kapmaiix-
AG.

4.182. Haiinure Bce TaKue meJIble Y9UCIa @, JJIsg KOTOPLIX 9uciao al® + 1
nenutcst Ha 10.

4.183. YcuneHue TeopeMbl Jijiepa. m = p;! ... p* — paznokeHne
HATYPAJLHOIO YHUCJa M Ha IpocTble MHOXKUTe . OGo3Hadum yepe3 A(m)
(231 .
HaMMeHbIIee obIee KpaTHoe guces p(pit), ..., p(p2s):

A(m) = [p®i), ..., w(pa*)].

Joxazkure, 9o sist J1060r0 [EJI0ro 9ucjia a Takoro, uro (a, m) =1, Gyzer
BBIIIOJIHATBHCA CpaBHEHUe

a™ =1 (mod m).
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4.5. IlpnzHaku AeJIMMOCTH

4.184. ITpusnaku geaumoctu Ha 3, 9 u 11. Yucno N 3anucano B
JECATUYIHON CUCTEMe CUUCIEHUS

N =a,a,_1...a.ap.

Joxaxkure CIeLyomye IPpU3HaKA JeTUMOCTH:
a) Ni3<a, +an1+...+a1 +agi3;
6) Ni9<a, +a,_1+...+a; +ap:9;
B) Nille& +a, Fan_1+...—a; +ap:ill.

4.185. Moxer u gucyo, 3anucbiBaemoe nmpu nomomu 100 myneit, 100
exuuutt 1 100 1BoeK, OBITH ITOJTHBIM KBAJIPATOM?

4.186. Ilpusnaku gesiumoctu Ha 2, 4, 8, 5 u 25. Chopmynupyiite
7 JIOKa’KATe TPU3HAKY JAeJTUMOCTH Ha ducaa 2, 4, 8, 5 u 25.

4.187. Haiiure Bce uncaa Buma ry9z, KoTopble Jeauauch O6b1 Ha 132.

4.188. Haiinure Bce umcna Bujga 13xy45z, KOTOpbIE JIEJUINCH ObI Ha
792.

4.189. IMudposoit kopeub uucia. Paccmorpum uuciao N, 3amucan-
HOE B JIECATHIHOM cucreme cancienus. Haliem cymmy mudp 9T0ro dncia,
IIOTOM CJIOKUM TG PhI, KOTOPBIMA 3aIlACAHA CyMMa U T. 1. Byraem mpomoJi-
2KaTh ITOT IIPOIECC, TOKA B KOHIIE KOHIIOB HE TIOJIyYUM OJJHO3HAYHOE YUCJIO,
KOTOPOE HAa3BIBAIOT Uu@posvim xoprem ducia N . Jlokaxkure, 4o 1udgpoBoi
KOpeHb cpaBHUM ¢ N 110 MOJYJIIO 9.

4.190. Hemurca au wa 9 gucio 1234 ...5007 (B sanmcu sToro gmcsa
nozpsiJ| Bolnucanbl yncsa or 1 1o 500.)

4.191. Hokaxkure, uro uncao 192021 ...7980 mesmrcs wa 1980.

4.192. okaxkure, 94To uncyio abed menurces Ha 99 Torga u TOJBKO TOT/IA,
Korma 4ucyo ab + cd menurcs Ha 99.

4.193. IocsenoBaresbHOCTD { T, } YCTPOEHA CJICLYIONIMM 0OPA30M: X1 =
= 32901 3 KaxKOplil CIEQyIOIUil 9IeH paBeH cyMMe IEdp IPeIblIyIero.
Haiinure xs5.

4.194. Haiiiute HanMeHbIIIEe 9HICI0, 3aIUCHh KOTOPOT'O COCTOUT JIUIIH U3
HyJIeil U eWHUIL, Jessieecs 0e3 octaTka Ha 225.

4.195. Kakue nudpoBbie KOPHHU OBIBAIOT Y TTOJHBIX KBAIPATOB U ITOJTHBIX
Ky6oB?

4.196. [Isa uucia a m b mosydaroTcs ApYr W3 JAPyra MepecTAHOBKOI
uudp. Yemy pasen nudpoBoii KOpeHb gucia a — b7
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4.197. JlokaxxuTte, 94TO €cjIu N > 6 — 9eTHOe COBEPIIIEHHOE YHCJIO, TO €ro
udpoBoit koperb paseH 1. IIpoBepbre TakKe, 9TO 1 MOXKeT ObITH IIPEJ-
craByeH B Buge n =1+ 9P;(k), rne P3;(k) — tpeyrosibHoe umcio u k =2
(mod 8).

4.198. Ha nocke Hamucano anciio 8”. Y Hero BBIYUCISAETCH CyMMa Iudp,
y MOJIyYeHHOI'O YHCJIa BHOBb BBIYHCJIAETCH CyMMa Iudp, U Tak Jajee, 0
TeX IOP, II0OKa He IOJIyIUTCS OJHO3HAYHOE YUCJI0. UTO 3TO 3a YHCIIO, ecyn
n=20017

4.199. JlokaxkuTe ONMOOTHOCTD CJAETYIONINX 3aIUCei

a) 4237 - 27925 = 118275855; B) 19652 = 3761225;

6) 42971064 : 8264 = 5201; r) v/371293 = 23.

4.200. Kosns Bacun BbIucas mpuMep Ha YMHOXKEHUE, a 3aTE€M 3aMe-
HuI Bce 1udpbl OyKBAMU: OJMHAKOBBIE ITUMPPHI OJUHAKOBBIMU OYKBaMU, a&
pasmble — pasubiMu. losryumtocs pasenctso ab - cd = ef fe. He ommubes s
Kousa?

4.201. TokasKuTe, 94TO B JeCATUIHON 3amucy 9ucia 220 ecThb 1o KpaitHeit
Mepe JBe OIMHAKOBbIE U(PhI, HEe BHIYUCIIA €ro.

4.202. CymecTByer Jid IUCI0, KOTOPOE SIBJISIETCsT CTENEHBIO 2 TAKOE, ITO
[I€PECTAHOBKOM ero nudp MOYKHO MMOJIYIUTh APYTYIO CTElHeHb 27

4.203. IIpusnak gesumocTtu Ha 19. CylnecTByeT CJIeIy oIyl Crrocoo
MIPOBEPUTH JeauTCs Ju ganHoe ducao N na 19:

1) orbpacsiBaem mocseHIo0 udpy v dnciaa N;

2) npubaBjisieM K [OJYYEHHOMY YHUCIY IPOM3BEIEHUE OTOPOINEHHON
1 phr Ha 2;

3) ¢ MOJIY9IEHHBIM YHCJIOM IIPOJEJBIBAEM OIEPAIU 1) U 2) J10 Tex Top,
II0Ka He OCTaHeTCs YUCJIO, MeHblllee N paBHOe 19.

4) ecam ocraercs 19, To 19 | N, B nporusHoM caydae 194 N.

Hanpuwmep, g qucia 3173 nosrydaercs menodka

3173 — 323 — 38 — 19,

3HAYUT, OHO JieJuTcs Ha 19.
JlokarkuTe CripaBeJIMBOCTD 3TOTO IPU3HAKA JIETUMOCTH.

4.204. Ilpusnak gesmmocTu Ha 7. Jlokaxkwure, 9T0 CIIEIYIOMMIL aJl-
TOPUTM TIO3BOJISIET IPOBEPSTH JEIUMOCTD Ha 7:

1) orbpacsiBaem mnocseHIo0 udpy v dnciaa N;

2) BBIYMTAEM M3 [OJIYYEHHOIO YHUCJIa [IPOU3BeeHne OTOPOIIeHHON ud-
pbl Ha 2;

3) ¢ HOJy9eHHBIM YHMCJIOM HPOJIEJIbIBaeM onepanuu 1) u 2) 70 Tex 1op,
IIOKa& He OCTaHeTCs JIUCJIO, MeHbllee uian pasnoe 10.
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4) ecsm ocTaeTCs YUCII0, Jlesisiieecs Ha 7, To 7| N, B IPOTUBHOM cJiydae
TIN.
Hanpuwmep, ancio 2345 neaures Ha 7, TaK KaK OHO MPUBOJUT K CJIETY-
fomieit menoyke:
2345 — 224 — 14 — —7.

4.205. Haitqure npusuaku jgesumocTy Ha quciaa 13, 21 u 41 anajgorud-
HbIE T€M, UTO PacCMaTPUBAJINUCH B 3a1a9ax 4.203—4.204.

4.206. ITpusnaku geanmoctu Ha 17. Jlokaxwure, uro umcio N 1e-
JuTcd Ha 17 TOra W TOJMBKO TOrJa, Korja Ha 17 menurcs gucio M, mosy-
4qeHHoe u3 [N

a) 3a4epKUBaHUEM MOcJjeaHell nudpbl U BBIYUTAHUEM U3 OCTABILIErOCsH
qUCiIa yOSTAPEHHOTO 3HAYEHUs ITON I PHI;

6) 3auepKUBAHUEM IOCIEIHUX JABYX IUMP U NpUOABICHHEM K OCTABIIE-
MyCsl YHCJIy YBOCOMUPEHHOI'O 3HAYEHHUS 329€PKHYTOTO YUCIIA;

6) 3auepKUBaHUEM [OCJIEAHUX IIATH (P U NpudaBIEHIEM K OCTaBIIE-
MyCsl YHCJIy YTPOEHHOT'O 3HAYEHUs 3aYePKHYTOr0 YUCIIA.

IIpumepsnr:

93313 — 9316 — 901 — 85 =5 - 1T;
93313 — 1037 — 306 — 51 =3 - 17;
111872727101 — 1200030 — 102 =6 - 17.

4.207. AcraderHble MpU3HaAKNU aeanmocTtu. [Ipusnaku gemmmocTn
u3 3a 124 4.203—4.204 u 4.206 umetoT MHOTO 0611IeT0. KarkK1bIit 3 HUX yCTPO-
eH cieayomuM obpasoM. [Ias mpocToro p BeIOMpaloTCd JBa mapamerpa: k
u d rakwe, uro k > 1 u (d, p) = 1. Yucno N genutcst HA p TOTJA U TOJBKO
TOrJa, KOrja Ha p jenurcs guciao M, nmonydennoe n3 N 3adepKUBAHUEM
k mocsreaunx mudp u TpubdABIEHHEM K TOJYIEHHOMY YUCIY 3a9ePKHYTOrO
k-3HauHOTO "MCHa, yMHOXKeHHOTO Ha d. Yuciao M (B3sTOE 10 MOJYII0), Kak
MIPAaBHUJIO, OKA3BIBAETCS MeHbIIe ucxoaHoro uncaa N. Huciao N kak ObI mepe-
JaeT 3cTadeTHYIO HaJI0YKy MeHbIIeMy duciy M, 9To U COCTaBjIseT OCHOBY
AJITOPUTMA.

VHoMsiHyThIE BBIIIE TPU3HAKA JETUMOCTH MOXKHO OIACATDH CJIEIYTOIeit
TabJIAIIEIH:

p |19 7 | 17 |17 | 17
k|1 1 1 215
d| 2 |-2]-5| 8] 3

Jokaxxure, 9TO B OOIIEM CJIydae /sl CIIPABEJINBOCTH ITOJ0OHBIX TIPU-
3HAKOB JIEJINMOCTA HEOOXOIUMO U JJOCTATOYHO, YTOOBI BBIITOTHSJIOCH YCIOBUE

d-10" —1=0 (mod p).
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Onummre TPU3HAKK JEJIUMOCTH, KOTOPBIE MOJIyYIalOTCs ecyid epebpaTh
BCEBO3MOZKHBIE ITPOCThIe gesuTenn p < 100 uncen suma d - 10* — 1 mna k=1,
2,3ul|d <8.

4.208. [Ipu Kakux T U Yy YUCIAO TXTYY SABIAIETCS KBAJIPATOM HATYPAJIb-
HOT'O JIHCJIA?!

4.209. Haiiure Bce Takme Tpex3HAYHBIE YHC/IA, KOTOPBIE B 12 pa3 60J1b-
e CyMMBI CBOUX ITU(DDP.

4.210. oxkazxkute, uro ecau ancaa N u 5N UMeIOT OIMHAKOBYIO CYMMY
uucdp, To N meaurces Ha 9.

4.211. JIpoe mumyt a) 30-3Ha4noe; 6) 20-3HAYHOE YUCIIO, YIOTPEDIsis
tosibko 1mdper 1, 2, 3, 4, 5. IlepByto mudpy mnuimer nepsblil, BTOPYO —
BTOPOW, TPETHIO — EPBBI U T. 1. MokeT jin BTOpPOiil 10OUTHCS TOTO, ITOOBI
[IOJIy9eHHOE YHCJIO PA3/IeJINIOCh Ha 9, €C/Id IEePBBIil CTPEMUTCS €My IIOMe-
maTh?

4.212. PaccMaTpuBaOTCsi BCEBO3MOYXKHBIE CEMU3HAYHBIE YUCIa ¢ Iudpa-
mu 1, 2, 3, 4, 5, 6, 7, 3annCaHHBIMA B ITPOU3BOJILHOM Mopsiake. Jlokaxkure,
qTO HU OJTHO U3 HUX He JIeJINTCSI HU Ha KaKoe JIpyroe.

4.213. B mociie1oBaTeIbHOCTH HATYPAJIBHBIX UHUCENT G1, G2y « ..y Q- - -
KazK/IbIil CJIeYIONINI YIeH IOJIydaeTcs U3 IPEIbIIYINero IPUIIICHIBAHUEM
K HeMy crpasa (TO ecTh B KOHIE) 1udpbl, oTanaHoi ot 9. JJokazkure, 4To
B 9TOH IIOCJIEI0BATEIHHOCTH OECKOHEYHO MHOI'O COCTABHBIX YHCEJL.

4.214. IIpusnak gesumoctu ITackamns. Ilycts 3anucs uucia N B je-
CATUYIHOM cucTeMe cuucyeHus: umeeT Bug N = G,0,_1 - .. G10g, T; — OCTATOK
ot mentenus unca 10° mam (1 =0, ..., n). Jokaxkwure, aro unciao N memurcs
Ha M TOTJA U TOJbKO TOT/a, Koraa dnuciao M =a,r, +a,_1+ ...+ a1r1 +ag
JEeJINTCS Ha M.

4.215. C nomorpo npu3Haka geaumoctu llackass ycraHoBuTE pu3Ha-
KH JIeJIMMOCTH Ha 4dnciaa 3, 9, 6, 8, 12, 15, 11, 7, 27, 37.

Nunorma B KauecTBe r; ynobHee OpaTh HE OCTATOK, & «HEJIOCTATOK», TO
€CTh TaKoe HambOJIbIllee HEMOJIOXKUTEIbHOE TucyIo, uto 10° =r; (mod m).

4.216. Hokaxkure, 94TO €Cau HEOOXOAUMBIH M JOCTATOYHBIN MPU3HAK
JEeJINMOCTH, BBIPAXKAIOIINIICS Iepe3 CBOMCTBa Mudp YucIa, He 3aBUCAT OT
nopsijika 1mudp, TO 3TO MPU3HAK JEJIUMOCTU Ha 3 min Ha 9.

4.217. Onumure Bce CUCTEMBI CUUCIEHUS, B KOTOPBIX YHUCJIO IEJIUTCS
Ha 2 TOTJa W TOJBKO TOTa, KOTJIa CyMMa ero mudp aeanrca Ha 2. Permmure
3a/1a1y, 3aMEeHUB MOJYJIb 2 IIPOU3BOJIBHBIM HATyPAJIbHBIM YUCJIOM m > 1.

4.218. HaitnuTe HamMeHbIllee OCHOBAHWE CUCTEMBI CUUCTIEHUS, B KOTO-
POl OJTHOBPEMEHHO MMEIOT MECTO CJIeIYIOINe IPU3HAKH JIEJIUMOCTH:
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1) guciio menmres Ha 5 TOrJa M TOJIBKO TOTJA, KOTJa CyMMa ero Iudp
JeuTCs Ha ;

2) uueso JeauTes Ha 7 TOTJa U TOJBKO TOTJA, KOLJA Y9UCI0, COCTABJICH-
HOE U3 JABYX €r0 MOCJeTHUX Iudp, JeTUTCS HA 7.

4.219. YcranoBuTe NpU3HAKYU JEJIUMOCTH Ha &) 2, 6) 3, B) 5, 11 dnced,
3alMCaHHbIX B (pUOOHATINEBON CHCTEME CUUCTICHUS.

4.6. Kuraiickass Teopema 06 octaTkax

Kuraiickasi Teopema 06 ocrarkax. [lycrs nesnbie anciaa my, ..., m,
HONAPHO B3aUMHO IIPOCTBHL, TO €CThb (Mg, M;) =1 Upu i # j, m=my ... m,,
" ay, ..., G,, A—IpOU3BOJILHBIE TIeJble Yucja. Torma CyecrByer poBHO

OJIHO TIEJIOe YUCJIO T TAaKOe, UTO

............. (4.3)

n A<z <A+ m. (Cm. Takxke 6.54.)

OHUM 13 Ba)XHEWINX [PUMEHEHUN KUTaliCKOil TeopeMbl 00 OCTaTKax
SABJISETCA CUCMEMA CYUUCAEHUA 8 ocmamkax. B Hell 1ie10e 4ucIo npejicras-
JiggeTcsi HaGOPOM €ro OCTATKOB (MJIM BBIYETOB) [0 B3AUMHO IIPOCTBIM MOJLY-
JggaM. B Takoil cucreme CUMCIEHUs OIEPAIldN € YUCIAMU CBOIATCSI K OIepa-
UAM C UX OCTaTKaMU.

4.220. IIpu KaKux HeJbIX N 4uciao a, = n? + 3n + 1 nemurcsa na 557

4.221. HaiimuTe ocTaTKu OT JI€JICHUS:
a) 19'° ma 66; 6) 19™ ma 70; B) 17° ma 48; 1) 14!

414

Ha 100.

4.222. HarypaabHble YUCI& My, ..., M, IOMAPHO B3aUMHO ITPOCTHI.
Jokaxkure, 4TO cpaBHEHUE

a=b (mod my -my-...-my,)
PaBHOCHJIBHO CHCTEME
a=b (mod m,),
a=b (mod m,),
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4.223. HarypaabHble 9ucia my, ..., M, IOMAPHO B3aWMHO ITPOCTHI.
JloKkazkuTe, 9T0 9ucI0 T = (Mmyms . . . M, )¥\™) gBjigeTca permeHneM CHCTeMBbI
x=1 (mod m,),
=0 (mod my),
x=0 (mod m,).
4.224. [Tonp3ysich pe3ysIbTATOM IPEeJbIIy el 3a/1a91, YKaKUTE B ABHOM
BUJIE IHCJIO Z, KOTOPOE YI0BJIeTBOPsieT cucreme (4.3).
4.225. JlokaxkuTe KUTANCKYIO0 TeopeMy 00 OoCcTaTKax.

4.226. YKaxKuTe BCe TeJble YNCa T, YAOBIECTBOPAIONINE CUCTEMAM
) x =3 (mod 5), 5) z =2 (mod 13),
x =7 (mod 17); z =4 (mod 19).
4.227. Haiinure HamMeHbIllee HATYpPAJIbHOE UHCJIO, JAIONIee MPH JieJre-
HUU Ha 2, 3, 5, 7 ocrarku 1, 2, 4, 6 COOTBETCTBEHHO.

4.228. Ha cTose nekaT KHATH, KOTOPBIE HAJIO YIIAKOBATh. ECn UX CBs-
3aTh B OJMHAKOBBbIE IA4YKU 10 4, M0 5 mwim 1o 6 KHUI, TO KaKJIbIil pa3
OCTaHeTCs O/JHa JIMIIHSIS KHHUIA, a €CJIM CBA3aTh 110 7 KHUI' B IIAYKy, TO
JINIITHUX KHUT' He ocTaHeTcs. Kakoe HamMeHbIlee KOJUYIECTBO KHUT MOXKET
OBITH Ha CTOJIE?!

4.229. Haiinure octaTok oT meiennd dncia 1000! ma 1020,

4.230. Haitiute HanMeHbIIIee YeTHOE HATYPAJbHOE UUCJIO ¢ TAKOEe, ITO
a+1 nemurcana 3,a+2—Hab,a+3—HaT7,a+4—mall, a+5—ma l3.

4.231. Ilyctp HaTypaJbHBIE YHUCTA My, My, ..., M, IOIMaAPHO B3aUMHO
npocthl. Jlokaxkure, 9T0 €Cjau UUCIA Ty, To, ..., T, HPODETAIOT IMOJHBIE
CHCTEMBI BBIYETOB 110 MOJIYJIAM M1, My, ..., M, COOTBETCTBEHHO, TO YUCJIO

T=2T1Mo ... My + M1 TaM3 ... My + ...+ MMy ... My_1Ty

poberaeT MOJIHYI0 CUCTEMY BBIYETOB IO MOJYJIIO MMy . ..M,. BoiBeauTre
OTCIOZIa KUTAMCKYIO TeOpeMy 00 OCTaTKaX.

4.232. Kwuraiickasg Teopema o006 ocratkax u (pyHKIus Diijie-
pa. [Jokaxkure, 9TO YUCJIO T SBJISETCS IJIEMEHTOM IIPUBEICHHONW CHCTEMBI
BBIYETOB TOTJ@ U TOJBKO TOTJA, KOTJA YUCTA O, ..., Oy, OIPEICTCHHBIE
cpaBHeHUsiMU (4.3) OpPUHAIEXKAT NPHUBEJEHHBIM CHCTEMAaM BBIYETOB II0
MOJTYJISIM My, . .., M, COOTBETCTBEHHO. BbIBenuTe OTCIOJA MYJIbTHILIAKA-
TUBHOCTDH (hyHKIMU Ditjiepa.

4.233. I[Ipeamonoxum, ITO 9UCIA My, ..., M, HOMAPHO B3AUMHO IIPO-
C

CTHI. ,Z[OK&)KI/ITG, qTo JIIO6yIO IIPaBUJIbBHYIO ,ZLpO6I) BHUJa —  MOXKHO
mi1...Mnp
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[IPEJICTaBUTh B BUJE aJreOpamdecKoil CyMMbI IIPaBHJIbHBIX Jpobeil Buia
ni/m; (y=1,...,n).

4.234. Kaxue nudpbl HAJIO TIOCTABUTH BMECTO 3BE3/104U€K, ITOOBI IUCJIO
454 * x nemanoch Ha 2, 7 u 97

4.235. Hailimre mamMeHblliee HATYPAJIbHOE YHUCJIO, MOJIOBHHA KOTOPO-
o — KBaJ[paT, TPeTh — KyO, a IATas 4acTb — ISATasl CTEIEHb.

4.236. Yucna-aBromopdsbl. a) Tpexzuaunoe umcsio 625 obsamaer
CBOEOOPA3HBIM CBOMCTBOM CAMOBOCIPOU3BOIUMOCTH, KAK TO:

6252 = 390 625.
CKOJIbKO 4eTBIPEX3HAYHBIX YHUCE]T YJIOBJIETBOPSIOT YDABHEHHUIO
2> =z (mod 10000)?

6) okaxkure, uro npu JiroboMm k cymecrByer poHO 4 Habopa u3 k
mudp —00...00, 00...01 u eme aBa, OKAHIMBAIONINECS TIATEPKON W IIe-
CTEpKOil, — 0018 IAT0IIe TAKIM CBOMICTBOM: €CJIU HATYPAJbHOE YUCJIO OKAH-
9UBAETCs OJHUM U3 STUX HADOPOB IUdP, TO €ro KBaIPAT OKAHIMBAECTCH TEM
2Ke HabopoM nudp.

4.237. BoabHoe Boiicko. ['eHepast X0ueT moCTPOUTS JIjIst Tapaia CBOUX
COJLIAT B OJJMHAKOBbBIE KBaIPATHBIE KApe, HO OH He 3HAeT CKOJILKO COJLIar (0T
1 mo 37) maxomurcs B Jjazapere. JJokaxkure, 94TO y reHepasia MOXKeT ObITH
TaKOe KOJIMYECTBO COJIJIAT, YTO OH, HE3ABHUCUMO OT 3aIOJIHEHUS JIa3apera,
CyMeeT BBIIIOJIHUTH CBOE HaMepEHUeE.

Hampumep, Boiicko m3 9 desioBeK MOXKHO IOCTABUTH B BUIE KBaJpaTa
3 x 3, a ecyin 0JIMH YeJIOBEK OOJIEH, TO B BUJE JIBYX KBaJIpaToB 2 X 2.

4.238. JlokaxkuTe, 9TO JIjIs JIIOOBIX HATYPAJbHBIX N U Kk HAWJIETCSI MHO-
JKEeCTBO, COCTOMAIIee U3 M IIOCIEIOBATE/IBLHBIX HATYDAJIbHBIX YHCEJ TAKUX,
9TO KaxKJ0e U3 HHUX JEJINTCA Ha k PA3/IMIHBIX IPOCTBIX YHCEJI, Ha KOTOPBIE
He JIEJIATCS. HUKAKOE JIPyToe IHucJIo 13 9Toro MHoxkecrBa. (Cum. Takxke 3.140.)

4.239. Ilycrs f(x) — muOrowIeH ¢ nejabiMu KoadbduimenraMu or mnepe-
MenHO# . JlokaxkuTe, 9T0 JIJTst JIIOOBIX HATYPAJIbHBIX 1M U N HANIETCSA TaKOe
[IEJIOE X, 9TO KAXKI0€ U3 IUCE

f(xo),f(xo—i-l),,f(xo—i-n—l)
OyeT UMETh 1O KpaiiHell Mepe m Pa3JuIHBIX TPOCTHIX JeTUTENIeH.

4.240. Bocrounsiiit Kanengapsb. B kuraiickoit HaTypdumocobun Bbi-
JEJIAIOTCA IATH IePBO3JIEMEHTOB IIPUPOJLI — JIEePEeBO, OrOHb, METaJLI, BOAA
U 3eMJis, KOTOPBIM COOTBETCTBYIOT IISThH IIBETOB — CUHUIHA (WU 3eJIeHBbIl),
KPAaCHBIit, OeJIbIil, YePHBI U XKeJThIl. B BOCTOYHOM KaJileHIape ¢ JIPEeBHUX
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BPEMEH HCIOJIb3yeTCs 12-IeTHUI XKUBOTHBIN ITUKJI TaK, YTO KaXKJI0My U3 12
TOJIOB B IUKJIE COOTBETCTBYET OJHO U3 KWBOTHBIX. KpoMe TOro, KarKiblit
TOJT TIPOXOUT II0JT, MOKPOBUTEIHCTBOM OJIHOM U3 CTUXUI U OKPAIINBAETCS B
OJIVH U3 IBETOB:

roael, okaHunBaonmecs Ha 0 u 1 —rozpr Merasuia (1BetT Gesblii);

rOJbI, OKAHIMBAIONIMECS HA 2 U 3—3TO TOJbl BOJBI (I[BET YepHBbIii);

rOJbI, OKAHIMBAKOIMeECs Ha 4 u 5 — 1ozl Aepesa (BT CHHMIA);

roJibl, OKaHIMBaomuecd Ha 6 u 7—rojpl orug (IBeT KPacHbI);

roJibl, OKaHIUBaomuecs Ha 8 U 9 — rojpl 3emiin (BT YKEJIThIi).

B 60-n1eTHEM KaJIeHJAPHOM ITUKJIE KaXKJ0€ YKUBOTHOE BOBHHUKAET D pa3.
C moMoIIbIo KUTAMCKON TeopeMbl 06 0cTaTKaxX 00bICHUTE, TIOYEMY OHO BCE
5 pa3 ObIBaeT pa3HOTO I[BETA.

4.241. Touka IUIOCKOCTU C IIEJBIMH KOOpAMHATaMu (z,y) Ha3bIBaeT-
csl BUIMMOM U3 Havasa KOOpAUHAT (WM NIPUMUTHBHON), €CIM Ha OTpe3Ke,
COeUHSAONEM TOUKY (2, y) ¢ HadagoMm koopauuaT (0,0), HET APYrUX TO-
9eK C IeJbIMI KoopAamHaTaMu. JloKaxKuTe, YTO MHOXKECTBO NPUMUTHBHBIX
TOYEK COJEP?KUAT CKOJIb yTOTHO OOJIBIINE <«JBIPBI», TO €CTh IJisd JII0OOro
HATYDPAJLHOIO @ Haiizercs KBajpar u3 a X a Todek (xo+ 1<z <+ a,
Yo+ 1<y <y+a), cBOGOIHBLI OT IPUMUTUBHBIX TOYEK.



['TABA 5
Ywucna, agpodbu, cucTeMbl CUNCJIEHUSA

5.1. PaHHOHaﬂbeIe N nppanyoHaJIbHbIE YHCJIa

Onpenenenune. Ynciio o HA3BIBACTCS PAUUOHANOHIM, €CTH OHO TIPE/I-
CTaBUMO B Buje & =m/n, IJe m — HEeKOTOpoe Iiejioe, a N — HATypaJbHOe
qncsa. Bee ocrasbHbIe JefCTBUTEIbHBIE THCJIA HA3BIBAIOTCS UPPAUUOHAND-
HoLMU. MHOXKECTBO BCEX palllOHAJIbHBIX dnces obo3Hadaercs: yepes Q. Ipa
qUCJIa HA3BIBAIOTCS HECOU3MEPUMBLMU, €CJIA X OTHOIIEHNE UPPAIHOHAb-
HO.

5.1. IIposepbTe, 4TO BCAKOE PALMOHAJIBLHOE YHCIIO €JUHCTBEHHBIM 00pa-
30M IpejcTaBisgercsd B Buje a/b, rue (a, b) = 1.

Onpenenenune. Jlecaruunas 1podb
Oé:O,alag...akblbg...bnblbz...bnblbg...bn...,

e bb,...b, — HAUMEHBINUI IO JIMHE OTPE30K MUMP, MOBTOPAIOIIHIACS
HAYUHAsT ¢ HEKOTOPOIO MeCTa, HA3BbIBAETCS nepuoduyeckoli decamuunol
dpobwviro. Tlpu Tom mabop mudp biby...b, HazbIBaerca nepuodom, HAOOP
10y . . . Qi — NPeONEepuodom, n— OAUHOT NEPUOOa U IPOOL 3aMNCHIBACTCS B
BHJIE

o = O,a1a2 e ak(blbg . bn)

5.2. IIpeicTaBbTre Caeayomnine paloHaIbHbIE YUC/Ia B BUIE JIECIATHIHBIX

JIpobeit:
1 2 1 1
a) ? 3 6) ?, B) ﬁ ; F) 1—7 .

5.3. Haiinure mucdpsot a u b Takue, 1y KOTOPBIX

v/0,aaaaa...=0,bbbbb. ..

5.4. Haitnure mepuon gpobu

1

— =0,0204081632. ..

49
Kax M0xKHO 00bACHUTE TOT (PAKT, UTO MOCTE 3AIATON MOABJISAIOTCS CTEITEHN
gucaa 27
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5.5. Yucso Peitnmana. OObsiCHUTE [TOBEJIEHUE CJIEIYIOIIEN TeCITUY-
HOIT ApoOM U HAIUTE ee IEPUOI:

1
543 = 0,004115226337448 . ..

5.6. IlpencraBbre ciieayromime Yucia B BUE OOBIYHBIX U B BUJE JIECSH-
TUYIHBIX JApobeii:

a) 0,(12) +0,(122); ©6) 0,(3)-0,(4); B) 0,(9) — 0,(85).

5.7. Jlokaxkure, 9TO YHCJIO PAIMOHAJIBHO TOTJA W TOJHKO TOLJA, KOT/A
OHO TIPEJICTABJIAETCS] KOHEIHON WM TIEPUOIUIECKON NeCATUIHOM 1pOObIO.

1 .
5.8. Jljis KaKuxX HATYpaJbHBIX 7, YUCJIO — IIPEJCTaBJIAETCS KOHEYHOMN
n
JECATUIHON TPOOHIO?

5.9. IlycTp 9mcio o 3a/maeTcss AeCATUIHON TPOOBIO
a) a =0,101001000100001000001 . . .;
6) a =0,123456789101112131415. ..

Byner sau sto yncno panuonaabHbIM?

5.10. Ilycts a,, =0, ecu n JeauTcs Ha KBaJIpaT TPOCTOTO YUCTIA U G, = 1
B IIPOTUBHOM ciy4ae. JlokaxKkure, 4TO necaTudHas JpoOb

a=0,aas...0a,...
ABJISETCS] UPPAITUOHATIBHBIM YHCJIOM.

5.11. Ilycre f(2) — muorowren ¢ nesbivu KoadbduuenTaMu 0T 1epe-
MEHHOU T, KOTOPBI TPUHUMAET TMOJIOKUTEIbHbIe 3HaUeHus ipu > 1. lo-
KakKuTe, 9TO OECKOHEUHAs JIECATUYIHAS JIPOOD

a=0, f()F2)...f(n)...

SIBJISIETCS. UPPAUOHAIBHLIM uucaoM. Hampumep, eciu f(x) = x?, To moy-
qaeTcs upparmonaibaoe ncio o = 0, 149162536496481100. . .

5.12. Moxer au

a) CyMMa JIByX PallMOHAJBHBIX YUCE) ObITh UPPAIMOHAILHOM?

6) cyMMa JIByX MPPAIMOHAJILHBIX YHCEJ OBITH PAIMOHAJLHOI!

B) HMppPAIMOHAJBHOE YHCJIO B UPPAIMOHAJBHOM CTelleHu ObITH paryo-
HAJILHBIM !

5.13. okaxkure, 9T0 B JIIOOOH OECKOHETHON MECATUIHON TPOOU MOKHO
TaK [ePecTaBUTH IUMPBI, 9TO MOJIyYeHHAs JPOOb CTAHET PAIMOHAJIHHBIM
YUCIIOM.

5.14. Kona Bacun 3ajaymas HamucaTh IporpaMMy, KOTOpasl JgaJja Obl
BO3MOYKHOCTb KOMIILIOTEDY T€YaTaTh OJIHY 3a JAPYroi mudpbl JeCITUIHONR
3amcn guciaa /2. JIoKaxKnuTe, 9To /aske eCm ObI MAIIIHA, HE JTOMAJIACH, TO
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Konuna 3arest Bce paBHO ObI He yajach, U PAHO WU HO3HO KOMIBIOTED
HamnedaraJs Obl HEBEPHYIO IUdPY.

. 1 1
5.15. Haiiure Bce Takue HATYpAJbHBIE N, JIJISI KOTOPBIX — U 1 peJ-
n n
CTaBJISIETCS] KOHEIHBIMU JECATUIHBIMA JTPOOSIMU.
5.16. okaxure, uro cpeau umcen [284/2] (k=0,1,...) Geckonedno

MHOT'O COCTaBHBIX.

5.17. JJokaXuTe NppaIrmoOHAJILHOCTD CJIEIYIONINX THUCET:
a) Y17, r) V3 -V2; k) sin 1°;

6) V2 +/3; 1) cos 10°; 3) log, 3.

B) V2+V3+V5; e)tgl0%;

5.18. /TokazKuTe, UTO JIJIsl HATYPAJIBHOTO N GUCIIO /T OYIeT PAInOHAITb-
HBIM, B TOM U TOJIbKO B TOM CJIy4ae, KOIJla 1 — IOJIHBIN KBaJpaT.

5.19. CocraBbre KyOudyecKue ypaBHEHUsI, KOPHSIMHU KOTOPBIX ObLIM ObI
qucia
27 2
a) 2cos —; 6) 2cos —.
7 9
Jlokazkure, 9T0 3TU YUC/Ia UPPAIUOHAJBHBL U He IBJISIOTCS KBaPATHIHBIME
UppaIMOHAJBLHOCTAME (CM. Takxke 9.26).

5.20. MeToa 6eckoHeYHOro cirycka. Jlokaxknure, 9TO ypaBHEHUS
a) 8zt + 4yt + 22t =1t*;  B) 2* + 9y + 22 + u? = 2zy2u;
6) 22 +y*> + 22 =2zyz; 1) 3" =122+ 9>

He UMEIOT PeleHnil B HaTyPaJbHBIX UAC/IaX.

5.21. Jlokakure, 4To ypasHenue x> + 2y + y* = 0 He UMeeT paloOHAIb-
HbIx perennii kpome napsl (0; 0).
5.227 a) JlJis HEKOTOPBIX HATYPAJIBHBIX ¢ U b 9UCI0
= a? +b?
T ab+1

0KAa3aJI0Ch IEeJIbIM. JoKakuTe, 9TO M — IOJIHBIH KBaJIPAaT.
6) Kakue mesble 3HaYeHUs] MOXKET IPUHUMATDH (DYHKIUA

a? +v?
Jela,0) = 5%

[Ipy HATYPAJIBbHBIX @ U b, ecoin k = 2, 37
5.23) [I;1a KaKUX HATYPAJbHLIX ¢ 1 b aucno a? + b + 1 memurcsa ma ab?

5.24) Haiioure Bce maphl HATYPAIBHEIX UHCET ¢ U b, IIS KayKIoH U3
KOTOpBIX a? + 1 gemurca Ha b, a b? + 1 gemures Ha a.

5.25. OuH u3 KopHei ypasrenus > + ax + b= 0 pasen 1 + /3. Haiizure
a 7 b, eciM U3BECTHO, YTO OHU PAITMOHAJIBHBI.
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5.26. IlycTb a, b, c— paznudanbie mpocThbie uncia. /Jlokakure, 9T0 IUCIA
Va, Vb, \/¢ He MOryT GBITh WieHAMU OJHON apudMeTUYeCKOil IPOrpeccuu.

5.27. YupocTuTe BbIpasKeHue:

2\/3+\/5—\/13+\/@.

5.28. J/lokaxute paBeHCTBO

3 847 3 847
\/6+\/2—7+\/6‘\/7—3'

5.29. Haiinmure niepsbie 17 3HAKOB B JIECSITUTHON 3AIUCU Y TUCEJT:
1

1 1
O e T varvs T Ve vioo:
) \/5-&-\/?% + \/__\/3/_2 .
V2+V24V3  V2-V2-3
B) V402 — 57| — V/40v/2 4 57.
5.30. Boruucanre:
a) V20 + /392 + /20 — /392;
6) V/5vV2+7—V/5vV2 T,
B) V46V —9++vVz—6V/2z—9 (9<z<18).

5.31. 3agauya Bxackapsbl. YpocTuTe BhIparkeHue

\/10+\/ﬂ+\/E+\/@.

5.32. @opMyJia CJI0XKHOTO paaukKasa. JlokaxknTe paBeHCTBO:

m:\/a—k\émi\/a—\/;ﬁ——b'

(Cm. Takxke 7.15.)
5.33" Jokaxute, uto wncio v2 +v/3 + 5 + V7 + V11 + /13 + /17

UPPaIdOHAJILHO.

5.34. Ilpu kakux HaTypaJbHBIX ¢ U b umcio log, b OGymer paruoHasb-
HBIM?

5.35. lokazkuTe, ITO SIN & U COS T PAITMOHAJIBHBI TOTJIA U TOJHLKO TOTIA,
Koryia 9uciio tg(r/2) paruoHaibHO.

5.36. /lana kBajipaTHAas CETKA Ha IJIOCKOCTH U TPEYTOJLHUK C BEPITAHA~
MU B y37ax ceTku. JloKaxKure, 9T0 TAHTE€HC JIFOOOr0 yIriia B TPEYyTOJbHIKE —
9HCJIO PAITMOHAJIBLHOE.
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5.37. MoHO JI1 HApUCOBATH IIPABUJIBHBINA TPEYTOJIbHUK C BEPIIMHAMUI
B y3J1aX KBaJIPATHON CeTKU?!

5.38. [lan sucr kieryaroir 6ymaru. JJokaxkure, 9ro npu n # 4 He cyrie-
CTBYeT MPaBUJILHOTO N-YTOJbBHUKA C BEPIIMHAMUI B y3J1aX PEIIETKH.

5.39. /lokaxKuTe, 9TO HA OKPY?KHOCTHU C IIEHTPOM B TOUKE (\/5, \/3) Je-
KUT He 60j1ee OTHOM TOYKH IEJOUNCICHHON PEITeTKH.

5.40. I36aBbTECH OT UPPAITMOHAILHOCTH B 3HAMEHATEJIE:
1 1
a) ; r) ————— K) -
1+a V2+ V243 Ya+ Vb+ e
6) 1 ;) 1 )
Va+ Vb4 /e Va+ Vab+ Vb’
1 1
B e ;
) ) V24 V4+ V842

5.41. Tpu kakux HaTypambueX n wucio (v2 4 1)" — (/2 — 1)" Gyzer
HeabIM?

1— Ya+ Va2’

5.42. JlokaxXuTe CJIeIyIonine paBeHCcTBa:

a) \/2+\/2+...+\/2+\/6_ N2+ V34 N2 - V3

10 pagukasoB

\/2+\/2+ 2+\f 2008 oy

n pajuKaJjioB

5.43. Jlokazkure, 9TO

lim 271 . 2—\/2+\/2+ 2+f_7r

n pagukKaJiOB

5.44. VIppaiinoHa/JIbHOCTb 4YUCJa €. YUCJo € ONpeessieTcss PaBeH-
crBoM e = lim (1 + 1/n)™. okaxwure, 9ro

a)e= lim (24 1/21+1/3!+ ...+ 1/nl);

6)e=24+1/2141/3+...+1/nl+7,, tme 0 <r, <1/(nln);

B) € — UPPAIMOHAJILHOE YUCIIO.

(Cm. Takzke 11.92, 7.55).
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5.45. IlycTh mMeeTCst TIOCTEIOBATE/ILHOCTh HATYPAJNBHBIX UHCENT ¢ <
<Ep<...<q¢, <..., opuuem lim g, = co. Jokaxkure, 9T0 9UCIIO
n—oo

- 1
o= T
;qlqzqn

UPppPaIdOHAJILHO.

5.46. JlokaxkuTe, UTO UHUCJO € HE SABJISIETCS KBAJIPATUIHON UPPAIIAO-
HaJIbHOCTBIO.

5.477 Ynucao e m xombuHatopumka. Jlano N To4ek, HHUKAKHe TPH
U3 KOTODBIX HE JIeXKAT Ha OJHOU mpsiMoil. KaxKible JBe M3 9TUX TOYEK
COEJIMHEHBI OTPE3KOM, U KayKJIbIiI OTPE30K OKpAIlleH B OJUH u3 k IBETOB.
Hoxaxwure, aro eciiu N > [kl e], To cpenn TAHHBIX TOUEK MOYKHO BBIODATH
TaKue TPH, YTO BCE CTOPOHBI 0OPA30BAHHOTO UMU TPEYTOJbHUKA OYIyT OKpa-
mrenbl B onuH 1eT. (Cm. Takxke 2.35.)

5.487 Onpeienm 1oc/eioBaTeIbHOCTH Yncen {x, } u {d,} yciosusmu

T = 17 P [\/ 2xn(xn + 1)]; dn = Ton41 — 2:1721171 (TL 2 1)

JToKazKnTe, 9TO IHCI0 \/2 B JBOMYHO} CHCTeMe CUUCIEHHS MPe/ICTABIISETCS
B Buge V2 = (dy,dyds . .. )y. (JBoudmyio 3amuch uncia /2 MOKHO HaiiTH B
npustoxkernnu C.)

5.2. IlecaruaHable Ipodu

Pazoxkenue panuOHaJIbHBIX YHUCEJI B JCCATUIHBIC ,ZLpO6I/I HEIIOCpEeaCTBEH-
HO CBA3aHO CO CIlelIUaJJIbHBIMUA 9HCJ/IaMH, Ha3bIBa€MbIMU DEIIbIOHUTaMMH.

Omnpenenenne. Penvionumom TOPsIAKa N HA3BIBAETCS IHUCJIO, COCTOSI-
mee u3 n eguauir K, =11...1.

n
PenbionnTsr CyIIeCTBYIOT HE TOJIBKO B ,HeCHTHqHOﬂ CUCTeMe CUHCJIeHUAd.

Ho B apyrux cucremax cuucjieHuns OHH y2Ke He Oy/IyT CBSI3aHBI C IECATUY-
HBIMU JIPOOSIMU.

5.49. /lokaxuTte, 9TO PaBEHCTBO

10" -1
m

=aiag...0ay,
PABHOCHJIBHO TOMY, YTO JIECATHYIHOE IpeICTaBIeHue Apobu 1/m umMeer Buj
1/m=0,(a1as...a,).

5.50. Hokaxure, aro ecau (m, 10) =1, To cymecrsyer penbionur E,,,
Jessuiicsa Ha m. Bymer m ux 6€CKOHEIHO MHOTO?
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5.51. Kak cBsa3aHbI MeXKIy COOOM MeCATUYHDbIE MPEJICTABICHUAS THCET
{p/q} u {10°p/q}?

5.52. Tokaxure, ato ecau (m, 10) =1, TO y JIECATUIHOrO IpeCTaBIIE-
Hus 1pobu 1/m Her upenepuosa.

Onpenenenue. Ecian y mecarudHoi 1podu OTCYTCTBYET MPEIIEPUO,
TO Takas APoOb HABBIBACTCS YUCMO NEPUOIULECKOU.

5.53. Haitanre BO3MOXKHBIE 3HAUECHNUS 3HAMEHATEIsT OOBITHON Ipobu BU-
na 1/m, KoTopas IPeiCTaBIseTCd YUCTO NePUOIUIECKON JeCATUIHON IPOo-
ObI0 ¢ IByMs I paMu B IIEPUO/IE.

5.54. Ilycrs (n,10)=1, m<n, (m,n) =1, u t — HauMeHbIIIEE TUCJO
rakoe, 9to 10" — 1:n. JJokaxkure, 9T0 t KPATHO JUIAHE [IEPHOJA 1podU m/n.
Byner s qucno t qnunoit nepuoga?

5.55. JlokaxkuTte, 4YTO €CIu p > 5 — IIPOCTOE YUCJIO, TO JJIsI JIIOOOr0 JHC-
surens ¢ (1 <a<p—1) gauna nepuoga xpobu a/p Gyaer onHo u TOl Ke.

5.56. Jokaxure, uro eciu (m, 10) =1, To gacruoe 9E,, /m, 3anucannoe
KaK N-3HAYHOE YUCJIO0 (BO3BMOXKHO C HyJISIMU B HAYAJIE) COCTOUT U3 HECKOJIb-
KUX [IEPUOJIOB JIECATUYHOrO Ipejcrasienus apobu 1/m. Kpome Toro, ecin
ellle BBINOJIHEHb! yeaosust (m, 3) =1 u F,, — epBbIil PENbIOHAT, Jesuics
Ha m, 1o uncso 9E, /m Gyaer coBnagaTh ¢ HEPHOIOM.

5.57. Jokaxkure, uro eciu (m, 30) = 1, To uucio, cocrosimee u3 nudp
nepuojia gpobu 1/m memures Ha 9.

5.58" Dddekr messTok. [lepuogom npobu 1/7 seisercs aucio N =
= 142857. Ono obJsragaeT CJIeIyIONUM CBORCTBOM: CYMMa, IBYX ITOJIOBHUH IIe-
pHOJIa — YUCI0 U3 onHuX AeBaToK (142 4 857 =999). Hokaxure B 00611eM
cily4ae, 4TO JJIs IIPOCTOr0 ¢ > 5 U HATYPAJIBHOrO p < ¢ Iepuos npobu p/q
ecTb 2n-3Haunoe uncio N = N; N, takoe, 4o Ny + Np =99...9.

n

5.597 Saragounoe uncao. Yucio N = 142857 ob1a1aeT U pIOM JIPy-
rux cpotictB. Hampumep: 2 - 142857 = 285714, 3 - 142857 =428571..., 1O
eCcTh Ipu yMHOXKeHuu Ha 1, 2, 3, ..., 6 nudpbl MUKJINIECKU TePEeCTaBIIs-
1ores; 14 + 28 + 57 = 99; N2 = 20408122449, 20408 + 122449 = 142857 = N,
N3 =2915443148696793, 2915 + 443148 + 696793 = 1142856, 1 + 142856 =
=N, ...

AnayiornvaHble oreparun MOXKHO ITPOJIEJIBIBATH IEPUOJAMU JIPYTHX JIPO-
6eil 1 MX IUKJIMYeCKIMU [lepecTaHoBKaMu. o mosrydaercs st qucest 1/17,
1/197 O6bsicHuTe 3TH QaAKTHI.

5.60. O6o3uayum gepe3 L(m) muuny nepuoga apobu 1/m. dokaxure,
qro ecim (m, 10) =1, o L(m) sBisercst penuteneM ducaa o(m).
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5.61. Jokaxwure, aro ecim (my, 10) =1 u (my, 10) =1, To cupasenimso
paBeHCTBO L(myms) = [L(my), L(m,)]. Yemy pasna jimHa nepuoga 1pobu
1/mq +1/my?

5.62. ITycrs (m, n) = 1. JTokaxkuTe, 9TO CyMMa JUIAH II€PUOJA U TIPEJI-
[EPUOJIA JIECATUYIHOTO [IPEJCTABJICHUs JApoOU m/n He npeBocxoaut p(m).

IIpocTeie yuncia p #£ 2, 5, 1jist KOTOPBIX JECATUIHOE Pa3JIOXKEHUe Ipodu
1/p uMeeT mepro; MAaKCUMAJIbHOM BO3BMOXKHOMN JUIMHBL p — 1, MHOT/1a HA3bIBa-
I0TCe JUIMHHBIMY TIpocThiME (110 ocroBanuio 10). [lepbiMu Takumu duciaMu
SIBJISTIOTCSL (CM. TIpHJIozKeHne V)

7,17, 19, 23, 29, 47, 59, 61, 97, . ..

BeckoneunocTts MHOXKECTBA JUIMHHBIX IIPOCTBIX YUCeJI HEe JOKa3aHa HU JIJId
OJHOI'O OCHOBAHMUAI.

5.63. Jlokaxkure, 9T0 KOJIMIeCTBO ocHOBaHui b (2 < b < p), 1151 KOTOPBIX
paszJioxkenue 1pobu 1/p umeeT eproy JIMHBL ¢ COBIAIAET C YUCIIOM JIpobeit
B pAny

1 2 p—1
) ) MR )
p—1"p-1 p—1
KOTOPBIE IIOCJIE BCEX BO3MOXKHBIX COKDAIleHUil MMelT 3HaMmeHaTesnb t. B
YACTHOCTHU IMCJIO P OyeT JUIMHHBIM POCTBIM Jyist ¢(p — 1) ocHoBanwmit b B
npemenax 2 <b<p—1.

Hanpumep, 1/7 B cucremax cuucienus ¢ ocHoBanusmu 2, 3, 4, 5 u 6

3aIUCHIBAETCA B BUJE JpoOeit

% =0.(001), = 0.(010212)5 = 0.(021), = 0.(032412); = 0.(05)s,

c tepuogamu 3, 6, 3, 6 u 2, KOTOpbIE COBIIAIAIOT CO 3HAMEHATEJISIMU YUCEJT
1 1 1 2 5

- =, =, - U —.
6’ 3’ 2" 3 6
5.64. Haiimure Bce 1miecTU3HAYHbBIE YUCIA, KOTOPBIE YMEHBIITAIOTCS BTPOE
[IpU TIePEHEeCEHUN TIOCeqHel mudPhl HA IEPBOE MECTO.

5.65. Haiiyture Bce IecTU3HAYMHBIE YUCA, KOTOPHIE YBEJIUMIUBAIOTCS B
1eJI0e IUCJI0 Pa3 IMPU [IEPEHECEHNN TOCIeHEN MMM PBI B HAYAJIO.

5.66. JlokaxkuTe, 9TO HE CYIIECTBYET IEJIbIX UUCEJI, KOTOPbIe OT Iepe-
CTAHOBKH HAYAJHHON MUMPHI B KOHEI] YBEJININBAJIUCH Obl B 5, 6 uan 8 pas.

5.67. Ilycrs 4uciao m umeer Bug m = 2°5°m,, rae (10, m;) =1. Ilo-
aoxuM k = max(a, b). Tokaxnte, aro mepuon apobu 1/m HauuHaeTcs ¢
(k 4+ 1)-it nosuuu mocse 3anATOl, 1 UMEET TAKYIO K€ JIIMHY, KAK 1 HEPUOJT
npobu 1/m;.
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5.687 Haiiure nocsieane Tpu mudpbl nepuosios apobeit 1/107, 1/131,
1/151. (910 MOXKHO ClIeJIaTh, HE CUUTAd IPEAbLILY X Iudp.)

5.697 a) Jlokaxure, uTo 1pu jenaenun croabukom 1 ma 3'°° GynyT mo-
JIy4aTbCsl OCTATKH, JAIOIINE OCTATOK 1 mpu Jejenun Ha 9, MpUYeM KazKIblil
TaKO# OCTATOK HMOSIBUTCA POBHO IO OJHOMY Pa3y

6) Jdokaxure, 94T0 B IIEpUOJIE JECATHIHOM 1pobu 1/
Gast TIOCIe0BATEIBHOCTD U3 46 1udp.

3190 perperuTes mo-

5.3. /IBonyHast u TpOUYHASA CUCTEMbI CUUCJICHUS

5.70. MMmeroTcsa Becbl ¢ JABYMs YalllaMH U IO OJHOHN rmpe B 1 rpamm,
3 rpamma, 9 rpamm, 27 rpamm u 81 rpamm. Kak ypaBHOBeCHTH T'py3 B
61 rpamM, TOJIOKEHHBI HA YAITYy BECOB?

5.71. Jlan MeIOK caxXapHOTO IeCKa, JallledHble BeChl 0€3 CTPEJIKU U
rupbka B 1 . Moxkno s 3a 10 B3BemuBanuii ormeputsb 1 Kr caxapa?

5.72. Jlerena cras ryceit. Ha Kaxmom o3epe cauaach MOJOBUHA Tyceit
u ere moJi-rycsi. OcrajibHbIE JleTesn Jasbine. Bee rycu cenu Ha n 03epax.
CxoJsIbKO Beero ryceii 66110 B cTae?

5.73. Nmerorcs 4 rupu U JiByX4alledHble Bechbl 6e3 crpesiku. CKOJIBKO
BCEr0o PA3/IMIHBIX II0 BECYy I'PYy30B MOXKHO TOYHO B3BECHATH ITUMU THPSIMU
ecym

a) TUPU MOXKHO KJIACTH TOJBKO HA OJIHY HYAIIKY BECOB;

6) TUpH MOYKHO KJIACTH Ha 00€ JallKu BecoB?

5.74. Ber nmeere npaBo caenats 4 rupu Jiroboro Beca. Kakne 310 momK-
HBI OBITH TUPH, 9TOOBI Ha Becax U3 MPebIayIeil 3aa91u MOKHO OBLIIO B3Be-
cuth rpy3sl oT 1 g0 40 kr?

5.75. a) Nmerorcs ase BepeBku. Ecim jio6yio U3 HUX II0/KEYb € OJIHOIO
KOHIIa, TO OHa CTOPUT 3a 4Yac. BepeBku ropsT HepaBHOMepHO. Hampumep,
HeJIb3sl FapaHTUPOBATH, UTO MOJOBUHA BepeBKH cropaeT 3a 30 munyT. Kaxk,
nMesl JIBe TAKHE BEPEBKH, OTMEPUTDH IIPOMEXKYTOK BPeMeHH B 15 MuHyT?

6) CKOJIbKO IIPOMEXKYTKOB BPEMeHU (CUUTAs HYJIEBOIi) MOKHO OTMEPUTD,
UMesl TPU TAKUE BEPEBKH !

5.76. a) YV oguoro uejioBeka ObLI MOBAJI, OCBEIIABIIUNACI TPEMsl JIeK-
TPUYECKUMHU JIAMIOYKAME. BBIKTIOYATEN STUX JAMIIOYEK HAXOWINCH BHE
10/1BaJIa, TAK UTO BKJIIOYUB JIIOOOH M3 BRIKJIIOYATEJEH, XO3AUH JOJIKEH ObLI
CIYCTUTBCS B TOABAJ, YTOOBI YBUJETH, KAKas UMEHHO JIAMITOYKA 3a2KIJIACh.
OHaXK 16l OH TPUIYMAJI CIOCOD, KaK OIPEIE/IUTD JIJIsT KaXK/I0TO BBIKJIIOYa-
TeJist, KAKYI0 IMEHHO JIAMIIOYKY OH BKJIIOYAET, CXOJUB B TOJIBAJ POBHO OJIMH
pa3. Kaxkoit 570 cmoco6?
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6) CKOJIbKO JIAMIIOYEK ¥ BBIKJIIOYaTeIell MOXKHO HIEHTU(DUIMPOBATH
JPYT C IPYTOM, €CJIM PA3PEIaeTcs: 2 pa3a CIIyCTUTHCS B MOIBAJI!

5.77. C umcjioM pa3penaercs IPOU3BOJUTD JBE ONEPALIN: <YBEIUIUTD
B /B pa3a» U «yBeJIMYUTH Ha 1». 3a Kakoe HAMMEHbIIEe YHCJIO Olepaliit
MOXKHO 13 uncia 0 moayanTs

a) aucso 100;  6) amcso n? (Cwm. takxke 6.80.)

5.78. BuHapHbIii MeTO/i BO3BeJeHUd B cTemeHb. lIpemamnooxnm,
9TO HEOOXOIMMO BO3BECTH YUCJIO T B cremneHb n. Kcim, manpumep, n = 16,
TO 9TO MOXKHO CJIeIATh BLIIOJIHUB 15 yMHOXKeHuit £ =x -z -.. . x, a MOKHO
0OOUTHUCH JIAIID IeTHIPHMSI:

1 =T -T=a, Igle'fﬂlszA, CC3:ZC2'I2:CC8, I4:I3'$3:I16.

n=2"4+224 . .4+2 (e1>ey>...>¢,20).
IIpuaymaiite aaropuT™, KOTOPBI O3BOJISAT OB BBIYUCIISATD L™ IIPU TOMOIITH
b(n)=e, +v(n)—1
YMHOXKeHuUit, TJie v(n) = r — YUCJI0 €JMHUI] B JIBONYHOM IIPEICTABIEHIN IHC-
aa n. (Cum. taksxke 11.111.)

5.79. Jokaxwure, uro dyHKIMs ¥(N) U3 TpeIbIAyIIel 3a1auu yI0BIe-
TBOPSIET PABEHCTBY

swy=n- 3] -5 - 3]

5.80. Ilycrs /(n) — HanMmeHblee YUCIO YMHOXKEHH, HEOOXOMMOe 1St
naxoxaenus x". Ha mpumepe uucen n =15 u n = 63 mokaxkure, ITO OU-
HAPHBI METOJ BO3BEJEHNs B CTEIIeHb He BCErJa ONTHMAJIEH, TO €CTh JIsl
HEKOTODBIX 7 BBIOJIHSIETCST HepaBeHCTBO [(n) < b(n).

5.81. Kossa Bacun 3aaymasn auncsio ot 1 10 31 BKIIOYUTETHHO U BHIOpAJ
n3 5 JIAHHBIX KapTO4eK

113 ]5 |7 213|167 4 15|67
11 | 13| 15 10 | 11 | 14 | 15 12|13 | 14 | 15
17119 | 21| 23 18 119 | 22| 23 2021 | 22| 23
25 27129 31 26 | 27 | 30 | 31 28 129 |30 | 31

819 (1011 16 | 17 | 18 | 19

12|13 | 14 | 15 20212223

24 | 25 | 26 | 27 2412526 |27

28 129 |30 |31 28 129130 |31
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Te, HA KOTOPBIX 3TO YHUCJIO IPUCYTCTBYeT. Kak, 3Has 3TH KapTOUIKH, yTraiaTh
3aymanHOoe unciao? Kakumu 10/KHBI OBITh KAPTOYKH, 9TOOBI IT0 HUM MOK-
HO OBbLIO yrageBaTh uncaa oT 1 g0 637 [louemy Ha HuX OymeT OmMHAKOBOE
KOJIMIECTBO UUCEJI!

5.82. Kaprounsriii ¢okyc. a) Bepercst xonona usz 27 kapt (6e3 oxHOil
Mmactu). Bam qpyr 3arajpiBaer oy u3 Kapt. Ilocsie 9ero Bbl pacKJiaIbiBa-
eTe BCe KAPThI B TPU PaBHbIE Ky4YKHU, KJIAsd KazKJblil pa3 110 oJHoii Kapre (B
[IEPBYIO KYYKY, 32T€M BO BTOPYIO, 3aT€M B TPETHIO, IIOTOM CHOBA B IIEPBYIO
u T.1.). Bam npyr ykasbiBaer Ha Ty Ky4Ky, B KOTODOIl JIE2KUT €ro Kapra.
lasiee BbI CKJIaIpIBa€TE BCE TPU KYUKHM BMECTE, BCTABJISAA IIPU 9TOM yKa3aH-
HYIO KY4YKY MEXIY IByMs APYTHME. DTa MPOIELypa MOBTOPSETCS eIe IBa
pa3a. Ha kaxom mecTe B KOJI0/1€ OKaXKeTCs 3arajaHHas KapTa, IOCJe TOTO,
KaK BBl CJIOXKUTE BMecTe Tpu Kyduku B Tperuil pa3? (Cm. Takxke 7.103.)

6) Ha xakom Mecre okazkercs 3arajjaHHas KapTa, €CJId C CAMOr0o HadaJja
6b110 3n (n < 9) KapT?

5.83. Komna Bacun 3agymadt yucio: 1, 2 wim 3. Bel 3a1aeTe eMy TOJTBKO
OJIVH BOIIPOC, HA KOTOPBI OH MOKET OTBETUTDH «Ja», <HET» UJIH «HE 3HAIO».
CwmoKeTe JIi BBl yrajaTh YUCJI0, 38J[aB BCETO JIUIIb OJINH BOIIPOCT

5.84. Kozt Bacun 3amymasn qucio or 1 go 200. 3a kakoe HanMeHbIIIee
YUCJI0 BOIIPOCOB BBI CMOXKETE €r0 OTTaJIaTh, €CJIM OH OTBEYAET HA KaKIIbIi
BOIIPOC

a) «Jay» WU <HET»;

6) «Ja», <HET» WIH <He 3HAI0» 7

5.85. Kak u panbiue 3aragpisaerca uucio ot 1 o 200, a 3arajaBrmit
OTBeYaeT Ha BOIIPOCHI «Ja» Win «Hers. IIpu srom poBHO ofuH pa3 (3a Bce
OTBETHI) OH UMeeT IpaBo coBpaTh. CKOIBKO Ternephb MOHaI00UTCA BOIIPOCOB,
4TOOBI OTTaaTh 3a/yMAHHOE TUCJIO?

5.86. /lokaxkure, 4TO KaxK0e IIeJI0e YUCI0 A IpejcTaBuMO B BUJIE
A=ag+2a; +2%a> + ...+ 2"a,,

rae Kaxgoe n3 ancen ap =0, 1 mm —1 u apagy; =0 mist Bcex 0 <k <n—1,
IpUYeM TaKOoe IPeCTaBIeHIe eINHCTBEHHO.

5.87. MuoxectBo Kanrtopa. Orpesok umcsioBoit ocu or 0 g0 1 mo-
KpAIIleH B 3€JICHBII I[BeT. 3aTeM ero cpejHsist yacrTb — uarepsad (1/3;2/3)
[IePEKPAIINBAETCA B KPACHBIH I[BET, IIOTOM CPEJHSSA 9YacTh KayKJIOro U3
OCTABIIHIXCH 3€JIEHBIMI OTPE3KOB TOXKE IIEPEKPAINIHBAETCS B KPACHBII IBET,
C OCTaBIINMUCS 3€JIEHBIMH OTPE3KAMH IIPOJIEJIBIBACTCS Ta K€ Ollepalus u
TaK JI0 6eckoHeIHOCTH. TOYKH, OCTaBIINECs 3eJIeHBIMI, 00Pa3yI0T MHOMKE-
ctBo Kanrtopa.
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a) Haiigure cymMMy UIMH KpacHBIX HHTEPBAJIOB.
6) Hokaxkure, 4To 9uciao 1/4 ocranercst OKpAIIEHHBIM B 3€JIEHbI I[BET.
B) U3 cymmbl

2 2 2 2
§+§+ﬁ+ﬁ+...

IPOM3BOJIBHBIM OGPa30M BBIYEPKHYTHI cJaraeMble. JIOKaxkKuTe, 94TO CyMMa,
OCTABIIUXCH CJIAraeMbIX — 3€JIeHOe YHCJIO.

r) Jokaxure, 9To Besikoe umcaio z € [0, 2] npexcraBumo B Buje & =« + 3,
rje o 13— 3J1eMeHTBl MHOXkKecTBa KanTopa.

5.88. ITocaemoBaresbHOCT, Mopca. Beckoneunas mociemoBaTeab-
HOCTb U3 HyJIell U eJMHHUII

01101001100101101001 ...

[OCTpOeHA II0 CieAyiomeMy Ipasumity. CHadala HALKMCAH HyJIb. 3aTeM Je-
JaeTcst GeCKOHEYHOe KOJIMYecTBO Imaros. Ha KaxKjoM Imare K y»Ke Hald-
CaHHOMY KYCKY ITOCJIEI0BATEIbHOCTH IPUIIMCHIBACTCS HOBBI KYCOK TOI 2Ke
JUUIAHBI, TTOJIy9aeMblil U3 HEro 3aMEHON BCeX HyJeH eJINHUIAMI, a €MHHI| —
HYJISIMU.

a) Kakas nudpa crour na 2001 mecre?

6) Bynmer s 9Ta mOC/IEIOBATEILHOCTD, HAYMHAA ¢ HEKOTOPOI'O MECTa,
MIePUOINIECKOH?

B) JloKakuTe, 4TO JAHHAS HOCIEIO0BATEIBHOCTD IIEPEXOAUT B cebst mpu
3aMeHe KaxKJoro Hyss Ha KoMOuHarmo 01, a KaxKJoil eInHUIbI — Ha, KOM-
ounanmio 10.

r) Jokazkure, YTO HU OIHO KOHEUHOE CJIOBO U3 HyJleil U € JUHUIL He BCTPe-
Jaercsi B ocjeoBaTebHocTH Mopca Tpu pa3a HOoApsiI.

1) Kak, 3Hast mpeJicraBeHne Yuciaa n B JBOMIHON CHCTEMe CUUCJICHUS,
HafiTn n-it smemenT JanHOi nocenosarenbrocTr? (CM. Takxke 11.111.)

5.89. Xanoiickasi 6aIllHg 1 JBOUYHAasI CUCTEMAa cuucJjgeHusi. Pac-
CMOTpHUM JIBa IIPOILECCa, KarxKblil M3 KOTOPBLIX cocTouT mu3 28 — 1 maros.
IepBblit — 9TO OpOLECC PEIIeHnsl TOJOBOJIOMKE «XaHoficKas GamHs» (CM.
1.43) npu momMomy ONTHMAJIBHOTO aJIrOpUTMa. BTOPOii — 3T0 mpomece npu-
OaB/leHUs €IUHUIIBI, KOTOPBI HaumHaercs ¢ 0 U 3aKaHINBAECTCS “UCIOM
28 — 1. Onummure CBA3L MEXKJLy STUME JABYMs IIPOIECCAMHU.

5.90. 3agaua Uocuda PraBusi. n 9e/I0BEK BHICTPAMBAIOTCS IO KPYTY
U HyMepyIoTcs ducjamu or 1 10 n. 3aTeM nu3 HUX UCKJIIOYAETCS KaK bl
BTODPOI JI0 TeX IIOp, IIOKa He OCTaHEeTCs TOJBbKO OJuH 4esjoBeK. Hampumep,
ecit n = 10, TO OPSIIOK MCKIIOUeHns Takos: 2, 4, 6, 8, 10, 3, 7, 1, 9, Tak
40 ocraercs Homep 5. g nannoro n Oyzem o6o3uadars depes J(n) Homep
[TOCJIETHETO OCTABIIErocs dejoBeka. Jlokaxkure, 9T0
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a) J2n)=2J(n)—1; 6)J2n+1)=2J(n)+1;
B) eCJId N = (1bm,1bm,2 NN b1b0)2; TO J(TL) = (bmflbmfg NN blbol)g.

5.91. Hum-cymma. Byznem roBopurb, 9TO YHCIO 7 SABJSETCH HUM-
cymmoti aucen m u k (m @k =n), ecaim OHO TOJYYIAETCSI U3 YUCET M U
k mocie cieayomux mpeodbpa3zoBaHui.

1) m u k 3anmchIBAIOTCH B JIBOUYHON CHCTEME CUUCIICHUSI

m:(ms...mlmo)g, k:(ks...klko)g

(MeHbIIIee IHCIIO JIOTIOHSIETCS CIIEPe U HyJIsIMH ).
2) Iouyuenuble HAOOPHI IUMP KaK BEKTOPbLI CKJIAJIbIBAIOTCS TOKOMIIO-
HEHTHO II0 MOZYJIIO 2:

(mgy...,my,mo)+ (ks, ..., k1, ko) = (nay ..., 01, ng) (mod 2).
3) Habop uudp (n,, ..., ni, ng) IEPEBOAATCS B UACIO N
(ng...ning)a =n.
Hampuwmep, 4 ® 9 = 3, Tak Kax
4=(100);, 9= (111)s,
(1,0,0) + (1,1,1)= (0, 1,1) (mod 2), (011), = 3.

s mepBBIX 4dnces TabJInIa HUM-CJIOXKEHHUS BBIIVIAIAT CJIEAYIOIMUM O0pa-
30M:

G W~ O
ot WO =
O~ O WwWN
AN O N W
= OO0 Ut
OO = Ut

JlokazKkuTe, 9T0 HUM-CYMMa, YJIOBJIETBOPSIET CJICAYIONMM CBOHCTBAM:
a)mdm=0;6)mdk=kdm;B) (mdt)®k=md (tDEk); ) ecn
n#0un
m dm.®...Hm =n, (5.1)
To Hafiercs Takoit Homep j (1 < j <), mas koroporo m; @& n < m;.

5.92. Jloxkaxkurte, 9TO TaOJIHUIA HUM-CJIOKEHUSI MOYKET OBITH ITOJIy<IeHa,
CJIeIyIOIIMM 0Opa30M: Ha IIepBOI yIVIOBOI KieTke craurcd uyucio 0, a 3a-
TeM KaXKJIOM KJIeTKEe MPUIUCHIBACTCS HAWMEHBIIEEe BO3MOXKHOE YHUCJIO, HE
WCITOJTb30BAHHOE €ITe [IJIsi HyMEPAINN KAKUX-JIM00 MPEIINTeCTBYIOMNX KJile-
TOK TOH >Ke TOPU30HTAJIM UJIA TOU K€ BePTUKAJIU.

5.93. Urpa «Hum». Mmeercs HeCKObKO Ky4ueK KamHeil. /IBoe 1Mo ote-
peau GepyT U3 HUX KaAMHH. 3a OJIMH XOJ, Pa3pelaercst B3saTh Jawoboe (HeHy-
JIEBOE) KOJIMYECTBO KAMHE, HO TOJIbKO U3 OJHON Ky4Kd. Boiurpsisaer Tor,
KTO B3sJ1 IOCJIETHUI KAMEHb.
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st aHa/Im3a Urpbl KaXKJA0MY HAOOPY KydeK KaMHEHl My, Mg, ..., My
HOCTABUM B COOTBeTCTBHUE €ro HuM cymmy (5.1).

a) JokaxKkuTe, 9TO €CaM WUIPOK JeJAeT XOJ U3 [O3ULIUH C HYJIEBOil
HUM-CYMMOI, TO B Pe3yJIbTaTe MOJIydaeTcs MO3UI ¢ HUM-CyMMOit 1 7 0.

6) Jokaxkure, 9TO U3 IO3UIUYU C HEHYJIEBOW HUM-CYMMOIi 1M BCEria MOXK-
HO CJeJIaTh XOJI B IIO3UIUIO C JIOO0H HUM-CyMMO# n < M, B YaCTHOCTH, B
[TO3UIUIO HUM-CyMMOoit n = 0.

B) Ouuinure BHIATPBINIHYIO cTpaTeruto B urpy «Huwm».

r) Kaxkoii ciesyer cienarh Xof, cju mepej, BaMu TpU Kydku: 3, 4 u 5
KaMHeii?!

5.94. Mapcuanckue ameo6sn1 I1. [Ipr momorum HEM-CyMM MOXKHO HUC-
CJIEJIOBATDH CaMble Pa3HbIe UIPBI U MPOTECChl. Hanmpumep, MOXKHO TOJIyIUTh
ere ojiHo pertenue 3aaaqu 4.20.

Tocrpoiite Ha MHOXKecTBe Mapcuanckux ameb {A, B, C} dbyukuuio f,
MPUHUMAIOILYO TPU Pa3JIMYHBIX 3HAYEHUSI, JIJIsi KOTOPOIi BBIIOJIHSIINCH ObI
paBEHCTBA

f(A) & f(B)=f(C), [f(A)af(C)=[(B), [f(B)&[f(C)=/[(A).
Kaxmne paccyKmeHnst ocTaeTcs IpOBECTH, YTOOBI PEIUTD 3aaTy Ipo ameb?

5.95. Urpa «Mora» 1II. IIpoananuaupyiiTe TPpU MOMOIMUA HUM-CYMM
urpy «Moras u3 3amaan 4.21.

5.96. Urpa «IIlokosaaka». lmMeerca mokoJsagka, COCTOAIIAS W3
6 X 8 =48 nmosiex. OgHa U3 J0JIEK OTMEYeHa.:

X|

JlBoe UIPOKOB IO OYeper Pa3IaMbIBAIOT €€ [0 KAKON-HUOYIb MPSMOif,
JEJIATIEH MOKOJIAMIKY Ha JOJIBKU, U ChEeIAI0T Ty ITOJIOBUHY, KOTOpas HE CO-
JIEPXKHAT OTMeUeHHON JoibKu. [IpourpeiBaeT TOT, KTO HE MOYXKET CJIejIaTh
X07[a, TO €CTh €My OCTAeTCs JIUIIb OJTHA OTMEYEHHAS JOJbKA.

a) Onurnre BBIMIPBIIHYIO CTpaTeruio B 3roil urpe. Kro m3 urpokos
BBIUT'DAET, €CJIM OTMEYEHHAs J0JbKa PACIOJaraeTcs Tak, KaK IMOKA3aHO Ha
pucynke?

6) IIpu kaxux pasmepax IIOKOJAIKN HATHHAIONIMH UIPOK BLIMI'DLIBACT
[pu JIIOOOM PACIIOIOXKEHUH OTMEYE€HHON JTOIBKH !

B) IIpu Kakux pasmepax IIOKOJIAAKY HAYMHAIOIIN UI'POK [IPOUIPLIBAET
pu JIIOO0M PACIOJIOXKEHUU OTMEUYEHHOHN JT0IbKU !

5.97. «Hum»-noanasku. Kaxk m3menunrcs crparerus B urpy «Hums,
€CJIN U3MEHUTH YCJIOBUE BBIUTPHIIIA: B3sIBINNAN TOCTEIHUN KAMEHBb — ITPOUT-
pbiBaeT?



104 5. HYucma, 1pobu, CUCTEMBI CUMCJICHUST

5.98. meeTcs HecKOIBKO Ky4uek KamHeit. JIBoe o odepeau 6epyT u3 HUX
KaMHH. 3a OJIIH XOJI Pa3pelaeTcs B3g4Th U3 OJHO Kydku oT 1 710 5 KaMHeil.
Ompejiesure BBIUIPBINIHYIO CTPATEIHIO B 3TOH WIPE, €CJIH TOT, KTO B3slI
HOCJIe/JHU KaMeHb a) BeIUrpbiBaer; 6) npourpbiBaer. (Cum. Takzxke 4.61.)

5.997 Ilemeuynoe nporuBocTrosiaue. Ha nocke 3 X 1 paccTaBieHbl 7
9epHBIX U 7 OEJIBIX IEIeK TaK, KAK ITOKA3aHO HA PUCYHKE:

4 |42 2 2|2 |2 |2 |2]|42

a a a

) ) ) ) ) ) )

Tlemky xoaT 1 OBLIOT IO MAXMATHBIM IPABUIAM, K KOTOPBLIM J100aBJIs-
eTCcs OHO: OUTDH 06s13aTe/ILHO. TOT, KTO HE MOXKET CIeJaTh OUePEIHON X0 —
[pourpbiBaer. Kakoii u3 UIPOKOB BBIMI'PHIBAET B 9TOI MIpe B 3aBUCHMOCTH
OT 3HAYCHUS 9IUCIa N7

5.100. 4 moHeTsbl. U3 gerbipex MoHeT oxHa (asbimBas (OHa OTIrYa-
€TCsI IO BEeCy OT HACTOsIIEl, HO He U3BECTHO, B KAKyI0 CTOPOHY ). Tpebyercs
3a JIBa B3BEIIMBAHUS HA IBYXJAIEYHBIX Becax 0e3 rupb HailTu (asIbIIUBYIO
MOHETY.

5.1017 12 moner. I3 nBeHaNIIATH MOHET OJMHHAIIATH HACTOSIIUX, a
oA dasblIrBast (OHA OTIIMIAETCH [0 BeCy OT HACTOSIIEH, HO He U3BECTHO, B
KaKyIo cTOpoHy ). Tpebyercs 3a Tpu B3BeIIMBAHUS HA JIBYXJAlleYHbIX BeCax
6e3 rupb HafiTH PAJBITUBYIO MOHETY W BBISICHUTD, JIETde OHA MJIN TAXKesee
HaCTOSIIEH.

5.1027 13 momner. IlpeanonoKuM Temnepb, 9To MMeeTcs 13 MoHert, u3
KOTOPBIX OjiHA — (bastbimuBas. Kak 3a Tpu B3BEITUBAHUS HA, JIBY X IAIIEIHBIX
Becax 0e3 rupb HaWTH (HAJIBIMUBYIO MOHETY, €CJii He TPeOyeTcsl BBIsICHST,
Jlerde OHA WJIU Ts2KeJIee HACTOsIeH?!

5.103. Hukabr e Bpéiina. PaccMorpuM moceoBaTeIbHOCTD, CO-
CTOSIIILYIO U3 CJAEAYIONNX JIECITH 3HAKOB:

1000101110.

COBOKyHHOCTB TPEX3HATHBIX YUCEJI, KOTOPbIEe MOXKHO IIOJIYIUTDb U3 COCEIHUX
3HAKOB 3TOM IoC/JIeJ0BATEJIbHOCTH,

100, 000, 001, 010, 101, 011, 111, 110,

OY€BU/IHO, COBIIa/Ia€T C COBOKYIIHOCTBIO BCEX BO3MOXKHBIX TPEX3HAYHBIX YU-
ceJl, 3alICaHHbIX B JJBOMYHOU cHCTeMe cumcjieHnd. JloKaKuTe, ITO CIIeIyIo-
Uit aJITOPUTM IIO3BOJISET BBIIIUCHIBATH AHAJIOTUYHBIE I10C/IeI0BATE/IbHOCTH,
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B KOTODBIX POBHO IIO0 OJHOMY a3y Oy/eT BCTpedarhbcs JI000e YUCIIO U3 N
JBOUYIHBIX ITHQP.

Ilepsbie n 3HaKOB BhIOMpaem paBabiMu 1. /lajiee mpummcsiBaeM cripaBa
HOJIb IO T€X TOp, MOKa MOJIyYaIouecs IPU 3TOM HOBBIE N-3HAYHBIE YHCJIA
BCTPEYAIOTCS BIEPBblE. EAMHNUIYY IPUIINCHIBAEM JIUIIb B TOM CJIydae, KOTIa
[IPUIIACHIBAHUE HYJIS [IPUBOJUT K y2Ke BCTpedaslieMycs yuciy. IIpunucer-
BaHUE 3aKaHYMBAEM, KOIJIa JIIOO0H HOBBIH 3HAK IPHUBOJIUT K N-3HAYHOMY
9HCILY, KOTOPOE y7Ke BCTPEYaJIOCh.

Hampuwmep, gt n =1, 2, 3 u 4 OyayT HOJyIaThCS CJIEAYIONNE TOCIIEI0-
BATEJILHOCTHU:

101, 11001, 1110001011, 1111000010011010111

IIpudem m3 anropurMa MOCTPOEHUS CEAYET, YTO KaXKIYI0 M3 HUX MOXKHO
3aMKHYTb B IUKJ JUIMHBI 2", B KOTOPOM KaxKJ0€ UHCJIO U3 71 JTBOUIHBIX
P BCTPETUTCH POBHO 1O OTHOMY Pazy.



I'J1IABA 6
MuorouJjiednl

6.1. KBaapaTHblii Tpex4dJjeH

Teopema Bwmera auasa kBajgparHoro ypaBHeHud. Ilycts x;, xo —
KopHH ypasHenus: 2 + px + ¢ = 0. Torma crpaBeiTIBbI PABEHCTBA,

T1+ T2 =—p, T1T2=4.

6.1. IlycTb x1, T2 — KOpHH ypaBHeHud o2 + px + ¢ = 0. Bripasure gepes
P U g CIEIYIONINe BeJTMINHDI

1 1 1 1 1 1
a) —+—; 6) %5+ —; B)ad+ad r .
) 1 T ) JZ% ZC% ) 1 2 ) (xl +p)2 (562 +p)2

6.2. s muorownenos f(z) =2 +ax+ b n g(y) =y* + py + ¢ ¢ Kop-
HSIMW T, Ty U Y, Y2 COOTBETCTBEHHO, BBIPA3UTE U€PE3 a, b, P, ¢ UX Pe3yAv-
Manm, KOTOPBI OIPEIENISIETCs] PABEHCTBOM

R(f, 9) = (v1 — y1)(21 — y2) (22 — 1) (T2 — Y2)-

Borunciienne pesysbTanTa MO3BOJISIET POBEPUTH MHOrOWIeHbl f(T) u
g(y) HA HAJMYMe y HUX OOIUX KOPHE.

6.3. Ypasrenue x> + px + q = 0 UMeeT KOPHU X1 U Tp. Hanumure ypas-
HEHUE, KOPHSIMHU KOTOPOT'O OyJIyT YUCHA Y, Yo PABHBIE:

1 1

1 1 To X1
3 .3, . .
a) 3, x3; 6) -, —; B) &1+ —,Ta+ —; T)
x3’ a3 2 x1

1’ xo
6.4. Ilyctb x1, T2 — KOPHH KBaJpaTHOIro ypasHeHus ax’ + bx +c=0 u
S, = 4+ x5 (n>0). Jokaxure dopmyy
aS, +bS,1+¢S, =0 (m=2).
6.5. Ilpn Kakux 3HAYEHUAX I[MAPAMETPA G CYMMa KBaJpPaTOB KOpHEM
ypaBHEHUsI

2* +2ax +2a®> +4a+3=0
siBjisieTcst HauboJibieit? Yemy paBHa sra cymma?

6.6. Kakumu JIO/>KHBI OBITH P U ¢, YTOOBI BBITIOJIHSIIOCH PABEHCTBO

Az* 4+ B2® + C = A(2? + px + q)(2* — px + q)?
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6.7. Ilpu KaKux 3HAYEHHMAX MAPAMETPA ¢ OJUH U3 KOPHEH ypaBHEHUSI
% — %x + a® = 0 gBisiercs KBaJIpaToM JIpyroro?

6.8. ITycro f () =%+ px + . [Ipu KaKuX p W ¢ BHIOJHAIOTCS DABEHCTBA
f(p)=f(q) =07

6.9. IIpu Kakux p U q ypaBHeHHIO T2 + px + ¢ = 0 yIOBIETBOPSIOT IBa
Pa3/IMYHBIX Yuca 2p U p + q7

6.10. IIpu Kakux a ypaBHEHHE

a)ar’+(a+1)z—2=0; 6)(1—a)z*+(a+1)z—2=0
UMeeT JIBa PA3IUIHBIX KODHsI!

6.11. HapucyiiTe MHOKECTBO BCEX TAKUX TOUYEK KOOPJIWHATHON IIJTIOCKO-
CTH, W3 KOTOPBIX K Hapabose y = 2% /4 MOKHO IPOBECTH JBe MEPIEHINKY-
JIIDHBIE NIPYT IPYTy KacaTeJbHbIE.

6.12. Paccmorpum rpacdukn gyHknuit y = 2 + pr + ¢, KOTOpble Iepe-
CEKAIOT OCH KOODJIMHAT B TPeX PAa3JUYIHbIX TOYkax. Jlokaxkwre, 9TO BCe
OKPY2KHOCTH, ONMCAHHBIE OKOJIO TPEYTOJBHUKOB C BEPIIMHAMA B ITUX TOU-
KaX, UMEIOT ODIIYI0 TOUKY.

6.13. NssecrHo, uro ypasHenue x2 + 5bx + ¢ = 0 uMeeT KOpHU T, U T,
Ty # T3, 8 HEKOTOPOE YHUCJIO SIBJIAeTCs KOPHEM ypaBHeHus y2 + 2x,y + 2z, =0
U KOpHeM ypaBHeHHs 22 + 22,z + 22, = 0. Haittu b.

6.14. Ussectno, aro muorowrensl ax® + bz + ¢ u bz 4+ cx + a (a #0)
nmeroT obmmit kKopenb. Haiimure ero.

6.15. IIpu kaxux a ypapaenus z° + axr + 1 =0 u 2° + x + a = 0 umeror
XO0Ts1 ObI OJUH OOIIUl KOPeHb?

6.16. Ilycth o — Kopenb ypashenus x2 + px + ¢ =0, a 3 — ypaBHeHus
2% — pr — g =0. JIokaxKnuTe, 9T0 MeXKIy « U 3 JIEXKUT KOPEHb ypPABHEHHS
2% — 2px — 2 =0.

6.17. Ykaxkure Bce TOYKHU IJIOCKOCTH (Z; y), Yepe3 KOTOPbIE HE IPOXOIUT
HU OJIHa U3 KPUBBIX ceMelicTBa

y=p"+ (4 - 2p)z — 2.

6.18. YKakure BCe TOUYKHU ILUIOCKOCTH (X} Y), Yepe3 KOTOPbIE IPOXOIUT
XOTsI Obl OJJHA KpUBas ceMeiicTBa

y=p°+ (2p — 1)z + 22°.

6.19. Nzo6pasure Ty 4YacTb IIIOCKOCTU (I Y), KOTOPas HAKPBIBAETCS
BCEBO3MOXKHBIMU KpPyTraM# BUJIa

(r—a)+(y—a)’<2+a”
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6.20. /loxaxxuTte, 9TO KOPHU ypaBHEHUS

8) (z— a)(z —b) + (z— b)(@ — 0) + (@ — a) & — ¢) = 0;

6) c(x—a)(x—b)+alz—=b)(z—c)+blx—a)(zx—c)=0
— BCerJa BEIeCTBEHHBIE.

Onpenenenne. Kaxmomy ksagpaTHOMy Tpexwieny x2 + pr + q Oy-
JIEM CTABUTHb B COOTBETCTBHE Ha KOOPAMHATHON 1wiockoctu Opg TOUKY C
KoopiuHaTaMu (p; ). DTy ILIOCKOCTh Ha3oBeM a3060t. Ilpsamble Buia
a? +ap+q=0 OygeM Ha3BIBATL KOPHEEBLMU, 8 Tapabony p? —4q=0—
JUCKPUMUHAHMHOT.

6.21. Kakum Toukam (a30BOil IMIOCKOCTH COOTBETCTBYIOT KBaIPATHBIE
TPEXJIEHbI, HEe UMEIOIIe KOpHeii?

6.22. JIj1a KaxkIoro JIedCTBUTEIBHOIO ¢ HOCTpouM Ha mjiockoctu Opg
KOPHEBYIO npamyio a® + ap + g = 0. JokaxkuTe, 9T0 MOJYyYEHHOE MHOKECTBO
IPSMBIX COBIIQJIAET C MHOYKECTBOM BCEX KaCaTeJbHBIX K JUCKPUMUHAHTHON
napabose p® — 4q = 0. (Cm. Taxxke 9.21.)

6.23. O6osHaunM KopHH ypapHeHus 2 + px + ¢ = 0 depes x, 5. Ha-
pucyiite Ha ¢azosoit mwiockocru Opg muOXKecTBa ToYek M (p; q), KOTOpPbIE
sajaoTes yeaosusmu: a) ¥ =0, 2o =1; 6) x; <0, 2, = 2; B) z; = xy;
r) —1<z; <0,1<2, <2

6.24. Haitnure BCce 3HAMEHUs MapaMeTpa a, JJisd KayKJI0r0 U3 KOTOPBIX
ypaBHeHue 4x? — 2z + a = 0 mMeeT 1Ba KOpHS, IpH4YeM o7 < 1, T > 1.

6.25. HaiimuTe Bce Takme ¢, 9TO IPH JIOOOM p ypaBHeHue x2 + px +q=10
uMeeT IBa JIeNCTBUTEHBHBIX KOPHA.

6.26. ®azosasg mwiockocts Opq pazbupaerca napabosoit p? —4q=0 u
npsaMbeiMu p+ q+ 1 =0, —2p + q¢ + 4 =0 #Ha HECKOIBKO obJacTeit. JIjist Touek
KaKJI0il 006/1aCTU YKaXKUTe, CKOJIbKO KOPHEHl MMeeT COOTBETCTBYIONINA UM
muOTOWIeH T2 + px + q = 0 Ha uaTepBasne (—2; 1).

6.27. Ha dazosoii mwiockocTu yepe3 TOUKY (p; ¢) HPOBEIEHBI KACaTe b
HbIE K JUCKPUMUAHAHTHOM napaboie p? — 4q = 0. Haligure KOOpIMHATH TOYEK
KacaHus.

6.28. [Ipu Kakux 3HAUEHUAX MAPaAMETpa @ OJMH U3 KOPHEH ypaBHEHUsT
(@>*+a+1)2°+ (2a—3)x+(a—5)=0
6oJibiie 1, a apyroii — menbie 17
6.29. 3BecTHo, 4TO MOJYJIU KOpHeil ypapHenuit 2 + ax +b=0 u 22 +
+ cx + d = 0 menbme 1. Jlokaxkure, 910 MO/ Ty/In KOPHEN ypaBHEHUS
a+c b+d

T+ =0

2 —_—
T 2

TaKyKe MeHbIme 1.
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6.30. B kBajgparnom ypapaenun x> + px + ¢ = 0 kosdpdunpenTsr p u g
He3aBHCUMO TIpoberafoT Bce 3HadeHust or —1 go 1. Haiinure mmOXKecTBO
3HAYEHUI, KOTOPbIE MOT'YT IPU TOM MPUHUMATDH JIEHCTBUTE/bHBIE KOPHU
9TOr0 ypaBHEHUSI.

6.31. Ilpu Kaxux 3HAUEHUAX HapaMeTpa a ypasHenue 12 — 2ax +a’ —a=
= 0 uMmeeT 7Ba KOPHs, KOTOPBIE b0Jibite —2 1 MeHbIre 67

6.32. Ilpu kakux 3HAUEHHsX Tapamerpa a ypasHeHme (a — 2)a® —
—2(a+3)z + 4a =0 umeer JBa KOpHsl, U OJIH U3 HUX GOJIbINE 3, & BTOPOH —
MeHbIie 27

6.33. TIpu Kakux 3HAUEHUSX apaMeTpa a ypasHenue (2 —a)z? — 3ax +

. 1
+ 2a = 0 umeer J1Ba KOPHS, KaXKJIBIIl U3 KOTOPBIX DOJIbIIE 5?

6.34. Ilpu kKaxmx 3HaYeHUSX MTapamMeTrpa a 00a KOpHsI ypaBHEHUS
(14 a)z® — 3ax 4+ 4a = 0 Gonbme 17

6.35. Ilpu kakux 3HAUEHUsX NapameTpa a ypasuenuwe (a — 1)z? —
—2(a+1)x +2(a+ 1) = 0 uMeeT TOIBKO OJHO HEOTPUIATEIBLHOE PEIleHIe?

6.36. Ilpu kakoM 3HaYEHUHU IMapamMeTrpa M CyMMa KBaJIpaTOB KOpHEit
ypasuenust 22 — (m + 1)z +m — 1 =0 aBjgercs HanMenbineit?

6.37. Haiimure BCce 3HadeHuUs mapamerpa r, IpU KOTOPBIX ypaBHEHHE
(r—4)z? — 2(r — 3)x +r =0 uMeeT 1Ba KOPHSI, IPUYIEM KaXKJblii 13 KOTOPBIX
6osibire —1.

6.38. Haiiure Bce 3HaMEHUs X, Y/IOBJIETBOPSAIONINE HEPABEHCTBY
(2—a)z® + (1 —2a)2> —6x+5+4a—a*> <0
x0Ts1 OBl IPU OJIHOM 3HaueHun a € [—1; 2].

6.39. Haiitn Bce 3Hadenus napaMmeTpa a, Jjis KazKJIOr0 U3 KOTOPBIX U3
HepaseHcTBa 0 <z < 1 corenyer vepasencTso (a® +a—2)2? — (a+5)x —2<0.

6.2. Aaroputm EBKinaa jiss MHOTO4YJI€HOB
u Teopema Be3y

6.40. desenune MHOro4iaeHoB ¢ ocraTtkowm. llycrs P(x) u Q(x) —
MHOTOWIEHB!, npudeM Q () He paBeH HyJIIO TOXKIECTBEHHO. JIoKaxKuTe, 910
cymecTBytoT MHOrowtenbl T'(z) u R(x) Takue, 1to

P(x) = Q)T (x) + R(x),

u deg R(x) < deg Q(x); u mokazkure, uro npu sroM 1'(z) n R(z) onpexaens-
I0TCSL OJTHO3HAYHO.
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Onpepnenenune. Eciu muorowten P(x) nomesen Ha Q(z) ¢ octaTkoM
P(z) = Q)T (x) + R(x),

ro T'(x) HA3BIBAECTCH HENOAHBIM YacmHbM, & R(x) — ocmamkom. Eciu MHO-
rowied R(r) TOXKIECTBEHHO paBeH HyJII0, TO B 3ToM caydae T(x) — noanoe
wacmuoe, u Q(x) HasbiBaeTCsa deaumenem P(x) (obosnauaercsa Q(x) | P(x)).

6.41. Teopema Besy. /lokaxkure, 9T0 OCTATOK OT JeJICHUS MHOTOUJICHA
P(z) ma x — ¢ pasen P(c).

6.42. Jlokakure, 9TO MHOTOYWIEH CTEIIEHN 1. UMeeT He OoJjiee 9eM 1 KOp-

Heu.

6.43. MoxxHO Jiu U3 KaKOW-TO TOYKHU IIJIOCKOCTH MPOBECTU K TpaduKy
MHOTOYIEHA N-i CTENeHU OOJIbINe, YeM 7l KACATEbHBIX !

6.44. IIycto x4, 2o, . . ., ©,, —KOPHH ypaBHEHUS @, " + ...+ a1+ ao =0
(momapHo HepaBHBI APYT Apyry). Kakuwe kopHu 6ymyT y ypasHeHuit
a) ar" + ...+ ap_1x +a,=0; 6)a,x®" +...+ax*+a,=07

6.45. [lycts MHOTOYIEH
Plx)=2"4a, 2" "+ ...+ a1x +ao
UMeeT KOPHH T1, Tg, ..., Tn, TO €CTh
Plx)=(zx—x1)(x —x2)...(x — z,).

Pacemorpum muorowren Q(z) = P(x) P(—z). Jlokaxure, 9T0
a) MHorowien Q(x) UMeeT cTeneHb 2n U COJEPIKUT TOJILKO YETHDBIE CTE-
HEeHU IIepeMEeHHON T
6) dyakuus Q(/T) ABIAETCS MHOTOUICHOM C KOPHIMHA T2, T2, ..., T

(Cm. rakxke 9.90.)

6.46. Pa3meure MHOIOYIEHBI C OCTATKOM:
a)zt —42® + 622 -3z +1maz? —x+1;
6) 22° + 222 + x + 6 ma x* + 2z + 1;

B) 2+ 1 ma 2° + 1.

2
ne

6.47. Haiiznre ocrarok ot mesnenns muorowiena P(z) =x® — 172+ 1 na
T+ 2.

6.48. IIpu kaxoM 3HadeHun a Muaorowiex P(x) =1z + az?® + 9 nesmres
Ha = + 17

6.49. Haiiure ocTaToK OT Ji€JI€HIs] MHOI'OYJICHA,
Pla)=2"+27" +2°+2° +2

a)max—1; 6)maz?—1.
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6.50. Jokaxkure, uro mHorowten P(x) = (x +1)% — 2% — 22 — 1 nesures
wa z(x 4+ 1)(2z + 1).

6.51. Muorowren P(z) maer octaTok 2 npH JejeHun Ha & — 1, u ocra-
ToK 1 mpu Jenenun Ha r — 2. Kakoit ocrarok jaer P(z) npu jenennn Ha
muorowieH (z — 1)(z — 2)?

6.52. Haiigure HEOOXOMMMOE M JOCTATOYHOE YCIOBUE IJIS TOTO, ITOOBI
BBIpa2KeHUe

2+ + 22+ kayz
JEJIAI0Ch Ha * + Y + 2.

6.53. IIpu kaxux n mMHorowneH 1+ x%+z*+ ...+ 2?2 nenurca Ha
14z +a22+...+a" 17

Onpepenenne. [Iycrs m(z) — He paBHbIA TOXK/ECTBEHHO HYJIIO MHOIO-
wren. JIpa MuorowieHa a(z) u b(r) HA3BIBAIOTCA CPABHUMBLMU TO MOOYAIO
m(z), ecim ux pasHocts pesurcst Ha m(x). Kaxk u jgia guces, coorHonenne
CPABHUMOCTH JIJIs JBYX MHOIOYWICHOB 3AIIUCHIBAETCA B BUJE

a(z) =b(z) (mod m(x)).

6.54. Kuraiickasgs Teopema o006 ocTaTkaxX /MJisi MHOT'OYJIEHOB.
Hycrs my(x), ..., m,(x) DOHAPHO B3AMMHO IIPOCTHIE MHOI'OYJIEHBI, TO
ectb (my(x), m;(x)) =1 opu i # j, a1(x), ..., a,(x) —IPOU3BOIBLHBIE MHO-
rowiensl. JIokaxkuTe, 4TO TOTJA CYIIECTBYeT POBHO OJUH MHOrOWIeH p()
TaKOM, YTO

p(z) =a,(z) (mod m,(z))
u degp(z) < degmy(z) + ...+ degm,(z). (Cm. Takxke 6.135 n 6.144.)
6.55. Ilycre P(z) = (222 — 22 + 1)'7(322 — 3z + 1)'7. Haiiaure

a) cyMMy K03 hUIMEHTOB 9TOr0 MHOIOYJICHA;
6) cyMMbI KO3(D(DUIUEHTOB [IPH YE€THBIX M HEYETHBIX CTEHEHSX .

6.56. Ilpu kakux a u b muorowren P(z) = (a + b)z® + aba® + 1 menurcs
Ha 2 — 3x + 27

6.57. Kybutueckoe u KBaJIpaTHOE YPABHEHUsI C PAIMOHAJIHHBIMEU KO-
durnmentamMu uMeroT o61ee perenue. Jlokaxknute, IT0 y KyOUIECKOro ypas-
HEHUsI €CTh PAIMOHAJIbHBIN KOPEHb.

6.58. Haitnmure ocrarok R(z) or jejeHusi MHOTOWIeHa =™ + = + 2 Ha
2
z? —1.



112 6. MHOrO41I€HBI

6.59. Oun u3 Kopueii ypasnenus x> — 62 + ax — 6 =0 pasen 3. Pemure
ypaBHEHHE.

6.60. [Ipn kakux 3HATEHUAX MapaMeTpa a MaorowieH P(z)=1z" + ax™ >
(n > 2) nemurcs Ha x — 27

6.61. IIpu Kaxux AefCTBUTENBHBIX p M ¢ ABy4YiIeH x* + 1 gemurca Ha
22+ px + q?
6.62. [Ipu Kakux @ MHOTOUJIEH
P(r)=a’2" + (1 —a)z" + (1 +a*)2* + (1 — 3a)z — d®
gemuTcs Ha x — 17

6.63. Haiiyiure Bce MHOTOWIEHBI, KOTOPBIE YAOBIETBOPSIOT TOXKIECTBY
xP(x —1)=(z —26) P(x).
6.64. /lano ypaBHeHue

1

" —ap_ 2" — ... — a1z — ag =0,

TIE Qp_1, ---, A1, G = 0. JJoKaxKuTe, 9T0 3TO ypaBHEHWE HE MOXKET UMETh
JBYX IIOJIOZKUTEJIbHBIX KOPHEIl.

6.65. IIpaBusio 3uakoB Jlekapra. Jlokakure, 9T0 KOJMIECTBO IIOJIO-
JKUTEJbHBIX KOPHEH MHOTOYJIeHA

f@)=a,z"+ ...+ a1z +ag
He TIPEBOCXOIUT YUC/Ia TTePeMeH 3HaKa, B IOC/eI0BATEILHOCTH Gy, - . . , A1, Ug-

6.66. Kak nmpaBmwio 30aK0B /leKapTa MPUMEHUTDH K OIEHKE YUCJIa OTPH-
IaTeJIbHBIX KOPHE MHOT'OYJIeHA

fl@)=az" + ... +aix+ao?
6.67. /lokakuTte, YTO MHOTOUJICH
a®(b® — )+ b(c® — a®) + 2 (a® — b%)
nesurest Ha (b — ¢)(c — a)(a — D).

Onpenenenune. Hauborvwum obwum desumenem ABYX U HECKOJIb-
KUX MHOTOYJIEHOB HA3BIBAETCS MHOTOWIEH MAaKCHMAJILHON CTEIeH’, Ha KO-
TOPBIA JIeJIUTCA KaXK/IbIi U3 JaHHbIX.

Kak u 151 ancest, HanGosbInuit o61muii esuresib MHOrowieHos Py (x), . . .

..., Py(x) obosmauaercs (Pi(x), ..., Pu(x)).

6.68. Jokaxure, uro u3 pasercrBa P(x) = Q(z) T(x) + R(x) caenyer
coorromtenne (P(z), Q(x)) = (Q(z), R(x)).
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6.69. Anroputm EBkinaa s muorousienos. [Iycrs P(z) u Q(x) —
MHOTIOWIEHBI, IprdeM ()(x) He paBeH HyJIi0 ToXKaecTBeHHO u Q(x)1 P(x). Ho-
KaxKUTe, YTO [IPU HEKOTOPOM § > 1 cymecrByior muorodwiensl Ag(x), A;(x),

..y As(z) m Ry(x), ..., Ry(z) Takue, uro
deg Q(x) > deg Ry (x) > deg Ry(x) > ... > deg Rs(x) >0,
P(x) = Q(x) - Ao(x) + B (),
Q(x) = Bu(x) - Ai(2) + Ra(2),
R, (z) = Ra(x) - Asx(x) + Rs(z),

u (P(z), Q(x)) = R,(x). (Cpasaure c 3amaueii 3.39.)

6.70. Ilycre (P(z), Q(z)) = D(z). HokaxkuTe, B YCIOBHSX IPEIbI-
Jylieit 3ajadu 4To cyuiecrsyior Muorowiens! U(z) u V(x) rtakue, 4ro
degU(z) < deg Q(x), deg V() < deg P(z), u

P(z)U(z) + Q(x) V(x) = D().
(Cpasuure ¢ 3anadeii 3.40.)

6.71. Haitaure HanGosbInmit o6uwmit nesnresns MHOTOWIeHOB P(2), Q(7)
u npencrasbre ero B Buge P(z) U(z) + Q(x) V(x):

a) P(z)=a*+2° - 32 -4 — 1, Q(z) =2 + 2® —x — 1;

6) P(x) =3z* —b2® + 422 — 2z + 1, Q(z) =32® — 222 + z — 1.

6.72. Haiigure (2" — 1, 2™ — 1).

6.73. Ilocme10BaTEILHOCTS Ag, A1, G2, ... 3aJaHA YCIOBUIMU

ap=0, a,1=Pa,) (n=0),
rae P(x) —muorowren ¢ nenbiMu kodddunuenramu, P(z) >0 upu z > 0.
Jlokazkure, 9T0 Jijist JTIOOBIX HATYPAJIBHBIX M U Kk BBIIOJHSIETCST PABEHCTBO
(@, Q1) = A k)
6.74. Pemmute cucremy
20 — 2% + 2 — 23 + 522 =5,
{x6 —22° + 32* — 42° + 22 =0.
6.75. IIpu KaKOM HOJIOXKUTEJILHOM 3HAYECHUN p ypaBHeHus 3z — 4dpxr +
+9=0u 2% — 2px + 5 =0 umeroT 0OMMIl KOpEHb?
6.76. Haiinqure muorounens! P(z) u Q(x) takue, 4ro

(z+1)P(z)+ (z* + 1) Q(z) = 1.
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6.77. IIpu moMoIu MeTo a HEOTIPeIeTIeHHBIX KO3 duImenTos (cMoTpu-
re pazzgen 6.3, c.115) unaiinure Takue junedinsie Gyukiuu P(z) u Q(x),
9TOOBI BBITOJHSIOCH PABEHCTBO
P(x)(2® =32+ 2) + Q(z)(z* + x + 1) = 21.
6.78. Haiiqure Takue auHeitnble dyukinun P(z) u Q(x), 9To6bl BBIIOJ-
HSLJIOCH PABEHCTBO
P(x)(22® = 72> + T2 - 2) + Q(x)(22* + 2° + 2 — 1) =22 — 1.

6.79. CKOJIbKO IIPE/ICTABJIEHNUIT IOIYCKAET JIPOOh B BUJIE€ CYMMBI

n+
n(n+1)
JBYX IMOJIOXKUTEIbHBIX JIpodeit co 3HameHaTesMu n u n + 17
6.80. Cxema TI'opHepa. 3HadeHne MHOrOWIEHA
-1
P.(x)=a, 2" +a, 12" ' +...+ax+ay (a,#0)
B TOYKE T = C MOXKHO BBIYHCJUTH, UCIOJb3ys POBHO 7T yMHOXKeHuit. [ljs
9TOr0 HY2KHO [PeJCTaBUThL MHOrOWIeH P, (x) B BUje
P.(z)=(..(anx+ apn_1)x+ ...+ a1)x + ao.
(Cum. Takske 5.77.) OnncanHbIit Tporece HAXOXKIeHUsT KO3DOUIMEHTOB b,,,
..., by, by HazpIBaercsa cxemoit 'opuepa.

IIycTs b, b,_1, ..., by —23TO 3HaYEHUS BBIPAXKEHUIT, KOTOPBIE Oy Ia~

I0TCsL B TIporiecce Bbrunciaenus P, (c), To ecTb
bp=a,, by=c-b1+a, (k=n-—1,...,0).

Hokaxkure, 4T0 npu JeieHun MHorowieHa P, (x) Ha (z —c¢) ¢ ocrar-
KOM, Y MHOTOYJIEHA B 9aCTHOM KO3 DUIHEHTHI Oy/IyT COBIAIATD C 9ACIAMU
bn_1, ..., b1, a octaTkoMm Oyzet ducyao by. Takum obpaszom, OyIeT cripaBes-
JINBO PABEHCTBO:

-1
P.(z)=(z —c)(bpa™ " + ...+ box + by) + by.
6.81. ®opmMysIbl COKPAIIEHHOTO YMHOXKeHUud. JloKaKure ciemyro-
e paBeHCTBa:
anJrl _ bn+1 — (a _ b)(an + a"flb—i— . + bn)7
a2n+1 + b2n+1 — (a + b)(a2n _ a2n71b + a]2n72b2 — + b2n)
6.82. Jlokakure, 9To ipu n = 2
n" !t —1:i(n—1)>%

6.83. ®opmysa Teitopa niist muorousiaeHa. Jlokaxxure, 4To Ji0b0i
MHOTOWIeH P, () MOXKHO €/JMHCTBEHHBIM 00PA30M PA3JI0KUTH TI0 CTETIEHSIM

(x —¢):

n

Pi(x) =) - (z =0,

k=0
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npudeM KO3 PUITUEHTHI ¢, MOTYT ObITh HAAEHBI 10 (OpMYyJIe

P(k)(x)

= (0<k<n).

Cp =

(Cm. rakxe 11.23.)

6.84. Tlonbsysack cxemoii [oprepa, paznoxure z* + 22° — 322 — 4z + 1
110 cTeleHaM T + 1.

6.85. Pasznoxure P(x + 3) no crenensim z, rne P(z) = 2* — 23 4+ 1.

6.3. PazjioxkeHue Ha MHOXKUTEJIN

Mertoa HeonpeaesseHHBIX Ko3ddumueHToB. B 3a/1a1ax o pa3ioxe-
HUAU MHOTOYJIEHOB Ha MHOXKHUTEJM YACTO OKA3BIBAETCS ITOJIE3HBIM IOJIXOI,
KOTOPBIl HA3BIBAETCS METOIOM HEOIIPeIesIeHHbIX KodddunmenTos. CHagasra
3AIMCHIBAETCS [IPEJIIIOJIAraeMOe PA3JI0KEeHNe ¢ HeU3BECTHLIMU (Heorpe/ie-
senubivu) Kodddunuenramu. Ilocie packpbiTus CKOOOK MOJIYYaeTCs Bbl-
pazkeHne, KOTOpOe JOJI2KHO COBIQIATH C MCXOAHBIM. PaBeHcTBO K03 dhu-
[IHEHTOB [IPU COOTBETCTBYIONIUX OJHOUIEHAX JA€T CUCTEMY yDaBHEHUil, U3
KOTOPOIT HAXOIATCS HEOIPeIe/IeHHbIE KOIMMUIMEHTHI, &, TEM CAMbBIM, U Pa3-
JIOXKE€HUE Ha MHOXKUTEJIN.

CooTHoIIeHrsT Ha, HEOIPeIe/IeHHbIE KOIMMUIMEHTHI MOXKHO TaK¥Ke II0-
JIy9aTh, HOJCTABJIsIS B IIPEJIIOIATaeMOe PABEHCTBO KOHKDETHBIE 3HAYUCHUS
[IepeMEHHBIX.

6.86. PazmoxkuTe Ha MHOXKUTEU C JEHCTBUTEILHBIMU KO3MDDUIIMEeHTa-
MU MHOTOYJIEHBI:

a) z* + 4; x) (a+b+c)® —a®—0b*—c?

6) 207 + 2%+ — 1 ) (-9 +(y— 2 + (s — 2"

B) 10 4+ x° + 1; n) a® + a®b? + a'b* + a?b® + b°;

r) a®+b® + ¢* — 3abe; K) (x +z+1)?+3z(2? + 2+ 1)+ 223
;L)x +3xy—|—y —1; a) a* +b* + ¢t — 2a?b* — 2a%c® — 2b%¢?;
e) ’y* —x +4xy—y2—|—1; M) (z+ 1) (z +3)(z +5)(z+7)+ 15.

(Cm. rakxke 9.8.)

6.87. MoKHO JI PA3/I0KUTH HA MHOXKHUTEJIH C TEJIBIMU KO3 DUInenTa-
mu MHOTOWIeH Tt + 2% + 22 + z + 127

6.88. [lokazkure, 9T0 MHOro4IeH x* + px? + ¢ Beeryia MOXKHO Pas3JIoxkKUTh
B IIPOU3BEJCHHE JBYX MHOIOYJICHOB BTOPOil CTEICHH.

6.89. YmpocTure BhIpazKeHUe:

(a+b+c) —a®—b° -
(a+b+c)®—a®>—0v* -
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6.90. /lokaxxuTe, 9TO IIPU HEUETHOM M BBIPAYKEHUE
(@+y+2)"—a™ —y™— 2"
JIeJINTCS Ha
(x+y+2)?°—2°—y* - 2%

6.91. Ilycre a, b, c— nomapHo pasnuanble ducia. JoKa)kure, 9TO BbI-
pazkenue

a*(c—b)+b*(a—c)+c(b—a)
He PABHO HYJIIO.

6.92. JlokaxxuTe, ITO €C/I TPHU JIEHCTBUTE/IBHDBIX UUCIA @, b, ¢ CBA3AHBI

COOTHOIIICHIEM
L S DI
a b ¢ a+b+c’
TO 00s13aTEJILHO KaKne-JIn00 J(Ba U3 9TUX YKUCEJ B CyMMe JA0T HOJIb.

6.93. okazkure, uro eciau a + b+ ¢ =0, T0
2(a® +b° + %) = babe(a® + b* + ¢°).

6.94. Teopema 0 palMOHAJIILHBIX KOPHAX MHOro4djeHa. Jlokaku-
re, uro ecau (p, ¢) = 1 u p/q— panuoHaIbHbIH KOPEHb MHOIOYJIEHA

P(z)=a,z" + ...+ a1x + ag

¢ 1eJIbIMUI KO3 dburmenTamMmu, To

a) apip; 6)a,iq.

DTU COOTHOIEHUS TO3BOJISIOT IEPEIUC/UTE BCE PAIMOHAIbHBIE YUCIA,
KOTOPBIE MOT'YT ObITh KOpHAME JaHHoro muorodsena. (Cum. takxke 7.43.)

6.95. JlokaxkuTe Mpu MTOMOIIH TIPEAbLAyINel 3a1a4du, 910 /17 — uppa-
[MOHAJILHOE YUCJIO.

6.96. JTlokazkure, 9To cos 20° — 9MCI0 UPPAIMOHATILHOE.
)

6.97. Haiiyiure panmmonaJbHble KODHA MHOTOYIEHOB:

a) z° — 2z* — 4a® + 42* — bz + 6;

6) 2° + 2* — 623 — 142* — 11z — 3.

6.98. Pemmure ypaBHenus:

a) zt + 2% — 3a’z? — 2a’z +2a*=0; 6) z®* —3zx=a*+a>

6.4. MHoOro4jieHbl C KPAaTHBIMU KOPHSIMU

Onpegenenue. [Iycts P(z) = (z — a)* Q(x), k =21 u Q(a) #0. Torma
YHUCJIO @ HA3bIBAETCst koprem MHorouwiteHa P(x) xpammocmu k. Ecam a —
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KOPEeHb KPATHOCTHU 1, TO OH Ha3bIBAETCS NPOCMbiM KOPHEM, €CJIN KPATHOCTD
6ouibitie 1, TO YUCTIO G HABBIBACTCS KPATNHOIM KODHEM.

6.99. okaxkure, 9TO KOPEHb @ MMEET KPATHOCTH Oojbinie 1 Torma u
TOJIBKO Torja, Korja P(a) =0 u P’'(a) =0.

6.100. s narHoro MuHOrowieHa P(z) ommmeM crocob, KOTOpPbI 1103~
BOJIsIeT IIOCTPOUTH MHOrouteH R(x), umeromuiil e ke Kopuu, 4o u P(z),
HO BCe KpaTHocTH 1.

Tonoxum Q(z) = (P(z), P'(z)) u R(z) = P(z) Q@ '(z). Jokaxure, 4ro

a) Bce KOpHH MHorowieHa P(x) 6yxyr Kopuamu R(x);

6) MHOrOwWIeH R(r) He MMeeT KPATHBIX KOPHEH.

6.101. ITocrpoiite MHOTOWIEH R(%) M3 NpeablIyIel 3a1adu, eCiu:
a) P(z) =125 — 62* — 423 + 92 + 122 + 4;
6) P(x)=a° +2* — 22® — 22 + v + 1.

6.102. /TokaknuTe, 9TO0 MHOTOUIEH
2 n
T T
Plz)=14+z+5+...+ =
2! n!
He nMeeT KPaTHBIX KOPHEHt.

6.103. Ilpu kakux A u B muorounen Az"™! + Bz™ + 1 umeer umcio
2z =1 He MeHee YeM JBYKDPATHBIM KOPHEM?

6.104. Toxazkure, yTo MHOrowIeH 2" — nz"*t +nz" ! — 1 opu n > 1
HMeeT TPeXKpaTHLIH KOpeHnb T = 1.

6.105. JTokaxkure, 4o MHOrOWIeH P () NesuTcs Ha CBOIO IIPOU3BOJHYIO
TOrJIA U TOJIBKO TOTJA, Korjaa oH uMeeT Bun P(x) = a,(x — xq)™.

6.106. doxaxkure, uro upu n > 0 muorounen nx™ ' — (n+1)z™ + 1 ae-
qmred Ha (z — 1)2

6.107. /lokaxxure, 9To 1ipu n > () MHOrO4WIeH
n’z"? — (2n* +2n — D"+ (n+1)%2" —x — 1
nemmres va (z — 1)3.
6.108. /lokaxxure, 9To 1ipu n > 0 MHOrO4WIeH
" — Cn+ 12"+ (2n+ 12" — 1
nemmres va (v — 1)3.
6.109. /lokaxknuTe, 9TO0 MHOTOUIEH

P(x)=a¢+az+ ...+ az"”
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uMeeT ducyio —1 KOpHEM KPaTHOCTH M TOI'la U TOJIBKO TOrI/Zla, KOI'la BbI-
TOJTHECHBI YCJIOBUL:

ag—a; +a;—az+ ...+ (-1)"a, =0,
—a; +2a; —3az + ...+ (—1)"na, =0,

(Cm. rakxe 11.12.)

6.110. /lokazkuTe, 9TO MHOTOUIEH
Plx)= (""" = 1)(2"? = 1)...(z""™ = 1)
0e3 ocTaTKa JIeJIUTCs Ha,
Qx)=(z' = 1)(2®> = 1)... (2™ —1).
(Cm. rakxe 11.118.)

6.5. Teopema Buera
Teopema Buera. Ilycts x4, zs,. .., T, — KOPHE MHOTOYWIECHA
A" + 12" Va0 4+ a1 + ag
(an, #0). Torna cupaseIMBLI paBeHCTBaA

T+ Tot ..+ T =—an_1/an,
1T + Loz + .o F T 1Ty = Qo /G,

Il
—_

|
—
S—
]

e

(=}
~

B

3

T1To ... Ty

OnpeaeneHne. MHOro4wieH, He U3MEHAMOMUNACS [IPU JIFOOBIX [1€PECTa-
HOBKaX CBOUX MEPEMEHHBIX, HA3BIBACTCHA CUMMEMPUYECKUM.

MuoroueHbI
o1(x1, Tay ooy Tp) =Ty +To+ ..+ Ty
02(551, L2y onny »Tn) =21Ty + TaX3+ ...+ Tp_1Zy,
Un($1;$2a"'7$n)::$1x2---xn7

HA3BIBAIOTCS AAEMEHMAPHHMU CUMMEMPUHECKUMU.
Teopema. Besikuit cuvmerpuiecknii Maorowren F(zy, ..., x,) mpeacra-

BUM B BHJI€ MHOT'OYJIEHA OT JIEMEHTAPHBIX CHUMMETPUIECKIUX MHOTOYUJIECHOB:

F(zy,...,2,) =G(041, ..., 0,) 1 enquacTBeHHBIM 00paszoM (CwM. [34].)
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IIpu srom ko3 PpunmenTsr G nosy4darorcs us Ko3dduiuueHToB F' ToIbKO
[IpY ITOMOIIU OTIEPAITUIl CIOYKEHUsI, BBIYUTAHUS U YMHOYKEHWS, TO €CTh, €CJIN
Bce KOa(hdummentsl F' Obuin 1eabiMu quciamMu, 10 u Kodhdurmentsr G
TakkKe OYIyT MEJBIMU IUCIAMA.

3a/iavu O BBIPAYKEHUH CUMMETPUIECKUX MHOTOUJIEHOB Y€pe3 JIeMeHTap-
HblE€ CUMMETPHYECKHE MOI'YT OBITH PeIlleHbI IIPU IIOMOIIM METO/Ia HEOIIPE/Ie-
seHHbIX Ko3bdunmentos (cM. c. 115). JIjst HAXOXKIEHAS UCKOMOTO ITIPei-
craBjenust MHOrowiena F(xy, ..., &, ) CTeleHn M JOCTATOYHO PACCMOTPETH
CYMMY C HEOTIpeIeJIEHHBIMU KO3 D UIMeHTaMI OTHOIWICHOB BUa 07" . .. oo™
CyMMapHas CTeleHb (al +2a5+ ...+ nan) KazKJI0ro 13 KOTOPBIX paBHAa M.

6.111. Bripa3uTe 4depe3 ajleMeHTapHbIE CHUMMETPUYECKUE MHOTOYIEHBI
CJIEJTYTOTIIE BBIPAXKEHUSI:

a) (z+y)(y+2)(x+2); 1) (@®+y*) Y +2%) (@ +2°);

6) 2* +y° + 2% —3wyz; ) 2t +ad4 ...+

B) z* + y?; e) zt +y* 4 2%

6.112. IssecTHo, uto a+b+c=0, a? +b% + ¢ = 1. Haiinure a* + b* + c*.

6.113. Yucna z, y, z yAOBIETBOPSIOT CUCTEME

r+y+z=a,
1 1 1 1

r Yy 2z a
JokaxkuTe, 9TO XOTsI ObI OJIHO M3 3TUX UKMCE] PABHO a.
6.114. Pemure cucremy:
r+y+z=a,
2 2 2 2
"ty +z°=a",
x3+y3+z3:a3.
6.115. HaitquTe Bce 3HAYEHUS TapaMeTpa @, I KayKJI0TO U3 KOTOPBIX
KODHH 1, Tg, T3 MHOTOWIEHA > — 622 + ax + a yIOBICTBOPSIOT PABEHCTBY

3 3 3

6.116. Ilocrpoiite KyOm4uecKuii MHOTOWIEH, KOPHU KOTOPOTO PaBHBI
KBaJpaTaM KOpHeil Muorodiena x® + 2% — 2z — 1 =0.

6.117. 3BecTHO, UTO X1, X2, T3 — KOPHU YPABHEHUS

2 -2 +x+1=0.

CocraBbTe Kybu4eckoii ypaBHeHre, KOPHAMEI KOTOPOI'o ObLIN Obl YNC/IA §; =
= T2T3, Y2 = L1723, Y3 = T1T2.

6.118. Bripasure cBOOOIHBIN YjIeH ¢ KyOMYIECKOTO ypPABHEHUS

22 +ar?+br+c=0
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qepe3 K03 bumenTs! a¢ u b, 3Has1, 9TO KOPHU ITOTO ypaBHEHUs 00pa3yioT

apudMETHIECKYIO IPOI'PECCUIO.

6.119. IlycTh u3BECTHO, YTO BCE KOPHU ypPABHEHUS

2 rprPdqgr+r=0

TOJIOYKUTEJIbHBL. KaKOoMy JTOMOTHUTEIBHOMY YCIOBUIO JHOJIXKHBI YIOBJIETBO-
paTh ero Ko3(hMUIUEHTH P, ¢ U T JJIsi TOrO, YTOOBI U3 OTPE3KOB, JIJIMHBI

KOTOPBIX PABHBI 9TUM KOPHSIM, MOXKHO OBLIIO COCTABUTH TPEYTOJIHHUK !
6.120. a) ssecrno, uro
2 2 2 2
r+y=u-+v, T°+y =u"+0v°.
Jokaxxure, 9TO IPH JIFOOOM HATYPAJIHHOM 7 BBIIIOJHSIETCS PABEHCTBO
6) sBecrro, 4To
r+y+z=u+v+t,
2 2 2 2 2 2
zr+y " + 2z =u"+v° 4+t
4+ + 28 =0+ 0+ R

Jokaxxure, 9TO IPH JIFOOOM HATYPAJIHHOM 7 BBIIIOJHSIETCS PABEHCTBO

6.121. Pemure cucreMsl:

T +y+2=06, x_2+y_277
11,1 11 y oz 2
zy +yz +xz =11, y x 2’
w(y+z)=2, rty+z=1,

6)  y(z+2x)=2, n) { zy+xz+yz = —4,
z(x +y) =3; 4+t + 2 =1

¥+ +r+y=32 2 +y? =12,
5) 12(x +y) = Txy; ) r+y+ay=09.

6.122. Yucna a, b, ¢ IBAAIOTCS TPpeMs U3 YEThIPeX KOpHeil MHOTO/IeHa,

zt —az® —bx +c.

Hajinure Bce Takme MHOIOYIEHEL.

6.123. 3BecTHO, YTO IEIbIe YUCIA A, b, ¢ YIOBJETBOPSIOT PABEHCTBY

a+ b+ c=0. ITokaxure, 9to 2a* + 2b* + 2¢* — KBagpar mesioro gucia.
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6.124. Haiiiute 3aBUCUMOCTD MEXKTY KO3 PUITMEHTAMUA KYOUTIECKOTO
YPaBHEHUsT azr® + bx? + cx + d =0, ecm U3BECTHO, YTO CyMMa JIByX €ro KOp-
Hell paBHA IIPOU3BENCHUIO STUX KOPHE.

6.125. IIpu kakux a u b ypasaenue z° + ax + b= 0 uMeeT Tpu pas3ITIHBIX
PEIIeHusI, COCTABJIAIONIIX apUMMETHIECKYIO TPOIPECCHUIO !

6.126. [yt a, b, c— CTOPOHBI TPEYTOJBHUKA, P — €r0 MOJIYIIEPUMET], a
r 1 R— pajanychl BIUCAHHONW M OMHUCAHHONW OKPYXKHOCTEHl COOTBETCTBEHHO.
CocraBbTe ypaBHEHHE ¢ KOIMDPUIMEHTAMHI, 3aBUCAIIAMA OT P, T, R, KOpHS-

MM KOTOPOTO SIBJISIOTCS IUCaa @, b, c. loKaykure paBeHCTBO
11 1 1
ab b ac T 2R
6.127. PemmnTe B HATYpaJbHBIX YUCIAX CHCTEMY
T+ Yy =uv,
{ u-+v=1ry.

6.128. B kakoMm u3 JByX ypaBHEHHUI cyMMa KBaJIpPATOB KOpHEH OOJIbIIEe
a) 4z® — 18z% 4+ 24x =8, 4x® — 182% + 24w =9;
0) da® — 1822 + 24w =11, 42® — 18x2 + 24x =127

6.6. nTeprionsaiimoHHbIil MHOTOUYWIEH Jlarpanxka

6.129. Pemure ypaBHeHue
(x —a)(x—0) (z—a)(x—c) x x—c
“C—ac=b) To-a6-0  “a-bla-0
6.130. JlokazkuTe TOXKIECTBO
oy et Y b
6.131. Ilyctp o, < x5 < ... < x,, — JAeficTBUTEbHBIE ducaa. I[locTpoiiTe

muOrouwnens! fi(z), fo(x), ..., fu(x) crenenn n — 1, KOTOpPBIE YIOBIETBOPSI-
o1 yeaosusiM fi(z;)=1wu fi(z;)=0mpui#j (i,j=1,2,...,n).

6.132. Onumure ABHBIN BUI MHOTOUIEHA,

f@) = fi(@) + fo(z) + ... + fu(2),

rae fi(2) — MHOTOWIEHBI W3 TpeIBIAyINeit 3a1aun.

6.133. Ilyctb =, < x5 < ... < x, — AeiicTBUTEIbHBIE uncia. Jlokaxkure,
YTO JJISA JIOOBIX Y1, Y2, - - -5 Yp CYIIECTBYET €IUHCTBEHHBIA MHOTOWIEH f(X)
crenenu He Boiie n — 1 takoit, aro f(z1) =yi, ..., [(Tn) = Yn.
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6.134. Ilycts A, B u C —ocratku or jgejeHus MHorowrena P(z) Ha
x —a,x—bux — c. Hajiiure 0cTaTOK OT JIEJICHHS TOTO YK€ MHOIOUJIEHA Ha
upoussenenue (r — a)(x — b)(z — ¢).

Omnpenenenne. MHOTOWIEH CTEIEHN He BBIIIE 1 — 1, 3HAYEHUS] KOTOPOT'O

B JIAHHBIX TOYKAX I1, ..., &, (y37aX MHTEPIOJSAINA) COBIAJIAIOT C 3a/aH-
HBIMU YHACTAMHA Yy, . . . , Ypn, HAZBIBAETCT UHMEPNLOAAUUOHHDIM MHO2OUAEHOM
Jlazpanorca.

6.135. Kakue ocrarku raetr MEHOrOWwIeH f(x) U3 nmpeplayimeil 3aaun Ha
MHOTrOuwIeHb Buja (z — x;)? [Ipounrepnperupyiite sToT GakT Ipyu MOMOIIU
KHUTAfCKON TeopeMbl 00 0OCTATKAX JIJIS MHOTOWICHOB (cM. 6.54).

6.136. ITocrpoiite MHOTOWIEHB! f(2) CTeNeHN HE BBIIME 2, KOTOPBIE Y0~
BJIETBOPSIIOT YCJIOBUSIM:

a) f(0)=1, f(1)=3, f(2 )=3,

6) f(-1)=-1, f(0 )—2 f 1)

B) f(-1)=1, f(0)=0, f(2)=

6.137. Kopabib ¢ MOCTOSHHON CKOPOCTBHIO MPOILIBIBAET MUMO HEOOJIh-
moro ocrposa. Kamnuran KakIplil 9ac M3MepsieT PaCCTOsHUE JI0 OCTPOBA.
B 12, 14 u 15 gacoB paccTossHUAsI paBHAIUCH 7, 5 1 11 KWJIOMETPOB COOTBET-
crBenHo. KakuMm 6b1710 paccrosaue 10 ocrpoBa B 13 gacos? Yemy ono Oyjer
paBuO B 16 wacoB?

6.138. /IBa KOpabJst JABUTAIOTCS C TMOCTOSTHHBIMU CKOpocTsamu. Paccro-
SHAS MEXKJIy HUMH, u3MepeHHble B 12, 14 u 15 wacos paBHsAch 5, 1 1 2
KIJIOMETPa COOTBeTCTBeHHO. KakuMm OBIJIO paccTosiHne MexK Iy KOpabJ/IsMu
B 13 gacon?

6.139. Ha mrockoctu pacnosioxkeno 100 touek. M3BecTtHo, uTO dWepes
KaXKJIble YeThIpe U3 HUX MPOXOIUT I'paduK HEKOTOPOrO KBAaIPATHOTO TPEX-
wrena. Jlokaxkure, uro Bce 100 TOUeK JjiezkaT Ha rpaduke OTHOTO KBaIpaT-
HOT'O TPeX4JIeHa.

6.140. Pemure cucremy
z+ay+a’r +a® =0,
2+ by + b’z + b =0,
z4cy+ x4 =0.

6.141. IlycTs a, b u ¢ — Tpu pazamgHbix dncia. Jlokaxnre, 910 U3 cu-

CTEMBI
r+ay+a*z=0,

z+by+b2=0
x+cy+cz=0,
CIIeIyIOT paBeHCcTBa £ =Y = 2 = (.
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6.142. TIpo muorowren f(z)=z'" 4 agz® + ...+ ay u3BecTHO, UTO

fO)=f(=1), ..., f(5)=f(=5).
Hoxazxwure, uro f(x) = f(—z) nst n060ro AefiCTBUTEILHOIO .

6.143. Ilycts P(z) = a,2" + ...+ a1 + Gy — MHOTOUJIEH C IEJBIMHA KO-
sddurmentamu. Jokaxure, 9T0 X0Ts OBl OHO U3 TUCETT

3" = P(n+1)|,..., 3" = P(1)|, |1 = P(0)|
He MeHbIme 1.

6.144. Jokaxure, uro ecau f(r) ecTb MHOIOWIEH, CTEINEHb KOTOPOIO
MEeHBIIE N, TO IpOOh

f(z)
(z—z1)(x—x2)...(x — xp)
(21, Tay ..., X, — IPOM3BOJIbHBIE TIOMAPHO PA3JIMIHbBIE YUCIIA) MOXKET ObIThH
[IPEJCTAB/ICHA B BUIE CYMMbI 1 IPOCTEHIINX APOOeii:
Ay A An
L2
T —x1 T — To T — Tn
rae A;, As, ..., A, —Hekoropble KoHCTAHTHI. (CM. Takxke 6.54.)
6.145. Pemure cucremy
X1 ) X
+ . T =1,
a1 —b1 a1 — b a1 — bn
1 T2 In 4
a2 —br a2 — b2 a2 — bn ’
1 T2 Tn
+ +...+ =1.




I'71ABA 7
KommiiekcHubie yucsia

7.1. KoMILIeKcHasi IJIOCKOCThb

Onpenenenune. KomMnaiekchoimu 4ucAamu HA3BIBAIOTCS TUCIa BUIA 2 =
=x + 1y, TAe T U Yy — NeCTBUTEJbHbIE YUCTIA, & ¢ — TaK Ha3bIBaeMasd MHU-
MaA eJUHUYA, TO €CTh YUCJIO0, KBAJIPAT KOTOPOTO paBeH —1; o Ha3bIBaeTCs
deticmeumenvHotll WK BEUWECTNEEHHOT YACBIO Z, & Y — MHUMOT “aACMBIO
(o6osnauaercst © =Re z, y=Im z). Yucna z ¢ =0, y # 0 HA3BIBAIOTCS YU~
MO MHUMBMU. TUCTO Z = & — 1Y HA3BIBAETCI KOMNAEKCHO CONPAHCEHHBIM
K 9nciy z =T + ty. MHOXKeCTBO BceX KOMILIEKCHBIX dncesi oboznadaercs C.

7.1. Ilyctp 2z = x + 1y, 2’ = «' + iy’. Haiinure
a) z+2'; 6)z-2'; B)z/2.

7.2. IIpoBepbTe paBeHCTBA:
a)z+2'=z2+Z; B)z/2/=Z/7;

6)z-2/=%z-7; r)(2)=z.

Onpepesenne. Kax/oMy KOMIUIEKCHOMY 9HCILY Z = T + (Y CTABHTCS
B COOTBETCTBHE TOUKA (X;Y) Ha KOOPAMHATHOM mtockocT OXy U BEKTOD €
TeMu ke KoopauHaramu. [ljimHa BekTopa 1 =+/x? + y? Ha3bIBAETCS MOJYAEM
wucaa z (r=|z|). Yrom ¢, oTaoKeHHBIH Ha maockocTi Ozy IPOTUB YacoBOM
crpesiku ot oc Ox 110 BeKTOpa (Z; y), HA3BIBACTCS AP2YMEHIMOM “YUCAL Z
(r =argz). O6bI4HO cuMTAETCs, YTO (DYHKIUA argz HPUHAMAET 3HAUCHUS
OT — T JO .

Ecin |z| =7, arg z = ¢, TO KOMILIEKCHOE IHUCJIO Z MOXKeT OBITh 3AIIUCAHO B
Bujie z =r(cos ¢ +isin ¢). Takas 3a1KCh HA3BIBACTCS MPUZOHOMEMPUECKOT
opmot qucna z. Ipencrasienne z = + iy HA3BIBACTCA aA2E0PAUYECKOT
Popmoti aucna z.

7.3. [lokazkuTe paBeHCTBA:

a)z+z=2Rez; 6)z—2z=2ilmz; B)Z z=]|2|%

7.4. JafiTe reOMETPHIECKYIO HHTEPIPETALIO CIAYIONMX HEPABEHCTB:
a) |+ 2| <l +zly 6) [ — 2] > [[aa] = |z2l]; 8) |2 — 1] <arg 2,
ecn |z| = 1.
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7.5. IIpescraBbTe B TPUTOHOMETPUYIECKOH hopme Tuca:
a) 1+1; )sm——i—zsmG,
6)2—}-\/3—1-2" LL) coscp—&—zsmcpl

cos p — ising
B) 1+ cosp + isinp;
7.6. Kakue MHOXKecTBa Ha KOMILIEKCHOII IIJIOCKOCTH OIUCHIBAIOTCS CJle-
JLyIOIUMHU YCJIOBUSIMU:

z—1 m . .
<1 — . _ — 9.
a) |z|\1, )augz_‘_Z g 3) |z 1z|—|—|zl—|—z| 2;
0) |z—z| e) Re(2?) < 1; n) Im - < — 3
B) |z] = X) |iz 4+ 1| =3; K) %<arg(z—i)< %?
r) z+1’<1

7.7. Haiigure min |3 4+ 2i — z| upu |z| < 1

7.8. Banummre ¢ MOMOIIBLIO HEPABEHCTB CJIEIYIONINE MHOYXKECTBA TOYEK
HA KOMIIJIEKCHON MJIOCKOCTH:

a) MOJIYIIJIOCKOCTD, PACIIOJIOXKEHHAsI CTPOrO JieBee MHUMOM 0OcCH;

6) 1epBbIil KBaJAPAHT, HE BKJIIOYAs KOOPIAUHATHLIX OCEi;

B) MHOXKECTBO TOYEK, OTCTOSAIIMX OT MHUMOIl OCH Ha PACCTOSIHUH, MEHb-
meM JBYyX;

r) mosykpyr pajuyca 1 (6e3 moJyoKpyKHOCTH) ¢ 1eHTpoM B Touke O,
PaCIIOJIOZKEHHBII He BBINIE JeCTBUTEJIBHON OCH.

7.9. Nz06pasure Ha KOMILIEKCHOM MJIOCKOCTH MHOYKECTBO TOYEK Z, YIO-
BJIETBOPSAIONINX yCJIOBUIO |2 — 1 — | = 2|z + 1 — i].

7.10. OkpyxHocThb AmnoJsuionusi. [lycte k — mosoxkuresnpHoe el
crBUTEIbHOE dnciio u k # 1 Jlokaxkure, 94TO HA KOMIUIEKCHOM ILIOCKOCTH
paBeHCTB |z — a| = k|z — b| 3amaer oKpy>KHOCTH, IIEHTDP KOTOPOH JIEZKUT HA
MIPSIMOM, TTPOXOJIAIIEH Yepe3 TOUKN a U b.

7.11. Jloxaxurte, YTO JIJIsT TPOU3BOJBHBIX KOMILIEKCHDBIX UUCENT 2 U 23
BBIIIOJIHSIETCST PABEHCTBO

|21 + 2”4 |21 = 22* = 2(|21 | + | 22).
Kakoit reomerpraeckuit cMbICST OHO UMeeT?!

7.12. Jokaxkure, 9TO IIpU JIOOBIX BEIIECTBEHHBIX @, b; (1 < j < n) Bb-
MIOJTHSIETCS HEPABEHCTBO

Ve +as+...4Fa,)2 4 (by +by+ ... +b,)2 <

<V +0+Va+b3+...+ /a2 + 12
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7.13. okaxwure, uro ecin x + iy = (s + it)", 1o 22 + y*> = (s* + t3)™.
7.14. ToxxgectBo PuboHauwum. /{okakure paBeHCTBO:
(a® + b*)(u® + v*) = (au + bv)* + (av — bu)?.
(Cm. rakxke 1.6.)

7.15. JlokaxxuTe, YTO KBaIpaTHbIE KOPHU U3 KOMILIEKCHOI'O YUCIA 2 =
= a + 1b HAXOIATCS CpeIu dnuCe

2 2 2 2
w_i<\/7”‘ +2b +aii\/7va +2b “>.

Kaxk HyKHO BBIOpaTh 3HAK IPEJI BTOPBIM CJIArA€MbBIM B CKOOKE, 9TOODLI
HOJIYYHUTD J[BA HY’KHBIX KODHsI, & He collpsizKeHHble K HuM 4ducia? (CM. Tak-

xe 5.32.)

7.16. Beraucimre
a) V3 — 4i; B) V24 4+ 70i; 1) /=7 — 24i;
6) VV2+iv2 1) V1+iVv3; e) V12— 5

7.17. PemuTe B KOMIIJIEKCHBIX YHUC/IAX CJIEAYIONINE KBAJIPATHLIE YPaB-
HEHUS:

a) 22+ z+1=0; r) 22 — (34 2i)z + 6i =0;

6) 22 + 42 +29=0; n) 22— (3—2i)z+5—5i=0;

B) 22— (2+4+4)z+2i=0; e)2>—(54+2i)z+5+5=0.

7.18. Permmure B KOMILIEKCHBIX YUCAX YPABHEHUS:

a) 2 —42° + 62> —42—15=0; B) z'+ (2 —4)* =32;

6) 2% + 322+ 32+ 3=0; r)(l_?f”)4:—z'.
’ 1+
7.19. Kak BoiryigauT gpopmyna /it KOpHeit OMKBaIpaTHOTO ypPaBHEHUS
2t +pr® +q=0, ecqm p* — 4¢ < 07

7.20. Jokaxkure, uto ecm |z| =1 u z # —1, To cyuecTByeT POBHO OJIHO
JieiicrBuTesbHOe ¢, 1iist Kotoporo z = (1 4 it)(1 — i)~ *.

7.21. Tlocrpoiite rpaduk dynxmun y(r) = |r + 22 — 1| (z — npowns-
BOJIBHOE JIEICTBUTEIILHOE).

7.22. [lycTh TOYKA 2 JBUAKETCS 110 €MHUTHON OKPYKHOCTHU [IPOTHUB Ya-
coBoit crpenku. OnuimuTe JBUYKEHUE CISIYIONIX TOIEK

a) 2z%; B) 3z+2% n) (z—14)"Y k) Rz+pz" (p<R).

6) z+32% 1)z e) (z—2)7Y

7.23. Touka z TPOTUB TACOBOM CTPEIKN OOXOAUT KBA/IPAT C BEPITUHAMU

—1—14,2—1,24 2¢, —1 4+ 2¢. Kak npu 3T0M BemyT cebst TOUKH
a) z%; 6) 2% B)z7'?
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7.24. Kakoe HanboJIbIIee 3HAUEHNE MOYKET IPUHUMATD |Z|, €Ciin u3BecT-
=17

HO, 9TO KOMIIJICKCHOE YHNCJIO 2 YJIOBJIETBOPAET YCJIOBUIO ’Z + -
z

7.25. ®opmyasl Myaspa. Hokaxure ase dpopmysast Myaspa. [lepsast
U3 HAX ONKCHIBAET IIPABUJIO BO3BEJEHUsI B CTEIEHb KOMILIEKCHOTO YHCJIA,
[PEJICTABJIEHHOTO B TPUTOHOMETPHYIECKOH (hopMme z = 7(cos ¢ + i sin ¢):
2" =7r" (cosnp +isinng) (n>=1).

Bropas no3BosisieT BBIYHCIATH BCE N KOPHEW M-Il CTENeHW U3 JIAHHOIO
qucaL

wy =rV/" (cos@—i—isin%m) (k=0,...,n—1).

(Cm. rakxe 12.13.)

7.26. Haiiiure Bce 3HAUYEHUs] KOPHEIL:
3 g - 8/.

a) Vi; 6) v—1; B)V=8i; 1) V1—14 na)—1; e) Viv3—1.

7.27. IHokaxure, uro uucia wy, (k=0, ..., n—1), apisromuecs KOpHsi-
MU ypaBHEHUs w" = z IPH JIIOOOM z PACHOJIArAIOTCS B BEPIIHHAX TPABUIIb-
HOro n-yrospHuka. (Cum. Takxke 8.3.)

7.28. JlokazkuTte, 9TO BCe KOPHU ypaBHEeHHUs 2" = 1 MOTryT OBITH 3ammca-
HBHI B BUJe 1, o, a2, ..., a" L.

7.29. Pemure ypaBHeHUsI:

a) z* =74 r) 22 +|z]* =0;

6) 2%+ 12| =0; 1) (z+1)*=(z —0)4

B) 22+z=0; e)23—z=0.

7.30. Haiture cymmy s-X cTerneHeit Bcex KOpHei ypaBuenus 2™ = 1, re
§ — IeJI0€e 9UCIIO.

7.31. lokaxxuTe paBeHCTBA:

oSNy 1 242 44,2 .
a’) Cos”cp_l Cntg 90+Ontg¢ M
sin ne _m (B3 5105
6) COSn SO Cn thO Cn tg SD + Cn tg SD A

7.32. Beruncanre
a) (L+4)™; 1) (14 cosp+ising)™;

6) (1+iv3)"; e) (V3+i)™;
1+4v/3\2° cos @ +isinp\"
5) ( 1—1 ) ’ ) (cosz/)+isin1/)) ’

0 (1 B @)20;

7.33. Pemmmre ypagmenune z* + z° + 22 + z + 1 =0.
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7.34. Jlokaxkure, yro MHorouwien ' + 3 4+ 222 + ' + 1 =0 gemurca
mazt+ 22+ 224+ +1=0.

7.35. Borunciure:

a) c052—+cos4—ﬂ+005677r,

7.36. a) Jlokaxkure, 9TO0 MHOTOUJIEH

6) cos 2 . cos T . o5 &7
7 7 7

P(z) = (cosp + xsinp)™ — cosny — xsinng
nemures Ha 2 + 1.
6) okaxkure, 9TO MHOTOUJIEH
Q(z)=a"sing — p" 'zsinng + p"sin(n — 1)¢
Jeured Ha 22 — 2px cos ¢ + p.

7.37. JlokaxKuTe TOXKIECTBA

n—1
a) 22" — 1= (2> - 1) ] (x2 - 290608’%7T + 1);
k=1

2km
2n+1 — 2 .
6) x —1—(x—1)||(:1: —2xcos2n 1+1),

k=1

2km
2n +1

B) 2T 4+ 1=(x+1)[] (:102 + 2z cos

k=1

+1);

n—1
r)z +1=]] (x2 —2$6087(2k2+ ) + 1)

k=0
7.38. Ucnonb3ys dopmyny Myaspa, JoKaxKuTe, ITO
cosnx =T, (cosz), sinnx=sinzU,_,(cosz),
rae T, (z) u U, (z) — MHOrOWIEHB! cTeneHn 1. BbIYUCIUTE 9TH MHOTOYWJIEHB
B siBHOM BuJe 1 n =0, 1, 2, 3, 4, 5.

Onpepenenne. Muorowrensr T,,(z) u U, (z) Ha3BIBAIOTCA MHO204AEHA-
mu Jebbiuéea IEPBOTO U BTOPOTO POJIA COOTBETCTBEHHO.

7.39. Ilposepbre, uro muorowienbl Yeobmuésa T, (z) u U, () yrosie-
TBOPSIOT HAYATBLHBIM YCIOBHIM

To(x)=1, Ti(z)=z; Us(x)=1, Ui(x)=2x,
U PeKyPPEHTHBIM (HOPMyIIaM
Toii(x) =22T,(x) — Thoa(x), Upyi(x) =22U,(x) — U,_1(x).
(Cm. rakxe 11.102.)

7.40. Hdokaxure, yro y muorowiena 27, (x/2) crapumuit koaddunument
paBeH eIMHUIE, a BCE OCTAJbHBIE KO(MDMUIMEHTH — IeJIble THCIA.
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7.41. Yupocrure Beipaxkenne 1), (z) + (1 — 2*)U7 ().
7.42% UssecTHo, 4T0 cos a® = 1/3. SIpasercs m o paruoHATLHBIM HHC-

Jgom?

7.43. Tlomb3ysch TEOPEMOl O PAIMOHATBHBIX KOPHSIX MHOTOWICHA (CM.
6.94), mokaxure, uro ecau p/q€Q u 1.5cos(p/q)° #0, £1/2, £1, 10
cos(p/q)° — ImcI0 UPPAINOHAIBHOE.

7.44. ®urypsl Jluccaxy. [Ipn kakux HaTypaabHBIX M U n GuUrypa
Jluccaxy, 3a/1aHHas TApAMETPUIECCKT

x(t) =cosmt, y(t)=cosnt (0<t<m)
mepecekaeT ock O 10 KOPHSIM MHOTOWIEHa eOnIméBa
x(t) =cost, y(t)=cosnt (0<t<m),

7 B KayKJIOM KOPHE POBHO TIO OJHOMY pa3y’

Byner s mosydennoe ycioBue rapaHTUPOBATDH, UTO Y JTAHHBIX KPUBBIX
BCer/ia COBIAJAIOT TOUYKH MAKCUMYMOB ¥ MUHUMYMOB?

Ha pucynke criomnoit munneit nu3obpazkena durypa Jluccaxy, a myHkK-
TUPHON — MHOTOWIeH UeObiméBa Ha orpeske —1 < x < 1.

X xX
m=3,n=>5 m=>5n="7
7.45. Jlokaxkure, 9TO
n n—1
cos" x = E apcoskx, sin"zx=sinzx E by sin kx,
k=0 k=0
TOE Qg, - - - 5 Ay, bo,. - ., b1 — parmonabable uncia. Haiinure aTu npeacras-

JIeHud B HBHOM Buze misa n =2, 3, 4, 5. Beipazure sin” x npu quHOM n B

Buzie sin” x = Z ¢x cos kx, a mpu HEUETHOM — B BHJe Sin™ & = Z dy, sin k.
k=0 k=0
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. . n

7.46. I3BecrHo, uro sin = 3/5. Jlokaxkure, 4ro sin 25q uMeeT BuUJL 75
rJie 1 — [EeJI0e YUCTIO, HE JIEJISIIeecs Ha 5.

7.47. TlocnenoBarenbHOCTb MEHOTOWIEHOB Py(x) =1, Py(z) =z, Py(x) =
=1x?—1, ... 3a7aercs ycaoBuEM

P,i(x) =2 P,(z) — P,_1(x).

Hoxaxkure, ato ypasHerne Pgo(z) =0 nmeer 100 pasinaHbIxX 1eficTBUTENb-
HBIX KODHell Ha orpe3ke [—2; 2]. Uto 310 3a KOpHU?

7.48. JlokaxuTe paBeHCTBO:

(1—|—itgo¢)” _ 1+itgna
1—itga)  1—itgna

7.49. JokazkuTe, 9T0 ecu 2z + 2z~ =2 cosa, To 2" + 27" =2 cosna. Kak

BhIpakaercs 2" + 27" uepe3 y = z + 27?7 (Cm. Takke 1.5.)

7.50. Ilpu mopcTaHOBKE B MHOTOWIEHBI eOBIMEBA 9NCIA T = COS (¢ TI0-
JIyJaIOTCs 3HAYEHUS

sin na
T, (cosa) =cosna, U,_i(cosa)=——.
SIn &«
Yro Oyzer, eciiv B MHOrOUJIeHbl JeObIIéBa [10/ICTABUTh YUCJIO T = sin a?

7.51. KomMmyTupyomme MHOoro4dieHnbl. Muorowiensr P(x) u Q(x)
Ha3bIBalOTCsl KoMMmyTupyonmmu, ecin  P(Q(z)) = Q(P(z)). Hampuwmep,
mHOrOwIeHsl P(x) =z™ n Q(x) = 2™ xommMmyTupyior, Tak kak P(Q(z)) =
— Q(P(x) =™

a) Jna moboro o mHaiiure BCe MHOTOYJIEHBI CTEIEHN HE BBIINIE TPEX,
KOMMYTHUPYIOIIHe ¢ MHOrowienoM P(z) =22 — a.

6) Hokaxkure, 9ro st JOOBIX m u n MHOrOuWwIteHbl P, (x) = 2T, (x/2) u
P,.(x) =2T,,(z/2) KOMMyTUDYIOT.

B) JlokaxkuTe, 9TO HE CyNIECTBYET JPYTUX MHOTOYJICHOB, OTJIMYHBIX OT
P, (), koTopble KOMMYTHPOBaJHM OBl ¢ MHOTOWIEHOM Ph(x) = 22 — 2.

7.52. Ilycrs a, b— narypasbuble ducia u (a, b) =1. doxkaxkwure, 4ro
sesmmanma (/@ + iv/b)" He MOMKeT GBITh JCHCTBUTETHHBIM UHCIOM 32 HC-
kiodenneM caydaes (a;b) = (+1; £1),(£1; £3),(£3; £1).

OcHoBHast TeopeMa anre6psl. Beaknii Muorowien cremenu n (n > 1),
C JIeHCTBUTEIbHBIMHY FJIM KOMILIEKCHBIME KO3 DUIeHTaMI HIMEeT POBHO 7
(¢ yueroM KpaTHOCTH) KOMILIEKCHBIX KOopHeil. (Cum. [29], [235].)

7.53. Ilycts MHOTOWIEH C nelficrBuresnbHbiME Kodbdunnentamu f(x)
umeeT Kopenb a + ib. Jlokazkure, aro uucyio a — ib Takzxke 6yer kopueM f(x).

(Cm. rakxe 7.87.)
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7.54. JlokaxkuTe, 9TO MPOU3BOJIHHBI MHOTOWIEH C JNEeHCTBATEbHBIMI
K03buUImeHTaMI MO2KHO PA3JI0KUTH B IPOU3BEICHIE MHOTOYIEHOB TIEPBOiA
¥ BTOPOU CTEIEeHN, KOTOPBIE TAKXKe OYIyT UMEeTh JefiCTBUTEIbHBIE KOIhDU-
[IUEHTHI.

7.55. @opmyuna Distepa. [lycrs a u b— neiicrBure/babie ynciia. Omupe-
JIEJIUM [TOKA3aTeIbHYI0 (DYHKIINIO HA MHOYKECTBE KOMIJIEKCHBIX YUCEJT Pa-

£ — Tim (1 n “”b)n.

n— oo n

BEHCTBOM

Hoxkaxxure dpopmyity Ditjepa:
et = e*(cos b + isinb).
IIposepbre Takxke, 9T0 (DYHKIUU SiN T U COS T JIOMYCKAIOT CJIEIYIOIIE IPe-
CTaBJIEHUsI Yepe3 KOMILIEKCHYIO 9KCIIOHEHTY:
eix 4 efix eix _ efiac
Cos T = ———)\ sing = —————

(Cm. rakxe 5.44, 11.92 u 12.14.)

7.56. lokaxkure, 4TO JIsi JEOOBIX KOMIUIEKCHBIX YUCEJT 21, Zy CLIPABEJ-
JIMBO PABEHCTBO e*'e*2 = 1772, (Cm. Takke 11.92.)

7.57. Ilepenumure dpopmyasr MyaBpa, UCIIOIB3Ys BMECTO TPUTOHOMET-
pudeckux QYHKIWIT KOMIJIEKCHYIO 9KCIIOHEHTY.

7.58. Kaxk ompejesnts pyHKIMIO In z JIJIsi KOMILJIEKCHOT'O apryMeHTa 27

7.59. Kak Ha KOMIIJIGKCHOH IIJIOCKOCTH OIPEJIENUTh MOKA3aTEIbHYIO
dynkmpo a*? (Cm. Takxke 12.14.)

7.60. Ilpuyaiite cMbic/ TpUOIMZKEHHOMY paBeHCTBY v/—1 = (—1)Y¢ ~
1
~ 237.
7.61. Ilyctp

2mi 2T . .2
w=e 7 =CoS— 4+ 151In —
q q

— KOP€Hb ¢-1 CTeIIeHN U3 eIMHUTIBL 1 d, (@) — XapaKTepucTuieckast Oy HKIUsT
JIEJIAMOCTH HA, G-

5.(a) 1, ecim a=0 (mod q),
a)=
! 0, ecima#0 (mod q).

a) Jdokaxkure, 4ro

dy(a) = é(l + w4 w4 FwlaThe),
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6) Berunciaure cymmy
S(a) =1+ 2w* + 3w + ...+ qul*= e
7.62. a) Jlokaxkure paBeHCTBO:

sin(ne/2) cos((n + 1)p/2)
sin(p/2) ’

COSY + ...+ cosnp =

6) Boraucsure cymmy:
sinp + ...+ sinnep.
(Cm. rakxke 8.12.)
7.63. lokaxure paBeHCTBO:

sina +sin3a+ ... +sin(2n — 1o
cosa +cos3a+ ...+ cos(2n — 1o

=tgnao.
7.64. Bpraucante cyMMBbI:
a) cos®> x + cos? 2z + ... +cos® 2nx;  6) sin® x +sin® 2z + ... + sin® 2na.

7.65. Ucnonb3ys pasznoxkenue (1+ i)™ no dpopmyse 6unoma Hbiorona,
HaWIATE CyMMBI:

a) Clpg — Clop + Clop — - .- + Clgg;  6) Cgy — Cgy + Cgy — ... — Cgg.
7.66. a) Jlokaxkure paBeHCTBO:
C’g—C’Z—I—Ci—...:T/Zcos%T.

6) Beraucimre cymmy:

Ch—C:+C:—...
7.67. a) Jlokaxkure paBeHCTBO:

14+C3+C0 4 ... = (2”+2cosﬁ).

3

Wl

6) Boraucsure cyMmbL:
C:4+CrHCl+...; CP4C+C8+...
7.68. JlokaxkuTe paBeHCTBO:

1
1__
C, 3

n

.. nmw
= Wsm ?

3 1o
C3+5C5— ...
7.69. Boraucaure cyMMBbI:

a) l+acosp+...+a"cosko+... (Ja| <1);
0) asing + ... +a"sinkp+... (la] <1);

B) cosp + C! cos2p + ...+ C"cos(n + 1)¢p;
r) sinp 4+ Cpsin2¢ + ...+ Clsin(n + 1)¢.
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7.70. Haitiure npemen

lim (1+lcosx+...+lkcoskx).
2 2

k—o0
7.71. Ilyctb 24, ..., 2, — OTJIMYHBIE OT HYyJs KOMILJIEKCHBIE UHCJIA, Jie-
JKaIye B MOJIYIIOCKOCTH o < arg z < « + 7. Jlokaxkure, 4To
—1 —
a)z1+...+2,#0; 6) 2z +...+2z1#0.
7.72. Ilyctb 2y, 22, ..., Zn — BEPIIHHBI BBITYKJIOTO MHOTOYTOJHHUKA.
Haiimnre reomerpudeckoe MecTo TOYEK

z = )\121 + )\222 + ...+ )\nzn,
rae A\, Ag, ..., A, — J€HCTBUTEJIbHbIE IIOJIOXKUTEJIbHBIE UHCJIa TaKHe, ITO
)\1+)\2+"'+)\n:1'
7.73. JlokaxkuTe, YTO KOPHA yPABHEHUST
1 1 1
+ + =0,

z—a z—> z—cC

rae a, b, c— nonapHo pa3jIuYHble KOMILIEKCHbIE YUCJIA, JI€2KAT BHYTPU TPe-
YTOJIbHHKA C BEPIIMHAME B TOYKaX a, b, ¢, WJIM HA €ro CTOPOHAX (B ciydae
BBIPOKJIEHHOI'O TPEYTOJLHUKA).

7.74. Iycrs f(x)=(x —a)(x —b)(x — ¢) — MHOTOWIEH TPEThEll CTEIEHN C
KOMIIJIEKCHBIMU KOPHAMU @, D, ¢. JloKazKuTe, 4T0 KOPHU IPOU3BOLHON 9TOTO
MHOTIOYJIEHA, JIE?KAT BHYTPH TPEYTOJbHIKA C BEPIIMHAME B TOYKAX a, b, C.

7.75. Teopema I'aycca—Jlioka. Ilycrs f(2) — MHOrOUWIEH cTeneHu n
C KOPHSIMA (1, . . . , &, Omipesiesium MHOTOyTObHUK M Kak BBIIYKIIYIO 060-
JIOUKY TOYEK (v, . .., (&, HA KOMIUIEKCHOH 1tockocTu. JIokaskuTe, 9T0 KOpHA
[IPOM3BO/IHOI 9TOr0 MHOT'OUJICHA, JIE?KAT BHYTPU MHOTOyrobHUKA M .

7.76. Ilpu xakux n
a) MHOrOWIeH x°" + x" + 1 menures Ha 2 + ¢ + 17
6) muorousen x*" — x™ + 1 gemurca wa 2 — x + 17

7.77. Jokaxknure, 9TO PH JIFOOBIX IEIBIX ¢ U HATYPAJBHOM 7. BBIDAIKE-
aue (a4 1)t 4+ a™ + 2 genurest Ha a® + a + 1.

7.78. Ilpu kakux n MHOrouwneH (z + 1)" + 2™ + 1 gennrcs Ha:
a)z’+x+1; 6) (*+zxz+1)?% B) (2P+z+1)3%?
7.79. Ilpu xakux n MEOrowieH (r + 1) — z™ — 1 genurcs Ha:
a)z+x+1; 6) (*+xz+1)?% B) (2P+z+1)%?
7.80. Ilycte (z — 1) | P(2™). Hokaxkure, uro (x™ — 1) | P(z™).

7.81. Haiigure ocTaToOK OT AEJI€HAA MHOTOUICHA

P(I):.IGn+$5n+$4n+$3n+l‘2n+l‘n+1
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Ha
Qr)=2+2° +2' +2° + 2> + 2 + 1,
€CJIM U3BECTHO, YTO N KPATHO 7.

7.82. Haiigure Bce kopuu ypashenus (z — 1)" = (z + 1)™. Yemy pasua
CyMMa KBaJpaTOB KOpHeEil 3TOro ypaBHEHUs?

7.83. Ilokaxkure, 4ro Bce KOpHU ypaBHenus a(z — b)" = c(z — d)™, tae
a, b, ¢, d— 3a1aHHBIE KOMILJIEKCHDBIE YUCJIA, PACIOJIOKEHBI Ha, OJHON OKPY K-
Hoctn win npsamoit. (Cu. rakxke 7.10.)

7.84. JlokaKuTe, 9YTO IIpU HEYETHOM N > 1 cIpaBeyInBO PABEHCTBO

n—1

7.857 Psii 06paTHBIX KBaJpaToB. a) JloKazKuTe, 9TO IIpU HEYETHOM
n > 1 cupaBeJlJINBO PaBEHCTBO

m=1

7.86. [IposepbTe, YTO IPH HEICTHOM 7 > | BBINOJHSAETCA PABEHCTBO

n—1

Z 1 (=1 +11)

. ™ :
SlIl4 —_— 45
m=1

JlokaxKkuTe TOXKIECTBO

(Cm. rakxe 4.86.)

.
7.87. IlonoxurejapHble MHOro4JieHbl. Muorowien P(x) mpu Beex
JIefiCTBUTEJIbHBIX T IIPUHUMAET TOJIBKO IIOJIOXKUTEJIbHBbIE 3Ha4YeHus. JJoka-

JKHTE, 9TO HafilyTcs Takue MHOrOWIEHB! a(x) u b(x), mist kotopbix P(z) =

=a?(x) + b*(x).
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7.2. IIpeobpa3oBanuss KOMIIJIEKCHOU MJIOCKOCTHU

Bymem nosb3oBaThest 0603HAUEHUSIME:

T, — mapaJuieIbHBII TIEPEHOC HA BEKTOD a;

S| — cuMMeTpHsl OTHOCUTEIHHO IPsAMOii [ (oceBasg cuMMeTpust ¢ OChio [);
R% — 10BOPOT BOKPYT TOYKKA A Ha yrosl v IPOTUB YACOBOI CTPEJIKY;
H* — romorerus ¢ nenrpom B Touke A u koaddunmentom k.

7.88. Bo uTo mepeiiier TpeyroabHUK ¢ BepiimHamMu B Toukax: 0, 1 — i,
1 + ¢ B pe3ynbTaTe mpeobpa3oBaHUsI
1 7
w= (— + —)z?
V2 V2
7.89. Bo uTo mepeiigeT yroa « ¢ BepHIMHON B Hadaje KOOPIUHAT B pe-
gysbrare npeobpaszoBanus w = 237

7.90. Kakum reomeTpudecKuM IpeodOPa30BaHUAM ILJIOCKOCTA COOTBET-
CTBYIOT CJIEJIyIOIIHE OTOOPAYKEHUST:
a)w=z+a; 6)w=2z; B)w=2z(cosp+ising); r)w=2z7

7.91. Kax npesictaButh B Bujie w = f(2) CUMMETPUIO OTHOCUTEIIBHO MDsI-
MOii [ IpOXOJIsiIeil Yepe3 HAaYaI0 KOOPIAUHAT 1101, yIJioM ¢ K ocu Ox?

7.92. Beipasure B Buge w = f(z) ciemyomue reOMETPUIECKHE TPeobpa-
30BaHUS:

a) H3oTsra; B) Ry ) HEo HUY;

6) Tspui0 H2; 1) HY; ) RI/* o R™'oR™" o RT/".

3aecs Touka O = (0; 0) — navyasno koopaunar. Komnosumnus npeobpazo-
BaHUi Jesaercs cupasa HaeBo: (f o g)(z) = f(g(2)).

7.93. IIpencrasbre romoreTnio H? B BH/e KOMIIO3UIIUA TAPAJIETBHOTO
[IePEHOCa U TOMOTETHH C EHTPOM B Touke O.

7.94. Teopema o Tpex 1eHTpax moaobus. /lokaxkure mpu MOMOIHI
KOMIIJIEKCHBIX IHCEJI, YTO KOMIIO3UIUEH IBYX TOMOTETHN SABJISETCS TOMOTE-
THUS WA TaPaJIJIeIbHBIN IepEeHO0C:

Ta7 k1k2:17
Hfh k1k23£17

ko k1 _
HyoHy, =

[pUYEM B IIEPBOM CJIy4ae BEKTOP a HapaJuieneH npsimoit A; A, a BO BTopoM
cllydyae IeHTP pe3yJbTupytorieii romorerun A jexxkur Ha upsiMoit A A, u

k:kl'kg.

7.95. Tlocrpoiite o6pas kBaapara ¢ sepimmaamu A(0; 0), B(0; 2), C(2; 2),
D(2;0) upu cienyomux npeodpa3oBaHusX:

a)w=iz; 6)w=2z—1; B)w=2% r)w=z""
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7.96. Kyma nepexomut nosioca 2 < Re z < 3 upu orobpakeHusx:
a)w=z"1 6)w=(z-2)"Y B w=(2—-5/2)"17
7.97. Haiinure

a) obpas OKPYKHOCTH |z — a — bi| = v/a? + b? npu orobpaxkennn w=1/z;
2aR
2 _ 1R
* .
7.98. [IpaBuIbHBIN N-yTOJBHUK BIMCAH B €IUHIIHYIO OKPY2KHOCTD. [lo-
KaXKWUTe, 9TO
a) CyMMa KBaJ[pATOB BCEX CTOPOH W BCEX JUATOHAJEH pasHa n?;

6) obpas okpyKHOCTH |z — a| = R npu oroGparkeHun w =

- ™
6) cymMMa BCeX CTOPOH U BCEX JuaroHaJieil paBHa n ctg o
n

B) TIpOU3BeEJIeHNe BCeX CTOPOH M Beex jiuaronaseii paso n™/2.

Omnpenenenne. JpobHo-AunetiHbmMu 0modPadCeHUAMY KOMNAEKCHOT
NAOCKOCMY HA3BIBAIOTCS ITPEOOPA30BAHNUs, 3aINChIBA€MbIe (DOPMYITaAMU

_az+b
= ord (7.1)
_az+b
T cez+d’ (7.2)

e 0 = ad — be # 0.

7.99. Kak jeiicrByor orobpaskennst (7.1) u (7.2) B caydae, Korma § =
=ad—bc=07?

Omnpenenenne. Pacuupenoti xomn.aexcroti naockocmuvio C HazpiBaeT-
cst KoMILTeKCHas 110ckocTh C, K KoTopoil 100aB/eHa OECKOHETHO YIAJIeHHAS
TOYKA 00 = %, 10 ects C = C U {o0}.

7.100. [Jokazkure, 9T0 APOOHO-IMHEIHBIE OTOOPAKEHUS SIBIISIOTCS B3a-

MMHO OJTHO3HAYHBIMU OTOOPAYKEHUSIMI PACIITHPEHHON KOMIIJIEKCHOM ILIIOCKO-
CTH.

7.101. /Tokaxkure, 9TO MPOU3BOJIBHOE IPOOHO-JIMHEIHOE OTOOparKeHre
Buza (7.1) MoXKeT GBITH MOJIyIeHO KOMIIO3UIIUEH TapaslIeIbHBIX [IEPEHOCOB
u orobpaxkenust Bujga w = R/z.

7.102. Koneunsrii psig ®ypbe. Ilycrs ¢ > 1 u bysknusa f(x) 3amgana
B meabix Toukax x =0, 1, ..., ¢ — 1. JlokaxkuTe, ITO B KaxKJOi U3 ITHUX
rouek dyHKIMs f() IPeACTABISIETCS PSIOM

a-1 kxz
2w
fl@)=2_ Cy(k)e™ e, (7.3)
k=0
rae ancaa C, (k) onpe/ieseHsl paBeHCTBAMHE
ky
q

Gk =2 > Fw)e ™™ (0<k<aq).

,Z[OK&}KI/ITG TaK2Ke, 9TO TaKoe IIpeJCTaB/JICHHEe ¢ JTMHCTBEHHO.
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Onpenenenne. Cymma (7.3) HasbiBaeTcst koneunwvim padom Pypoe
dyukmpm  f(z), a uncna C,(k) — xoneunvmu xospduyuernmamu Dypoe
91Ol DYHKIIH.

7.103. a) B tpeyroapauke ABC MenmaHbl nepecekaroTcss B Touke M.
Jokazxkure, uro Toukn A; = A, By = R (B) u C, = R2¥°(C) sBnatorcs
BepHIMHAME IpaBuiibHOro Tpeyrosubunka A, B;C. (Cu. takxke 5.82, 9.9.)

6) Ilycrb Ha IWIOCKOCTH PACIIOJIOXKEHDBI 1 ToUeK A1, Ao, ..., A, (n > 3).
C >TUMH TOYKAMH MPOJIEHIBACTCA_CIIE/IYIOMAs ONEPAIHsT: HAXOMUTCA HX

nentp macc M (rakas Touka, uro M A, + ...+ M A, =0), a 3arem KaxKast
rTouka A;, noBopaunBaercs BOKpyT rouku M wa yroa 2k /n (k=1,2, ..., n).
Jlokazkure, 9TO €CJIM TAKYIO OIEPAIINIO IIPOJIESAaTh 1 — 1 pa3, TO Bce 1 TOUYeK
COJIBIOTCSI B OJTHY.

B) B nynkTe a) nosyvasics npaBuibHbIA Tpeyrosbauk A, B;C;. Aunaso-
PUYHO MOXKHO MOCTPOWTH MPABUJIbHBIE TPEYroJbHUKN Ay ByCy u A3z BsCs.
Hokazkure, aro tpeyroiabauku A, B;Cy, A;ByCy u A3 B3;Cs paBHBI IpyT
JpYyTY, a ux nentpol M, M, u M3 Takke 00pa3yioT IPaBUILHBIN TPEYTOJIhb-
HUK.

IIpu 3ameHe yTiI0B TIOBOPOTOB HA IIPOTUBOIOJIOYKHBIE TI0 3HAKY Oy/IeT 110~
JIydaTbCs elle OWH IPaBMIbHBIN Tpeyroapuauxk M M;M;. IIposepbre, 9TO
on pasen Tpeyrojbaukam A, BiCy, Ay BoCy u A3 B3Cs. (Ha nepsom pucynke
rpeyrosubauk M, My M, 3amrpuxoBaH. )

Az

y
‘/////////

By

r) okaxwure, uro tpeyroabuuku M, M, Mz nu M| M;M} w3 nyHKTa B)
SIBJITFOTCS PEIIEHUsIMU CJIEIYIOIIE 9KCTPEMAJIbHON 3aa9u: B IJIOCKOCTH
tpeyroabauka ABC HaiiTu Takoii npaBuiabHbI Tpeyronbruk A’ B'C’ nist
KOTOPOT'O BEJIMINHA

|M, A]? 4 | M, BJ? + | M5C|?

Oyzer MuHHMajbHOM. B Kakmx cirydasdx pemnreHmeM OyZeT TpPEyrOJIbHHUK
My M;yM;, a B xaxkux M{MjM;?
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1) Hokaxkure, 94To jiist TpeyrojabauxkoB M, My Ms u MMM} nocrura-
eTCd TaKKe MUHUMYM BETMIHHBI

max {|M1A|7 |M2B|7 |MJO|}

A M Mo Mg

(KAK U B NPEIBIIYIIEM IyHKTe, MUHUMYM HIIETCs [0 BCEM MPABUJILHBIM
rpeyrosbEuKam M; My My, nexamum B mwiockoctn Tpeyroasanka ABC).

7.104. JokaxkuTe, UTO CPEAU MPABUWIHLHBIX MHOTOYTOJLHUKOB JIUIID
KBa/IpaT MOXKHO PACIOJIOKUTH Ha IJIOCKOCTH TaK, YTOOBI BCE €r0 BEPIIHHBI
OKa3aJIUCh B y3JIaX IEJIOYUCIEHHON PEeIeTKH.

7.105. B zagagax 5.37—5.38 10Ka3bIBAJIOCH, UTO CPEIM TPABUIbLHBIX
MHOTOYTOJIbHUKOB JINIIh KBAAPAT MOYKHO PACIOJIOKUATH TaK, ITOOBI BCE €ro
BEPINUHBI JIEXKAJIN B y3JaX IeJOUNCACHHON permeTku. /lokaxKure, 9TO 1T
jgoboro n > 3 u aoboro £ >0 Ha MIOCKOCTA MOXKHO HANTH MpPaBUILHBIM
N-yrOJIBHUK, BCE BEPIIUHBI KOTOPOro OYIyT pacloJiaraThbCsl B £-OKPECTHO-
CTSIX TOYEK IIeJIOYUCIEHHON PElIeTKH.

7.106 Onumure anroputm (Gosiee GLICTPHIf, YeM pasyMHBIT epe6op),
KOTOPBII TIO3BOJIsLT OBl JJIs JAHHOTO € > () HAXOIUTh MPABUWIBHBII TPEYTOJIhb-
HUK (IATUYIOJIBHUK ), C BEPIIUHAMU B €-OKPECTHOCTAX TOYEK IIEJIOUUCIICH-
HOW pelieTKu.

Ha pucynkax npaBUIbHBIN TPEYTOJbHUK U IPABUIBHBIN IATUYTOJIBHUK
HAXOJISITCS BHYTPH >KMPHBIX KOHTYPOB (cM. Takzke 11.49, 11.50).

T ——

«ITouTn NpaBUIIbHBIE» MHOTOYTOJILHUKY C BEPIIMHAMY B y3J1aX [EI0UUC-
JIEHHOI! pereTku OyayT 06/184aTh DA IHBIMA JIOOONBITHIME CBOACTBAMH.
Hanpumep, nsTuyrojbHUK, n300pasKeHHbIH HA PUCYHKE, IMeEeT TPU PABHbIE
CTOPOHBI M YeThIpe PABHBIX yruia. «[I0YTH HpaBUIbHBIE» TPEYTONbHUKH J0-
[yCKAaIOT JieTajbHoe onucanue (cM. 3agaan 11.49, 11.51).

7.3. Ileabie rayccoBbl 9muciia

Onpenenenne. Yucia Buga a + ib, re a u b — meJible, HA3bIBAIOTCS
UEABMU 2aYCCosbimU wucaamu. Bemmanna A(a + ib) = a® + b* HasbBaeTcst
nopmot, aucia a + ib. MHOXKECTBO BCEX METBIX TayCCOBBIX THCET 0003HAUA~
ercs Zl[i].



7.3. Llestble TayCCOBBI YUCIIA 139

7.107. TIposepbre, UTO JUIsi JHOOBIX KOMILIEKCHBIX dnces (He obsi3a-
TEJIbHO JIJIsl TEJIbIX FayCCOBBIX) 21 U Zp BBIIOJHIETCI PABEHCTBO A(2129) =
= A(21)A(22)-

7.108. Ilycrs z € Z[i]. Jokaxure, 9ro 2z~ € Z[i] Toraa u TOJIBKO TOJA,
Korja z — om0 u3 unces +1, +i. Yucma +1, ¢, obpaTuMble 10 yMHOXKEHUIO
U UMEIOIe eIUHIYHYI0 HOPMY, HA3BIBAIOTCS 2aYCCOGHLMU COUHUUAMU.

7.109. denenue ¢ ocrarkoM B Z[i]. [lokaxkure, 4T0 JJisl MEJIBIX TayC-
COBBIX YUCEJI BOBMOXKHO JIEJIEHUE C OCTATKOM, TO €CTh Jjisl JIoObIX a, b € Z]i]
(b#0) maiinyrest ¢ u r € Z[i] rakue, uro a =b- g+ r u A(r) < A(b).

7.110. IIpoBepbTe, 9TO A1 MEJBIX TAYCCOBBIX YMCET MOXKHO MPUMEHITD
anroput™m Ekiamia u wvaiigure (4 + 74, 6 — 74), (4 + 19i, —6 + 173).

7.111. OcHoBHasi Teopema apudmeruku B Z[i]. doxkaxkure, 4ro
BCSIKOE IIJIOE TayCCOBO YUCJI0, OTimaHoe oT +1, 44, e ITMHCTBEeHHBIM 0Opa-
30M (€ TOYHOCTBIO JIO TIOPSIIKA COMHOYKUTENEH U YMHOYKEHUST UX Ha TayCCo-
BBl €JINHAIIBI) PACKJIAIBIBAETCSI B IPOU3BEIEHNUE TIPOCTHIX TAyCCOBBIX THCEL.
(Kak u B Z, qucio z € Z[i] Ha3bIBA€TCs NPOCMbLM, ECIIU €r0 HeJIb3sl IPe]-
CTaBUTH B BUJE Z = Z1 2y, IJIE 21, 2 HE paBHbl =1, +i.)

7.112. IIpocTrie rayccoBbl uucaa. HekoTopbie 1ebie mpocThie Yrca
(Bo u3bekaHUe [y TAHUIBI OOBIYHBIE IIPOCTBIE Y9UC/Ia OyIeM HA3LIBATH HEJIbl-
MU OPOCTBIMHU) [EPECTAIOT ObITH MPOCTHIMH, €CJIU UX PACCMATPUBATH KAK
as1eMeHThl MHOKecTBa Z[i]. Hanpumep,

2=(1+i)1—i)=—i(144)> 5=2+i)(2—1),

JI1060€e KOMIIJIEKCHOE YUCJIIO TTOC/Ie YMHOXKEHUST Ha, HEKOTOPYIO CTEIEHb ¢ BCe-
IJIa MOXKHO [IEPEMECTUTH B 00JIaCThb
—% <argz < %

IToaTomy myrst onmcanust BCexX MPOCTBIX T'ayCCOBBIX YHCEN, JOCTATOYHO Pac-
CMaTpUBATh JIUIIb <«IIOJIOXKUTEJIbHBIE», TO €CTh TaKhe, KOTOPbIE JIEXKAT B
3TOoit obJracTu.

a) IIposepbre, 9T0 NEPBLIMUA (IIOJOKUTEILHBIMY) IPOCTHIMU TayCCOBbI-
MU YUCTIAME OYIyT

144,2+4,3,3+2,4+4,5+2, 6+, 544, 7.

6) dokazkure, 9To Besikoe npocroe p =4k + 3 ocraercst upoctbiM u B Z[].

B) Jokaxure, uro Besikoe mpocroe p =4k + 1 B Z[i] packnaapiBaercst
Ha JBa MHOXKUTeNs p = (a + ib)(a — ib), KasKablil U3 KOTOPBIX y¥Ke Oyjer
IIPOCTBIM TAYCCOBBIM YUCJIOM.

r) Yucaa 1+ 4, nessie npocreie Buga p =4k + 3, u uucia Buga a +1ib, vie a
n b u3 npeacrasaenust npoctoro p =4k + 1 B BUIe CyMMBI JBYyX KBaJPATOB
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p=a®+b? ssisorcs npoctbiMu B Z[i]. Jokaxkure, 94TO HE CYIIECTBYET
JIPYTAX MPOCTHIX (MOJIOKATENBHBIX) TAYCCOBBIX THCEJ.

7.113. O mpeacTaBJeHUU LEJBIX YHUCEJ CyMMOW JABYX KBajpa-
ToB. a) Kosmvecrso perennii ypasaenust 22 4+ y? =n B [eJIbIX IUCIAX COB-
najaeT ¢ KOJMYECTBOM HEJIbIX IayCCOBBIX YUCEI ¢ HOPMOI n.

IIycrs
n=2p prkglt . g,
rae p; =1 (mod 4), ¢; =3 (mod 4). Obosmarmum wepes m; = a; + tb; u T; =
= a; — ib; mpocTble mesmrenn dncel p;. Jokaxkure, 910 ecau n = A(z), TO

nokazarenu 3y, ..., 3, 00sg3aHbI ObITh YETHBIMU, & YHUCJIO Z JOJKHO MMEThb
BHJ
v F\@o A1 =K1 A =hk o B1/2 Bi/2
z="(L+ ) om mt o g
FﬂeO<V<3, )\1 +M1:a1, ,)\k—l—uk:ak

Takum 06pa3oM 7 JIOIyCKaeT MpejcTaBjeHne B Buae n = a® + b? rorma
U TOJILKO TOTJA, KOIJla IPOCThle uucia ¢ = 4k + 3 BXOAAT B Pa3JIOKEHHE 11
B UCTHBIX CTEICHSIX.

6) okaxkure, 9T0 ecyu Bee moKazareau 3y, ..., () — 9eTHbIE YUCIA, TO
7(n) — KOJIMIeCTBO MPEJICTABJICHUI 12 B BUJIE CYMMBI KBAIPATOB JIBYX TEJIBIX
4uces1, BbIpazKaeTcs: (POpMYyJIoit

r(n)=4(a; +1)...(ax +1).
7.114. Oupegnenum dbyuximio x(d) paBencTBaMu
0, ecsu d—yerHOe,
x(d)=1< +1, ecimd=1 (mod 4),
-1, eciu d=3 (mod 4).
Hoxkaxkure, 910

r(n) =4 x(d).
dln

7.115. Ilensre Touku B kpyre. a) [Iycrs K (R) — KOJMYECTBO TOYEK
NETOYNCIIEHHO penteTky Z2, JIeZKaIyux BHYTPH KpyTa pagmyca R ¢ eHTpoM
B Ha4ase KOOPJHUHAT, HJIH, YTO TO K€ CaMOe, IHCJIO PEIIeHHil HEpABEeHCTBA
2?2 + y? < R? B nenbix unciax. Jokazknre, 94To

|K(R) — R?| < A(R),

rie A(R) — KOJMYECTBO €MHUIHBIX KBAIPATOB C BEPIINHAME B IEJIBIX TOY-
Kax, IIepeceKaeMbIX OKpyZKHOCThIO T2 + 32 = R2

6) Hokaxure, uro A(R) < B(R), rue B(R) — mwroma s KpyroBoro KoJib-
Ia C MEHTPOM B HAYaje KOOPANHAT IMAPHHLI 2v/2, BHYTPEHHII U BHEIIHIIA
PaIyCchl KOTOPOro pasHEl R — /2 u R + /2.
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B) IIposepsbre, uTo
|K(R) — mR?*| < 4V2rm R,
lim K(R) =

R—o0 R2

7.116. Papn Jleiibauna. a) lokaxkure, 9ro 00IIee KOJUYECTBO JEJIU-
reseit Buga 4k + 1 y Bcex uncen n < R? ecrb

R? R? R?
2 —_ —_ —_
&)+ 5]+ [F]+ [5]
U, aHAJOTHYHO, OOIIee KOJUYECTBO JejuTeneil Buma 4k + 3 y Bcex dmcen
n < R? BhIpaskaercsa CyMMoii

[+ [+ [F]+ [5]+

6) C nomorupio dopmysibl u3 3agauu 7.114 jgokaXKure paBeHCTBO
KR)—1 ., R? R? R? R? R?
e S R R R R R ET R
u BoiBeuTe hopmyity Jleitbuuia
T _
=

7.117. JlokaxKuTe, 9TO YUCJIO N + ¢ HE MOKET UMETH IMPOCTBIX JIeIUTe el
Buga p =4k + 3.

1 1 1
l—gtz—c+o. (7.4)

7.118. C moMoIIbIo KOMIIEKCHBIX IHUCET JOKAYKUTE TOXKIECTBO

arctgl + arctg% + arctg % = g

7.119. Burauciure cymmy
arctg 1 + arctg 2 + arctg 3.

7.120. /ToxaxuTe paBeHCTBa:
T

Z;
1 1 1 1 ™
6) arctg 3 + arctg 5 + arctg - + arctg 3= 1
7.121. Bagaua Ksppoaa. Jokaxknre, uro ecau cd =n? + 1, To

a) 4 arctgé — arctg ﬁ =

arctg % = arctg %4_6 + arctg %_‘_d

7.122. Yucaa I'peropu. /g kparkoctu Oy1eM UCIOIH30BATH 0003HA~
qeHue )
t, = arctg —.
retg —
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MTornanackuit matematuk ssum 'peropu mis qucen t, B 1671 roay Hatesn

bopmyty

11,11
z 32 Bx® 72T
moaToMmy t, HasbBatoT ducaamu ['peropu. B wacraoctu, npu x =1 dopmysia
I'peropu npespamiaerca B psj Jleiibuuna (7.4). C nomompio auces I'peropu
paBercTBa u3 3a7a4 7.118 u 7.120 MoxKHO 3amnucarh B 60jiee KOMIAKTHOM
BHJE:

x

+...,

by =1ty +1ts, t1 =4t —tazg, t1 =13+ 15+ 17 +1s.

Takum 06pa3oM OHU YmCIa t, MOXKHO BBIPAXKATH Yepe3 JIPyTrue.

JoxazknTe, 9TO BCAKOE THUCIIO ./, €IMHCTBEHHBIM 00Pa30M MOXKHO IpeJ-
CTaBUATH B BHUJE JIMHEHHOW KOMOMHAIINK C MEJIBIMU KO3 dUIMeHTaMu oT
quce’

tl/lu t2/17 t3/27 t4/17 t5/27 t6/17 t5/47 s
¢ nagekcamu a/b > 1, mist Kotopbix a? + b* — nmpocroe 9ucio.

7.123. Ywucaa IIIrépmepa. HarypasbHoe 7 HA3BIBAETCS YUCIOM
IlITépmepa, ecin HAMOOJIBIIMI IIPOCTOH JeuTensb p duciaa n? + 1 yaosie-
TBOpseT ycaoBuio p > 2n. Ilepsole uncaa IlTépMmepa M coOTBETCTBYIONMNE
VM 3HAYEHUS P BBITJISISIT CACIYIOMUM 00pa30oM:

n p|n p n p n p n p

2 10 101 |19 181 |26 617 |35 613
5 |11 61 |20 401 |27 73 |36 1297
17112 29 |22 97 |28 157 | 37 137
13114 197 | 23 53 |29 421 |39 761
37 15 113 |24 577 | 33 109 | 40 1601
9 41|16 257 | 25 313 |34 89 |42 353

DU N

Hoxaxure, aro anciaa [IItépmepa, 66sbinme 1, HAXOAATCA BO B3AMMHO O/I-
HO3HAYHOM COOTBETCTBUU C ITpOCThIMU Buja 4k + 1.

7.1247 Teopema IlItépmepa. JloKazKure, 9TO BCAKOE HTHCIO fpy/r
€IMHCTBEHHBIM 06PA30M MOYKHO MPEJICTABUTH B BUJIE

tm/” = chtjv

J
rje ¢; — IeJble 9ucIa, U CyMMUPOBaHUE BeJeTcs 10 j, KOTOPBIE ABJIAIOTCH
qnciaamu [tépmepa. Hanpumep, j =7, 8 u 13 —ne uncna Ilrépmepa, n
I HIX COOTBETCTBEHHO MOYKHO TOJIYIUTD MPEJICTABICHUS

lr=—t1 +2ty, tg=t; —ta—1l5, tiz=1 —1l— 4.

Onuinre Tak>Ke aJIrOPUTM, KOTOPBIN ITO3BOJISL)T ObI HAXOIUTD ITOI00HBIE
IpeJICTaBJICHUS.
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Anrebpa + reomerpusd

8.1. 'eomeTpus mmomoraer ajireope

8.1. JlokakuTe, 9TO CyMMa BEKTOPOB, HAIIPABJIEHHBIX U3 IIEHTPA IIpa-
BUJIBHOT'O M-yI'OJIbHUKA B €r0 BEPIIUHbI, paBHa HYJIIO.

8.2. O6bsicHuTE, IOUEMY B 3a7a4ax 1.52 u 1.53 1mosry4arorcst oquHaKOBbIE
OTBETHI.

8.3. /lokaxxute paBeHCTBA:
a) cos = —eos =L
5 5 27
1 1 1
%) Snta/m) = sm@a/n) | sm@a/n);
B) sin9° + sin49° 4 sin89° + ... 4 sin 329° = 0.

(Cm. rakxe 7.27.)

8.4. Bruruucanre

™ 4 T ™ 3m 5w
a) cos 9 cos 9 cos 9 6) cos 7 + cos - + cos -

8.5. Haiimure cos 36° u cos 72°.

8.6. a) Ucnosnb3syst reomerpuveckne COOOPAYKEHUsI, JTOKAYXKHUTE, UTO OC-
HOBaHUE W ODOKOBasl CTOPOHA PABHOOEPEHHOrO TPEYTOJIbHUKA C yryioM 36°
[pU BEPIIUHE HECOM3MEPUMBI (T. €. UX OTHOIICHUE UPPAIMOHAIBHO).

6) IIpuaymaiite reoMeTpuvecKoe JOKA3aTeIbCTBO MPPAIMOHAIBHOCTH
qncna /2.

8.7. Pemmure ypaBuenud npu 0° < z < 90°:

a) V13 —12cosz + 7 —4y/3sinz = 2v/3;
6) V2 —2cosz + /10 — 6 cosz = /10 — 6 cos 2z;
B) v/5 —4dcosz + /13 — 12sinz = v/10.

8.8. Haiimure reomerpuieckoe perenne 3aga4q 7.118. n 7.119.

8.9. /lokaxkuTe paBeHCTBO

ctg 30° + ctg 75° = 2.
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8.10. IIycts 2, y, z— nosokurenbHble unciaa u zyz(z +y + z) = 1. Hait-
JluTe HauMeHblilee 3Hadenne Boipaxkenus (x + y)(z + 2).

8.11. Heorpumnarenbubie 9ucia &, Y, 2 yJAOBJIETBOPAIOT HEPABEHCTBAM
5< z, v, 2 < 8. Kakoe HaubosibIliee 1 HAMMeHbITIEE 3HAYCHIE MOXKET IIPUHM-
MAaTb BEJIMINHA

S =222y 4+ 22727 + 2972 —xt — gyt — 21 ?
8.12. Haiiure Bce KOpHU T YpaBHEHUS
cosx + cos 2x 4 cos 3z + % =0.
KakoMmy asrebpanveckoMy ypaBHEHHIO YI0BJIETBOPSAIOT uncia 2 cos 2?7 (Cwm.
rakxke 7.62, 8.93.)
8.13. Permmure cucremy
ay + br =c,
cx +az=0>,
bz +cy=a.
Kakoit reomerpudeckuit cmbicst ona umeer? (Cum. takxe 8.87.)
8.14. Pemure cucreMy ypaBHEHUN
tay+y =7,
24z + 22 =21,
y> +yz+ 27 =28,
8.15. IloyoxkuTenbuble Iucaa a, b, ¢, €, y, 2 TAKOBBI, 9TO
a:2+3:y+y2:a2,
y: +yz+ 27 =07
24+ az+ 22 =7
Bripasure BemmauHy 2y + yz + 2z 4epes a, b u ¢. (Cm. Takxke 9.16.)

8.16. JlokaxkuTe, 9TO I MOJOKUTE/IHLHBIX YUCEN G, b U ¢ BCET/a BbI-
TIOJTHSIETCST HEPABEHCTBO

Va2 —ab+ b2+ Vb2 —be+ 2 = Va? + ac + 2.

IIpu kakom ycjaoBumu Ha @, b U ¢ 9TO HEPABEHCTBO IIPEBPAIAETCS B PABEH-
cTBO?

8.17. Haiijiure HamMeHbIllee 3HAYEHNE BbIPAYKEHUST

Vai+ (B =222+ Vad + (1 —2a)? + Vad + (3 - 2a)? + Vad + (2 - 21)2.
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8.2. KoMmiLieKcHbBIE YucJjia u reomMmeTpusda

B 3azmagax sroro nmyHKTa TOYKM Ha KOMIIJIEKCHO IIJIOCKOCTH OTOXKI€CTB-
Jsoresd ¢ yuciamu. [losromy ¢ ToukaMu MOXKHO OyIeT IIPOJIEbIBATh Pas-
JimaHble apudmernyeckue oneparmu. Hampumep, mos cyMMoit IByX TOUEK z;
7 zp OyZeM MOHUMATH TOYKY ILJIOCKOCTH, COOTBETCTBYIOIIYIO YUCIY 21 + Zo.

8.18. IlycTb 2; u 2y — pUKCUPOBAHHBIE TOYKU KOMILIEKCHON TIJIOCKOCTH.
JlaiiTe reoMeTpuUeCKOe OIMCAHNE MHOYXKECTB BCEX TOYEK Z, YIOBJIETBOPSIO-
IIAX COOTHOIIEHUSIM:

a) argi:—zzo; 6) arg%zo.

Omnpenenenne. Komiuiekcnoe auciio
z2 — 20
V(za, 21, 20) = P
HA3BIBAETCS OMHOWEHUEM MPET Mouek (MPexr KOMNACKCHBT HUCEA) Zg,
21, Zo-
8.19. JlokazkuTe, ITO yroJI MEXKIY MPsIMBIMU, T€PECEKAIOITUMUCS B TOU-
Ke 2o U NPOXOJANIUMU Yepe3 TOUKU 21 U 23, PABEH apl'yMeHTY OTHOIIEHHUS
V (22, 21, 20) TOUEK 22, 21, Zo.
8.20. JlokakuTe, ITO TPU TOUKH 23, 21, Zg JIEXKAT HA OJHOM IPSAMOit
TOrJIA ¥ TOJIBKO TOra, Koraa V(2a, 21, zg) — BEIIECTBEHHOE YUCJIO, WU
20— 22 _ Zo— 22
8.21. /lokaxkuTe, 4TO MpsMasi, MPOXOJAIIAs Yepe3 TOUKU Z; U Zy — ITO
reoMeTPUIECKOe MECTO TOYEK 2, JIJIT KOTOPBIX
Z—22 zZ— Zo
8.22. JlokaxkuTe, UTO ypaBHEHUE TPSIMOl Ha KOMILJIEKCHON IIJIOCKOCTH
BCErJ[a MOXKET OBbITh 3aIMCAaHO B BUJIE

Bz—-Bz+C =0,
rae C — 9ucTo MHUMOE 9HUCIIO.

8.23. /lokaxKuTe, ITO YCJIOBUEM TOTO, YTO YETHIPE TOUKH 2, 21, 22, 23 JI€-
JKaT HA OJHON OKPYKHOCTH (WJIU IIPAMOIL) SIBJIAETCS BEIECTBEHHOCTD YUCTIA

V(z0,21,22) 20— 22 20— 23

V(z0, 21,23) 21 —22 21— 23

Omnpepenenne. Komiuiekcnoe auciio

V (20, 21, 22)

W(Z()7 21, %2, 23) = V(ZO 21 23)
) ’
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HA3BIBAETCST 080UHBIM OTMHOWEHUEM YEMBLPET Mover (Hemuper Komnaekc-
HOUL YUCEA) 20, 21, 22, Z3-

8.24. NMaBapuaHTHOCTL JBoiiHOro oTHomieHus. Ilycrs 27, 2z, 2,
zj — YeTbIpe TOYKH IIJIOCKOCTH, B KOTODBIe JIPOOHO-IMHENHOE O0TOOpazKe-
aue (7.1) (cm. c. 136) mepeBOUT JaHHBIE YETBHIPE TOUKH 21, 22, 23, Z4. JO-
KaXKHUTe, 4TO

W(Zi’ Zév Zé’ Zzll) = W(Zlv 22, 23, 24)-

8.25. Kak usmensiercs jpoitnoe ornomnenue W(zy, 2o, 23, 24) 1pu Jeii-

crBun orobpaxenus (7.2)7

8.26. Kpyrosoe cBoiicTBO ApOOHO-INHENHBIX OTOOpakeHuii. o-
KaXKWUTe, 9TO IPOOHO-TNHEHOEe 0TOOPAXKEHNE MEPEBOIUT KAXKIYIO TPAMYIO
JINHUIO WX OKPY?KHOCTH CHOBA B MPSMYIO JIMHUIO WA OKPY?KHOCTb.

8.27. Jokaxkure, 9T0 ypaBHEHHE OKPYKHOCTH (UJIM NPAMOI) Ha KOM-
ILUIEKCHOM TIJIOCKOCTH BCETIa MOYKET OBITH 3alMCAHO B BUIE

AzZ+ Bz — Bz +C =0, (8.1)
rae A u C' —9ucTo MHUMBIE YUCJIA.

8.28. Jlokaxkure, uro ypasuenue (8.1) mpu orobparxKkeHusax w =z + u
u w= R/z nepexoaur B ypaBHeHHe TaKoro ke Buza. llosydure u3 sroro
KPYyroBO€e CBOCTBO JPOOHO-TUHEHHBIX OTOOpaYKEHUIA.

Onpenenenne. Unsepcueil omHocumesvHo okpyscnocmu S ¢ yer-
mpom O u paduycom R HazbiBaeTcs mpeobpaszoBaHue MIOCKOCTH, MEPEeBO-
JIdIee MPOU3BOJIbHYIO0 TOUKY A, ommunyto or O, B Touky A’, JiesKalryio
Ha snyue OA na paccrosann OA’ = R?/OA. O6pasom Toukn O cuuraercs
OGECKOHEYHO YIAJIEHHAs TOYKa, a 00pa30M OECKOHEYHO YIAJIEHHON TOYKH,
COOTBETCTBEHHO, TOUKA (.

WNupepcueit 0THOCUTEIHLHO OKPYKHOCTH S Oy/IeM TakKe Ha3bIBATH WUH-
Bepcueii ¢ nearpom O u Koadgduimentom R?, a OKPyKHOCTb S — OKpPy?KHO-
CTHIO UHBEPCHU.

8.29. lokaxkure, 9410 0TOOpazkenue w = 1/Z sBijsiercda nHBepCcUei OTHO-
CUTEJIbHO eIMHIYIHON OKPYKHOCTH.

8.30. IlpencraBbre B Bue KOMIIO3UIMH JPOOHO-TUHEITHOIO OTOOpaKe-

az+b _

HAL W= " 1 KOMILJIEKCHOT'O CONIPS?KEHUS W = Z UHBEPCUIO OTHOCUTEJIbHO
cz

OKPY2KHOCTU

a) ¢ neHTpoM i u paguycom R=1; 6) ¢ uearpom Re'? u pamuycom R;

B) C LEHTPOM Zzo M paauycoMm R.

8.31. KpyroBoe cBoiicTBO nuBepcun. J[okaxxure, YTO MHBEPCUS 1€~
PEBOMIUT KAXKJIYI0 OKPYKHOCTH WJIA MPSIMYIO JIMHUIO CHOBA B OKPYKHOCTH
WU PSIMYIO JIMHUIO.
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8.32. Ilyctp ypaBHEeHHE HEKOTOPOH MHPSMOM WM OKPY?KHOCTU HMEET
Buy (8.1). Ilycts 06pa3 sroii unuu pu orobpaxkenuu (7.1) 3amaercs ypas-
HEHUEM

Azz24+Bz—Bz+C' =0,

rae A’ u C’ rakyke dnucTo MHUMBIEe dncia. Beipasure A’, B’ u C gepes A,

BucC.

Onpenesenne. CUmenervro mouky A 0mHOCUMENDHO OKPYHCHOCTU Pa-
duyca R ¢ yenmpom 6 mowke O maspiBaerca semmanaa |OA[? — R2.

8.33. [lokaxkuTe, 9TO CTENEHb TOYKN W OTHOCUTETHHO OKPYKHOCTH
AzzZ+ Bz—Bz+C=0

paBHa
_ B B _ C
ww+ —w— —w+ —.
A A A
8.34. PagukanbHasi oCh JABYX OKpYyXKHocTeii. JlokaxkuTe, 9TO Teo-
METPUYECKOe MeCTO TOYEK W, CTENEHb KOTOPBHIX OTHOCUTEJIBHO JIBYX HEKOH-
[EHTPUIECKAX OKPYKHOCTe S, u Sy OJIMHAKOBA, SIBJISETCS IIPSIMOIA.

Takast npsiMasi Ha3bIBAETCA PaOUKANbHOU 0CHI0 OKPYXKHOCTER S, u Ss.

8.35. Pagukanbpubiii HeHTP Tpex okpy2kHocTeii. Ha miockoctu ma-
HBI TPU OKpyKHOCTH S7, Sy u S3. Jlokaxkure, 9T0 eciu ABe PAIUKATIHHBIX
OCH 3TUX OKPYKHOCTEl MepeceKaioTcsi B TOUKe (), TO TPEThs PaJINKaAJIbHAS
OChb TaKKe IPOXOJIUT YepPe3 Ty TOUKY.

Touka () Ha3bIBAETCH PAdUKANLHBIM UEHMPOM OKPYKHOCTEH S1, Sy 1 Ss.
Jutst ero cymecTBOBaHUST HEOOXOIUMO U JTOCTATOUHO, YTOOBI IIEHTPHI OKPY 2K-
vocreit Sy, S u S3 He JexKau Ha OJHON MPSIMOIi.

8.36. OpToueHTp TPeyroJibHUKa. TOUYKHU G, Gy U 43 PACIIOJIOKEHbI
Ha eIMHUYIHON OKpyKHOCTH 2Z = 1. JloKakuTte, 10 TOUKa h = a; + as + as
SIBJISIETCS OPTOIEHTPOM TPEYTOJIbHUKA C BEPIIMHAMHU B TOYKAX (1, Ay U G3.

8.37. OkpyxHocTb diiepa. Touku a;, a; ¥ a3 pPACIOJOXKEHBI HA
eIMHUYHON OKpYyKHOCTH 2Z = 1. JloKaxkuTe, 9T0 OKPYKHOCTH C IEHTPOM
B TOuKe e = h/2 u paguycom 1/2 mpoxoiur uepes cepeiMHbl CTOPOH Tpe-
YTOJIBLHUKA (G203, OCHOBAHUS BBICOT U CEPEIMHBI OTPE3KOB, COEMHSIIONIIX
BEPIIUHDI 41, Gy, A3 C OPTOIEHTPOM h.

8.38. ITenTp macc TpeyrosbHuka. lokaxure, aro Touka m = (a; +
+ ay + a3)/3 ABASETCS TOUKON IEPECEUeHNs] MEeMAH TPEYTOJIbHUKA 41 Gods.

8.39. IIpsamas Ditnepa. JlokaxKure, 4TO B IPOU3BOJIBHOM TPEYTOJIbHI-
K€ TOYKA [I€PECedeHUsi MeJUaH, OPTOIEHTP U IIEHTP OMUCAHHON OKPYKHOCTH
JexKaT Ha OJHOI NMPSMOM.
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8.40. IIpsmas CumcoHa. [TycTh ©—To4YKa Ha eIMHUYHON OKPYKHOCTHU
z zZz=1u uy, Uy, U3 — OCHOBAHUS MEPIEHIUKYIAPOB, OMYIIEHHLIX U3 U Ha
CTOPOHBI Aoa3, A103, (10s TPEYTOJBHUKA Q1 Qs03.
a) Jlokaxkure, 4T0 9UCIIA Uy, Ug, Uz BEIYUCIIIOTCH 110 HOPMysIaM
uy = (as + az + u — asaz/u)/2,
uy = (a1 + az +u — a,a3/u)/2,
uz = (a1 + az + u — ajaz/u)/2.
6) lokaxKkure, YTO TOUKH Uy, Uz, Uz JIEIKAT HA OIHOIN IPIMOIL.

8.41. Ha mtockocTu pacosiozKenbl 4 mpsiMble 00111ero moJioxkenuns. Kax-
JIBIM TPEeM HPSIMBIM ITOCTABUM B COOTBETCTBHE OKPYKHOCTB, ITPOXOISAIILYIO
gepe3 TOYKHU WX IepecevdeHus. JJokaxKnre, 9T0 4 MOIy9IeHHBIX OKPYKHOCTH
MIPOXOJIAT Yepe3 OJIHY TOUKY.

8.3. Tpuronomerpus
8.42. Brruuciaure ciemyronie mpon3BeIeHUsI:
a) sin 20° sin 40° sin 60° sin 80°;  6) cos 20° cos 40° cos 60° cos 80°.

8.43. ,Z[OK&}KI/ITG PAaBEHCTBO:

COS — COS 2n cos 3n cos dn cos om cos bm cos I (1)7
15 15 15 15 15 15 15 2)
8.44. YupocTuTe BbIpasKeHUe:
cosa - cos2a-cosda- ... cos2" a.

8.45. YupocTuTe BbIpaKEHU:

a) sin —— sin 2T in 5" .sin .
2n +1 2n+1 2n +1 2n+1’
6) sin 21 sin ;— sin g—z .sin %;
B) COS —— oS 2T o5 =97 . cos T
2n+1 2n+1 2n+1 2n+1’
) COS =— COS 2T 05 2T . cos (n= D
2n 2n 2n 2n

8.46. Jlokakure paBeHCTBO:
tg 20° - tg40° - tg 80° = /3.
8.47. Beraucaure: a) tg 10° - tg 50° - tg 70°;
6) tg36° - tg 72°.
8.48. Pemmure ypaBHeHue:

1
cos Wﬁ cos 27Tﬁ cos 47Tﬁ cos SWﬁ cos 167Tﬁ 32"
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8.49. l3sectHO, uTO Sin § = é sin(2a + (). JokaxKure paBeHCTBO:

3
tgla+ p6) = 5 tga

8.50. IlycTb v 1 3 — OCTpBIE TTOJIOKUTEBHBIE YIJIbI, YIOBICTBOPSIOIIIE
paBeHCTBaM
3sin’a + 2sin’ =1,
3sin2a — 2sin23 =0.
Hoxaxwure, uro a + 20 =7 /2.

8.51. /lokaxxuTe paBeHCTBa:

a) sin 15° = M, cos 15° = M;
6) sin18° = _1%\/5, cos 18° = 10+2\/5

8.52. Jlokakure paBeHCTBA:

V30— 6v5 — V6 +2V5 amwgf¢w+ﬁ¢5+¢w—2¢5
8 ’ o 8 ’

8.53. Jlokakure TOXKIECTBA:

sin 6° =

a) sina+sinﬁ+sin7—sin(a—i—ﬁ—l—w:4sina;ﬂsinﬁ;fysina;fy;

6)cosa+cosﬁ+cos*y+cos(oz+6+”y):4cosa;ﬂcosﬂ—gwcosa—gv.

8.54. JlokaxXuTte TOXK/I€CTBO:
tga—i—tgﬁ—i—tgw—w:tgatgﬁtgw.

COS a cos (3 cos 7y

8.55. Haiinure ajrebpanveckyio CBsA3b MEXKIY yrJlaMu «, B U 7y, eClu
U3BECTHO, 9TO

tga+tgf+tgy=tga- -tgf-tgy.
8.56. a) IIpoBepbTe TOXKIECTBO
t1 —t3
to —ta’
rje t, CyTh 3JIeMEHTAPHbIE CHMMETPUYECKHe MHOTOYJIEHbI k-iI CTeleHn oT
tga, tg 0 u tgn.
6) Dokaxkure, 9TO Jjisl IPOU3BOJILHOTO 1 3> 1
_ t1 —ts+ts —t7r+ ...
to—to+ts—ts+...
8.57. Hokaxure, uro eciiu o+ 3+ v =m, TO

tg(a+6+7) =

tglan +ag+ ...+ ayp)

sina+sinﬁ—i—sin”y:élcos%cosgcos%.
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8.58. Haiinure Hanbosbiiiee n HanMeHbIee 3HAUCHUS (DYHKITA
a) fi(z) =acosz +bsinx; 6) fo(xr) =acos’z + beosxsinx + csin® z.

8.59. Ilycrb cosz 4 cosy = a, sinx + siny = b. Beraucsure cos(z + y) u
sin(x + y).
8.60. Jlokaxkure, 910 (DYyHKIUSA COS /T HE ABJIACTCS IIEPUOIAIECKOI.

8.61. IIpu Kaxmx 1eIbIX 3HAYCHUAX N PYyHKIUS
. b
Y =cosnx - sin —x
n

nmMeer mepuoj 3w’

8.62. Paccmorpum dbyukiuio f(x) =acosx + bsinz, riae a u b— nekoro-
pble ocTosinable. Jlokaxkure, uro ecan f(x) obpamaercst B HOJb IPU JBYX
3HAYEHUSX apryMEHTa T; U Ty TAKUX, UTO T, — Ty # km (k — memoe), To
dyukuusa f(x) paBHA HyJIIO TOXKJIECTBEHHO.

8.63. [lokaxkuTe, 9TO €CIU CyMMa
a; cos(ay + x) + agycos(ag + ) + ... + a, cos(a, + x)

upu x =0 u =12, # kr (k—1eso0e) obpaiaercs B HOJIb, TO OHA PABHA HYJIIO
[IpU BCEX Z.

8.64. Haiinure nanGosbiee u HanMeHbIee 3Hadenne GyHkuun f(z) =
=sin® 2 + cos® z.

8.65. Pemure ypasnenue sin’ z + cos? x = a.
8.66. Pemmure ypasuenue sinx + sin 2z + sin 3z = 0.
8.67. Pemmure ypaBrenue tgx + tg 2z + tg 3z + tgdx =0.

8.68. Ilycrs o u 3 — pasimaHble KOPHU ypaBHEHUS ¢ COSX + bsinx = c.
Hoxkazxkure, 91O

2a—fB__ ¢
2 - ll2 + b2 :
8.69. Pemmure cucremy:
xsina + ysin 2a + z sin 3a = sin 4a,
xsin B+ ysin26 + zsin 30 = sin 4,
rsiny 4 ysin 2y + zsin 3y = sin 4.
8.70. Boruuciure:
3

a) arccos [sin (— % ) } ; 6) arcsin (cos 3?) .

8.71. /JokaxkuTe, 9TO UMEIOT MECTO CJIEIYIONNE COOTHOIIEHNUSI:



8.3. Tpuronomerpus 151

a) cosarcsinz =+/1 — 22;  x) sinarccosz = /1 — a?;

6) tgarcctgz = %; e) ctgarctgx = %;
B) cosarctgr = #; XK) sinarctg s = ———:
V14 2? V1422
T . 1
r) cosarcctgr = ———; 3) sinarcctgr = —.
) g 0 9 g T

8.72. Jlokaxkure paBeHCTBA:
a) arctgx + arcctgx = g; 6) arcsinz + arccosz = g

8.73. Hokaxure hOpMyJIbL:
a) arcsin(—xz) = —arcsinz, 6) arccos(—z) =7 — arccosz.
8.74. Yemy paBHa cymma arctg z + arctg %?

8.75. Jlokaxkure paBeHCTBO:

r+y
1—=zy

arctg x + arctgy = arctg +em,

rmmee=0,ecmary<l,e=—-1,ecmzy>1lunzr<0,e=+1,ecimuay>1u
x> 0.

8.76. Haiinure cymmy:
x

arctg 1

T
7+arct
+1-222 &

+...+arctg1 (x> 0).

x
1+2- 327 +n-(n41)z?

8.77. Haiinure cymmy:
T T T
arctg ———— + arctg —— + ... + arctg ————
g1+a1~a2 g1+a2~a3 g1+a7l'an+17
€CJIn YUCTA 1, Gg, .., (npy1 OOPA3YIOT apUMMETHIECKYIO ITPOIPECCHI0 C
pasuoctbio 7 (a; >0, r > 0).
8.78. Hokaxure, uro yucia Pubonavuu {F,} yI0BIETBOPIIOT COOTHO-
IEHUTO

arcctg Fy,, — arcctg Fa, 1o = arcctg Fo, 4 1. (8.2)
IlonyunTe oTciona paBeHCTBO

arcctg 2 + arcctg b + arcctg 13 4 ... + arcctg Foiq + ... = g

8.79. [lokaxkute, 9TO IpA & > 1 BBHINOJJHSIETCS PABEHCTBO:

2x
2 arctg x + arcsin =.
& 1+ 22

8.80. Pemmure ypaBHenue

z* — —2arcsinZ — T
4 2°

arcsin
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8.81. /loxkaxkute popmyy:

{ arcsinv'1 — a2, ecm 0 <z <1;
arccos r =
m —arcsiny1 — 22, ecau —1 <2z <0.

8.82. /lokaxuTe paBeHCTBO:

arcsinz + arcsiny =17 arcsin(ac\/l — 2+ yV1 — 22) +em,

rmen=1,e=0,ecmry<0wm 2> +y*<1L;n=—1,e=—1, eciim 2% +y*> > 1,
r<0,y<0;n=—-1,e=1,ecmm 2’ +y>*>1, 2 >0, y>0.

8.83. [okaxkure, uro eciu 0 < x < 1u
. 14z . 1—2a2
a—2arctg1_x, ﬁ—arctg1+x2,

T0 0 + B =,
8.84. Hajiimure cooTHOIIEHNE MEXKIY PYHKITASIMA
arcsincosarcsinxz ¥  arccossinarccos .

™
8.85. [okaxkure, uro ipu 0 < ¢ < o BDINOJHAETCA HEPABEHCTBO

cos sin ¢ > sin cos .
8.86. Boruuciure
1 5
n(20rctg: — arctg 2).
sm( arctg R arctg D
8.87. Teopema cuHycoB. /lokaxkuTe, 9TO U3 PABEHCTB

a b ¢
sina  sinf  sinvy’

a+pB+y=m (8.3)

CIIeIyer:
a="bcosvy+ ccos [,

b=ccosa + acosv, (8.4)
c=acosf + bcosa.
(Cm. Takxke 8.13.)

8.88. ITokaxkure, 9T0 M3 COOTHOINIEHUH (8.4) U JONOIHUTEIBHBIX YCIO-
Buit 0<a<m, 0<f<m, 0<y<m, a>0,b>0,c>0 creqyior pasencrsa (8.3).

8.89. Teopema kocunycosB. [lokaxure, uto coorHOmenus (8.4) pas-

HOCHJILHBI CHCTEMe
a’ =b%+ c* — 2bccosa,

b> =a® + ¢® — 2accos 3, (8.5)
2 =a*+b*> — 2abcos,

TO ecTh U3 paBeHCTB (8.4) BBITeKarOT paseHcTBa (8.5) 1 HAOGOPOT.
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8.90. Teopema cuHYCOB U mepBasi TeOpeMa KOCUHYCOB JIJIs TPeX-
rpasHoro yrja. IlycTb mMeeTcss TpeXrpaHHBId YyroJl ¢ INIOCKUMH yTJIAMU
a, 3, Y 1 IPOTUBOJIEKAIMMA UM AByrpanabivMu yroaamua A, B, C. Il nero
crpaBe]inBa TeopeMa CHHYCOB (8.7) 1 1Be TeopeMbl KocuHycos (8.6), (8.8)
(cmorpure Huke). Ilocie Toro, Kak oxHa U3 HTUX TEOPEM JIOKA3AHA, JAPYTHe
MOT'YT OBITBH [I0JIy YeHbI IIyTEM ajiredpandeckux rpeodbpasosanuii. OTBiieueM-
Cs1 OT TEOMETPUIECKOI IPUPOJIBI 33Ia4UHN U IPEJIIIOTIOXKUAM, ITO TIPOCTO JIAHBI
pPaBEHCTBA

cosa = cos 3 cos~y + sin G sin-ycos A,
cos 3 = cosacosy + sin asin~y cos B, (8.6)
cosy = cosacos 3 + sinasin §cos C,

1, KpoMe Toro, BesiuauHbl <, 3, v u A, B, C' 3akimouens mexay 0 u 7.
Hoxkazkure, 94T0
sinA _sinB _ sinC

sina  sinf  siny’

(8.7)

8.91. Bropasi TeopeMa KOCHHYCOB [Jisi TPEXTDAaHHOTO yrja H
anasnor ¢gopmynsl I'epona. Jokaxkure, uro u3 cucremsl (8.6) ciemyror
paBEHCTBA

cos A = — cos B cos C' + sin Bsin C cos a,
cos B = —cos AcosC + sin Asin C cos 3,
cos C'= —cos A cos B + sin Asin B cos 7y,

A+B+C—m p, p—a p—B.  p—1v
tgi—\/tgztg 5t e, (8.8)

4
rne 2p=a+ B+ 7.
8.92. J/lokakuTe paBeHCTBA

sin(27/7) sin(7/7) " sin(37/7) N

sin®(37/7) B sin?(27/7)  sin’(7/7)
sin®(3m/7)  sin®(27/7) n sin®(m/7) 0
sin(27/7) sin(w/7) sin(3w/7)
8.93. ®opmyanl Pamanymxkana. Jlokaxkure caeayoomume TOXKIECTBA:
a) (“‘/2cos277T + §/2cos477r + §°'/2cos877T = /5 - 3VT;
3 2w 3 4w 3 8 3/53
6) 2cos? + 26083 + 2cos? = /39 —6.
(Cm. rakxke 8.12.)
8.94. Ilyctp

sin2nz - sin(2n — )z - ... sin(2n — k + 1)z
sinkz -sin(k — 1)z -...-sinz '

U =
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Jlokaxkure, 9TO 4nCIA %), MOYKHO IIPEJICTABUTH B BHJI€ MHOTOUJIEHA OT COS .
(Cm. rakxe 3.181.)

8.95. IlycTp uncia u,, onpejie/ieHbl KaK U B TpeabLayIeit 3agaqde. Jloka-
JKUTE TOXKIECTBA:

a) l—u;+us—. ..+, =2"(1—cosz)(1—cos3z)-...- (1 —cos(2n—1)z);

sin(2n+2)z-sin(2n+4)x-... -sindnz
6) l—ui+ui—...+u3,=(-1)"
) urt U +uz,=(=1) sin2nz-sin2(n—1)z-... -sin2x




['TABA 9
YpaBHEHHUS 1 CUCTEMBI

9.1. YpaBHeHus TpeThbeii cTerieHu

9.1. /lokaxkure, 94T0

a) mpu p > 0 rpaduk MEOrOWIeHa T3 4 pT + ¢ TEpeceKaeT KazKIyIo To-
PU30HTAJIBHYIO IPSAMYIO POBHO B OIHON TOUKE;

6) upu p < 0 rpaduk nepecekaer HEKOTOPbIE FOPU30HTAJBHBIE [IPSIMbIE
B TPeX TOYKAaX;

B) upu p < 0 rpaduk uMeeT OJUH MUHUMYM ¥ OJIMH MAKCUMYyM IIPH 9TOM
abCIIMCChl TOYEK MUHUMYMa M MAKCAMYMa ITPOTHBOIOJJIOKHDL.

9.2. JlokazkuTe, 94TO IIPOU3BOJILHOE YPaBHEHNE TPETheil cTerneHu
22+ A2 2+ Bz24+C=0

[IpY TIOMOIIY JIMHEHHON 3aMeHbI [IEPEMEHHON z = & + [ MOXKHO IIPUBECTH K
BULY
2* +pr+q=0. (9.1)
9.3. lokaxxute, 970 rpaduK MHOTOUICHA
a) z° + px; 6) 2 + pr + q; B) ax® + bz? +cx +d
MMeeT MEHTDP CHMMETPUM.

9.4. J/lokaxXuTe paBeHCTBO \3/2 +/5+ \3/2 —v5=1.

9.5. Pemure ypaBHeHUE

P =1,
3

9.6. /lokaxkure, 9TO ypaBHEHUE
* +ax® —b=0,

rme a u b BemecTBeHHBIE 1 b > 0, UMeeT OIUH U TOJIBKO OIUH HOJIOKUTETLHBIN
KOPEHbD.

9.7. Kakumu mo/KHBI OBITH 9HCIa @ U b, 9TOOBI BBITOTHSIOCH PABEHCTBO

2 +pr+q=2°—a*—b®— 3abx?
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9.8. Pazjio:kuTe MHOTO4JICH
a® + b® + ¢ — 3abe
Ha Tpu JuHeHHbIX MHOXKuTess. (CM. Takxke 11.93.)
9.9. Brlpasure 4epe3 a 1 b 1efICTBUTEILHBI KOPEHb yYPaBHEHHIA
z® —a® — b* — 3abz = 0.

Haitsnre npescraBieHns Jyis ABYX KOMILUIEKCHBIX KOPHE(l 9TOro ypaBHEHHsI
(cm. Taxxke 7.103).

9.10. ®opmyna Kapgano. [Tosyunre dpopmyity st KOpHs ypaBHEHUsT
¥ +pr+q=0:

B/ I B S A I B L Gy s
x_\/ 2 " 4+27+\/2 TS

9.11. Jloxkaxkure, 9TO

(@®+b+c—ab—bec—ac) (x> +y* +2° —ay —yz —x2) =
=X’+Y’+2°-XY-YZ-XZ,
ecnn
X=ax+cy+bz,
Y =cx+by+az,
Z =bxr+ ay + cz.

9.12. Pemure ypasuenne z° + x — 2 = 0 nogbopom u 110 dpopmyie Kap-
JIaHO.

9.13. Bemumure ypaBHEeHHE, KOPDHEM KOTOPOTO OYIET YHCJIO
a=(Vsva+7-V5v2-7).

3anuimre Yucao o 6e3 IMOMOIN PaIuKaJIOB.

9.14. Tlpu Bcex 3HAYMEHUAX MApaMeTpa ¢ HAMIUTE UHUCJIO JIEHCTBUTE/Ib-
HBIX KOpHeil ypasHenus z° — x — a = 0.
2

3v3

9.15. Pemmre ypasHenue x° — x — = 0. CKOJIbKO JIeiCTBUTEIbHBIX
KOpHeli OHO nmeer?

9.16. JIoKaKuTe, 9TO €CJIH X1, Te, T3 — KOPHU ypaBHeHns x° + px +q=0,
TO

2 2 .2 2 2 2 _
Ty + T3 + X5 =] + T1X3 + T3 = 2] + T1X2 + x5 = —P.

(Cm. rakxe 8.14, 8.15.)
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Onpenenenne. Ilycrs f(2) — HEKOTOPBIH MHOTOUIEH CTEleHH N 3> 2,
u nycrs f(z) =a,(z —a;)...(z — a,) — pasnoxkenue f(x) Ha JMHEHHbIE
muoxkurean. Torna duckpumunanm D(f) mmuozousena f(x) onpenensercs
TaK:

D(f)=a}"? H (a; —au)?

1<5<I<n

U3 onpenenennst D(f) sicHo, 9T0 MHOTOWIEH f () B TOM M TOJIBKO B TOM
cilydae MMeeT KpaTHbI Kopenb, korma D(f) = 0.

9.17. IuckpuMuHaHT KyOudeckoro ypaBueHus. [lycrs ypaBaenue
23 4+ px + ¢ = 0 UMeeT KOPHH 1, T U T3. BBIpasuTe 4epes p U ¢ TUCKPHMHU-
HAHT TOTO ypaBHEHUS

D= (z; — 22)*(zy — w3)* (23 — 11)?
9.18. /lokaxxuTe, 9TO PaBEHCTBO
4p® +27¢° =0

SABJISIETCST HEOOXOAMMBIM M JOCTATOYHBIM YCJIOBHEM ISl COBIAIEHUS IIO
Kpalineil Mepe OByX KOpPHEl ypaBHEHUS 3+ px+q=0.

9.19. Haiinure Bce meificTBUTEIbHBIE 3HAYEHUS @ U b, TIPU KOTOPBIX ypaB-
HEHUs

2 +ax?+18=0, 2>+br+12=0
UMEIOT JIBa, OOIIMX KODHSI, U OIPEIEJUTE STH KOPHH.

9.20. Ilycth auckpuMuUHAHT KyOMYIeCKOro ypaBHEHUsI paBeH HyJo. Ka-
KOit u3 KOopHeii maer dhopmysia Kapiano oqHOKpATHBIN Wi JBYKPATHBIN?

Onpenesnenne. Kpusas 4p® + 27¢% = 0 na daszosoii mnockocru Opqg Ha-
3bIBaETCA JUCKPUMURAHMMOT Kpueoti ypasHeHus x° + pr + q = 0.

Ipsambie ap + q + a® = 0, COOTBETCTBYIONIUE TPEXUJICHAM, UMEIOIIIM KO-
PeHb @, HA3LIBAIOTCH KOPHEGDIMU.

9.21. KakoBo B3anMHOe pacrosiokenne Ha ¢pa30Boii miockoctu Opg mauc-
KPUMUHAHTHOW KPUBOW U KOPHEBBIX NPSMBIX ! VIMEIOT ji 0OHM 06II1e TO9KH,
u, ecsiu UMeroT, TO ckoabKo? (Cm. Takxke 6.22.)

9.22. Uzobpasure Ha (hazosoii mwiockoctu Opg MHOKECTBA TOYEK (p; q),
JIJIsT KOTOPBIX ypasHeHme x° + pr + g =0 WMeeT a) OmUH KOpeHb; 6) IBa
KODHSI; B) TPH PA3JIMYHBIX KODHS; I') TPU COBIAIAIONINX KODHSI.

9.23. Nzobpasure Ha (ha30Boii mwiockoctn Opg MHOKECTBA TOUEK (P; q),
JIIST KOTOPBIX BCE KOPHH ypaBHEHUs > + pr + ¢ = 0 He IPeBOCXOJAT II0 MO-
aymo 1.
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9.24. Nzobpasure Ha dha30Boii mwiockoctn Opg MHOKECTBO TOUEK (P; q),
JIJIST KOTOPBIX ypaBHeHHE T2 + px + ¢ = 0 HMeeT TpU pa3IMIHbIX KOPHH, IIPH-
Ha JIesKamux 3aIannomy uarepsaiy (a; b). Paccmorpure, Hampumep, city-
qait, Korma a = —2, b=4.

9.25. Merog Buera. Korna 4p? + 27¢* < 0, ypapuenne z° + pr +q=0
UMeeT TpU JEeHCTBUTEIbHBIX KOPHs (HENPUBOAUMBIA cirydail KyOHYecKo-
ro ypasHeHHWsl), HO i TOro, 4robbl mx Haiitu mo dopmyre Kapraso,
HEOOXOIMMO MCIIOIb30BaHNe KOMILIEKCHBIX guces. OqHAKO MOXKHO YKa3aTh
BCE TPHU KOPHS B SIBHOM BHUJIE Yepe3 TPUIOHOMETPHIECKHUe (DyHKINH.

a) Hokaxwure, uro npu p < 0 ypasuenue (9.1) 3amenoii & = kt cBomurcst
K YPaBHEHUIO

4% =3t —r=0 (9.2)

OT IIepeMeHHO1 .
6) Hokaxkure, uro npu 4p* + 27¢* <0 pemenusimu ypasaenust (9.2) 6yxyT

IUCIIA
44T

3 )

w4+ 27
3

t; = cos 2, to = cos

t =
3 , t3=cos

IJle ( = arccosT.

9.26. Pemure ypaBHEeHUS
a) 2® =3z —1=0; 6)2°—3z—+3=0.
YKaxkuTe B SIBHOM BHJE BCe KODHHU 3THX ypaBHeHuii (cM. takxke 9.64,

9.65).

9.27. Jlokaxkwure, 9To ecau KopHu MHOrowieHa f(z) =3+ ax? +bx + ¢
00pas3yioT MpaBUWIbHBIA TPEYTOJbHUK Ha KOMILIEKCHOM TJIOCKOCTH, TO MHO-
rownen f'(z) =3z + 2ax + b UMeeT TBYKDPATHBII KOPEHD, PACTIOIOKEHHBII
B I[EHTPE STOT0 TPEYTOJIHHUKA.

9.28. J/lokaxxure, 9TO €CJIU yPaBHEHUS
P +pr+q=0, 2*+pr+q=0
UMeIOT OO KOPeHb, TO
(pd' —ap")p— 1)’ =(a—4q)°

9.29. a) Jokaxwure, aro npu 4p® + 27¢*> < 0 ypasrenune (9.1) 3amenoit
T =y + [ CBOIUTCH K yPABHEHUIO

ay® — 3by* — 3ay +b=0 (9.3)
OT IIepeMeHHOH Y.
6) Hokaxkure, 4To pertenusmu ypasaenus (9.3) Oyayr ducia

+ 27 + 47
¢3, %:@wg,

n=tgt, yp=tg
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rjie ( olnpejesdeTrcs U3 yCJIOBUM:

Sin(p: COsS p =

b a
e eh Nresmreh

9.30. Metoa @eppapu. 10T METO/I [T03BOJISIET PEIIATh IPOU3BOJILHOE
ypaBHeHUe 4-i1 CTEeNeHN IIyTEM CBEJIEHUS €0 K PEIIEHIIO BCIIOMOTaTeIbHOTO
KyOM4ecKOro ypaBHEHHs U JIBYX KBaJPATHBIX yDaBHEHUIA.

a) lokaxkure, 4To J1060€ ypaBHeHue 4 CTENeHn MOYKHO IIPUBECTH K BUILY

= A2z’ + Bx + C. (9.4)

6) BeeseM JeiicTBUTENBHBIN TADAMETD (v U IieperuiieM ypasHerue (9.4)

B BUJIE
' 4+ 202® + o = (A + 2a)2” + Bz + (C + o). (9.5)
Joxazkure, 4To j1si HEKOTOpOro « = —A/2 upasast yactb paBeHcrsa (9.5)

LpeBpAIaeTcs B HOJHBI KBagpar (1o nepemenHoil ). Ilonb3yscs pasen-
crBoM (9.5), onmImuTe METOJ HAXOXKIEHNsT KOpHell ypasHeHus (9.4).

9.2. Tpuronomerpudeckue 3aMeHbI

9.31. Pemmure cucremy
x? + y2 — 17
dry(2y* — 1) =1.
9.32. Pemmure cucremy
y=2z*—1,
z2=2y% -1,
r=22"—1.
9.33. okaxKuTe, 9TO CPEJIN CEMU PA3IUIHBIX IUCETT BCETIA MOYKHO BBI-
6paTh JBa YUCTA T U Y TaK, YTOOBI BBIIOJIHAIOCHh HEPABEHCTBO

] 1
0< < —.
1+zy /3
9.34. Cpeau Bcex pelleHnuil CUCTEMBI
x2 + y2 — 47
22+ 12 =09,
xt +yz =06,

BBIOEpETE T€, JJIsT KOTOPBIX BEJIMINHA T + Z TPUHUMAET HAMOOJIbIIee 3HATE-
HHE.

9.35. Pemure ypaBHeHUS
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a) vV1—a2=42%—-3x; B)V1—x=22>—-1+42zV1—z?
r 35, ) 1— |z
Vi1 12 2

9.36. IlocnenosarenbHOCTh unces {h, } 3a7aHa yCIOBUSIMU:

— — h2
1-V1-hi (n>1).

) hn+1 - 2

6) v+ =2z? — 1.

h1:

N[ =

oo
Joxkaxkure HepaBeHCTBO Y hy < 1,03.
k=1

9.37. Ckoubko KopHeil Ha orpeske [0; 1] numeer ypaBHeHue
8z(1 — 22%)(8z* — 82° +1) =17

9.38. Ilycrs |21 < 1 u |zo| < 1. Jlokaxkure HEPABEHCTBO

2
\/1—x§+\/1—x§<2,/1—(“’1;“) :

9.39. Pemute ypaBHeHUe
|22 — /1 — 422] = V2(822 — 1).

9.407 Yucna x, y U z yIOBJICTBOPSIOT COOTHONICHUIO Ty + Yz + 12 = 1.
Jlokaxxure, 94TO CYIIECTBYIOT 4uciaa «, [, 7 Takue, 410 ¢ + B+ y=7 u
BBITIOJIHSIOTCS PABEHCTBA

r=tg(e/2), y=tg(6/2), z=tg(v/2).

9.41. Pemmre cucTeMbl:

x + 3y = 49°, ( 1) ( 1) ( 1)
3 - =4 -)=5 -
a) y+322423, B){ I+ZC y+y Z+Z 5

2z + 3z = 42, ry +yz+rz=1;

2z + 2’y =y, 1—2® 2y 1-2°
6) 2u+y’z=2 1)< 1+a2> 143> 1422

22 + 2’ =1 xy +yz+xz=1.

9.42. Ilycto 2y + yz + zz = 1. JloKaxKuTe paBeHCTBO:
T Y z dxyz
—x2+1—y2+1—22 (1-22)1-y?)1 -2

1
9.43. Pemmure cucremy:
tgx -tgz =3,
tgy-tgz =06,
rT+y+z=m.
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9.44. Pemure cucremy:

Y I(4—$),
z= y(4 - y)a
z2(4—2)

9.3. Urepanun

Omnpenenenne. Urepanueit HA3BIBAETCS PE3YIHTAT OBTOPHOIO IIPHU-
MeHeHHsl Kakoii-nmubo maremarwdeckoil omepanmu. Tak, ecau y = f(z) =
= fi(x) ectp mekoropas dbynkima or x, To Gyukuuu fo(z) = f(fi(x)),
fa(@)=f(fa(2)), ..., fulx)=f(fn_i(x)) HABBIBAIOTCS COOTBETCTBEHHO BTO-
poii, Tperbeit, ..., n-ii wrepamuamu bynkiuun f(x). Ipu orbickanun
pejiesia MOCJIeI0BATENbHOCTU T, = f,,(Zg) YACTO OKa3BIBAETCS MOJIE3HOM
cJIeJIyIoIas TeopeMa.

Teopema BeiiepmiTpacca. Bcesikas Bo3pacTaioniasi MMOC/IEI0BATEb-
HOCTH, OFPAHUYEHHAs CBEPXY, UMeeT Ipejesl. AHAJOTUYIHO, BCsKast yObIBa-
OIast MOCIe0BATEIbHOCTD, OIPAHUYEHHAST CHHU3Y, TAKXKE UMEET IIpeiel.
(Cwm., Hampumep, [9].)

9.46. Nnmertorca npa cocyna. B nux paznmmm 1 1. Bogwl. 13 mepsoro cocy-
Ja TePeINBAIOT TMOJOBUHY BOJBI BO BTOPOIi, 3aT€M U3 BTOPOTO MEPETUBAIOT
[IOJIOBUHY OKa3aBIeiics B HEM BOJbI B IIEPBBIN, 3aT€M U3 IIEPBOIO COCY/IA
[IepeIMBaIOT IIOJIOBUHY OKa3aBIleiics B HEM BOJbLI BO BTOpoil u T. a. Hoka-
JKATE, 9TO HE3ABUCHUMO OT TOT'O, CKOJIBKO BOJIBI OBIJIO CHAYAJIA B KAXKIOM W3
cocyoB, niocse 100 nepesuBanuit B Hux 6yger 2/3 s u 1/3 j1. ¢ TouHOCTHIO
g0 1 Munmmnurpa.

9.47. BaBUJIOHCKMii aaropuT™ BbraucyeHus v/2. Ilociemosaress-
HOCTB unces {x,} 3a7ana ycrIoBusMHu:

Iozl, In+1:%(fﬂn+l) (’IIZO)

Tn
Jokazxkure, uro lim z, = v/2. (Cm. Taxxe 9.70.)

9.48. K gyemy Oymer cTpeMHUTBCS TOCIEI0BATEIBHOCTD U3 MPEIbIILY e
3a/1a9M, €CJIU B KA4eCTBE HAYAJIBLHOIO YCJIOBUS BHIOpATh To = —17
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9.49. Urepanmonnas ¢dopmyia I'epona. /lokaxkute, ITO MOCIEI0-
BATEJILHOCTD 1ucea {x, }, 3a/aHHast yCIOBUIMI

1 k
xo =1, In+1:§In+_ ) (nZO),
n
cxomutesd. Hafiure npeiest 3Toit moc/ie 1oBaTeIbHOCTH.
9.50. Ilycts a u k > 0 mpousBosibHBIe uncaa. OupenesimM MOCIeI0Ba-
TeJILHOCTD {a,, } PaBEHCTBAMHE
k

Gn

) (n > 0).

JokaxkuTe, 9TO IIPHU JIOOOM HEOTPHUIATETHHOM 1 BBIIIOJHAECTCS PABEHCTBO
an—\/E_ (a—\/E)zn
an +Vk a+Vk '

9.51. 3adukcupyeM uncia aq u ;. [locTpouM mocsie10BaTeIbHOCTD { .y, }
B KOTOPOM

1
g = a, an+1 = 5 (a/n +

n + Qn—
Apt1 = % (TL 2 1)

Bripazure a,, 1epes ag, a; 1 n.

9.52. Crapniii kanbkynsarop . a) IIpenmosioxkuMm, 4ro MbI XOTUM
Hafitu J/x (x> 0) HA KaJbKyJIATOpe, KOTODPBIH KPOMe UeTHIPEX OOBITHBIX
apudMeTHIECKUX JeHCTBUI yMeeT HAXOAUTD /. PaccMoTpum ciiemyommuii
asropurM. CTpOUTCsl MOC/IEA0BATEILHOCTD YUcesl {Y, }, B KOTOPOH Yy — IIPo-
U3BOJIBHOE IIOJIOYKUATEJIBHOE YHUCJI0, HAIIPUMED, Yo = \/ﬁ , & OCTaJIbHBIE dJIe-
MEHTBI OLIPeJe/IAI0TCA COOTHOIIEHUEeM

Yni1 =\ VTYn (n20).
Hoxkaxkure, 91O

lim v, = Vz.

n— o0
6) IlocrpoiiTe aHAJOIUYIHbIA AJITOPUTM JJisi BLIYUCIEHU KOPHS MTOMN
CTEIEeHH.
9.53. Crapsriit kaabKyaarop II. IlpousBomnass dyukmum Inz mnpu
x =1 pasna 1. Orcroma

In(l14+z)—1Inl 1

lim In(1 +2) = lim

@—0 x e—0 (1+z)—1
Bocnonbayitrech aTuM pakTOM I TPUOIMKEHHOTO BBIMUCICHUS HATY-
pasnbHOTO Jorapudma uucia N. Kak u B 3a7a1e 9.52, pa3perraercs: UCIob-
30BaTh CTAHIAPTHBIE apU(METUIECKUE JICHCTBUSI U OMEPAINIO M3BJICICHUS
KBa J[PaTHOTO KOPHSI.
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9.54. Meton wureparnmii. /[j1s Toro, 4Todbl MPUOIHMKEHHO PEIUTh
yDPaBHEeHUe, JoycKalonee 3anuch f () = &, IPUMEHSIeTCA METOJ UTEPAIIHIA.
Cradajia BBIOMpPAETCsl HEKOTOPOE YUCIIO Lo, & 3aT€M CTPOUTCS TOCTIEI0BA~
TeJILHOCTD {,, } 10 mpaBmwiy &, 1 = f(x,) (n > 0). Jokaxkure, 910 €Cau 3T
[OCJIEIOBATENHLHOCTh UMeeT npeaen x* = lim z,, u dbyukuus f(x) Hempe-

n—00

PBIBHA, TO 9TOT MPEJIEJI ABJISIETCH KOPHEM UCXOAHOIO ypaBHenust: f(z*)=x*.

Omnpepenenne. ['eomerprueckoit HHTEPIPETAIIMEN HTEPAIIMOHHOTO TTPO-
1ecca CIy»KUT UMEePAUUOHHAL A0MAHAA. [T ee TIOCTPOEHMsT Ha IIOCKOCTH
Oxy pucyercs rpaduk GyHkimn f(x) u npoBoAuTCst GUCCEKTPUCA KOODIU-
HATHOTO yIJia — IpsiMasg Yy = . 3aTeM Ha Trpadukre QYHKIUH OTMEIAIOTCS
rouku Ag(zo, f(x0)), Ar(z1, f(x1)), ..., An(Tn, f(x,)), ..., & HA Ouccek-
TpHUCE KOOPJIUHATHOIO yrita— T09KU By (X, To), Bi(x1, 1), ..., Bn(Tn, ),

Jlomanast ByAgB1 A, ... B, A, ... Ha3bIBaeTCsl UTEPAIUOHHOIA.

9.55. IlocTpoiiTe nTeparmoHHbIe JJOMaHbIE JJIsi CJASAYIONINX JTAHHBIX:

a)f(x)=1+§, xo =0, 29 =8;
1

6) f0) =1, m—2

B) f(z)=2x—1, x,=0, zy=1,125;
3 5

r) (a:):—;—l—ﬁ, To = 35

(x)=2>+3x -3, zo=1, 2,=0,99, =z, =1,01;
()=vV14+z, =0, z,=38;
z° 52 25x
}K) f(I)—?—T—FT—F& 1130—3.
9.56. s nocienosarenbaoctu {a, b
lim (a;n+1 - %) =0.

n— oo 2

Hoxaxwure, aro lim a, =0.

n— oo
9.57. Yucna ay, as, ..., Gx TAKOBBI, ITO PABEHCTBO

lim (z, + a1xp_ 1+ ... + ap2pn_t) =0

n— oo

BO3MOYKHO TOJILKO JUISI TeX TOCJefoBaTesabHoCTell {Z,}, s KOTOpBIX
lim z, =0. Jokaxkure, 970 BCe KOPHU MHOTOYJICHA

PO = N4 a X 4 a2 4 ta
110 MOJLYJIIO MeHbIIe 1.
9.58. UccnemyiiTe mocie0BaTeIbLHOCTH Ha, CXOMMOCTD:

1

Tran D=b
n

a’) Tnt1 =
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6) Tpy1 =sinz,, xo=ac (0;7);

B) T,.1=+va+z, a>0,x=0.

9.59. Jlna Kakmx xy OYIET CXOAUTHCHA IMOCTIEIOBATEIBHOCTD Tpy1 =

142

9.60. g kakux a U Tg OyIeT CXOAUTHCS MOCTIEI0BATENBHOCTD Tpyy1 =
=+/a+xz,"?

9.617 Iloc/ie10BaTeILHOCTD {1, } 3a1aHa yCI0BUAMU

xo=1, Xny=sinz, (n>=0).

Hoxkaxkure, 94T0

lim /nz, = V3.

n"oo

9.62. YUto ocTaHeTcsi OT mpsaAMOyTroJdbHUKA? 30J0TONH IPAMOYTOJIb-
HUK — 9TO TaKOH NPAMOYTOJBHHUK, CTOPOHBI ¢ W b KOTOPOTO HAXOIST-
¢l B IIPOIOPIIAU 30JI0TOTO CEYEHUsl, TO €CTh YIOBJIETBOPSIIOT DABEHCTBY
a:b=>:(a—>b). IlpeacraBum, 4ro TAKOWl NPAMOYIOJIBHUK BLIDE3aH U3
OyMaru u JIe2KUT Ha, CTOJIe, OOpAIeHHBIN K HaM cBoeil 6ojiee JIMHHOM CTO-
ponoii. OTceueM 10 JIEBYIO CTOPOHY IPSIMOYTOJbHUKA HANOOJIBINNI KBaIPAT,
KOTOPBIII MOXKHO W3 HEro BBIPE3aTh; OCTATOK OYyIeT CHOBA 30JI0THIM IIPsi-
MOYTOJBHUKOM. Jlajiee CTAHOBUMCS IO JIEBYIO CTOPOHY CTOJIa TaK, 9TOObLI
CHOBa MMeTh Iepe]i coboil GoJree IIMHHYIO CTOPOHY W ITOCTYIIAEM ¢ HOBBIM
MIPSIMOYTOJIBHUKOM TaK 2Ke, KaK W C MPEIbIAyIuM. TakuM oOpas3oM 00Xo-
JUM CTOJI BOKPYT II0 HAIIPABJIEHUIO XOIa YACOBOI CTPEJKU W M0 OYepen
oTcekaeM KBajparhbl. Kaxkias TOYKa MPSIMOYTOJIBHUKA 33 HCKIIOUCHHEM
OJIHOI1, OyeT paHbllle WiK 1MO3Ke oTcevdeHa. OIpesesnTe MOJTOXKEHUE ITOM
UCKJTIOUATEJILHON TOYKH.

9.63. AnropuT™M NpuGJIM>KEHHOTO BbIYMCJIeHUs +/a. [locienosa-
TeJILHOCTD {a,, } OIpeesseTcs yCAOBUIMM:

ap=a>0, anH:%(Qan—i—%) (n>0).

n

Joxkazxwure, aro lim a, = Va.

n—00
9.64. Ypasnenue z° — 3z — 1 =0 uMeeT TpHU Pa3IHYHBIX TEACTBATEILHBIX

KOpHS

a(l):2cosg, a(z):2cos%, a(3)=26051377r

(em. 3amaay 9.26 a)). st IpuGIMIKEHHOTO HAXOXKIEHUST 9TUX KOpHeii, nuc-
XOJIHOE YDaBHEHHEe Hy KHO 3alMcaTh B BUJe T = f(Z) U IOCTPOUTH TIOCTIE-
JIOBATEJIbHOCTD npubinkenuit {x,}, B koropoit x,; = f(z,). Uccrenyiire
MOBE/ICHIE TAKAX UTEPATIMOHHBIX MTPOTIECCOB, €CITH
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o) f(o)= Bz T T 6) fla)= 2,

3

B) f2) =205 1) fl@) =3+ 7,

a B Ka4yecTBe HAYAJIbHBIX YCJIOBU BBIOUPAIOTCH TOYKU To = £1.

9.65. IlocTpoiiTe NTEpaIMOHHBIE MTPOIECCH], KOTOPBIE TTO3BOJISIOT HAaXO-
JUTH IPUOTNKEHHBIE 3HAYEHUS JJIs PA3IUIHBIX KOPHE KyOMIecKoro ypas-
HeHust u3 3aga4n 9.25 6).

9.66. YkaxkuTre criocod mpubJIMKEHHOTO0 HAX0XK ICHUST KOPHS Y PaBHEHUsT
3 _
P —x—1=0.

9.67. TlocnenoBaTenbHOCTH Unces {a,, } 3aaHa yCIAOBUSIMU
a=1, aun=="+— (n=1).

JHoxkaxkure, 94T0
a) HOCJIeJ0BATEIBbHOCTD {d, } OrpaHIYeHA,;

6) |a1000 - 2| < (3/4)1000.

9.68. Haitnure nipesesr mocaeoBaTeIbHOCTH, KOTOPas 3a/IaHa YCIAOBUSI-

MH
an
a; = 2, a’n+1:7+

o|S,

(n>1).

9.69. CxoauMoOCTh UTEPAIMOHHOrO mpomecca. I1peanooKum, 4To
dyukuusa f(x) orobpaxaer orpe3ok [a;b] B cebs, u Ha ITOM OTpE3Ke
|f'(z)] < ¢ < 1. Jokaxure, uro ypasaenue f(x) =z nmeer Ha oTpeske [a; b]
€JIMHCTBEHHBII KOpeHb x*. JIOKarKnTe, 9TO NP PerieHnud 3TOTO ypPaBHEHHs
METOIOM UTepanuii 6y/IyT BBIIOJTHATHCST HEPABEHCTBA!

n

— 2, < |z — 2] - lq—q (n>0).

*

|1 — Tn| <21 — 20| - ¢, |z

9.70. Jokaxkure, 9To Jis quces {x, } u3 3agaan 9.47, koropsle axTu-
YecKH M0JIy9aloTcst IpU pellieHuu MeTogoM HbloTona ypasnenus x2 — 2 =0,
MOKHO B SIBHOM BHJI€ yKa3aTh PA3JIO¥KeHHs B IEHHbIe JPOOu:

x,=[1;2,...,2] (n=0).
——
2n—1

Omenure pasHocTs |x, — V2. (Cm. Takxe 9.88.)

9.71. C kakoii rapaHTUPOBAHHON TOYHOCTHIO BHIIUC/ISAETCST VEk IIpH TI0-
MOIIMK aJropuT™ma 3agaqu 9.49 mociie msaTu maros?
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9.72. Pemmure cucreMy ypaBHEHUI

222 —
1—|—1’% 29
213
[
1—|—1’% 39
222
L
1+$3

9.73. Pemmure cucremy:
y?=42® +x — 4,
22 =4y 4y — 4,
2> =42° + 2 — 4.

9.74. TlocneoBaTeIbHOCTD YUCE { T, } 3a/IaHa YCJIOBUIMU:

Ty 2 —Q, Tpy1=+Va-+T,.

Jokazkure, 94TO TIOCIIEI0BATEIBHOCTD {,, } MOHOTOHHA U OrpaHUYeHa. Haii-
IIATE ee mMpeelt.

9.75. Irpa Ha MOHOTOHHOCTH. [J0KaxKuTe, 9TO JIJiI MOHOTOHHO BO3-
pacratomeit dbyukuun f () ypasuenusi = f(f(z)) u = f () paBHOCHWILHBIL.

9.76. Pemmure ypaBHeHme \/a +Va+va+xr==x.

9.77. Apudmeruko-reomerpuieckoe cpenauee. Ilycrs a u b— gBa
MOJIOXKUTEJIbHBIX YUCJIa, TpudeM ¢ > b. [TocTrpoum 1o aTumM gucjiaMm JaBe mo-
cenoBarenbHocTn {a, } u {b,} o npasmiam:

an + by
Qo = @, b() = b; Api1 = T; bn+1 = a’nbn (TL 2 O)
HokazkuTe, 910 06€ 9T IIOCIEI0BATEIHHOCTH UMEIOT OJIUH U TOT 7K€ TIPEIET.
DTOT Hpeses HA3BIBACTCA APUPHMEMUKO-2COMETNPUHECKUM CPEOHUM Th-
cen a, b u obozHauaercs u(a, b).

9.78. Apudmeruko-rapmMoHndeckoe cpennee. Ilycrts a u b— nBa
MOJIOXKUTEJIbHBIX Yucia, u a < b. OupeesmM aBe Moc/e0BaTeIbHOCTY 1-
cen {a,} un {b,} dopmynamu:

2anbn an + by
an + bnv n+ 2 ( = )

a) Jokakure, uro 0be 9TU [OCIIeI0BATEILHOCTH UMEIOT OOIIMIl IIPeed.
DTOT IpeJiesl HA3bIBAETCS GPUPMEMUKO-2APMOHUYECKUM CPEOHUM TUCENT a
u b.

6) JokaxKkure, 9TO 3TOT IIPEJEJI COBIIAJIAET CO CPEJHUM MeéOMETPUIECKIM
quces a u b.

ag=a, by=b, an1=
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B) Ilycte a =1, b= k. Kak nocnenosarensrocts {b, } Oyner cBszana ¢
HOCJIeJ0BATEIBHOCTHIO {X,, } n3 3amaun 9.497

9.79. T'eoMeTpuUKO-rapMOHMYECKOe cpeaHee. HazoeM zeomempu-
KO-2aPMOHUNECKUM CPEOHUM TUCET @ U b OOIHIT TPEIes TTOCIeI0BATETHHO-
creit {a,} u {b,}, IOCTPOEHHBIX 1O TPABUILY

2a7,bn
an + by’
O6ozuauum ero uepes v(a, b). dokaxure, yro Besuduna v(a, b) csa3ana c
u(a, b) (em. 3amaay 9.77) paBeHCTBOM

o = (5 a)

9.80. Haiiure Bce feficTBUTEIbHBIE PEIICHUsT CUCTEMBI

g = au bO = bu an+1 = bn+1 = a/nbn (n 2 O)

1— 12} =,
1— 2 =as,

9.81. Haiinure ¢ Tounoctbio g0 0,01 cOThIil 4eH X19p MOCIETOBATE b
HoctH {z,}, ecin

a) z; € [0; 1], p1 =2, (1 — ), (n>1);

6) x1 €10,1; 0,9], Tpy1 =22,(1 — z,), (n>1).

9.82. Tlocien0BaTebHOCTD JEHCTBUTENBHBIX YUCEN {2, } CTPOUTCSI 110
npaBuity T, 1 = f(z,), tne f(z) =2? — 2. Jlyia KaKuX HAYATLHBIX yCJIOBUIT
9Ta [OCJIEI0BATEIBHOCTh OyIeT UMeTh ePUOJ, IJINHBL 37

Bepen ciemxytommit obmuit pe3ysbrar.

Teopema ITlapkosckoro. Ilycrs f(z) — HenpepsiBHOE 0TOGpasKeHME
oTpe3Ka B cebs, KOTOPOe JJIsi HA4aJIbHOI'O YCJIOBUS X IPUBOIUT K IIOCTIEI0-
BATEJILHOCTH C IIEPUOIOM 170

flwo) =m1, f(@1) =22, ..., [(Tmo1) = 2p = Zo.

Torma st 106010 HATYPAIBHOTO N, CTOSIIErO IIPABEE 1M B MOCIEI0BATE b
HOCTHU

3,5,7,9,...,2-3,2-52-7,2-9,...,22.3,22.5 22.7.22.9 .
2%.3,2%.5,2°.7,2°.9,...,32,16,8,4, 2,1,

HalifleTcs HadaIbHOe YCJIOBHE Ty, KOTOPOE IPUBOJIUT K IEPUOAMICCKOH Io-
CJIeJOBATEJIbHOCTH C IIEePUOJIOM N
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9.83. B zazaue 9.82 mua byukuuu f(x) = 2? — 2, Koropas orobparkaer
B cebs 0Tpe30K [—2, 2], 6bLau HalieHbl HAYAJIbHbIE YCIOBU, KOTOPbIE IIPH-
BOJIMJIN K TIOCJIEIOBATETLHOCTAM ¢ TleprosoM 3. 1o Teopeme Ilapkosckoro,
JJIst JTIOOOTO HATYPAJIBHOIO 1 IOJIPKHO CYIIEeCTBOBATH TAKOE HAYAJIBHOE YCJIO-
BHE T(, KOTOPOE JACT IIOCJIEI0BATE]BHOCTD ¢ IepuoioM n. Jlna kaxkioro
HaTypPaJIbHOIO N HAIUTE TaKOe HadaJbHOE yCJIOBHE B SIBHOM BHJIE.

9.84. Jlokaxure, 9T0 KacarejbHas K rpaduky dyukuuu f(x), nocrpo-
eHHasl B TOYKe ¢ KoopjuHaTamu (To; f(zo)) nepecekaer ock Oz B TOUKe C
KOOPAMHATOM

9.85. Metoa Hproroua. J[is npub/mKeHHOr0 HAXOXKJIEHUS KOpHeit
ypasuenus f(x) =0 HbiOTOH IpeIJIoKUI UCKATH OC/IEA0BATE/ILHBIE TIPH-
6mkeHust o hopmyiie

f(@n)

S
n

(HagaJIbHOE YCJIOBHE T CJIEyeT BhIOUpaTh HOOJMKE K UCKOMOMY KODHIO).
Hoxkaxkwure, aro mag dbyukmuu f(r) =z — k U HAYAJIBHOTO YCJIOBHS
To >0 MTEpAIMOHHBIA IIPOIECC BCerua OymeT CXOmuThes K V', TO ecThb

lim z, = VEk.

n—00

Kak 6ymer BoipaxkaTbes ., depes3 z,7 CpaBHuTe pe3yabTar ¢ (popMy-
J10i1 u3 3a1a4um 9.49.

9.86. Meron Hprorona m umciia Pubonauuu. [Ipumernnm meron
Hpriorona jij1st mpuOIMKEHHOTO HAXOXK/IEHUsT KOPHEH MHOTO'IeHA

flx)=2"> -2 —1.

Kakue 1mocie10BaTeIbHOCTH YUCeIT IOy 9aTCs, eCIIN

a) xg=1; ©6) xy=07?

K xaxuM duciaaM 6y1yT CXomuThest 91U nociaenosarensaocT? Ouunmre
Pa3JI0KEHHs YUCET T, B LIEIHbIE APOOHU.

9.87. Ilycts p m ¢ — OTAWYHBIE OT HYyJd JE€UCTBHUTEJNbHBIE UHCJIA W
p? — 4q > 0. Jokaxkure, 9TO CJIEIYIOMIHUE TIOCIEI0BATEILHOCTH CXOIATCH:
— __ 4 .
a’) Yo = 07 Yny1 = (n > O)a
P—Yn
q
6) 20=0, 2z, .1=p— = (n>0).
n
YcTaHOBUTE CBA3b MEXKIY MPEIEJTbHBIMI 3HAYEHUSIMA STUX IOCTIeI0Ba-
TeJbHOCTEl Y*, 2* M KOpHAMHU ypaBHeHus x2 — pr + q = 0.
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9.88. Meton HrroToHa m nienubie apodu. [Ipenmnoroxkum, ITo 1en-
HbBIE JIpOOHI

a:p—# u 6:#

cxongrcs. CoracHo 3ama4de 9.87, oHE OyIyT CXOUTHCH K KOPHSM MHOTOYJIE-
na 22 — pr + g = 0. C apyroii CTOPOHBI K TE€M K€ KOPHSAM OYIyT CXOAUTLCS
U TI0CJIEJIOBATEILHOCTH, IOCTPOEHHBIE 110 MeTory HploTona:
2 2
Tpn —PTn+q _ Tn—(
2T, — P 22n —p

anrl =Tpn —

JokazkuTe, 9TO €CJIN T( COBIATAET C HYJIEBOI MOIXOISINEH IpOOBIO IEmHOM
apobu o wiau (3, TO YUCHA Ty, To, ... TAKKE OYIYT COBIANATH C IIOIXOJIs-
mumu apobsiviu K « wim 3. (Cum. takxke 9.70.)

9.89. Meron HeroroHa He Bcerna mMO3BOJISIET TPUOJIM3UTHCS K KOPHIO
ypasaenus f(z) =0. Just muorownena f(r) = z(xz — 1)(z 4+ 1) naiingure Ha-
YaJIbHOE YCJIOBUE Ty Takoe, uTo f (o) # To U Ty = To.

9.90. Metox JlobaueBckoro. [Iycts MHOrOUYIEH

Plx)=x2"4a, 2" "+ ...+ a1x+ao

UMeeT KOPHU T1, Ta, - .., Lpn, OIPAYEM |T1]| > 22| > ... > |z,|. B 3a1a4e 6.45
OB IPeIbsIBIIEH CIOCOD NOCTPOeHHsI MHOTOUIeHa @ () cTenenu n, KOpHIAMI
KOTOPOTO SIBJISIIOTCsI uucia 2, x5, ..., x2. Ha ocHoBe 3TOTO paccyxie-

nus JlobadueBcKuit mpuayMaa METOJ JiJIsi TPUOJM?KEHHOTO MOUCKA KOpHEi
muorowiena P(z). Ou sakiodaercs B cienyiomeM. CTpources nociaenosa-
TeJILHOCTH MHOTOWIeHOB Py(x), Py(z), Pa(x), ... Takas, uro Py(x) = P(z)
u muorowten Py (z) mueer xopuu 22, ..., 22", Ilycrs

Pox)=a2"4+a® 2" '+ .. +aMz+al.

JHokaxkure, 94T0

o 1/2F
. k k . —
) Jim () = 6) im (—E ) = (<t
k— oo k—o0 a
n—I+1
9.91. Meton JIobaueBckoro u umcsaa JIroka. Ilocrpoiite mocie-
JI0BaTEJIbHOCTh IIOJIMHOMOB, KOTOpas Iojydaercs, eciau Meron, Jlobadues-
CKOI'O IIPUMEHUTH JIJIsi MPUOJIMKEHHOTO HAXOXKJEHHUS KOPHE MHOI'OYJIEHA
2% —x — 1. Kakue mocienoBaTelbHOCTH OYyIyT CXOIUThCA K KOPHSAM 7 U

Zg, € |x1| > |2a]?

9.92. Metoa Apxumena. s mpubmKeHHOr0 HAXOXKICHUS IUCTA T
PACCMOTPHUM OKDPY2KHOCTb pajuyca 1/2. Ouuinem OKoJIO Hee U BIUIIEM B
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Hee IPABUIbHBIE N-yroiabHUKH. OGO3HAUNM HX NEPUMETDPLI Yepe3 ¢, (11
OIIMCAHHOTO) U P,, (JJIs1 BIMCAHHOTO).

a) Haitare g4, pa, g6 1 Ps.
6) Jdokazkure, 4T0 CIIPABEJIMBLI CJELYONINE PEKYPPEHTHBIE COOTHOIIE-

HUA:L

2qnpn
qon = ﬁv P2n = /PnQ2n (TL 2 3)

B) Haiinure gog 1 pos. JloKazkure HepaBeHCTBA
10 1
3= <m<3=.
71 7
9.93 Metox I'roiirenca. g mosydenns 6ojree TOUHBIX IPUOIIZKE-
Hull K 9uciy 7 ['FOireHc paccMaTpuBajl JUHEIHYI0 KOMOWHAIIAIO 9UCET ¢,
U Pn!

2pn + qn
s

™=

a) Jdokaxkure, 4ro
2pn + qn

Pn << 3

6) IIpoBepbre CIpaBeIMBOCTL ACUMITOTUIECKON (DOPMYJIbI

W:er&gn (n>6,1/2<0, <1).
n

B) Boruncaure nepsble mecTh 3HAKOB [OCJIE 3AIISATON y YUCHIa T

9.94. ®opmysna Pepma. Jokaxkure paBeHCTBO

2 1 1 1 /1 1
= Va2t 5\@ 2T
9.95. Iloce10BaTEIbHOCTD YHUCENT Lo, L1, Lz, - .. 3AJIAETCH YCIOBUSIMU

xo=1, Z,p1=0a"" (n=0).
Haiiure HauboJIbInee 9UC/I0 @, 1Js KOTOPOTO 3Ta I0C/1eA0BATeILHOCTE UMe-
er npejen. YeMmy paBeH 9TOT Ipejiesl JJjisd TaKoro a?
9.96. Pemre ypasnenus
a) A 2; 0) 2" =4; B) 2" =e.
9.97. IIposepbre, uro dyukus &(z), ONPENENICHHAS PABEHCTBOM

e(lnz)=2*" , ynosiersopseT GbYyHKIMOHAIBHOMY YPaBHEHHIO £(2) = €*°(*),
Kakosa obsiactb onpeneinenus dbysxnun €(z)?
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9.98. Ilocie10BaTEILHOCTD YUCEIT O, o, A3, - .. 38JAETCI YCIAOBUIME

1
a=1, ayi=a,+—=5 (n=0).

n

JHoxkaxkure, 94T0
a) 9Ta IOCJIeI0BATEIbHOCTh HEOTPAHWIeHa; 0) dgooo > 30; B) HalinuTe

. an
npemen lim —=.
n—o0

In

9.99. Tlocneno0BaTEBLHOCTD {a, } 3a/1aHA COOTHOIIEHASIME

a; =1, anH:an—i—L 1).

n

£}
\Y

Hoxkaxkure, 91O

a) a, >+/2n; 6) lim (a, —v/2n)=0.

n—oo

9.1007 Tpoitkn wuces (T, Yn, 2,) (n = 1) cTposTcs Mo MpaBUITy: T; = 2,
y1:4; 21:6/77

21}7 2y 227
Tn1 = 35— _le - | _nla 1= _Ll (n>1).
n n n

a) Jlokaxkure, 94T0 yKa3aHHBIA IIPOLECC IIOCTPOCHUS TPOEK MOXKET ObITh
HEOIPAHUYCHHO IIPOJOJIZKEH.

6) MozeT Jin Ha HEKOTOPOM IIAre TOJYIUTCA TPOHKA TUCEI (L0, Yn,2n ),
JJIsE KOTOPO#t X, + Y + 2, =07

9.4. CucremMbl JIMHEHBIX ypaBHEHU

9.101. Kouist Bacun ryJsisisr mocjie mkoJibl IsiTh yacoB. CHavaJia OH 11
10 TOPU30HTAJIBHO JOPOTe, 3aTEM IIO/IHAJICS B TOPY U, HAKOHEIL, II0 CTApOMY
MapIIPyTy BO3BPATMJICS HA3aJ, B MCXOJHBIA IMyHKT. Ero ckopocts ObLia 4
KM/d Ha FOPU30HTAJILHOM y9acTKe IlyTH, 3 KM/d IIpU HofbeMe B ropy u 6
KM/ 4 —upu ciycke ¢ ropsl. Kakoe paccrosiaue npomen Kons Bacun?

Mertopa I'aycca. I[Ipeamnomokum, ITO UMEETCsI CUCTEMA U3 N JIMHEHHBIX
YPaBHEHUIl OT IIEPEMEHHBIX Ty, . .., Tp'

Qp121 + ...+ 1Ty = b17
................... (9.6)
Gp1T1 +...+ QppLpn = bn
O,ZLHI/II\’I U3 BO3SMO2KHBIX METO/I0B pelIeHUnA TaKOil CUCTEMBI SIBJISIETCSI METO/L

Taycca. On 3aksrogaeTcss B TOM, 9TO C ITOMOIIBIO IIEPBOTO YPABHEHUS II€-
pEMEHHAasl X1 WUCKJIIOYAETCH U3 OCTAJbHBIX YPaBHEHHU. 3aTe€M C ITOMOIIBIO
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HOBOI'O BTOPOT'O ypaBHEHUs IlepeMeHHasd To UCKJII0YAETCdA U3 BCeX CJe/lyIo-
mux ypaBHeHuil. U1 Tak nasee, moKa U3 MOCIETHETO YPABHEHUS HE MOy IUT-
cs 3HaYeHue TMocseneil nepeMennoit. Iloce dero ocraabable IEpeMeHHbBIE
HaXOMIATCS B OOPATHOM IMOPSIJIKE.

9.102. Pemure cucreMbl

zT—3y+2z—-1t=3, r+2y+32—-1t=0,
204+ 4y —3z+t=5, T—y+z+2t=4,

) Vg —2ytz+t=3 O\ a+5y+5r—4at——4,
3z +y+ 2z —2t=10; r+8y+7z—Tt=-8;
T+ 2y + 32 =2, x+2y+32—-1t=0,

5) r—y+2=0, r) r—y+z+2t=4,
T+ 3y —z2=-2, T+ by + 5z —4t=—4,
3z + 4y + 32 =0; x+8y+T7z—Tt=6.

9.103. CocrapbTre CUCTEMY, COCTOSIILYIO U3 JIBYX JIMHEHHBIX YPaBHEHUIA,
nist Koropoit crpoku (1, 1,1, 1) u (1,2, 2, 1) ciayKar pelieHusiMu.

9.104. Ha pucynkax mn300parkeHbl pa30ueHUs MPSIMOYTOJIbHUKOB HA
KBagpaThl. Haiiiure CTOPOHBI 3THX KBRJPATOB, €CJIU B TEPBOM CJIydae
CTOPOHA HAUMEHBINEr0 KBaIpaTa paBHa 1, a BO BTOpOM — 2.

T

9.105. Moxet i cucreMa JUHEHHBIX YpaBHEHUH ¢ AefICTBUTETLHBIMUI
K03bPUIMEHTAMI UMETh B TOYHOCTH JBa PA3IMIHBIX DEITeHusi]

9.106. [IpssMoyTroBbHUK €O CTOpOHAMU @ U b pa3pe3aH Ha KOHEUHOE TUC-
J10 KBaspaToB. Jlokaxkure, 9To a/b— palioOHAIBHOE YUCIIO.

9.107. 3a kpyrabim crosoMm cundaT 4 raoma. Ilepen KaxkabpiM cTouT
Kpy2KKa ¢ MosiokoM. OuH 13 rHOMOB nepesiuBaeT 1/4 cBoero MoJioka coce-
JIy CIIpaBa. 3aTeM COCeJl CIIpaBa JejlaeT TO YKe caMoe. 3aTeM TO YKe CaMOoe
JleJIaeT CJIe/Ly oMUl cocel| clipaBa M, HAKOHell, 94eTBepThIil raoM 1/4 okazas-
IIerocst y Hero MoJIOKa HaJInBaeT IepBoMy. Bo Bcex Kpy2KKax BMECTE MOJIOKA
251. CKOJIBKO MOJIOKa OBLIO MEPBOHAYAIBLHO B KPY2KKAX, €CJIH

a) B KOHIIE y BCEX THOMOB MOJIOKA OKa3aJIOCh MOPOBHY? ©6) B KOHIE Y
BCEX THOMOB OKAa3aJI0Ch MOJIOKA CTOJIBKO, CKOJILKO OBLIO B HadaJse?!

9.108. Pemmre cuctembl ypaBuenuit. JIjst KaxKmaoit U3 HUX BBISICHUTE,
[IpY KAKUX 3HAYEHUSX TAPAMETPOB CUCTEMA HE MMEET PEIeHMT, & IPU KAKIX
rMeeT OECKOHEYHO MHOT'O PEIeHUi.
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2) ax +y=a?, ) ax + vy =a’,
r+ay=1; z+ay=1;
= 2 — = b
6) ar +ay=a”, e) ar — ay = ao,
T+ ay=2; 200 —y =a;
(a+ 1)z + 8y = 4a, ax + by = a,

B) x)
ar + (a + 3)y = 3a — 1; br + ay = b;

) a*r+ (2 —-a)y=4+a°, ) la|r —y =1,

r 5

ar+ 2a—y=a’—2; z 4+ laly = a.

9.109. Nnmeercst cucreMa ypaBHEHUH
{*:zr—l—*y—l—*z—(),

*T 4 xy + %2 =0,
*x 4+ xy + %2 = 0.

JIBa wesoBeKa BIMCHIBAIOT IO OYEPE I BMECTO 3Be304eK uncia. Jlokaku-
Te, ITO HAYUHAIONINI BCErIa MOXKET JOOUTHCS TOTO, YTOOBI CHUCTEMa MMEa

HEHYJIEBOE DEIlleHNUeE.

9.110. UccaenyiiTe cuctemMbl ypaBHEHUIL:

2r + 3y =5, T+ ay+a’z=a,
a){x—y—Z, r){x+by+b2z—b3,

T+ 4y = a; x+cy+ciz=c

r+ay=1, r+y+z=1,
6){23:—!—43;-2, g){ax—kby—kcz-d,

bx + 4y = 2; a*z + by + Az = d?;

ax + by = a,
B){ (a—2)z+y=3,

T+y=1;

br+cy+az=a+b+c,
cx+ay+bz=a+b+c.

{ax—i—by—l—cz:a—i—b—i—c,
e)

9.111. Pemure cucrtembl ypaBHEHMI:

1+ o2+ 23 =0, Ty + Ty + T3 + T4 = 204,
Ty + T3 + x4 =0, T, + Xy — Ty — Xy = 209,

a) d o 5)
T — X+ X3 — Ty =20

Tgg + T100 + 21 =0, ! 2 3 * 23’
Troo + T1 + To = 0; Ty — Ty — XT3 + Ty = 2043

T+y+z=a, T, +2xs+3x5+ ...+ nx, =ai,

6) r+y+t=0, r) nTy + T2+ 223+ ...+ (n— 1)z, =a,,
TH+zH+t=c, )
y+z+t=d; 201+ 3o +4x5+ ...+, =a,.

9.112. Nwmerorcs 13 rupb. 3BecTHO, 9TO /TI00BIE 12 M3 HUX MOXKHO TaK
DPAa3JI0KUTD HA, JIBE JAITKHU BECOB, II0 IECTh HA KAXK Y10, 9TO HACTYIIUT PABHO-
Becue. /lokaxkuTe, 9TO BCEe TUPHU UMEIOT OJIHY U TY YK€ MAacCCy, €CJIU U3BECTHO,



174 9. YpaBHEHHS U CUCTEMBI

9TO: a) Macca KarkJIo# rupy paBHA IEJIO0MY YHCIY IPAMMOB; 0) Macca Kaxk-
JIOf TUpPU pAaBHA PAIMOHAJBLHOMY YUCIY TPAMMOB; B)* MAacca KaxKioii rupu
MOKeT OBITh PABHA JIIOOOMY JIEHCTBUTEILHOMY (HEOTPULIATEIHBHOMY ) YUCILY.

9.113. zBecrHO, 9TO

a; — 461,2 + 3a3 2 0,
QAo — 4&3 + 3a4 2 0,
agg — 4ayoo + 3a1 =0,
QA100 — 4a1 + 3@2 2 O

IIycrs a; = 1; yemy paBHBI TOTJA YUCTA (o, - - ., (1907

9.114. AnprepuaruBa ®pearosabma. [lycrs umeercs cucrema Jin-
Helinbx ypasuenuii (9.6) ¢ dbukcuposanubiMu kodbduimentamu a; ;. (1< 7,
k < n). Jokaxkure, 9TO BCET/Ia BBIIOJIHSIETCS OJIHA U3 CJIEIYIOMINX BO3MOXK-
HOCTeIi:

1) st 06bIx by, ..., b, cucrema umeeT POBHO OIHO pemieHue (B 4acT-
HocTH, ipu by = ... = b, =0 cyIIecTByeT TOJIBKO HYJEBOE PEIeHNe);
2) I HEKOTOPBIX by, ..., b, cucrema HepaspemmMma, a JJisi HEKOTOPBIX

(B TOM vHnCIIE Hy/IEBBIX) NMeeT GECKOHEYHO MHOIO PEIICHHIA.

9.115. IIpasuaa Kupxroda. [ljg pacdyera cxeM MOCTOSHHOTO TOKa,
ucnosb3yercst ciepyomuii anroputM (M. [118]). Ha kaxkmom yuacTke nenm
CTABUTCS TOK, WY B IPOU3BOJIHLHOM HAIIPABJIEHUU. 3aTEM COCTABJISIETCSI
cucTeMa JIMHEHHBIX ypaBHEHUH ¢ MOMOIIbIO 1ByX mpasui Kupxroda:

1) anrebpaundeckas CyMMa TOKOB, CXOJSIIUXCS B JIIOOOM y3JI€ LIElU PABHA
HYJIIO;

2) JuIst J1I060ro 3aMKHYTOIO KOHTYDa ajre0pantdecKasi CyMMa [aJIeHUil
HaIpsiXKeHuil paBHa ajrebpandeckoit cymme DJIC.

Hanpumep, it cxeMbl, B306parKeHHON HUXKE, TOJIYIaeTCsl CJIEI LY IOIast
CHCTEeMa YPaBHEHU, U3 KOTOPO MOXKHO OJTHOZHAYHO HaiiTu ToKu [, ..., I5:

Ry-I +Ry,- I, =U,
Rl'Il—Rg'Ig—R4'I4:0,
R3'13+R2'IQ_R5'I5:0,

Il — Ig + I3 - O,
—13“1-[4—]5:0.
V3u1bl 2ieKTprYecKoii e 6yaem obozuadars (1), ..., (n). s kaxKoi

napbl cocezaux y3moB (j) u (k) 3amuck (j, k) Gyaer 0603HAYATH COEJIMHSIIO-
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i UX OPOBOAHUK, R; , —ero conporusienue, I; , — rexymuii us (j) B (k)
ToK (I = —I} ;).

Jokazkure, 9T0 €M TOKY yIOBIETBOPSIOT YPABHEHUSAM, COCTABJIECHHBIM
no Bropomy npasuity Kupxroda, To KaxgaoMmy y3iy (j) 9JeKTpIIecKoi nenn
MOKHO IIOCTABUTL B COOTBETCTBHE HEKOTOPOE YHCJIO ¢; (IOTeHIua) Tak,
YTO JIs JTIOOBIX COCEIHUX Y3708 (f) u (k) Gymer BBIIOJHATHCSI PABEHCTBO

Lik - Rjp =05 — @n
(masieHne HANPSKEHNST PABHO PA3HOCTH MOTEHIUATIOB ).
BuiBeuTe OTCIONA, WTO HE3aBHCHMO OT BBLIODAHHOH CXEMBI, CHCTEMa
JUHEHHLIX ypaBHEeHHil, cocTaBIeHHas 1o IpasmiaaM Kupxroda me moxer

uMeTh GOJIbIIIE ONHOIO pellleHrsi, U 9TO OHa Beerga paspemuma. (CM. Tak-
xe 11.22.)

9.116. TemyioBasi MOIITHOCTD Iienu. PaccMOTpuM Iellb, KOTOpas CO-
CTOWUT U3 CONMPOTHUBJIEHUI W OJTHOTO MUCTOYHWKA HampsizKerus. [Ipn mpoxox-
JIeHUN TOKa I j, IO IPOBOIHUKY C COIIPOTUBJICHHEM I; ;, COOTBETCTBYIONIETO
pasHocTu noTeHImanos U, = ¢; — ¢, Ha NPOBOJHUKE (j, k) BbLIEJETCA
TeIJI0OBasl MOITHOCTh

(p; — ¢r)*
R

OtBiieueMcst 0T (PU3UIECKON IIPUPOJIBI 381891 U PACCMOTPHUM BEJIMIHHY
Q= E qj,k
J.k

(CyMMapHY10 MOIHOCTbH IeNH) Kak (byHKIUIO OT IIOTEHIHANIOB Q1 . .., Pp.
Bynem cunrarh, 4TO HMOTEHIMAJBI (0 U Q, CTOAT HA KOHIAX HCTOYHHUKA
HaIPsI?KEHUsT U, TAKUM 00pa3oM, (PUKCUPOBAHDI.

a) Jokaxkure, 94ro st pyHKIuu () CymecTByeT POBHO OJUH HAGOD 3HA-
9eHUuit o, ..., Pn_1, IPA KOTOPOM OHA JIOCTUTAET CBOErO0 MUHMMAJIHHOIO
3HadeHusi. VIcmonb3ys 9TOT MOTEHIMAJ JaiiTe BTOPOe JO0KA3aTebCTBO TO-
ro dakTa, YTO CUCTEMa YPaBHEHU, cOCTaB/IeHHAs 110 paBuiaM Kupxroda
pa3pemninMa 1 UMeeT POBHO OJHO pelenne. [IpoBepbTe Takke, YTO I TO-
KOB, yJIOBJIETBOpsONuX npasuiaam Kupxroda, moTeHnua bl pacipeieaeHbl
TaK, 9TO TEIIOBAs MOIIHOCTD IENU MUHUMAJIbHA.

6) Jdokaxkure, 9T0 MUHUMAJIbHOE 3HaYeHUe Besmauibl ) pasuo U - [ =
=R-I? rae U=, — p, —HaupsKeHHe Ha UCTOYHMKe, | — TeKyIuil uepes
Hero TOK, u R — obIee conpoTHBIIEHNE IIENN, OIPEeNIsieMOe PABEHCTBOM
R=U/I.

B) Jlokaxkure, 9TO €CJIM B IEIH OJHO COIPOTUBJICHUE YBEIUIUTH, TO 00-
1ee COMPOTHUBJICHNE TIETN HE YMEHBITUTCS.

_ 2 _
Qe =R L5, =Ujr L=



['mAaBA 10
HepasencrTBa

B aroii riiaBe Bce BeJIMYMHBI, BXOJMINME B HEPABEHCTBA (328 UCKIIIOYEHUEM
CIIEIMAJILHO OFOBOPEHHBIX CJIy9aeB), OYIyT CYUTATHCS IIOJIOKUATEIbHBIMU.

10.1. PazsinuHble HepaBeHCTBA
B 3zamagax 10.1—10.37 nokaxkuTe HEpaBEHCTBA.
10.1. z+1/x>2

10.2. HepaBeHCTBO MeXKay CPeIHUM KBaJAPaTHUYECKUM W CpeJ-
HUM apudMeTn4ecKuM.

10.3. (a+b+c+d)?> <4(a®> + >+ 2 + d?).
10.4. \/(a +¢)(b+d) > Vab + Vcd.

10.5. Yabd < a—|—3b

a+2b—|—3c—|—4d>10
10

10.7. 22 + 9> + 22 > oy + yz + 22.
10.8. 23 + 23 + 23 + 23 + 22 > @1 (T2 + 3 + T4 + T5).
10.9. z* +y* + 8 > 8zy.
3 a+b+c
10.10. lJa+1/b+1/c = 3
10.11. (ab+ bc + ac)? = 3abe(a + b+ ).
10.12. 2 %7 4297 > 2.2V
10.13. ab+bc+ac<0mpua+b+c=0

10.14. |- Tty

10.15. z y’B < az + By, upu ycnosuu, uto a+ =1 (a, > 0).
10.16. a?b* + b*c? + a*c® > abe(a + b + ¢).

10.6. ab?cd* < (

’<1 upu |z, Jy| < 1.
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10.17. (a+ 1)(b+ 1)(a + ¢)(b+ ¢) > 16abc.

177

10.18. (a+b+c+d+1)? 2 4(a>+b*+ >+ d?), mpu a, b, ¢, d € [0; 1].

10.19. z* + y* + 22+ 1 2 2z(xy* — . + 2+ 1).

10.20. (Vo + /y)® > 64zy(x +y)* (x,y > 0).

10.21. (a + b)(b + ¢)(a + ¢) > Babe.

10.22. (a + b+ c)(a® + b* + ¢2) > 9abe.

10.23. a*(1 +b*) + (1 + a*) < (1 + a*)(1 + b*).

10.24. a* + b* + ¢* > abe(a + b+ ¢).

10.25. a®*b + b*c + c*a > abc(a + b + ¢).

10.26. 2(a® + b3+ ¢*) > ab(a +b) 4+ ac(a+ ¢) + be(b+ ¢).

. ak a+...+an ag
10.27. < — K —.
19hen bt ot bn S iShe by

)( 1)(1+2)>s

10.28. (
a
e >3

10.29. —I—é
C
b c
b—|—c at+c a+b”

1 1 1 9

> .
b+c+a+c+a+b/ 2(a+b+c)
10.32. Joxaxkure, aurompu o« > 1 mw x >0

10.30.

N w

10.31.

1+z2<(1+2)*.

10.33. 3(a1b1 + azbs + azbs) = (a1 + az + as)(by + by + b3) upu a; > ay > as,

by = by > bs.
10.34. /Toxkaxxure, 9TO ecjau
a1 =03 > ...2 Qy, by >by>...>20,,
TO HaMOOJIbIIAA U3 CyMM BHUIA
a1by, + asby, + ...+ ayby,
(k1, ko, ..., k, —mepecranoBka uances 1, 2, ..., n), 370 Cymma
a1by + azby + ... + a,b,,
a HAaUMEHbIIas — CyMMa,

albn + algbn,1 + ...+ anbl.
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10.35. HepaBenctBo YebnnméBa. Jlokaxkute, 9TO IPUA a1 = Gy = . . .
ces 20y, by 2 by > ... > b, BBIIOIHIETCS HEPABEHCTBO

a1br + azb2 + ... 4+ anbn >a1+az+...+an_b1+b2+...+bn
n i n n )

10.36. /lokaxkuTe HEPABEHCTBA:

2 2 2 2 2 2 3

a“+b i a®+c b* + ¢ <@ .
2c 2b 2a be ac  ab

10.37. HepaBencrsa KopoGoBa. a) Jlokaxwure, 9ro npu

a+b+ec<

a2 a2 ...20a0, 20

BBIIIOJTHACTCA HEPABEHCTBO

2
2 2 2 ai az Qan
a+ai+.. . +a< + S
v ”\<\/I+\/6 V2+/1 \/ﬁ—t-\/n—l)
6) Jlokaxkure, 9TO IPU TeX YK€ OFPAHUYCHUSIX HA YUCIA Ay, . . ., Un

4 4 ai a2z an
a;+...+a, < (—13/4 +—23/4 +...—|——n3/4).

10.38. Tokaxure HepaseHCTBO (1+21) ... (14x,)>2" tne x; ...z, =1.

10.39. /lokakuTte, 9TO /s JTIOOOT0 HATYPAJIHLHOTO N CIIPABETNBO HEPa-

BEHCTBO . . .
n+1+n+2+"'+3n+1 > L
10.40. [okaxwuTre, 9TO [jisd JOOOrO HATYPAJIBHOIO 1 CyMMa,
1 1 1
PR R

JIEXXUT B mipefiesnax ot 1/2 mo 3/4.
* 1 1
10.41. /lannl panuoHaIbHBIE MOJIOXKUTEIbHBIE P, ¢, IpudeM — + — = 1.
p q

,HOK&)KI/ITG, 9TO JAJId ITOJIOZKUTEJIBHBIX a 1 b BbITIOTHSIETCSI HEepaBE€HCTBO

P q
ab<® + %
P q

10.42. Haiimure HANMEHBITYIO BEJIUINHY BBIPAYKEHUST
Va4 (1 =22+ Va2 + (1 —x3)2 4 ...+ Va3, + (1 —z,)2

10.43. /In1a HATYPaAJIBHOTO N JTOKAYKUTE HEPABEHCTBA!

a) v/n < "nlgn—;l;

0 (5 <ne 3)
B) (%)n <nl< n(g)n
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T
10.44. J/Tokaxxkurte, 9TO Ipu T € (O; —) BBIIIOJIHSIETCS] HEPABEHCTBO

2

1 1
sin® z 2

0< <1.

(Cm. Takxke 7.85.)

10.45. Jlokaxxure, 9TO JJIsd JIIOOBIX HATYPAJBHBIX M U N XOTs OBI OTHO
m n 3
u3 wmuces X/n, {/m me 6osbme /3.

2
10.46. Kak paccraBuTh CKOOKH B BbIpakeHu: 22 , 9TOOLI OHO OBLIO
MaKCHAMAJLHBIM !

10.47. /lokaxkuTe CIpaBeIMBOCTH OIEHOK:

1 1

n+1 n+2 2
6)9<1+1+...+L<n (n>=1);

2 2 2" —1 ’
B)i<l§ £<i

15 2 4 100 10’
i3 81

2 4 100 12

x z
10.48. /lokaxxuTte, 9TO ypaBHEHHE — + ¥ + = =1 "epazpemuMo B HATY-
z T
PaJIbHBIX YHUCJIaX. Y

10.2. CyMMbI 1 MUHUMYMBbI

10.49. CymMa MUHHUMYMOB U MUHMMYM CyMMBI. [Ipenooxum,

o umeercs Habop dyskiwmit fi(x), ..., f.(z), onpeneseHHBIX Ha OTpe3Ke
[a; b]. Jokaxkure HEPABEHCTBO:

mir;lb] file)+...+ chél[}znb] fo() < min (fi(z) + ...+ fo(x)).

z€| z€[a;b]

10.50. /lokaxkuTe HEPABEHCTBO:

b? b2 (bi+...+by)?
— U S L ELE A
a1+ +an/ a1 +...+an

10.51. BriBesiuTe u3 HEpaBEHCTBA IPEABIIYINENH 3a1a4un
a) HepaBeHcTBo Komu—ByHskosckoro:

(crdy + ...+ cnd,)* < (G + ...+ E)dF+ ...+ d2);

6) HEPABEHCTBO MEXK/Y CPeIHUM apudMeTHIeCKUM U CDEAHUM KBapa-

THUYIECKUM:
2 2
ar+...+an ai+...+tay,
< ;
n n
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B) HEPABEHCTBO MEXKJy CPEIHUM apudMeTUIeCKUM ¥ CPEIHUM IapMO-

HUYECKUM:
n < b1+ ...+ b
1/by +...+1/b, n ’

10.52. /lokaxKkuTe HEPABEHCTBO:

(b1+...+bn>bl+'“+b”<(b_1>”1 (@)""
ar 4+ ...+ an S \ay ' \an ’
10.53. Ucmob3ys pe3yabTaT TpebLayIeil 3aa4n, TOKa2KUTe HepaBeH-

CTBa: I n
al a
a) "al...angin;
n

b1+"'+b7l bi+...+bn
o ()

b
Sbf...bzn;

b1

B)cit...cl"<eby+ ...+ cuby, THe by + ...+ b, = 1.

10.54. Cooprnporuo3s. [Ipeamnosoxum, 4T0 0XKugaeTcss 6ackeTO0/Ib-
HBIIT MaTd MEXKTy AByMsi KOMaHIaMu A n B, B KOTOPOM BO3MOYKHO TOJIBKO
JiBa HMCXOJa: OJHa M3 KOMAH] BBIUIDBIBaeT. /IBe OGykMeKepCKue KOHTODBI
[IPUHAMAIOT CTaBKU C PA3HBIMU KOI(DUIMEHTAMI kf), kg), kff), kg). Ha-
MIPUMEP, €CJIN UTPOK CZesIall cTaBKy N B mepBoil KOHTOpe Ha KoMaHmy A, n
9Ta KOMaH/[a BBIUI'PAJIA, TO UI'POK [OJIYIAET CYMMY qul) - N. Ilyctn

W _ Ww_3 o _4 ;o _

ky' =2, kg =5 ks =3 kg’ =3.
Kax, nmest kanurana N, pacuopsuTbCs UM OITUMAJILHBIM 00Pa30M, TO €CTh
KaK CJIeJIATh CTABKU B JIBYX KOHTOPAX, YTOOBI MOJIYYUTH MAKCUMAJBHHBIN
20PaHMUPOSAHHHIT BHIUTPDIIIL?

. o 1 1

(Z)HpgaﬂaﬂnsupyHTe clydail TMPOM3BOJIBHBIX KO3(MUINEHTOB kg), kj(g),

EQ . k2 u maitimre cBa3h MKy MAKCHMAJIBHBIM 2GPAHITUPOGAHHbLM Bbi-
UTPBINIEM U CPEJHUM TapMOHUYIECKUM HAUOOIBINNX KO DUITHEHTOB.

10.3. BeinmykJjocTsb

Ounpenenenune. [Iycrs ' —rpadux guddepennupyemoit dynknun f(x),
3a/IaHHON Ha oTpe3Ke [a; bl:

F'={(z,y): z€la;b],y=f(x)}.

Dyukuus f(x) HA3BIBAETCS 8bLNYKAOT 66€px, ecn Juis 6o Toukn T € T
KpuBasi I jiexkuT Hu>Ke KacaTeabHO# K I, npoejentoit B Touke 1T'. Anajo-
TUYIHO OTPEJIETISETCS GbNYKAOCTGD BHUS.

JocTarodnbiM yCJI0BUEM BBILYKJIOCTH (DYHKIUN BHU3 (BBEPX) ABJISIETCS
[OJIOXKUTEJNHHOCTD (OTPUIATEILHOCTD) BTOPOil IPOU3BOIHOIA.
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10.55. [Jokaxkure, aro ecan GyHKus f(x) BBILyKJIA BBEPX Ha OTPE3Ke
[a; b], TO Mgt MHOOBIX PA3IUYHBIX TOYEK T1, Ly U3 [a; b] 1 JIHOOBIX TOJIOKY-
TEILHBIX V1, (V3 TAKUX, ITO (; + (i3 = 1 BBIOJIHSAETCS HEPABEHCTEO:

flarzy + aows) > aq f(21) + o f(22).

10.56. HepaBeuncrso Mencena. okaxure, uro eciu byuxius f(z)

BBIILyKJIA BBEPX Ha OTPe3Ke [a; b], To myis JoBbIX PA3JIMYHBIX TOYEK T, Lo,

.y Tp (n>2) u3 [a; b] u JOOBIX NOJOKUTEIBHBIX (O, (g, ..., (4, TAKUX,
910 (p + (g + ... + a,, = 1, BBIIOJIHSAETCH HEPABEHCTBO:

flagzy + .o+ apxn) > ar f(x) + ..o+ an f(zn)-

10.57. okaxkure, 9TO Jid JUOOBIX 1, ..., &, € [0; 7] cupaBeIuBoO
HEPABEHCTBO:

. r1+...+xTn sinxi + ...+ sinx,
sin > .
n n

10.58. /lokaxkuTe HEpaBEHCTBA:

a)n(xy+ ...+ x,) =2 (Vo1 + ...+ VT0)%
s 1 1

6) — < 4.+ =5

)(:c1+...—|—xn)2 x%—’— +xi’

B) NTy ... T, < TP+ ...+

r) HepaBencrBo MuHKOBCKOrO.

1 1
1

Tn
10.59. lokaxnre, uro ecm  +y + 2z =6, To 2% + y*> + 22 > 12.

10.60. /lokaxkute, 9TO Ipu p > 1 BHIIOTHSIETCA HEPABEHCTBO

(Brzy + oo+ Bown )P < (B + ..o+ B)P (Bl + ..+ Bazh).

10.61. HepaBencrBo I'énbaepa. [lycts p u ¢ — mosoxkuresibHbIE 9nC-
ga, upudeM 1/p + 1/q = 1. Hokaxwure, 4T0

arby + asby + ...+ anb, < (af +ab+ ...+ aP)VP(bI 4 bd 4 ..+ b))

Onpenenenune. s jr06oro geiictBuresbHOTO o # 0 cpedhum cmener-
HOLM HUCEN T1, ..., T, NOPAJKA (¢ HAZBIBAETCS TUCIIO

a a\ 1/a
) = (Bt )

YacTHBIME CJTy9asiMiA CPEJIHUX CTENEHHBIX SBJIAIOTCS: CPeIHee TAPMOHUIe-
ckoe (a = —1), cpennee apudmernueckoe (o= 1), cpejHee KBaIpaTUIECKOe
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(a=2). Cpesaum creneHHbiM opsizika 0 GyJieM CYMTATh CpeJIHEe reoMeT-
pudeckoe So(z) = /Ty ... T,

10.62. JokaxKuTe, 9TO BHIIOJTHSIIOTCS KJIACCUIECKAE HEPABEHCTBA MEXK-
Yy CPEJIHIMU CTEIeHHBIMU:

S,l(x) < So(fl/') < Sl (CE) < SQ({L')
10.63. doxaxkure, uro eciau o < 3 u off # 0, 10 S, () < Ss(x).

10.64. Toxaxkure, uro eciau o < 0 < 3, T0
Sa(z) < So(z) < Sp(x),

mpuyaem

lim S, (z)= ﬁhnﬂo Sg(x) = So(x).

a——0

10.65. Tokaxure, uro ecau a < 3, 10 S, < Sp, IpudeM paBeHCTBO BO3-
MOXKHO TOJIBKO KOTJIA L1 = Ty = ... = &p,.

10.4. CumMmeTpUYecKne HepaBeHCTBA

10.66. JlokaxkuTe HEPABEHCTBA!

a) ' + y* + 2* > 2?yz + Y’z + wy2?

6) 2 + y* + 2* > 3zyz;

B) z* + y* + 2* + t* > dayzt;

F) $5 + y5 > x3y2 + nyS.

Onpeaesienne. ITycTs nMeeTcs HECKOJILKO HEOTPUIIATEIBHBIX IEPEMEH-
HBIX — JIJI1 OIIPEIEJICHHOCTH, TPH II€PEMEHHbBIE X, i U z. Habopbl U3 TAKOro
JKe KOJIMYECTBA 1EJIbIX HeoTpunaresabunix ancest, a = (k, j, ), tue k > j > 1,
OyzmeM Ha3bBaTh nokazameaamu. depes To(x, y, 2) = T . (2, y, 2) Oymem
0603HAYATH CHMMETPHYECKHH MHOTOY/ICH

T.(z,y,2)= Z oy’ 2¢
{a,b,c}={k.5,i}

(cymmupoBanue BezieTcst o BceM HabopaM {a, b, ¢} B konmuectse 3! siBis-
FOIIUMUCH TlepecTaHoBKaMu unces {k, j, i}).

Hanpumep nepaBencTBa u3 3aga4un 10.66 MOXKHO Iepenucarh B BUJE:

a) T(4,O,O) (Ia Y, Z) 2 T(27171)(I5 Y, Z)v

6) Tis00)(7, ¥, 2) 2 Taan) (2, Y, 2);

B) T(4,0,0,0) (:Eu Y, z, t) > T(1,1,1,1)($7 Y, z, t)?

].") T(5’0) (LL', y) 2 T(g}g) (LL', y)

10.67. 3anumure yepe3 MHOTOYJIEHBI BHIa 1, HEPABEHCTBA

a) x4y _|_ y4x 2 x3y2 + $2y3;

6) 23yz + yixz + 23y > 2¥y’2 + y?2%r + 227?y.
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Omnpepenenne. Juazpammoti FOnza, coomsemcmeyrowet noxasame-
aam @ = (Qq, ..., Q,) HA3BIBAETCs <«JECTHHUI@A» U3 7T CTYIEHEK, y KOTOPOil
BBICOTA k-if CTYIIEHBKH PaBHA (v, a mupuHa — eauHume. Hampumep

(4,1,1)— ] (4,2,1,0) — T\ [,

Yucsio s = oy + as + ... + «,, Ha3bIBaeTcst gecom auarpammbl FOHra.

10.68. Hanumure MHOTOWIEHB T, 1 HAPUCYHUTE COOTBETCTBYIONINE UM
muarpammbl FOHTa 715 ity fommux HabopoB o
a) (3,2); ©0)(3,2,1); 1) (3,3,0,0); r)(41,1,0).

10.69. Haiizure yncio Bcex guarpamm FOHra ¢ Becom s, eciu

a) s=4; 6)s=D5;, B)s=6; 1) s="T.

Ounpenenenne. [lycte o= (ay, ..., a,) u = (04, ..., 8,) — aBa Habo-
pa mokasareJieit ¢ paBHOI cymMoit s =ay + ...+ a, =F1 + ...+ [,. Bynem
FOBOPUTH, ITO o Macopupyem (3 (a = (3), eciu cipaBeyinBa cucTeMa Hepa-
BEHCTB:

(€3] 2 ﬂla

oy + o = By + o,

ar+ .o 2P+ B,

B sTom cirydae OygeM Tak:ke roBOpUTh, 9TO auarpamma FOmHra, coorser-
cTByIOImas Habopy «, masrcopupyem nuarpammy FOHra, COOTBETCTBYIONLYIO
nabopy J.

Hanpuwmep, (4,2,1) > (3,2,2), tak kak 4 >3,4+2>3+2,44+2+ 1=
=3+242.

10.70. Jokaxure, 910 o = (v1, tz, t3) = 3= (1, P2, f3) TOTIA U TOIBKO
Torma, Korja (3 MOXKHO MOJIYYHTh U3 (¢ TIPOJIEJIAB HECKOJBKO pa3 (MOXKeT
OBITH OJIMH UJIA HYU OJTHOTO) OTIEPAITHIO

(k,j, i) — < (k—1,4,i+1)
(k,]—l,l+1)

DTy oleparuo MOXKHO IPEICTABIATh cebe KaK cOpachIBaHUE BHU3 OJTHO-
ro kupnu4a Ha guarpamme FOura.
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10.71. Iyt n =4 napucyiite Bce JIECTHUIBI U3 S = 4 KUpIHIEH B TOPSII-
ke yOblBaHus, HaYMHAs ¢ camoii kpyroii (4,0, 0,0), u 3akanduBasg camoit
nosoroii (1, 1,1, 1).

10.72. a) IIposepbre, uro mumarpammbl FOura (4,1,1) u (3, 3,0) ne
CpPaBHUMBI, — HU OJIHA U3 HUX HE MayKOpuUpyeT jpyryio. Ecrs i eme takue
HeCpaBHUMbIE HAOOPBI ¢ CyMMOit 67

6) Haiinure Bce HecpaBHUMBIE TTApbl HAGOPOB it § = 7.

10.73. Iycrs T, (x, y, z) =2 Ts(x, y, z) 171s1 BCeX HEOTPUIATENBHBIX T, Y,
z. Jdokaxkure, 9ro « = 3.

10.747 Hepasenctso Miopxeza. Ilycrs
a:(a17"'7a7l) n 62(617"'7 n)

— nBa HAbOOpa moKasaTeJsieit ¢ paBHoit cymmoii. /lokakure, aro, eciim o > 3,
TO IIPU BCEX HEOTPHULATEJbHBIX T, ..., T, BBIIOJHAECTCA HEPABEHCTBO

To(xr, ooy xn) 2 Ta(xe, ..., x,).

10.75. BeiBeuTe u3 HepapercTBa Miopxeqa HEPABEHCTBO MEXKIY Cpejl-
HUM apu(dMETHIECKUM U CPEIHUM MeOMETPUIECKUM.

CKOJIBKO pa3 TOHAI00uTCs cOPACHIBATH BHU3 «KUPIUYIN», YTOOBI OT Ha-
6opa (n, 0, ..., 0) u3 n aucen nepeititu x mHabopy (1,1,...,1)?

10.76. ToxkakuTe cleAyIONe HEPABEHCTBA HEIOCPEICTBEHHO U IIPH II0-
Moru HepaBeHcTBa Miopxea:

a) 422 4+ a2z 4y 22z 4 2My2x + a0 22y + 20y > 2(ady22? + atyPa 4
+ $2y223) :

6) x5 + y5 + Z5 2 $2y22 + nyZZ + $y2z2;

B) % + y® + 2%+t > zyz + wyt + z2t + yat.

10.77. loxkaxxurte HepaBencrsa u3 3aja4qu 10.36 mpu moMoIny HepaBeH-
crBa Miopxeja. Kax 6y1yT BoIrisiieTs quarpammbl FOHra 1151 COOTBETCTBY-
omuX QYHKITAH?



I'maBa 11
HOCJ’IG,ZLOBaTeJIbHOCTI/I " paabl

11.1. KoHeuyHble Pa3HOCTH

Onpenenenune. Ilycrs 3aaHa 110C/I€10BaTEIBHOCTD YUCET
{bn}:bl,bz, "'7bn7
Byznem o6osnavars {Ab, } mocieoBaTe bHOCTD, COCTOSILYIO U3 pasHOCTEH
COCEJTHUX YJIEHOB TIOCIIe0BaTeIbHOCTH {b,, }:
Ab,=b,1 —b, (n=1,2,...).
(Cumraercst, ato by = 0.) Oneparop”) A Ha3LIBACTCS PAZHOCTIHYbIM WITH 0N~
PAMOPOM KOHEUHOT PAZHOCTIU.

11.1. Haiianre
a) An?; 6) An(n—1); B) An*; 1) ACF
(kaxk7plit pa3 pasHOCTH Gepercs Mo TMEePEMEHHOM N).

11.2. IlycTs maHbl mocaemoBaTebHOCTH Unces {a, } u {b,}, cBsi3anHbIE
coornontenneM Ab, =a,,, (n=1, 2, ...). Kax cBa3aHbl 4acTUIHbIE CyMMBIL S,
nocJeoBaTesbHOCTH {a, b

S,=a,+as+...+a,
€ TOCJIe0BATENBHOCTHIO {b,, } 7
11.3. Haiimure mocaemosarensuocts {a,} Takyio, aro Aa, =n?. Uec-
MOJIb3Ysl PE3YJILTAT MPEAbIAYIIEH 3a/1a49u, MOy IuTe (GOPMYIY JJIsST CyMMBbI
124224324+ ... +n?%
11.4. Buseaure dpopmymny mis cymmbl 13 4+ 23 + 33 + ..+ nd.

11.5. JlokaxKuTe TOXKIECTBO

n 1 Fon_4
. _3_ >
; Fop 3 Fon (n = 1)'

Onpepenenne. g byaknun f(z) Boipaxenue f(z+ 1) — f(x) 6yaem
oboznauath A f(x) 1 HA3BIBATH KOHEwHOT Pa3HOCMBI0 NEpeoeo nopadka. Ko-

* ) .
)OnepaTop — 9TO oTObparkeHwne, AeHCTBYIOINee Ha MHOXKeCTBe (DYHKIHM, IOCIEI0Ba-
TEJIbHOCTEN WU JPYTUX OTOOparKeHUi.
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HEUHbIE PA3HOCTHU 60JIee BBICOKOIO IIOPSI/IKA ONIPE/IEIsIIOTCS MH LYK TUBHO:
A'f(z)=A(A™ f(2) (n>1)
(canraercst, aro A° f(z) = f(x)).

11.6. doxaxure, uro eciau @Q(x) — mHOrowien cremenu m + 1, To
P(z) = AQ(x) — MHOTOYWIEH CTEIeH: M.

11.7. Hokaxkure, uro Jjist jioboro muorodiena P(n) cremenun m cyiue-
CTBYET eJIMHCTBEHHbIH MHorowien Q(n) cremenu m + 1 Takoil, 9T0 BBIIOJ-
HeHbl JBa yeaosus: AQ(n) = P(n) u Q(0) = 0.

11.8. Hokaxkure dopmyrry
A" ()= 3D CH-1P ).
k=0
11.9. /lokaxxute paBeHCTBO
flx+n)= iCﬁA’“f(a:).
k=0

11.10. IIycrs f(x) —muorowren crenenu m. Jlokaxkure, 910 ecau m < n,
ro A" f(z) = 0. Yemy pasna Besmunua A™ f(z) =07

11.11. Berauciaure cymmy
S TENTIENAN
Sock-nr(1-1)
k=0

11.12. JTokaxKuTe, 9TO JJIsT BCEX M B MPOMEXKYTKe 1 < m < n BBINOJIHS-
eTcs PaBEHCTBO:

n
> (=1)FEmCE =o0.
k=1
(Cm. rakxe 6.109.)
11.137 IlycTs 9mcaa 4o, Y1, - - - , Yn, TAKOBLI, YTO JIJIA JIIOOOTO MHOTOUJICHA,
f(z) cremenn m < n cnpaBeINBO PABEHCTBO:

i:f(k)yFO. (11.1)

Kaxkute, 94To Y, = A(—1)"C", 1 — HEKOT UKCUPOBAHHOE YHCJIO.
OKasKHTe, UTO A(—1)*C* rne A — nexoropoe CHPOBAHHOE YUCJIO

11.14. /TokaxKuTe CIeIyIONIne CBOUCTBA OllepaTopa KOHETHO pa3HOCTH,

mogo0HbIE CBOMCTBAM oIepaTopa AnuddepeHITnPOBAHNA:
Aby, o bnAan — anAby

1 an
a) AE o _bnanrl, 6) A(b_n) bnbn+1
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11.15. Haiinure npexncrasienue st A(a, - b, ) 1epe3 Aa,, u Ab,,. Cpas-
HUTE TOYYeHHYI0 GopMyty ¢ hOPMYJIO J1Jisi TPOU3BOIHON TPOU3BEICHIS
IBYX (DyHKITHIA.

11.16. PazaoctHblii anasior dopmysst Jleitdouuna. s n-oit mpo-
M3BOJHON IPOU3BEIeHNs IBYX (DYHKIU cymecTByeT dhopmyna Jlelibuura

(f(x) (n) _chf(k) g k)( ).

JokaxkuTe ee pa3HOCTHBIN aHAJIOT
A™(f Zcmk L) A" * gz + k). (11.2)

11.17. DKCHOHEHTOI Yy = e® Ha3bIBAETCs Takasd (DYHKIUS, IjId KOTO-
poii BemosHensl yeaosus Y (z) = y(z) n y(0) = 1. Kakasa mocsemosarens-
HocTh {a,} Oymer ob1amaTh AHAJIOTMIHBIMA CBOHCTBAMHE, €CJIM MPOU3BO/I-
HYIO 3aMEHUTh Ha Pa3HOCTHBIN omepaTop A?

11.18. IIpeobGpasoBanue AGeJisi. /st mojcyera HHTErPAIOB UCIIOJIb-
3yercs (bOpMyJIa WHTETPUPOBAaHUS 10 JdacTsaM. JlOKaxKuTe Ccjemyronme JiBe
BOPMYIIBL, KOTOPBIE SBJISIIOTCS JIMCKPETHBIM AHAJOTOM WHTETPUPOBAHUS 110
YacTsIM U HA3BIBAIOTCS peobpasoBanuem Abes:

n—1

S f@ge) = 1) Y o) ZAf Zg

> f@)Ag(z) = f(n)g(n) - £(0)g(0) - 29(% + DAf(z).

z=0
11.19. Haiinmure nocienoBarensHocTs {a,} Takywo, dro Aa, =n2".

(BecnomuuTe Kak Beramcasior [ xe® dz.)

11.20. Haitmure:
1 n 1 n 1
6) Y TR
a) Kkt 1) )k;k?—f B)glk(k+1)(k+2)’
(k—1)2* n 4k +1 )
kk+1) ”:‘),;k(m DAk — 1)

M

MSHMSI

L

11.21. IIpu nmomomu npeobpasoBanusi AGesis BLIYUCIUTE CJIEJLYTONIE
CYMMBI:

D
~
R"

>
Il
—

n

a) > k** ' 6) Y ksinkz; B) D k*coskz.
k=1

k=1 k=1
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Onpepnenenne. B nanpreiimem nox cumsosoM C7 OyaeM IOHHMATH
MHOTOYJIEH
zx—1)...(z—n+1)
n!

cr =

x

3

OTIPE/JIEIEHHBIH JIJIsT BCEX JeUCTBUTEIBHBIX . [IpH 1esIbIX o 2> n ero 3HaveHust
OYIyT COBIIAIATH C OOBITHBIMU OMHOMUATIBLHBIMU KO3DDUITMEHTAMMA.

11.22. /lokaxXuTe, YTO BHYTPHU NPAMOYTOJbHUKA 1 <z < m, 1 <y<n
BCErJa eIMHCTBEHHBIM 00OPa30M MOYKHO BOCCTAHOBUTH 3HAYEHUs] TAPMOHU-
veckoit dyHxmu f(z,y), ecau ee 3HAUEHUS 3aJaHBI B COCEICTBYIONIUX C
[IPSIMOYTOJIBHUKOM 2MN TOYKaX.

M3menuTcst jiv cuTyalus, eCJii BMECTO IPSIMOYTOJIbHUKA PACCMATPUBATh
6oJtee citoxKHBIE 0bTacTH?

Teopema cyriecTBOBaHUS W €IUHCTBEHHOCTH OCTAETCsl CIPABEIIUBO
JIJIsE TIPOM3BOJIBHBIX 00/IACTEN, B TOM UUCJIE U <« IBIPSIBBIX>.

11.23. Nurepnonsimmonnasi ¢popmyna Hbiorona. a) Jokaxure,
9TO It JIEO0OTO MHOTOWIEHa f () CTeneH:m n CyIEeCcTBYET eMHCTBEHHOE
[IPEJICTABJIEHUE €r0 B BUJIE

flx)=dCY + di Oy + ...+ d,Cy.

3aech u janee Gunomuanbubiil koadduiment CF waTepnpernpyercs Kak
MHOTOYJIEH OT MEePEMEHHON . B 4acTHOCTH, HUKHWI WHJIEKC Y OMHOMUAJIb-
Horo koaddurpenTa MoxKer ObITh JIOObIM JeficTBUTebHbIM YucaoM. (CM.
rakxke 6.83.)

6) Jokaxxure, uro ko3 dunuentst dy, di, . . ., d,, B 3TOM IIpEICTABIEHAN
Beramcssiores o gpopmyie d, = AF f(0) (0 < k < n).

11.24. ITouck 3akoHOMepHOCTel. [lycTh HEKOTOpAasi OC/IeI0BATE b~
HOCTb qucen {a,} coBHajaeT co 3HaYeHUsIMU TorHOMA f(Nn) B IIEJIBIX TOY-
kax n =0, 1, ... Torga Jysi HAXOXKJIEHUs FBHOrO Buja MuHOrowieHa f(n)
yA00HO TTOBb30BaThCst uMeHHO dopmysoit Hoiorona. s mopcaera koad-
dburnmenTtoB dy, dy, ... HYXKHO 3aIlOJHUTHL TAOJUILy pa3HOCTEH, B KOTOPOI
nepBasi CTPOKa COCTOUT U3 3HAYeHUH MHOrOoWwIeHa f(n), a 9uciia B CIemayio-
IUX CTPOKAX PABHBI PA3HOCTSM JBYX YHCENI, CTOAIMUX HaJ HuMHU. Hampu-
Mep, ecim f(n) =n?, To momyvaercs ciaemyromas Tabaua:

0 1 8 27 64 125 216 343
1 7 19 37 61 91 127
6 12 18 24 30 36
6 6 6 6 6
0 0 0 0
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YHucsia, cTosiye Ha JIEBOM KPaIo TaOJIUIIBI U €CTh UCKOMBbIE KOI(MDMUITUEHTHI.
Takum obpazowm,

n*=0-C0+1-C+6-C>+6-C2.
Haiture monp3ysich 3TuM mpueMoM pOPMYJIbI /s Tuces u3 3ajaqn 2.92.

11.25. Haitgure dhopMysbl, KOTOPbIE OMUCHIBAJINA OBl IOC/IEI0BATEILHO-
cru

15,15, 35, 70, 126, 210, . ..

Kakoit reomerpudeckuit CMbICJT OHE UMEIOT !

a) 1,5,12, 22, 35, 51, .
6) 1,7,19,37,61,91.
B) 1,4, 10, 20, 35, 56, .
r) 1,6, 19, 44, 85, 146, .
)

11.26. ITero3Haunble MHOro4I€eHbI. IlycTh MHOTOWIEH f(2) creneHn
7 IPUHUMAaeT IeJible 3Hadenus B Toukax ¢ =0, 1, ..., n. Jokaxkure, 4To

f(@)=d,C?+d,C: +...+d,C,
rae do, dy, ..., d, — HEKOTODBIE TIEJIbIE THUCIIA.

11.27. Ina maorounena f(z) =x* — x maitnure A? f(x). Ucxong u3 aToro
00bsICHEHNsI, He IIPUMEHsIsl COOOpazkeHns JeuMocTH, nodemy f(z) i 6 npu
BCEX IeJIbIX T.

11.28. Jlokaxkure, 9T0 ecjiu MHOrOWwIeH f(x) creneHu n IPUHUMAET [e-
Jible 3HaUYeHns B TouKax £ =0, 1, ..., n, To OH IPUHUMAET TeJIble 3HATCHUT
JIJIsT JTIOOOTO TIEJIOTO .

11.29. a) Ilycrs ¢ —HarypasbHOe 9uciao u GyHKIHs
f@)=cg®+az"+...+a1x+ag

IpUHUMAET Teble 3Hadenns npu x =0, 1, 2, ..., n+ 1. [lokaxkure, 9T0 TIpA
siobom 1esiom x > 0 gucio f(x) Takzke GyJer 1esIbIM.

6) IlycTh BBINONHAIOTCS yCIOBUS IyHKTa &) U f(2) JeIuTCsi Ha HEKOTO-
poem>1upu =0, 1,2, ..., n+ 1. Jokaxure, aro f(x) neamurcst Ha m
pu Bcex Tesnix - 2 0.

11.30. [JokazkuTe, 9TO IpHU BCEX HATYPAJbHBIX N aucyo f(n) = 221 —
— 9n? + 21n — 14 penmrca Ha 27.

11.317 JIns KaKuX HATYPAJILHBIX 7o B BBIPArKCHHI
+12£22 43+ ... £0n?

MOXKHO TaK PACCTABUTH 3HAKH + U —, 9YTO B pe3yibrare moayaurcs 07
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Onpepnenenue. [Iycrs Gynknus f(z, y) 3a1ana BO BCEX TOUKAX IIIOCKO-
cTu ¢ nejbiMu kKoopaunaramu. Hazosem dyukuuo f(z, y) 2apmonuseckod,
€CJIM ee 3HAYEHNE B KayKJIOW TOUKE PABHO CPeJIHEMY apUdMETHIECKOMY 3HA~
yeHnil PyHKIUU B IE€THIPEX COCETHUX TOYKAX, TO €CTh

Fay) = 1(F@+1,9) + flo =1 y) + f(oy+ 1) + fz,y = 1)).

11.32. IIycrs f(x, y) u g(z, y) —rapmonundeckue byuxuuu. Jokaxure,
qTo s Jo0ObIxX a u b Gyukuus af(z, y) 4+ bg(x, y) Takxke Gymer rapMoHU-
YEeCKOM.

11.33. Ilycrs f(x,y) — rapmonmdeckast dbyuknus. lokaxkure, 4TO
bynkmm A, f(z, y)=f(z+1,9) = f(z,y) u A, f(z, y)=f (2, y+1) = f(z,y)

TakkKe OYyIyT rapMOHUYECKIIMHU.

11.347 Juckpernasi teopema Jlmysmiuis. Ilycrs f(x,y) — orpa-
HUYEHHAsT TADMOHUYIECKast (DYHKIHs, TO €CTh CYIIECTBYET MOJIOKUTEIbHAS
KoHCcTaHTa M Takasi, 9TO

V(zr,y)€Z® |f(z,y)| <M.

Hoxazxure, uro dyukuus f(z,y) paBHA KOHCTAHTE.

11.2. PekyppeHTHbBIE MOCJIE0BATEIHHOCTA

Omnpepnenenne. Ilocie0BATEILHOCTL YHCEN (g, A1y -« Gy, - - ., KOTO-
pas yIOBJIETBOPSIeT C 33JIAHHLIMU P U ¢ COOTHONICHHUIO
Upyo =Pani1 +qa, (n=0,1,2/...) (11.3)

HA3BIBAETCS AUHEUHOT pekyppenmuoll (8ozepammuoll) nocaedosamenvro-
MBI 8MOP020 NOPAIKGA.
YpaBuenune
2> —pr—q=0 (11.4)

Ha3bIBa€TCHA Tapaxmepucmu1ecrum YypasHeEHUEM T10CJIET0BATECJIbHOCTU {an}

11.35. lokakure, 9TO €CJIU IUCIA (g, G; (PUKCUPOBAHBI, TO BCE OCTAJIb-
HBbIEe WIEHBI [OCIIE0BATEIBHOCTH {a,, } ONPEeIIsSIOTCs OMHOZHATHO.

11.36. TokaxkuTe, 4TO reoMeTpryeckas nporpeccus {a, } = bz ynosie-
TBOpsier coorHomernnoo (11.3) Torga m TONBKO TOrJA, KOTJA Ty — KOPEHb
xapakrepucrtuieckoro ypasaeans (11.4) nocnenosareasroctu {a,, }.

11.37. Ilycrs xapakrepuctudeckoe ypasaenue (11.4) mocienoBaresns-
HocTu {a,} WMeeT NBa PA3NMYHBIX KODHS T WU Ty. JOKaxkwWTe, 9TO mpH
(bUKCUPOBAHHBIX g, @] CYIIECTBYET POBHO OJIHA IApa YUCEJI Cp, C; TAKasd,
qT0

a, =12} + czy  (n=0).
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11.38. IlycTs xapakTepuctuieckoe ypasaenue (11.4) mocsemoarenbHo-
cru {a, } umeer Kopeub x, Kparuocru 2. Jlokazkure, 4ro npu HbUKCUPOBAH-
HBIX (g, @1 CYIIECTBYEeT POBHO OJIHA IIAPA UHCEJI C;, Co TAKAS, ITO

a, = (¢1 + coan)xy (0= 0).

11.39. Haiinure dopmyry n-ro wieHa JJjisi TOCIEI0BATEILHOCTEH, 3a-
JIAHHBIX yeaoBusamu (n > 0):

a) ap=0,a1 =1, a1 =5a,41 — 6ay;

6) ap=1, a1 =1, a2 =3an11 — 2a,;

B)ag=1,a1 =1, Gpy2=apns1 + Gn;

r)ag=1,a; =2, Gpio = 2011 — Ap;

n) ag=0,a1=1, apio =201 + ap.

11.40. TIpu Bo3BeneHNM umuciaa 1 + /2 B pasindHble CTEIEHH, MOMKHO
OOHAPYKUTH HEKOTOPhIE 3aKOHOMEPHOCTH:

(1+V2)' =1+v2=v2+ V1,
(14+V2)2=3+2vV2=V9+ V5,
(1++v2)® =74 5v2 =50 + V49,
(1+V2)' =17+ 12v2 = V289 + /288,

s uxX u3ydeHWs OIpeIeuM dYHuCJIa G, U b, TPU MOMOIU PABEHCTBA
(1+v2)" =a, +b,v2, (n >0). (Cm. Taxxke 11.75.)

a) Bripasure wepes a,, u b, wuncio (1 — v/2)".

6) Jokaxkure paBeHCTBO a2 — 2b2 = (—1)".

B) Kakum pekyppeHTHBIM ypaBHEHUSIM YIOBJIETBODSIOT II0CIIE0BATE b
wocru {a,} u {b,}?

r) Ioab3ysich nyHKTOM a), Haiijure (bOPMYJIbI N-I'0 WICHA JJIs HOCJIEI0-
BaresnbHocreit {a, } u {b,}.

1) Haiinure cBA3b MeXKIy YUCIAMUA A, b, ¥ TOAXOAANMMUA IPOOAME K
qncay /2.

11.41. Haiinure y ducen

a) (6 + \/%)1999; 6) (6 + \/ﬁ)lggg; B) (6 + \/ﬁ)Qooo
nepsbie 1000 3HAKOB TIOCJIE 3AIIATOIA.

11.42. /JokaxKuTe, 9TO P BCEX HATYPAJIbHBIX 7 BBITOJTHIETCS CpaBHE-
mue [(141/2)"] =n (mod 2).

11.43. a) Haiigure KOJIMIeCTBO JIOMAHBIX, COEJIUHAIONIIX HAYAJIO KOOP-
muaar (0, 0) ¢ npsmMoii & =n — 1, KaXK10e 3B€HO KOTOPBIX COBIAIAET C OJTHUM
u3 Bekropos u = (1,1), d= (1, =1) u r = (2, 0).

6) CKOJIBKO CyIIECTBYeT HecaMOIePeCeKalolUXCsl JIOMAHBIX JJIMHBL 11,
HaunHamuxcd B Havase koopauaar (0, 0), Kaxkj0e 3BeHO KOTOPBIX COBIIA-
Jaer ¢ ogauM u3 BekTopos 1 = (1,0), u=(0,1) u d= (0, —1)?
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11.44. JTokaxkure, uTo ypaBHenue x> — 2y% = 1 He uMeer APYTUX pelle-
Huii Kpome nap uuces (tag,, +bs,) (n = 0) usz 3azaan 11.40.

11.45. KBagpaTtHo-TpeyrouabHble unciaa. ucia 1, 36 u 1225 saBis-
I0TCS OJTHOBPEMEHHO KBA/IPATHBIMU U TPEYTOJIbHBIMU:

1-2
9

36=62=2"2 1205-35°=

. 49 - 50
) —_—.

1=1%2=
2
Onuinure Bce 4mcia, KOTOPbie 00JIAJAI0T TAKUM YK€ CBOCTBOM.

11.46. PaccmoTpum paBeHCTBA:

2+V3=V1+3,
(2+V3)? = V49 + V48,
(2 4+ V3)* = V676 + V675,
(2 +V3)* = V9409 + V/9408.

O606muTe pe3yabTaT HAOIIOACHNAS U JOKAYKUTE BO3SHUKIINE V BAC JOTAIKMI.

11.47. /loxaxxurte, 9TO ypaBHEHUE
(z +yV5)* + (2 +tV5) =2+ V5

He UMeeT pelleHUil B palluoHaJIbHbIX Yucjaax &, Y, 2, t.

. 2 2 __
11.48. Haiinure Bce IesI04YUC/ICHEbBIE DEIleHNs ypaBHeHud a’ — 3b2 = 1.

11.497 Ilycrs 0 < e < % Cpenu Bcex MpaBUJIbHBIX TPEYTOJBHIUKOB C BEP-

[IMHAME B £-OKPECTHOCTSIX Pa3/JMYHBIX [EJBIX TOYeK (cM. 3ajady 7.105)
MOXKHO BBIODATH TPEYTOJBHUK HAMMEHBIIEro pa3Mepa. bBylaeM Ha3bIBaTh
TaKue TPEyTrOJbHUKHU ONTHMAaJbHBIMU. JloKaxKnuTe, 9TO BCE ONTUMAJIBHBIE
TPEyroJIbHUKHU Paciajaiorcs Ha jase cepuu. Ilepsas cepust (¢ TOYHOCTBIO 1O
apaJssIebHOTO ITepeHoca, MoBOpoToB Ha +90° m cuMMeTpuil OTHOCUTEIHHO
FOPU30HTAJIBHBIX U BEPTUKAJBHBIX IIPAMBIX) COCTOUT U3 TPEYIOJILHUKOB C
Bepmnamu B6u3u Toek (0, 0), (2., yn), (0, 2y,), rue

{(xlu y1)7 (an y2)7 cee } = {(27 1)7 (77 4)7 (267 15)7 (977 56)7 v }

— pemennsa ypasaenus 2 — 3y? = 1. Bropag cepusi (¢ TOYHOCTBIO 10 TeX
JKe JIBUKEHNT) — TPeyTroJbHUKY ¢ BepimHaMu BOam3u Touek (0, 0), (un, v, ),
(Un7 un)a rae

{(ug, v1), (U2, v2), ...} ={(1,0), (4, 1), (15, 4), (56, 15), ...}
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— pentenuss ypaBHeHus u’ — 4uv +v? =1, npuueMm U, =Y,, Up = Yn_1.

NG J
\\
™ J
\> NN
~ /
rd —
7 f =
$2:7,y2:4 U3:15,U3:4 $3:26,y3:15

11.50. [IycTs €5, — paccTosiHre OT BEPIIUH k-TO OIMITUMAJIBHOTO TPEYTOJIb-
HUKA JI0 y3JI0B IeJIOYNCIEHHON pemmeTKu. JlokaxKuTe, 9TO

L/VB—1N\F_ 1, . .
_ k/2 _ 2 _ = o\k
(2 —V3) _3( NG ) _3(251n15) .
Hanpumep, Jj1st TpeyroJbHAKOB, H306paskKeHHBIX Ha PUCYHKAX, Oy/1eM IMeTh

E
a1’

1
Ekzg

£, = %(2 —V/3)2 =0,0239323... <

_ 1., 5/2 _ 1
es = 3(2 V3)%/2 =0,0123882... < 30’
g =3(2 V3)? =0,00641263. .. < e

"
11.51. Kak ycTpoeHO MHOYXKECTBO «ONTUMAJIBHBIX» MSITHYTOJIbHUKOB?

11.52. Iyt HEKOTOPOT'O HATYPAJIHHOTO M 2> 2 BEPIMUHBI TPEYTOJIbHUKA
ABC co croponamu AB=m — 1, AC =m, BC =m + 1 umeror nieJjbie Ko-
opaunarel. (Hampumep, Takoe Bo3MoxuO st m = 2, 4, 14.)

a) Jlokaxwure, uro TpeyroabHuk ABC MOXKHO TaK PaClIOJIOKHUTH HA
IJIOCKOCTH, 9TO €r0 BEPIIHHBI OY/IyT MO-IIPEXKHEMY UMETH IIeJIble KOOP/IH-
HaTel, a cropona AC' Oyjer napaJuiesibHa OJTHON M3 KOOPJMHATHBIX OCEil.

6) ljisi KaKux m Takue TPeyroJbHUKHU CyIIECTBYIOT?

11.53. YpaBuenue Ilemnsi. Ecau D —maTtypanabHoe IUCTIO, HE SIBJIS-
IOITeecsT TIOJHBIM KBaJIPATOM, TO YPaBHEHME

22— Dy*=1

HazbiBaeTcs ypasaerneM llea. OHO Beerna mmeer GECKOHEIHO MHOTO De-
meHnii B 1esblx qucaax. st ux onucanus B 06IIeM CiIydae IPHMEHSeTCs]
meron Bpaynkepa (em. [18], r1. 4). Ecim

\/5: [aO; Ay, A2, ..., G2, Ay, 20‘0]3
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k — nouna HanMmeHnbiero mepuona u Py 1 /Qy_1 = [ao; a1, aq, . . ., Ga, a1], TO
BCe pellleHus ypasHeHus [lesid B HATYPAJbHBIX YUCIAX CyTh Haphl

(:Ena yn) = (Pénkrflu Qénkfl) (’I’L 2 1)7

rae 6 =1 B ciyvae gerHoro k u § = 2, ecyin k veuerno. Kpome Toro, BeIimosi-
HAETCH PABEHCTBO Ty, + vV Dy, = (Po_1 + Qu_1V D)®™.
Omnwumnre Bee pentenus ypasuenust [lejutst B HATYpaIbHBIX 9UCIAX, €CIIT

a) D=10;6) D=13;8) D=14.

Onpenenenue. Muozouaenv: Qubonanyu F,(x) (n > 0) samarorcs npu
OMOINU HAYaJbHBIX yejaoBuil Fy(x) =0, Fy(z) =1 u peKyppeHTHOro cooT-
HOIIIECHUST

F..(x)=zF,(2)+ F._i(x) (n>1).
Anasornano, mnozousenv, Jioka L, (x) onpenensiorcs paBeHCTBAME
Lo(x)=2, Li(zx)=2, L,a(x)=aL,(z)+ L,1(x) (n>=1).

11.54. Muorouinenbl Pudbonayum u JIoka. Borancinre HeCKOIHKO
nepBbIx MHOTOWIeHOB Pubdonawyn u Jlioka. Kakue 3Hattenns: 3Tu MHOTOYIe-
HbI IPUHUMAIOT Tpu & = 17

Hoxaxkure, 9T0 MHOTOYJIeHBI JI10Ka CBsizaHbl ¢ MHOTOWIEHB PuboHATIN
cooTHOIIEeHnsAIME (cpaBHUTE ¢ dhopMmysamu u3 3amaqan 3.167):

a) Ln(z) =F, 1(2) + Fopa(z) (n>1);

6) Fu(z) (2* +4) = Ly1(z) + Lnsa (2) (1

B) Fon(@) = Lu(z) - Fu(z) (n>0);

¥) La(@)® + Ly (@) = Fon s (2)(2® +4) (0> 0);

1) Faa(@) + Fua(2) = (2 + 2)Fa(a) (0> 2).

11.55. Paznoxkure byukuuu F,(z)/F,(x) u L, (x)/L,(z) (n>1) B
nensble apobu. (Cwm. 3.192.)

WV

1);

11.56. Haiinure ToxkmecTBa Jjist MHOTOWIEHOB PUOOHATYIN, IACTHBIMA
cJIydasiMi KOTOPBIX SIBJSIOTCS PABEHCTBaA u3 3a7a49n 3.149.

11.57. Ilonyuure bopmyimy s muorodsenoB @ubonaayun u JIoka amna-
gorngnyio dhopmyse Bune. (Cm. takxke 3.160 u 11.94.)

11.58. [Hokaxkure, aro muOrouwiensl Pubonayyn u Jlioka cBs3aHBI C
mHOrouwneHaMu JeGbimésa (eMm. c. 103) paBeHcTBAME

0 (2) = Bl (3) )
2 7 2 7

U TIPOBEpPhTE (POPMYJIbI

Fo=i" W,y (—i/2),  Ln=2i"T, (—i/2).
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11.59. /lokaxxurte, 9TO JjisT HEIETHBIX P BLITIOJHIETCS PABEHCTBO

(v () 22

2 E,’
HATTpUMeED,
_ o ay. _ e k. _Fwm o
F.(4) = 7 (p=3); F.(11)= 7 (p=5); F.(29)= 7 (p=T7).

11.60. Ykaxure siBHbIE Buj KosdbduIueHToB B MHOrouiteHax F, (x)
u L, (z). Pemmure 3amaqan 3.163 u 3.164 ncnossays MHOrowreHsl Pubonadqdn.
Pemure Takke 3agaan 3.174 u 3.175 ¢ moMoIp10 MHOrOWIEHOB JIfoKa.

11.61. JIsarymika-myTeniecTBEHHUNA. JISTyIKka IphIraeT 1Mo BepIm-
HaMm Tpeyrosbinka ABC, nepeMeriasch KaXKJIblil pa3 B OIHY U3 COCETHUX
BepiuH. CKOJBKUMHI CIIOCODAMU OHA MOYKET MonacTb u3 A B A 3a n IpbIK-
KOB?

11.62. JIarymka npbiraer mo BepumaaMm mectuyroiabauka ABCDEF,
KaXK/JIblif Pa3 IepeMelasiCh B OJIHY U3 COCEIHUX BEPIIUH.

a) CkonbkuMu criocobamu oHa MozKeT ronacTb u3 A B C' 33 1 IPBIKKOB?

6) Tor ke BOUPOC, HO IPU YCJIOBUM, YTO €l HeJib3s npbiraTh B D7

B)* JIlarymka-canep. IlycTb myTh JIAryIKy HAUUHAETCS B Beplinde A,
a B BepmmHe D Haxomurcs muHA. KaxK1yio cekyHIy OHa JeIaeT O9epeHOM
npbkoK. KakoBa BEPOATHOCTH TOrO, YTO OHA ellle OyJeT IPBhIraTh dYepe3 N
cexkyn? KakoBa cpejiHsisi TPOJO/IKUTEILHOCTD KU3HU TAKUX JIATYIIEK !

11.63. Pemmre aHAJOrMYHYIO 337249y JJIs  BOCBMHUYTOJIbHUKA
ABCDEFGH.

a) Ckosbkumu cnocobamu Jiaryinka Moxer nonactb u3 A B E 3a 2n
MIPBIXKKOB?

6) Tor ke BOIPOC, HO IPU YCJIOBUM, 9TO €ii HeJIb3d monaiarb B F Ha
[IPEJIBLIYIINUX Iarax.

B) IlyTs ssrymku naunHaercs B Bepuinee A, a B Bepuinae F HaXOIUTCs
muHa. CKOJIBKO B CpefHeM OyJIeT MpPbIraTh JAryIKa?

11.64. /Tokaxkure, 9T0 JIjisi JIFOOOrO YUCIa P > 2 HAMJIETCs TaKoe YUCJIO 3,

q9To
\/2+\/2+...+ 24+ 2+4p=p>"+p32".
n paJuKaJioB
11.65. IlycTb

n pagukKaJioB
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Hoxkaxkure, 910
. Rn(2) 3
Jm 2B T3

11.66. Caj0BHUK, IPUBUB YE€PEHOK PEIKOrO PACTEHUSs, OCTABJISIET €ro
pacTH Ba rojia, a 3aTeM e2KerofHo beper oT Hero 1o 6 yepeHKoB. C KaxKIbIM
HOBBIM YEPEHKOM OH IOocCTyraer anajorudno. CKOJIBKO Oymer pacreHuil u
YEPEeHKOB Ha M-M T'OJIy POCTa IEPBOHAYAJIBLHOIO PACTEHUS !

11.67. [Jokaxkure, 9TO NOCIENOBATEIBHOCTD a4, = 1 + 17n2 (n > 0) co-
JIepKUT GECKOHEIHO MHOIO KBAAPATOB LEJIBIX TUCEL.

11.68. Oupenesnnm nocsegoBaresbHoCcT {2, } u {y,, } mpu momomnu ycio-
BUIA:

2 2
Ty =Tp_1+2Yp_15I0°Q, Yp=Yn_1+2x, 1008, x3=0, yo=cosa.
Haitnure BoIpazkenue 1jis x,, U Y, 9€pe3 n I Q.

11.69. IIsa1Th MOPSIKOB BBICAIMJINCH HA OCTPOB U K BeUepy HaOpan Kydy
KOKOCOBBIX 0pex0B. Jlesrexx orsoxuan #Ha yrpo. OuH U3 HAX, IPOCHYBIIKCH
HOYBIO, YTOCTUJI OJHUM OPEXOM MAaPTHIMIKY, & U3 OCTAJbHBIX OPEXOB B3I
cebe TouHO 1/5 "acTh, moce 9ero Jier Cuarh u ObICTPO YCHYJI. 3a HOYb Tak
2Ke TIOCTYIIMJIN OJINH 33 JIPDYT'HM U OCTaJIbHbIE MOPSIKH; IIPH 9TOM KarKIblil He
3HAJI O IeACTBUAX IIPeIecTBeHHUKOB. Ha yTpo oHU moiesinn ocTaBIecs
Opexu MMOPOBHY, HO JIJIsi MAPTHIIIKA B 3TOT Pa3 JIUIITHETO OPeXa He OCTAJIOCH.
Kakum Morit0 OBITH HAWMEHBIIIEE TUCJIO OPEXOB B COOpaHHOI Ky4e?

Omnpenenenne. IlocmenoBaTeIbHOCTD THUCET Ag, Gy « ..y Gy, .« . ., KOTO-
past Ipu 3aJIaHHBIX by, ..., by_1 YAOBIECTBOPSIET COOTHOIICHUSIM
an+k:bk,1an+k,1 + ...—|—b0an (TLZO, 1, 2, ), (115)

HA3BIBAETC  AuHeldnol pexyppenmnol (6036pamnol) nocaedosamenvro-
cmwro k-20 nopsdka.
YpaBuenune

$k_bk,1$k71 __bozo
Ha3bIBACTCA XAPAKMEPUCMUECKUM YPABHEHUEM TTOCJICT0BATCIBHOCTHA {an} .

11.707 Kax 6ymer BBITIAIeTh GOPMYJIa N-TO WIeHa NI PeKypPeHTHON
[IOCJIEIOBATELHOCTH k-T'0 TIOPSIIIKA, €CJIN

a) XapaKTePUCTHYECKOE YPABHEHUE MMEET [IPOCTBIE KOPHU L1, . . ., Tk}
6) XapaKTepUCTUIECKOe YDABHEHHE UMEET KOPHH I1, ..., Ty C KPATHO-
CTIMU vy, . . ., O\, COOTBETCTBEHHO?

HONAPHO PA3JIMYHbIE
a) JeficTBuTeabHbIE 6) KOMIUIEKCHBIE
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qucia. JlokaxKure, ITO ecau s J00ro n = ng
axrl +...+czy =0,
T0C; =...=¢, =0.
11.71. Ilycre xapakTepuctuieckoe ypasaerue (11.4) mocsemoarenbHo-

cru (11.3) umeeT KOMILIEKCHBIE KODHHU T 5 = a & ib=re*"?. Jlokaxure, 4o
JUTsT HEKOTOPOIT TIAPBI YUCET €y, C3 OYET BBIIOJHATHCS PABEHCTBO

a, =1"(c; cosng + ¢y sinngp).

11.72. Haitmure dopmyty n-ro djaeHa i MOCIEI0BaTeIbHOCTEH, 3a-
JAaHHBIX yeaosusivu (n > 0):

a) ap=0,a; =1, anyo =4a,1 — Hay;

6) ap=1,a1 =2, pio=20,11 — 2a,;

B)ag=1,a1 =2, 0n12+ apni1 + a, =0;

r)ap=1,a; =8, apip =6a,.1 + 25a,.

11.737 [Iycts P(n)— 4ucsio nocsenoBaTebHOCTe JJIUHBI 1, COCTABJICH-
wbIX 13 1udp 0 u 1, B KOTOPBIX Hy/ U 00pa3yioT OJIOKY JJIMHBL 3 WiIn OOJIbIIIE.
Hanpumep, npu n = 4 Takux 0ocjaeI0BaTeIbHOCTEN YeThIpe:

0000, 0001, 1000, 1111
IlepBbie weHbBI 9TOMH MOCTIEIOBATEIHHOCTH CYTh
1,1,1,2,4,7,11, 17,27, 44, 72, 117, . ..

(camraem, aro P(0) =1, 1. e. upu n =0 cymecTBYeT TOJLKO IyCTasl MOCIeI0-
BATEJILHOCTD, 0BJIAIAI0NIAs HYKHBIM CBOHCTBOM). KakoMy peKkyppeHTHOMY
YDPaBHEHUIO yI0BJIeTBOpPsieT nocienoBaresnbaocts P(n)? Haiinure dbopmysy
JUTsl M-TO TWJIEHA STOM MOCJIEeI0BATEILHOCTU. UeMy paBHA BTOpast KOHEUIHAST
PA3HOCTH 9TOM MOCIEIOBATEIHHOCTH !

11.74. Kakum pekyppeHTHbIM cooTHOmeHusaM Buaa (11.5) ymosierso-
PSIOT IIOCJIEIOBATEILHOCTU

a) a, =n?* 6)a,=n3?

11.75. Iycrs (14+v2+V3)" =pp 4+ ¢ V2 + 70V3 + 5,6 (n>0). Haii-
JATE:

a) lim 2%; 6) lim 2%; B) lim 2%, (Om. Taxske 11.40.)

n—oo Qn n—oo Tn n—oo Sp
11.76. Jlokaskure, 4to fy1s1 I060r0 Tiesioro 1 > 0 wmeio a,=[(14++/3)2"+!]
JesuTesd Ha 2" Ho He menmTca Ha 272

11.77. IlocaenoBarenbHocTh Tpubonauyum. IlocmemoBaresbHOCTD
qKcest

{ho, hiy o by 3 =1{0,0,1,1,2,4,7,13,24, ..., }
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3a/laHa yCJIOBUAMU
ho=0, hi=0, hy=1, hy=hp_1+hyo+h,_s (n = 3)-
JokaxkuTe, 9TO CYNIECTBYET IIPEIeT

hn+1

n= lim

n— oo n
U HaliuTe ABHBINA BUJ YUCIIA 7).

11.787 IlycTs a, b > 2 — HaTypaibHble uncia. JJOKa:KuTe, UTO eCIIl Iy
n

JII060T0 N IUCTIO X, = — |~ uezoe, To b= a* 11 HEKOTOPOro HATYpaJIb-
a’ —

Horo k.

11.3. IIpounsBoasinue pyHKIIAN
Onpenenenune. Boipaxkenus Buja
F(x)=ao+ a1x + ax® + ...+ a,a™ + ... (11.6)

HAa3BIBAIOTCHA (POPMAALHOIMU CTNENEHHBIMU PAOAMU.

QPopmaJsibHbIE CTEIIEHHbIE PSIIbI MOXKHO CKJIQIBIBATDH, BBIUYNTATL, YMHO-
JKaTh, JEJUTh, MuMdEpEeHNInpOBaTh U YCTPAUBATH UX KOMIIO3UIUIO, TaCTO
Jake He OECIIOKOSICh O CXOIUMOCTH.

Onpenenenune. IIpoussodnotli dbopmansHOoro cremenHoro psiza (11.6)
Ha3bIBAETCS P/

F'(z)=a, +2asx + ...+ na,z" " + ...

11.79. Haitniure mpousBepeHusT CAEIYIONNX (DOPMAIBHBIX CTEITEHHBIX
PSLIOB:

a) (l+z+2>+2*+...)1—z+2>—2*+...);

6) l+z+z>+z°+...)%

n

2 2 A\
B) (1+w+%+...+%+...)<1—x+%—...—|—( 2) +)

n!

11.80. OGpaitienne crerneHHOTrO psiaa. Jlokaxkure, 9to ecau ag # 0,
To i paga F(z) cymecrsyer pax F~'(z) =by+bix+...+b,z" + ... Ta-
Koit, uro F(z)F~'(z) =1.

11.81. Boruucaure:

a) (L+x)7" 0) (1—=z)7" B) (1-2)7%

Ounpenesnenne. [Iycrs {a,} =ap, a1, . .. —IpOU3BOJIbHAS YUCIIOBAS 110~
cJie1oBaTeTIbHOCTh. POpMABHDBIN CTEIEHHOU P

Flx)=ao+az+...+a,z" +...

OyZieM Ha3BIBATH Npoudsodawet: GynKyuet 3TOoi MOCIeT0OBATETbHOCTH.



11.3. IIpousBogsimue hyHKIMN 199

11.82. Ilycrs F(z) — npoussogsimass (DbYHKIUS MNOCIEI0BATETBHOCTH
F(n) (ZC)
n! l‘:O'

{a,}. Iokaxkure paBeHCTBO A, =

11.83. Borumcimre mpousBomsinue (MYHKINHA CICAYIOMNX TOCIEI0BA-
TEJIbHOCTEI:
a) a,=n; 0)a,=n* B8)a,=Cn".

11.84. Buruncinre CyMMbIL:
a) Cl+2C2+3C3+...+nC"; 6) C! 4+22C2 +32C3 + ...+ n?C".
11.85. Ilycts a,, — 9nciio pereHuii ypaBHEHUsT

Ti+...+xp=n (11.7)

B IIEJIBIX HEOTPHIATENbHBIX Yncjaax u F () — npoussomsimas GyHKIWMsI M0~
CJIEZIOBATEILHOCTH . JTOKAXKUTE PaBEHCTBA:

a) Flz)=1+z+2*+...)*; 6) F(z)=(1—-12)7".

11.86. ITycrh, Kak u pasblie, a, — 9UCJI0 pelnenuii ypasaenus (11.7)
B II€JIbIX HEOTPUIATENbHBIX uncaax. Haiigure dbopmyity I1s d,,, TOIb3ysCh
zajadeit 11.82. (Cum. rakke 2.76.)

11.87. /lokaxuTte TOXK/I€CTBO:
I+z+22+... +2°) 1 +2"0 +2*° +... +2%°)x
X (1+ 2" + 22 + . . +2°)... =

1—z
(Cm. rakxe 1.2.)

11.88. Bunom HbioToHa 111 oTpUHaTEe bHBIX MMOKa3aTeeii. Jlo-
KayKuTe, UTO Il BCEX HEOTPUIIATEILHBIX 70 BBILIOIHSIOTCS PABEHCTBA

a) CF, = (=1)*C*,, ,; 6) (1+2) "= C* a*.
k=0

11.89. Boruuciure mpousBojsdiinue MYHKINA CIEAYIONNAX MTOCIET0BA~
TEJIbHOCTEI:

a)a,=Cr .; 6)a,=Cm".

11.90. CuactiuBble Omyerbl. [IpejamookuM, 4TO y HAC HUMEETCs
1000000 aBrobycubIx OusteroB ¢ HOMepamu oT 000000 mo 999 999. Bynem
Ha3bIBATH OWJIET CYACTIUBBIM, €CJIM CyMMa IIePBBIX Tpex nudp ero Ho-
Mepa paBHa cyMMe Tpex mocienuux. [lycrs N — KOJUIeCcTBO CUACTIUBBIX
oueroB. JlokazkuTe paBeHCTBA:

a) (1+z+.. 42231+ +.. 42723 =2?"+.. +a 2+ N+a_xz7 ' +. ..
R

6) 1+z+...+2°)°=1+...+ Nz¥ + ... + 2%

11.91. Haiinure 9uciio c4aCTIUBLIX OUJIETOB.
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Onpenenenne. HazoseM sxcnonenmoti CTEIIeHHON psifl
22 P > Zk
Exp(z)=1+z+§+...+H+...=ZE.
k=0

11.92. /IokaxKuTe CJIeIyIONne CBOUCTBA SKCIIOHEHTHI:
a) Exp’(z) = Exp(2); 6) Exp((a + B)z) = Exp(az) - Exp(8z).
(Cm. Takxke 7.56.)

11.93. Oyuknuu a, b u ¢ 33JaHBI PAIAMI
a=1+C%2>+CC2°+ ...,
b=Cle+Clz* +CTa" + ...,
c=C?r*+C22° + C32% + ...

Hoxkaxkure, 94T0
a® +b* + & — 3abe = (1 + 2°)".
(Cm. rakxe 9.8.)

11.94. Jlokaxkure, 9YTO MPOU3BOMAIIA (DYHKIUS [TOC/IEI0BATETbHOCTH
quces1 Oubonagaan

Fz)=Fo+ Fiz+ F22 + ..+ F2" + ...

MO>KeT OBITH 3alllCaHa B BUIe

1 1 1
F :7Z :_( - A>7
(2) 1—z—22 VBE\l—pz 1-0pz
1+v5 . 1-v5
2

=g Ilonmb3ysace pesynbraTom 3agaun 11.82; mory-

rue ¢ =
qure dhopmyiny Bune. (Cm. Takxke 3.160 u 11.57.)

11.95. [okaxkure, 9T0 HECKOHETHAS CyMMa,
0,1+ 0,01 + 0,002 + 0,0003 4 0,00005 + 0,000008 + 0,0000013 + . ..

CXOJUTCHA K PpallUOHAJIbHOMY YUCJLY.

11.96. Haiimure mpou3BOISIILYI0 (DYHKIIUIO MOC/IEI0BATEILHOCTH TNCET
JIroka

L(z)=Lo+Liz+Ly2*>+ ...+ L,2" +....

Ilosb3ysce sToit dynknueit, Beipasure L, B 3aMKHYTOIl (hopMe depe3 ¢ I .
(Cm. rakxe 3.170.)

11.97. Haiiaure npon3BoasIny0 PYyHKIINIO OCJIEI0BATEILHOCTH 1 puy-
6onavun 3 3amadn 11.77.



11.3. IIpousBogsimue hyHKIMN 201

11.987 Ilyctb {a, } — mocse0BaTeIbHOCTL YUCe/, PABHBIX KOJUYECTBY
HabOPOB W3 HyJIell W €IWHUIl JUINHBI 71, B KOTOPBIX HE BCTPEYAETCS TPEX
HyJICIl TOAPSII:

{ao,al,ag, }:{1,2, 4, 7, 137 24, }

(IIpu n = 0 cymiecTBYeT eMHCTBEHHAS [OCJIEI0BATEIbHOCTD JJIUHBL 1 — IIy-
crasi. OHa, KOHEYHO He COJIEPXKUT TPEX HyJIeil MOJIPsi/l, TIO9TOMY €CTECTBEHHO
CUATATH, UTO Gg = 1.)

Haiiure npousBosInyo OyHKIUIO 3TOM IOCIEI0BATEIBHOCTH U BbIUUC-
JINTE Tpeaest

o= lim 2L
n—oo an

11.99. Boraucimre npousBoasiyio GyHKIMIO noceroBareasHocTa P(n)

u3 3agaqan 11.73. Haiaure dopMysty st n-ro djaeHa 3TOH MOCaeI0BATE /b

HOCTH C TIOMOIIIBIO TIOJTYyI€HHOM MPOn3BOIsAIIel (pyHKITHH.

11.100. Beraucanre cyMMBbI

a) > o 6) > o
n=0 n=0

11.101. IIpousBoagiue (pyHKIITU MHOTOWIeHOB PuboHauyuu u
JIroka. Haiinnre nponsBonsmiue QyHKITNT TOCIEI0BATEIHHOCTH MHOTOWIE-
woB Oubonaydn

F(x,2)=Fy(z) + Fy(z)z + Fy(2)2* + ...+ F(2)2" + ...
U TIOCJIEJOBATEILHOCTH MHOTOWIEHOB JI10Ka
L(x, z) = Lo(x) + Ly(x)z + Ly(x)2® + ... + L (x)2™ + . ..

11.102. IIpousBoasiiue pyHKIIMA MHOTOYJIeHOB UeObIména.
Haiture nponsBosniue MYHKIIUN TOCTIEI0BATEILHOCTEH MHOTOUIEHOB He-
ObIIIEBA IIEPBOIO U BTOPOro poja (cm. 7.39):

Fr(z, 2z)= ZTn(:zr)z", Fy(z, z)= Z U, (z)z".

11.103. Beraucaure, UCHOIB3YsI TPOU3BOISAIINE (DYHKINH, CJIETYIONINe
CYMMBI:

n—1 n—1 n—1 n—1
a) Y 2kzk 6) ST k2% B) > K*2F; 1) > ksinkz.
k=0 k=0 k=0 k=0
11.104. Haiinure mpousBodaiiyo MYHKINAIO JUHEHHON PeKyppeHTHON

[OCJIEIOBATEIHHOCTH BTOPOTO TOPsi/IKA, 3aJaHHON cooTHomenuneM (11.2) u
HaYaJbHBIMU WIEHAMU g, .

Onpenenenune. Paszbuenuem HA3BIBAETCS MIPEICTABICHUAE HATYPAJIBHO-
ro Yucja B BHJE CYMMBI HATYPAJIbHBIX cJaraeMbiX. 1Iopamok ciaaraembrx
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canTaeTcs HecylnecTBeHHbIM. Hampumep, paszbuenns 3=1+2 u 3=2+1
HE PA3JINIAIOTCH.

11.105. Ilycrs p(n) — KosmvecTBO pasbuenuil uuciaa n. Jokaxure pa-
BEHCTBA:

p(0)+p(Mz+p2)2*...=Q+z+2°+...)...(1+2"+2+..) ... =
=(1-a2)'Q—-2*)""1-2*)""...

(TIo ompegenennuto cunraercs, aro p(0) = 1.)

11.106. Ha mocke Hammcano n HaTypaJbHbIX unces. 1lycTh aj — Koym-
9eCTBO TeX U3 HUX, KOTopbie OoJibIne k. Mcxomubie ancia cTepn U BMECTO
HUX HAIMCAJIN BCE MOJIOKUTEIbHBIE ay,. JJOKaXKUTe, 9TO €CJIM ¢ HOBBIMU UUC-
JIAMU CJeJIaTh TO YK€ CAMOE€, TO Ha JOCKEe OKAXKeTCsl UCXOIHBIN HaOOp YucelI.
Hanmpuwmep, mits aucen 5, 3, 3, 2, momydaeTcd CIeIyIonas MernodKa

(5,3,3,2) > (4,4,3,1,1) — (5, 3,3, 2).

11.107. JokaxKuTe, 9TO KaKJIO€ I€JI0€ TOJIOKUTETbHOE YUCIO 1 MO-
2KeT OBITh 2" ! — 1 PasIuYHBIME CHOCOOAMHU TIPEJCTABICHO B BHJE CYyMMBbI
MEHDWUL TIEJIBIX IIOJIOKUTEIBHBIX CJIAraeMbIX, €CJIM JBa IIPEJICTaBJIEHUS,
OTJIMYIAIOIINXCS XOTs ObI IIOPSIKOM CJIaraeMblX, CUUTATh pa3iandabivu. Ha-
npumMep, Jumb 2°71 — 1 =7 ciemylonmx cyMM UMEIOT 3HaueHue 4:

14+14+1+1, 14142, 14241, 2+41+1, 2+2, 143, 3+1.

11.108. Kaxka0e mMOI0KUTEIHHOE MUCIO N MOXKHO IIPEJICTABUTH B BU-
Jie CyMMBbI Pa3JINIHBIX CJIAraeMbIX, IPUIEM ITO MOYKHO CJEJAThH CTOJHLKUMHI
JKe CIocobaMu, CKOJIBKUME CIIOCODAMH 9TO K€ UMCJIO MPEICTABUMO B BUJE
CYMMBI Pa3JIUYHBIX cjaaraeMbix. Hampumep, Bce BO3MOXKHBIE ITPEJICTABICHUS
qucyia 6 MoCpPeCTBOM Pa3/JINIHBIX C/IaraeMbiX OyIyT:

6, 145, 244, 1+2+3,
HOCpe,ILCTBOM HEYEeTHBIX:
145 3+3, 141+1+3, 14+1+1+1+1+1

s nokazaresberBa 31oro dakra 06o3HadnM depe3 d(n) KOJIudecTBO pas-
OueHuil Ymucsia n HA PAa3JUYHbIE cJaraeMble, a depe3 [(n) — Ha HedeTHbIe.
YcraHoBuTE paBEeHCTBA!

a) d0)+dlz+d2)z*+...=1+z) 1 +2*)1+2%)...;

6) 1(0)+1(1)z+12)2x*+...=1—a) ' (1—-2¥)"tQ—a%)""..;

B) d(n)=1(n) (n=0,1,2,...).
(Canraercs no onpegenenuto, uro d(0) =1(0) =1.)
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11.1097 Ilpuaymaiite Kakoe-ub0o B3aUMHO OJHO3HAYHOE COOTBETCTBHE
MeXK/1y pa30MeHUsIMU HATYPAJIHHOIO YUC/IA HA PA3JIMYHBIE W HA HEYeTHBIE
ciaraembie. B aroMm MoryT nomous guarpammbl FOHra, yke yIioMuHABIIIECS
B pazzeite 10.4, c. 182.

11.110. Oupenenure K03DHUIUEHT @,, B PASIOKEHUN
(1+gz)(1+qz?)(1 + qz*)(1 + qz®)(1 + q2™%) ... =
=ao+ a1z + asx? + azx® + ...
(Cm. rakxke 5.78.)
11.111. KakoB 3HaK n-TO W/€Ha B PA3JIOKEHUU TPOU3BEICHUS
l1-a)(1-01-0c)(1-4d)...=
=l—-a—-b+ab—cH+ac+bc—abc—d+... (n=0,1,2,...)7
(Cm. rakxe 5.88.)
11.112. Haiiaure obmiyio dhbopMyity i KodhOUITHEHTOB Psaa

(1—4:10)7% =142z +62>+202° +... +a,z" +...
11.113. IlepeMennbIe & U Y CBI3aHBI PABEHCTBOM
r=y+y+y+.. .yt
Pazmoxkure y no crenensim x.
11.114. Ilepemennble £ U Y CBS3aHBI PABEHCTBOM
Ly

3 n
_ Y Y
.’L‘—y+5+§+...+m+...

Paznmoxkure y no crenensim x.

11.115. IIyers C(2) = Y C, 2™ —npoussogsmast GyHKIWs TOCTIEI0BA-
n=0
remproctn uncen Karamana {C,,}. C mOMOMBIO peKypPPEHTHOTO COOTHOIIIE-

HUASA U3 33297 2.125 NOKayKNTe, 9TO OHA YJIOBJIETBOPSET PABEHCTBY
C(z)=2C%*z) + 1,
u nostyunre siBHbI Byt dyskuun C(z).

11.116. BriBemure dopmynbr ajaa unces Karamama u3 3agadum 2.124,
BOCITOJIb30BABIINCH PE3YJIHTATOM TPEIBIAYINEH 38191 U PABEHCTBOM

(1—2)"=) " Cra(-2)",

n=0
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e

. (1/2)(1/2-1)...(1/2—n+1)
1/2 —

n!

— 9acTHBIA ciaydail 060OIIEeHHBIX OGUHOMUAILHBIX KOIDMOUIMEHTOB (CMOT-
pure omnpejesenue ua c. 188).

11.4. Muorouaenn! 'aycca

Onpenenenune. /1 11e/1bIX HEOTPULIATEIbHBIX k 1 | onpeaenm (yHK-
1y gy () paBeHCTBOM
1 -1 -2 (1 =2
A-—z)1-2z%)...(1 —z)

Gra(r) =

11.117. Beruncaure dbysknun gy, (z) npu 0 < k + [ <4 u nokaxwure, 410
BCE OHM SABJIAIOTCHA MHOTOUYJICHAMH.

11.118. [Jokaskure ciemyromue cBoiicrBa GyHKIMA gy, ():

hi11(x)

a) gra(x) = (@) - (@)’
rae by () =1 —2)(1 —22)...(1—2™) (ho(x)=1);

6) gu(x) = gk (@);

B) 1 () = go1,1(x) + 2" gr1-1(2) = gra-1(2) + 2’ gr—1,();
r) Gregs1(@ Qot( )+ agi(@) + ..+ 2t gea(a);

1) gk () —MHOrOUIEH OTHOCUTEIBHO & cTeneHn kl.

Muorounensl gy, (z) HasbBaOTCA MHozousenamyu [aycca. VIX cBoOi-
CTBa BO MHOI'OM AHAJOIMYHBI CBOHCTBAM OUHOMUAJBHBIX KOI(DMOUIMEHTOB.
B wacTHOCTH, CpE/id MHOTOYJIEHOB OHU MI'DAIOT TY YK€ POJIb, 9TO U OMHOMU-
aJIbHbIe KOI(MUIIUEHTHI CPEIA IUCEII.

11.119. Onpegenenne GyHKIuA gy () He MO3BOJISET BBIYUCIATH MX
snavenus npu x = 1. Ho, mockosbKy GyHKIWA gy () ABISAIOTCS MHOTOUIE-
HaMu, OHH onpezenensl u npu = = 1. JTokaxure paBencrso gi (1) = C},,.
Kaxue cpoiicrBa OMHOMHAJIBHBIX KOI(MDPUITUEHTOB IOJYIAIOTCS, €CJIH B
cpoficTa 6)—r) u3 3agaun 11.118 mozgcrasuTh 3HaveHne © = 17

11.120. Haiiaure cymmy

Si(@) = gou(x) — gru-1() + goy—2(x) — ... + (=1)' gi0(2).

11.121. O6o3nauum yepe3 Py ;(n) KoaudecTBo pa3buenuii ducia n Ha He
6oJtee ueM k caaraeMbIx, KaXKJ0e U3 KOTOPBIX He mpeBocxoauT /. Jlokakute
paseHctBa: a) Py (n) — Pyy_1(n) = Pe_1(n—1); 6) Poi(n) — Pe_1.(n) =
=P,y 1(n—k); B) Poi(n)=PFi(n); r) Pyi(n)=Pikl—n).
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11.122. ITycrs f,;(2) — npomssomsimas GYHKIMs TOCTEI0BATETBHOCTH
Pk,l (TL)
fk:,l(x) = Pkyl(O) =+ (Epkyl(l) + ...+ ,’Eklpk’l(kl).

a) Jlokaxkure paBeHCTBa:

fra(@) = frra(@) + 2" frpa(x) = fraa (@) + ' frra(2).
6) Jokazxkure, uro dyHKuun fy;(z) copmamator ¢ MaOrowrenamu Laycca
Gra().
11.123. Jokaxkure, 9T0 NpH JOOLIX k U | MHOTOUWIEH gy, () ABIAsAETCS
BO3BpATHBIM, TO ecThb ¥ g, ;(1/x) = g, (). Pemure sasaqy asyms cocoba-

MU: [IOJIb3YSICh OIIPe/IeICHIeM MHOIOYWIEHOB l'aycca i Ipu IIOMOIIU CBOMCTB
qucen Py ;(n) n3 3agaan 11.121.

11.124. Jlokakute, 9TO

He UCIIONIBb3yd CBOIICTBa MHOTOWIEHOB ['aycca.



['TABA 12
IHIyTkn n ommokn

12.1. Vuenuk Kosasg Bacun npu momoru MeToqa MaTeMaTHIECKON MH-
JYKIIAA CMOT JOKa3aTh, YTO B JIFOOOM TabyHE BCe JIOMIAIN OHON MACTH.

Ecmu ects TobKO omHa JIOmMamb, TO OHA CBOEH MACTH, TaK 49TO Oas3a
WHIyKIUU BepHa. [[JIsi WHIyKTUBHOTO IEpPEXOa MPEIIIOJIOKIM, UTO €CTh
n gomageii (¢ Homepamu or 1 1o n). Ilo HHAYKTUBHOMY IPEIIOTIOKEHUIO
Jiomrau ¢ Homepamu ot 1 10 n — 1 oiMHAKOBOI MacTu. AHAJIOIMYHO JIOIAIH
C HOMepaMu OT 2 JI0 7 TaKKe MMEIOT OJMHAKOBYI0 MacTb. Ho jomamgu c
HOMepaMu OT 2 10 N — 1 He MOTYyT MEHSITh CBOIO MACTh B 3aBHCHMOCTH OT
TOTO KaK OHU CTPYIIIIPOBAHBI — 9TO JIOMIAIN, a He XaMeTeoHbl. ITosToMy Bee
7 JIOIaAeH JOJ>KHBI ObITH OJUHAKOBOI MACTH.

Ectb sin ommbka B 9TOM DACCyKIEHUH, U €CId ecTh, To Kakasa?! (Cum.
rakxke 1.4.)

12.2. norga BbauTas ApoOW MOYKHO BBIUUTATH X UUCIUTEN U CKJIa-
JbIBaTh 3HaMeHaren. Hampumep:

9-25 9 25 8—50 8
6+10 6 10° 2+5 2
st Kakux Jpobeil 9T0 BO3MOXKHO?

12.3. /Toxaxxure, 9TO paBHbIE JIPOOU MOKHO CMEJIO CKJIAIbIBATE IO TIpa-
BHUJIY «YUCJIUTEJb C YNCIIUTEJIEM, 3HAMEHATEIb CO 3HAMEHATEJIEM> U PE3YIIb-
TaT TPU ITOM HE U3MEHUTCSI:

a c a+c a

b T"d b+d b
Hampuwmep, 1_3_1+3_ é
2 6 246 8

12.4. Haiigure Bce qpobu ¢ IUCAUTEEM U 3HAMEHATEJEM He ITPEBOCXO-
gamumvu 100, B KOTOPBIX MOYKHO ITPOBOJUTH COKPAIIEHIE Ha, PABHBIE UM PHI.

IIpumepoM MOXKET CIIyKUTH PABEHCTBO
1§ 1

G4~ 4
12.5. Jlerko nmpoBepuTh paBEeHCTBA

<
d

16 _ 16 64 O\ _ . 64
log (16—|— E) =log 16 + log 5 log( 7 8) =log 7 log 8.
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B kakux ere ciydasix MOXKHO BBIHOCUTBH JIOTapudM 33 CKOOKY?

12.6. Ilpu Kakux 3HaYEHUSAX @ 1 b BO3MOXKHO PaBEHCTBO
sina + sinb = sin(a + b)?

12.7. KBagpaTbl AByX 3epKaJbHBIX unces 12 m 21 TakKe SBISIOTCA
3epKasbHbIME dnciaamu (144 u 441). Kakue npy3HadHble dncia obIa1amr
AHAJIOTUIHBIM cBOicTBOM? U IMOMOJIHUTETbHBIN BOIIPOC: B KAKAX CHCTEMAX
cuncjenus ducio 441 6yer MoJHBIM KBaIpaToOM?

12.8. Yepnasa narHuna. JlokaxkuTe, UTO TPUHAIATOE UUCJIO Me-
cana ¢ OOJIbIIell BEpPOSITHOCTHIO MPUXOINTCA Ha IMSTHUILY, YeM Ha IPyTHe
aan Hegenu. [Ipeamomaraercs, 9T0 MBI KUBEM IO | pUrOpraHCKOMY CTHIIIO

(cm. 3.203).

12.9. Kona Bacun, peras 3aady, MOJy9InJl B OTBETE IIECTU3HAYTHOE
9UCa0. A MOTOM OH MOIyMAaJsI, YTO ITO MPOU3BEIECHUE JBYX TPEX3HAUHBIX
9UCesT U BBINOJHII yMHOXKeHue. KakuM ObLUT MepBOHAYAIBHBIN OTBET, €CJIn
BTOPOI OTBET OKA3aJICsi B TPU pa3a MeHbIIe?

12.10. Boccranosure asipasur miaemern Mym6o-FOMm60 us 3amaun 2.6.

12.11. Haiiimre K03pdUIUEHT Ipu T y MHOTOWIEHA

(x—a)(x—=Db)(x—c)...(x — 2).
12.12. Buruncinre mpon3BejieHne
sina-sinf-...-sinw.
12.13. «1 = —1». U3yunB KoMmILieKcHbIe uncia, Koss Bacun perumn

BBIBecTH (DOPMYILy, KOTOpas Hocuia Obl ero uMs. [locite HECKOJIBKUX TIOTIBI-
TOK €My 3TO yJaJIOCh:

\/> \/>;‘¢— f:‘ff V-lv-1=1=-1

TTocse HekoToOpbIx paszmbiiuiennii, Koms mpumgymas 6osee KOPOTKOE JTOKAa-
3aTeJIbCTBO CBOEI'0 TOXKJECTBA:

—1==y-1-vV/-1=/(-1)(-1)=v1=1.
He ommubcest qu tae-uubynp Kona Bacun? (Cm. takxke 7.25.)

12.14. ITocne sxcrepumenToB ¢ MuuMOit eguauteit, Komas Bacun 3ansi-
CsI KOMILTEKCHOM sKcrionenToi. [losb3ysick hopmynavu 3amaqu 7.55, 0H cMOT
JI0Ka3aTh, YTO Sin T BCErya PABEH HYJIIO, & COS T — eIUHUIIE:

sing — eix _ e—ix _ (eQWi)Z'/(QW) _ (6727ri)x/(27r) _ 1-1 _o
29 29 29 !

eix +€7ix B (627”'):0/(277) + (6727ri)z/(27r) B 141 B

2 B 2 2
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Tne ommbka B npuseneHabix paBeHcTsax? (Cm. Takxke 7.59.)

12.15. «65 =64 = 63». Toxxzecrso Kaccunu ((Cum. 3amauy 3.146.))
JIEZKAT B OCHOBE OJHOIO M€OMETPHYECKOro Hapajokca. OH 3aK/II0YaeTcs B
TOM, 9YTO MOXKHO B34Th IIAXMATHYIO JIOCKY, PA3PE3aTh €€ Ha YeThIPe YacTH,
KaK [I0KA3aHO HIKE, & 3aT€M COCTABUTD U3 STHUX 7K€ YaCTell IIPSIMOYTOJIbHUK:

L~
] a
/,
=
\ —
\ 7
\ /,,//

Kak pacrnosoxuThb Te e 4eTbipe JacTh MaXMATHON JOCKH, 9TOObI J10-
Ka3aTb PaBeHCTBO «64 = 63»7

12.16. okarknure, 9YTO BCHAKOE UHUCJIO, 3AIUCHIBAEMOE Ha AHIJIMIACKOM
sA3bIKe 6e3 OYKBBI «€», 003aTeILHO IEeTHOE.

12.17. Tonbabax 6e3 OyKBBI «J». II3BeCTHO, ITO BCIKOE JIOCTATOYTHO
0O0JIBIIIOE HEYETHOE YUCJIO 7 MOXKHO IIPEJICTABUTH B BUJIE

n=nm +p2 +p37

rie pi1, P2, Ps — Upocrble yucia (TepHaphas npobiema Losbiabaxa). Joka-
JKHUTE, ITO CYIIECTBYEeT OECKOHETHO MHOTO N, JIJIsT KOTOPBIX TAKOTO MIPEJICTAB-
JIEHUsI HET, €CJIU CUYUTATh, YTO P1, P2, P3 > D U IIPU 3AIUCH YUCEIT P1, Do, P3
Ha, PYCCKOM $I3BbIKE 3aITPEIeHO UCIO/IHb30BaTh OYKBY «JI».

12.18. I3 kmioMmeTpoB —B Muau. B 3ajate 3.159 ObL1a BBegeHa hu-
GoHavvmeBa cucrema cuaucyienus. OHa OKa3bIBaeTCs yI0OHOI, KOT[a HYKHO
CIeIaTh MEePEBOJ] PACCTOSTHUS U3 KUJIOMETPOB B MUJIU UJIH HA0OOPOT.

IIpeamosmoxum, 910 MBI XOTUM Y3HATH, CKOJIBKO MIIb B 30 KMJIOMETPAX.
st sroro npezcrasisgem unciao 30 B huboHATINEBOH CUCTEME CUNUCTIEHUS:

30=214+8+1=Fs+ Fs + F> = (1010001) 5.
Teneps HY?KHO CIIBUHYTH KazKJI0€ YNCJIO Ha OJHY ITO3UIINIO BIPABO, IOy Yast
F,+F+F,=134+5+1=19=(101001).

Iosromy upemionaraemplii pesysubrar — 19 muib. (IIpaBuibabiil oTBET —
0K0J10 18,46 MWwiIb.) AHAJIOrUYHO JEJaeTCs IEePEBO U3 MIJIb B KUJIOMETPDI.
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O6bsicHuTE, M0YeMy paboTaer Takoil ajaropurM. IIpoBepbre, 9TO OH J1a€T
OKPYTJIEHHOE YNCJIO MUJIb B 1 KIjIoMeTpax pu Beex n < 100, oTnmmaaromeecs
OT IIPABUJIBHOIO OTBETA MEHbIE YeM Ha 2/3 MUIIH.

12.19. O6o3Ha4ynM depe3 S CyMMy CJIEYIOIIETO PsiJIa:
S=1-14+1-1+1—-... (12.1)

IIpeo6pazosas paBeHCTBO (12.1), MOXKHO [OJIYYUTh yPABHEHUE, U3 KOTOPOTO
HaxooUTCA S':

S=1-(1—-1+41-1+...)=1-8=8=

S Y

Cymmy S MOXKHO TakxKe HaiTh o6beuHss caaraeMble psja (12.1) B mapsr:

S=1-1)+(1-1)+...=0+0+...=0;
S=1-1-1)-1-1)—...=1-0-0—...=1.
Hakomer, nmepecrtaBuB MecTaMu COCETHUE CJIAraeMbIe, MOJIYIAeM €Ire OJHO
3HadeHue S:
S=-141-141-14...=-1+1-1)+(1-1)+...=-1.

Wrak, neficTBys 4eThIpbMs PA3HBIMU CIIOCOOAMU, MBI HAIILJIA Y€THIPE 3HAYE-

HUSI CyMMBI S
1
=5= 0=1=-1.

Kakoe ke 3nadenne umeer cymma S B JeHCTBUTEIHLHOCTN?



OTBeThl, YKa3aHUsA, perIeHns

I'maBa 1. MeToa maremMaTndecKoii MHIYKITANA

1.7. llpp n>1 sBemosHseTcs paBeHCTBO 2"72 —TA%2 = B2 re
{Biy, Ba, ...} = {—1,-3,5,...} — mociesoBaTeJbHOCTD, 3aJaBaeMas Ha-
JaJbHBIMA ycaoBuaMu By = —1, By = —3 1 peKyppeHTHBIM COOTHOIIEHTEM
B,=-B,_1 —2B,_,.

1.15. BocrosipayiiTech TOX1eCTBOM U3 3aa49u 1.14.

1.16.a,=2"+1 (n>0).

1.26. Ilpu n =1 yTBepxKeHue 3a7a4u o4eBUAHO. [Ipemamosoxum, 9To
YTBEP2KIEHNE CIIPABEJINBO JJIsl HEKOTOPOro n 2> 1 u mokaxkeM ero s n + 1.
Hazosem HabOp 4mces IOMyCTUMBIM, €CJIM HU OJHO W3 HUX HE JIEJIATCH HU
Ha kakoe apyroe. Ilycts mam ynamoch cpemm wmcen ot 1 70 2n + 2 Hail-
TU JOMYyCTUMBIN HAOOP U3 n + 2 uuces. B aTrom Habope OyayT 00s13aTEIHHO
MIPUCYTCTBOBATH 4mciaa 2n + 1 u 2n + 2, Tak KaK MHAYE IOJIy4aeTCs IIPO-
THUBOpPEYNe ¢ MHIYKIMOHHBIM IIpe/IoyioKenreM. JIpyrue n quces u3 mory-
crumoro Habopa 0b603HAYUM A, . .., G,. Cpean HUX HET umcaa n + 1 u ero
nesuresiedi, Tak kKak n + 1| 2n + 2. Tlosromy, momnosss HAGOD a1, - .., Gy
qucyioM 1+ 1, mosrygaeM cHOBa JorryctumMblit Habop. Ho on cocrout uz n + 1
quCa B IPeJeax oT 1 710 2n, YTO CHOBA IIPOTHBOPEYHUT IIPEJIITOI0KEHUIO
WHJIyKIUN.

Mpsr nokazanmu maxke qyTh 0oJiee CUIBHOE yTBEPKIEHUE: CPEIU JIFOOBIX
n + 1 HATYpaJIbHBIX YUCEJ, MEHBIUX 271, €CTh JBA YUCJIA, OTHOIIEHNE KOTO-
PBIX — CTENeHb Iucya 2.

1.27.2=1,2,..., n.

1.37. Basza unaykium (n = 2) OpOBEpsIeTCsl HEMOCPEICTBEHHO. 1lycTh
n 2 3. Ilepenymepyem nepeMeHHbIE Tj, ..., T, TaK, YTOOBI BBIIOJHAJINACH
yeaoBus &, = 1, €, < 1. K npoussenenuto s . . . (€, 12, ) MOXKHO IpH-
MEHUTH IIPEIIIOI0KEHNE UHITYKITUH, TIOITOMY

T+ T+ . a1z, = — 1. (13.1)
Hamee, Tak Kax z, > 1 u x,_; < 1, TO

(2 — 1)(1 = 2p_1) = 0. (13.2)
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Ckuagpisas dopmyast (13.1) u (13.2), momydaem TpebyeMoe HEpABEHCTBO:
T+ ...+x, 2>n.

st moka3aTeIbCTBa HEPABEHCTBA MEXK/Ty CPEJIHUM apudMeTHIeCKUM 1
CPEJIHIM TeOMETPUIECKUM OCTAETCsl IIPUMEHUTD JIOKA3aHHOE YTBEPXK/CHIE
K HabOpy duces

-2 - %n
yl_"ml..‘acn’ e Y= YT Tn
1.38. st mepexoia or n K n.— 1 BeiGepure 2, = (x1+ ...+ 2,_1)/(n—1).
2 1
1.41. 5(1+m).

1.43. CaMoe KOPOTKOE pelIeHne comepKuT 28 — 1 mepeMenieHuii.

1.44. 3% — 1.

1.45.2-3" - 1.

1.47. Ecnmu xkBajpaT J0mMycKaeT pa3bueHne Ha 1 KBaJpaTOB, TO OH JIO-
nyckaer pasbueHne W Ha 1 + 3 KBajapaTa (JOCTATOYHO OJMH U3 KBA[PATOB
paspesaTh Ha 4eThipe). PasobbeM Bce HATYpAJbHBIE TUCIIA HA TPU apudme-
tudeckne nporpeccuu n =3k, n =3k + 1, n =3k + 2, u B KaxKJ0if U3 HUX
HalifleM MUHUMAJIBHOE N, JIJIs KOTOPOro 3a/ada mMeeT perrenue. B mepsoii
MIPOrpeccu MUHUMAJIbHOE Takoe 1 paBHO 6, BO BTOpoit —4, B TpeTheit — 8.
(TpeGyemble pasOueHNUst CTPOATCS U3 KBAAPATOB 3 X 3, 2 X 21 5 X 5.)

1.49. a) 2 koubria (11=1+1+3+46). 6) Uz (n+ 1)2" — 1 xouer,

1.50. Bank moxer BbimaTh cymmbl 8, 9 um 10 pyGseit. [Ipubasnss k
HUM HYKHO€ KOJITIeCTBO TPEeXPyOJIEBBIX KYITIOP, MOYKHO MOJIY9UATH JIFOOYIO
OOJIBIIYIO CyMMY.

1.52. 1+n(n+1)/2.

1.53.n? —n+2.

1.54. n? —n + 2.

1.55. (n® +5n + 6)/6.

1.60. k£ + mk — m.

1.61. IIpoBeguTe MHIAYKIMIO IO YUCJIY T'DaHeil.

1.62. IlycTnb He Bce TOUKU JiexKaT Ha ofHON mpsmoit. I[Iposenem mpsamyio
gepe3 KaxK/IyIo Iapy TOYeK M PACCMOTPUM BCEBO3MOZKHBIE AL IPAMas U
He JiexKalnas Ha Heit Touka. [IporuBopedne mosrydaercsi, ecjim pacCMOTPETh
mapy, B KOTOPO#l pacCTOsTHUE OT TOYKH J0 MPSMO MUHUMAJIBHO.

1.63. IlycTb a,, 91C/I0 HEBBIPOKIEHHBIX TPEYTOJBHIKOB IIEPUMETPA 1 C
LEeJIBIMU JJIHHAMU cTOPOH. Jlokarkure, 4T0

n—1
, €CJIM N — HEYETHO;
Qp = Qp—3 + 4

0, €cJid N — JeTHO.

Orciona arpo = 24 + 23 + 21 +20 + ... + 3+ 2 = 208.
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1.66. Asrebpandeckue oKasaTeabCTBa CaeayorT u3 dhopmyast X (n) =
=3n? — 3n + 1, a reoMeTpUYeCKNE — U3 PUCYHKOB:

.- AN S
g e

1.68. HeobxomumocTh ycmoBusa odeBuana. s moKa3aTe bCcTBa I0CTa-
TOYHOCTHU BOCIIOJIH3YEMCsT HHYKIUEH U JOMYCTUM, YTO YTBEPXKJICHUE CIIPaA-
BEJUIMBO, €CJIM YUCJIO IOHOMeH MeHbine m. (fdcuo, aro mpu m =1 yTsep-
JKJIEHUE SIBJISETCS BEPHBIM.) IIPenosIoKumM, 9To 9uciIo IHOMIE paBHO m
U PACCMOTPHUM JIBa BO3MOYKHBIX CJIydasl.

1) Cuagana GyaeMm cuuTarh, uTo Jirobble k onomeil (1 < k < m) B coBo-
KYITHOCTH 3HAKOMBI 110 Kpaiiueii mepe ¢ k + 1 aesymkoii. Torna, eciau B3aTh
JIIOOOTO IOHOILY W YKEHUTH €ro Ha JII0OO 3HAKOMOU eMy JeBYIIKe, TO JIJIsi
ocTaBIuXcst m — 1 I0HOIIIEl 0CTaeTCsl BEPHBIM IIepBOHAYAIbHOE yesoBue. [1o
[IPEJIIIOJIOKEHUIO NHJYKIINU UX MOXKHO YKEHUTh Ha 3HAKOMBIX JIEBYIIIKAX.

2) Ipeamosoxum renepb, yro umeorced k onomeii (1 < k< m), koropbie
B COBOKYITHOCTH 3HAKOMBI POBHO ¢ k nesymikamu. [1o HHAYKTUBHOMY TIpe/i-
[TOJIOYKEHUIO 9TUX k FOHOIIeH MOXKHO 2KeHuTh. QcTarorcs ere m — k 10HOIIeiH,
HO J1r06b1e h 13 Hux (1 < h<m — k) 10/KHBL OBITH 3HAKOMBI 10 KpaiiHeil Mepe
¢ h meBymIIKaMu U3 OCTABIIIXCS, IIOCKOJIbKY B IIPOTUBHOM CJIy4ae 3TU i 10HO-
1eit BMecTe ¢ y2Ke BBIOpAHHBIMU k foHOMIAME Oy/IyT 3HAKOMBI MEHbIIIE, 9e€M
¢ h+ k peBymkamu, a 9T0 TPOTUBOPEYUT HAIeMy IIpeamnosoxkenuio. Ciemno-
BaTEJIbHO, JJIS ITUX M — k IOHOIIEH BBIMOJHEHO TepBOHAYAIBHOE YCIOBUE,
U 0 TPEIIOJIOKEHUIO WHIYKIIMA UX TOYXKE MOXKHO KEHHTh Ha 3HAKOMBIX
JIEBYTIIKAX.

I'maBa 2. KombuHnaTopuka

2.1.a) 24. ©6) 28.

2.2.9-106.

2.3. 10% - 303.

2.4. lIkosbHukoB B 32/29 pasa Gouiblite.

2.5. 6° - 8* +6* - 8°.

2.6. 40.

2.7.9-10*- 2.

2.8.9-10°% — 5°.

2.9.9-10°-9-9

2.10. Yuces, B 3aIIMCH KOTOPBIX €CTh ¢IUHUIA, 6osbmie: 8 - 95 < 9. 10°% —
—8-9°
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2.11. 357. Ykazanue: obparute ocoboe BHNMaHMe Ha ducaa 23723, 23737
u 37237.

2.12. 9102

2.13.9-107 5.

2.14. 3.

2.15. 5%,

2.16. Haitaure qucso crmocob0B MOCTaBUTH (DUITKH Ha TIOJIST OJTHOTO TIBe-
Ta W Ha IOJI PA3HBIX 1BeTOB. Omeem: HeT.

2.18. a) 26; ©) 51.

2.19. 38.

2.20. Ecau Bcero nmeercst n TO4eK, TO U3 KarKJ0# BbIXOAUT OT 0 10 n
smanii. Ho He MoxkeT OBITH IBYX TOYEK TaKHX, UTO U3 OJIHOI BBIXOJIUT N
JuHuH, a u3 apyroi — 0.

2.21. Ecim B3sTh k 4+ 1 KapTOUYKY C HEYETHBIMA HOMEPAMU, TO yCJIOBHE
3ajaqn Oyzger BoIMOIHEHO. FKemm B3sTh k + 2 KapTOYKM, TO PAacCMaTpPUBas
Pa3HOCTH YHUCEJ Ha HUX, MBI IIOJIy4YUM He MeHee k + 1 pa3sIMYHBIX YUCET
ot 1 1o 2k. IloaTomy xoTst ObI OJTHO U3 HUX HE COBIAJET C YUCaaMu Ha k — 1
HEBBIOPAHHON KapTOUKe.

2.22. [MTaxmaTHas H0CKa MOXKeT ObITh pa3bura Ha 16 KBagpaToB 2 X 2.
Ecmm va nocke 6osee 16 koposieit, TO 1Ba U3 HUX MOMALYT B TAKOW KBAIPAT
u 6yayT 6urh apyr apyra. Omseem: 16.

2.23. B kaxoit u3 50 map KeHIMIHA HAXOTUTHCS HE MOXKET.

2.24. Iycts N(k,l) u N(k,r) — KoaudecTBa JIeBBIX U NPABBIX CAIOT
k-ro pasmepa coorBercTBeHHO. [l0 yciaoBuro 3amadn

N(k, 1)+ N(k,r) =200 (k=41,42,43);
N(41,1) 4+ N(42,1) + N(43,1) = 300;
N(41,r) + N(42,7) + N (43, r) = 300.
He moxkeT cayuuTbes Tak, 9TO JJis KaXKIOro pa3Mepa JIEBbIX (IIPABbIX)

caror MeHbIIle UeM TIpaBbiX (JIEBBIX). Be3 orpaHmveHus: oGIHOCTH OymeM
CYUTATH, YTO
N(41,1) < N(41,7), N(42,1) < N(42,r), N(43,1) = N(43,r).
Toria KOJIMYIECTBO TOMHBIX TIAD
N(41,1) 4+ N(42,1) + N(43,r) =300 — N(43,1) + N(43,r) > 100.

2.25. Cm. 3amaqay 2.20.

2.26. Ykasanue: paccmorpute MEHOXKecTBa {1, 4}, {2, 5}, {3, 6}, {7, 10},
{8, 11}, {9, 12}, {13, 16}, ..., {91, 94}, {92, 95}, {93, 96}, {97, 100}, {98},
{99}.

2.27. PacrmosoXXuM JTaHHbIE YUC/Ia B MOPSJIKE BO3PACTAHUSA U PA300heM
UX Ha MPYNIbI 10 mudpe JecaTKOB. YUCao m TakuxX IPYII YIAOBJIETBOPSET
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yesoBusiMm 6 < m < 10. Cpeau m rpyun Haiigercst rpymma Ag, B KOTOPOIi He
Menee 6-Tu qucesr. AHAIOrn9HO (METOIOM OT IIPOTUBHOIO) YCTAHABIUBACTCS
cymecTBoBanue rpymi As, ..., A;. Ilepoe ducio BozbMem u3 A;. Bropoe —
u3 Ay, Tax 9To6bI MUdPA AUHAL OTIMYAIACH OT TUQPHI €JIUHUL TIEPBOIO
qucya U T. 1.

2.29. 999.

2.30. JokazkeM 10 MHAYKIWMA, 9TO eCJiu 13 uuces ot 1 1o 2n— 2 (n > 3)
BBIOpaHO 1 + 1 pasjmaHOe 9UCII0, TO U3 HUX MOXKHO BBIOPATH TPU TAKUX UUC-
Jia, 9TO CyMMa JIBYX U3 HUX paBHa TpeTbemy. [Ipu n = 3 yTBepxkaeHue 3a1a-
qu 0ueBuIHO. [IpeanosiozKmM, 9T0 yTBEpKICHNE NOKA3aHO st 1 =k u pac-
cMmotpuM ciy4ait n =k + 1. Eciu k 4+ 1 u3 BeIOpaHHBIX YMCe]T TOAIN B IIPO-
MEXKyTOK OT 1 70 2k — 2, TO IPUMEHUMO TIPEIII0I0KEHNe HHIyKIn. Ken
2K€ 9TO He TaK, TO 00s13aTeIbHO JIOJIKHBI ObITh BRIOpaHbl uncia 2k — 1 u 2k.
Ipyrue k BRIOpaHHBIX YuCel HAXOAATCSA Ha OoTpe3ke oT 1 10 2k — 2. Pa36u-
Bas 9TOT 0Tpe30K Ha mapswl (1, 2k —2), (2, 2k —3), ..., (k— 1, k), noaygaem,
9TO OJ[HA U3 I1ap COCTOUT U3 BIOpaHHBIX ynces. Ho Torja onn JaoT B cyMMe
2k — 1. Ecmu gucio 1002 3amenuts na 1001, To yTBep:K/IeHNE TIEepPECTAHET
ObITh BepHBIM. lIpumepom moxkeT caykuThb Habop 1000, 1001, ..., 2000.
Jpyroit BapuaHT — BOCIOJIb30BATHCS METOJIOM U3 pelleHud 3aj1aqn 2.21

2.32. Ilyctp B TypHHpe y4YacTBYIOT N KOMaH]I. 1orjia pa3bIrpbIBAETCS
n(n —1)

2
1, ..., n—1) aump nocae OKOHYAHUsI TYPHHUPA. 1109TOMY MpenocIe Hsist
KoMaHa Habpasa 1 ouko n 0bsi3aHa ObLIa TPOUTPATEH TTOOEIUTEITIO.

2.33. IlycTp mocka packpalieHa B JBa IBeTa. PaccMOTpUM MPOU3BOJIb-
HbIA crosibert. OIMH U3 IBETOB BCTPEYIAECTCS B HEM OECKOHETHOE UHMCJIO Pas.
SadukcupyeMm 3TOT [BET. BbIyepkHeM 13 TabJIUIbI BCe CTPOYKHU, KOTOPHIE
B BBLIOPAHHOM CTOJIOIE He CojiepKaT 3aduKcupoBaHHbIN 1BeT. [lokakure,
9TO B OCTaBIIelics TabJinile MOKHO HailTh 4YeTbipe HyXKHble KjeTku. Jljs
peIleHns 3a/1a9u ¢ MPOU3BOIBHBIM YHCJIOM I[BETOB, TPUMEHUTE WHLYKITHIO.

2.35. PaccmoTpum mpon3BobHYIO U3 6-TH JaHHBIX TodeK. 11o Kpaiineit
Mepe 3 0Tpe3Ka, BBIXOISIINE U3 ITOM TOYKHU, OKPAIIEHBI B 0JIUH IBET. MOXKHO
CYNTATh 9TH OTPE3KHU CUHUMHU. Fcin 1Ba U3 MX KOHIIOB COEIMHEHBI OTPEIKOM
CHHETO I[BeTa, TO HYKHBII TPEyroJIbHUK Haii/leH. Eciu 9To He TaK, TO KOHITBI
OTPE3KOB 00PA3yIOT TPEYTOJbHUK KPACHOTO IBETA.

2.36. PaccmoTpuM n mocsienoBaTeIbHOCTER

oukoB. Komanael Mo HabparTh pasHoe KoamdecTBo 04koB (0,

{1,2,4,8,...,2% ...},
{3,6,12,24,...,3-2% ...},
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Kazkoe unciio B npesiesiax oT 1 70 2n OpUHAJIEIKUT OJHON U3 STHX
nocjeoBaTeabHocTel. 3HaunT, U3 (n + 1)-ro BBIGPAHHOIO YHCIA XOTS ObI
JIBa OKayKyTCs B ONHOM U TOM YK€ IOC/IeI0BATE/ILHOCTH.

2.37. Paccmorpure ancia {Oa}, {la}, ..., {Ta}, gexamue B moxyus-
tepsasie [0, 1), pasbuToM Ha T HEEPECEKAIOIIUXCH IOy HHTEPBAJIOB TOUKA-
MU

1 2 T—1 71
07;5;5"'7 - 7;:1
2.39. B eaunuunom n-mepaom Kybe [0, 1)™ pacemorpum 7" + 1 To9eK ¢

KOOpAuHaTaMA

({saq}, {saz}, ..., {sa,}) (s=0,1,...,7™).
Ecim pebpa Kyba moJemTh HA T PABHBIX 9acTell TOIKaMU
1 2 -1
—y L) T ) I = 17

5 g ..
T T T T

)

TO BeCh KyO pa3obbeTcd HA 7" MaJIeHbKUX KyOOB, B OJIHOM M3 KOTOPBIX
OKaykeTcs 110 KpaiiHeil Mepe 2 TOYKHU

({Var}, [Vas), ..., Han}) u (Vo) (B as), ..., {Man)).

DTO O3HAHAET, YTO JIf HEKOTOPBIX HebX af, a) (j=1,2,...,n) 6ymyr

BBIINIOJTHATHCA HEPABECHCTBaA

(b — V), — (a;’ — a;)| < %, um oy — %J < % (1=1,2,...,n),
rae a; = a;.’ — a;., b="b" — b < 7" —ueible gucia.
2.42. 17!
2.44. 8!.
2.45. 16!.
2.46. 16!/2.

2.47.28-6!-1111111.

2.48. a) 28!; ©) 28! —27-2-26!.

2.49. Cy.

2.50. Cyg, Ci.,.

2.51.2-C7 +1-C%,.

2.52. C2.

2.53. C2.

2.54. C? - C2.

2.55. Ilo ycnoBuio 3aja4u, JitoOble 5 9eIoBeK ceid OTKPBITH HE MOTYT.
3HaUNT y HUX HET KJII0Ya OT HEKOTOPOro 3amka. [Ipu sTom Jio6oit apyroit
YWIEH KOMUCCHUHU JIOJIZKEH ITOT KU MMeTh. [losTomy Hy»kHO mocTaBuTh Cf
3aMKOB. 4 KJIFO9a OT KaXKJIOr0 3aMKa OTIAI0TCs HEKOTOPOI YeTBEpKE *iie-
HOB KOMUCCHUH, IIPUYEM pa3HbIe KJIOUN PA3IAI0TC PA3HBIM deTBepKaM. [Ipn
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9TOM, eciu cobepyTcs 6 UesIOBEK, TO Cpeld HUX OyJeT IO IIPEJICTABUTEIO
73 KaXKJ0W YeTBEPKU U OHU CMOT'YT OTKPBITH BCE 3aMKH.

B obmem cayaae monagoburea C™ ! 3aMkoB 1 n — m + 1 K0T K KazxkK-
JIOMY U3 HUX.

2.56. C2 - C5.

2.60. Paccmotpute n = 2a — 1.

2.61.6) C} — k.

2.62. n.

2.63. a) 5!; 6) 6!/2; B) 8!/3l; 1) 11!1/(2!-3l); ) 111/(4!-2!-2!);
e) 13!/(2!)*. B obmiem ciygae orBet 3amaercs GopMyIIoi kl'ni'k'

2.64. Kaxxnomy MapipyTy MOXKHO HOCTaBUTH B COOTBETCTEME CJIOBO,
cocrosiiee u3 M OyKB «x» U N OyKB «Y» IO CJIEIYIOIEMY HTPABUILY: €CJIU
JIeJTaeTCs Mar mapajuiesJbHo ocu O, TO TUIIEM «I'», ecyii B0k ocu Oy, TO
nuieM «y». TaAKuX CJI0B BCEro

(m+n)!
m!n!

— C’!?L — C’!L

m—+n m—+n*

2.65. [TocTaBbTe B COOTBETCTBUE KAXKIOMY MAPIIPYTy KYy3HEIUKA CJIOBO,
B KOTOPOM 10 9 pa3 Berpedatorest OyKBbI x, y u z. Omeem: 27!/(9!)3.

2
2.67. [w _
2
1 6 1 24!
2.68. a,) 5012. 6) E . (6')4

2.69. Bribop MHOxKecTB A 1 B paBHOCWUJIEH NPUIIMCHIBAHUIO KaXKIOMY
asremenTy mMHOX)KectBa C' onHOI U3 OYKB a, b mwin c. B oboux ciaydasix oT-
BeT 3.

32!
2,71 ————.
10!- 10! - 10! - 2!

2.72. Kax/1oMy TaKoMy YHCJIy OJHO3HAYHO COOTBETCTBYET BHIOOD 6-TH
mudp n3 nabopa 9876543210. Omeem: CS;.

2.73. U3 (m+1)-it nosunuu (m — 1 MecTo Mexk 1y GeJIbIME ITAPAME U J(Ba,
MeCTa II0 KpasiM) Hy?KHO BbIODATh 1 IO3UIUIl, B KOTOPbIE OY/YT I10JIOXKEHBI
gepuble mapsl. Omsem: C .

2.74. C3; C1 7}

m—1-
2.75. C3;.
2.76. a) 09299; 6) 012002-
2.77. C3,.

2.78. 113 = CP10® + C510% 4+ C310" + C310°, 11* = 14641.

2.79. 27,

2.80. B s70it 3amate BO3MOXKHBI pa3/ndHble OTBETHI. MOKHO, HAIpH-
Mep, PACIIOJIOKUTD CBEPXY II€PEBEPHY THI TpeyroJbHuK Jleiibuuna (cMoTpu-
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Te 3amaay 2.95). MoKHO Tak»Ke JOONPENENUTh OHHOMUAIBHBIE KOIhDbuIm-
enTsl C* Ipy OTpUIATEILHBIX 1 IPU IOMOIIY PABEHCTBA a) 13 3a1aqu 11.88.

2.81. Ilpu n =2F — 1.

2.82.a) 3% 6)0; B)2™.

2.83. a) JleBas 4acTh: 9UCIIO CIIOCOGOB BBHIOPATDH M 3JEMEHTOB U3 T, a
IIOTOM U3 BBIOPAHHBIX M BeIOpaTh erre k. [IpaBas qacTh: cHava a BrIOUpaeM
k 371eMeHTOB U3 7, a U3 OCTABIIUXCS BhIOMpaeM ere m — k.

2.85. x=2,y=3,n=>5.

2.86. [Ipumenure «xkaaublity agropur™m. CHada a U3 1 HYKHO BBIYECTH
HambosbIee wucyao Buga C? Tak, 9TOOLI OCTATOK OLLI HEOTPUIIATETHHBIM.
W3 mero my»kXHO BBIUECTH HAMOOJbINIEE YUCIO BUIA Cj. To [aTo ocramercs
BCerjia MOXKHO 3armcarh B Buje C1.

2.87. Ob1mee gncyio cnocoboB BEIOPATH KOMIIAHUAIO U3 3 9€JIOBEK PABHO
O3, =120. Kaxzgas ccopa paspymaer e 6osiee 8 TAKIX KOMIIAHUIL, TOITOMY
9UCJI0 PA3pyIIeHHBIX KoMIaHuit e Oosibiie 8 - 14 = 112. 3naunt ocrasoch
110 KpaiiHeil Mepe 8 JIPY2KHBIX KOMITAHUIA.

2.88. m=3,n=2.

2.89. C%,4(V/3)%.

2.91. 2-5!- 5!

2.92. Kaxast Touka mnepecedeHus: guaroHaJjeil OqHO3HAYHO OIIPE/Ie s
€T YeTBEPKY BEPIINH, Yepe3 KOTOPbIe IIPOXOAAT 3TU Auaronasu. Haobopor,
KaXKJI0fl YeTBEpKe BEPIIUH COOTBETCTBYET POBHO OJHA TOYKA II€PeCeYUEHUS
nuaronaJeil. Ilosromy umcno Touek nepeceuenus guaronatieit T, Bbrduc-
ngerca no dopmyae T, = C*. lna maxoxnenns K, — aucia dacreii, Ha
KOTOPBIE N-YyTOJbHUK Pa30nBaeTCs NUAarOHAJISME, HY2KHO TPOBEPUTH PABEH-
CTBO

Kpow—Kn=Th1—T,+m-—1.
CyMMupys ero 1mo m B Ipejiesiax oT 2 10 1, HAXOIUM, 9TO

—1
Kn+1 = Tn+1 + %

Orcrona
(n —1)(n* — n +10)
24
2.95. 3HaMeHaTe/IM YUCE]I, PACIOJIOXKEHHBIX B PsiJlaX IapMOHHUYECKO-
0 TPEYTOJIbHUKA, IMPOMOPIIMOHAILHBL dJ1eMeHTaM Tpeyroiabauka llackass,
npudeM KO3 GUIMEHTaMU TPOIOPIIMOHATIBHOCTH CJIY2KAT IPAHUIHBIE TJTe-
mel. Tam, rae B Tpeyronbuuke Ilackamnsa crour umcno C*, B Tpeyronbnuke

n?

Kn+1:C4+1+OZ:n

n

JleitOHUIIA HAXOIUTCS PekyppenTtnas dpopmysta

(n+1)CF
1 1 1

+ =
E—1 % E—1
(n+1)Cy (n+1)Cp, n-C;7;
IIpOBEPSAETCS HETIOCPEICTBEHHBIM BBIUUCICHUEM.
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2.97. JIns HAXOXKAEHUA CyMMbI JOCTATOYHO CIOKUTH CJIELYIONIUE pPa-
BEHCTBA, KOTOPBIE CIEAYIOT U3 PEKYPPEHTHON (DOPMYIIBI JJIsi TPEYTOJIbHIKA
Jlentbuuma (cMm. pemenne 3agaun 2.95)

1 1 1 1 1 1 1 1 1

6 12 127 12 20 307 20 30 60
O6mast dopmysia aHAJIOrMIHA PABEHCTBY U3 3aja4u 2.83 1).

2.98. B) m

2.99. 1, /Css.

2.100. 5/90 =1/18.

2.101. a) 1/10%; 6) 1/10%

2.103. Jla, moxker.

2.104. a, +as + ...+ ay.

2.105. 20.

2.106. a) 13200; 6) 8800; ) 8000.

2.107. 1600.

2.108. 998 910.

2.112. TIpu mewerHom k |[A; UA,U...UA,| <SSk, a npu geTHOM —
|[AyUA,U...UA,| = S;.

2.113. Ilyctp N, — KOIUYIECTBO TPEYTOJBHUKOB, Y KOTOPBIX OJIHA W3
CTOPOH HapaJulesibHa cropore BC MCXOIHOIO TPeyroJbHuKa. AHAJIOMMIHO
onpenenuM guciaa Ny, Ne, Nop, Nyoy Noe B Ny .. depes N obo3HadmM
obmee umcsio TpeyronbHukos. Torma N =63, N, =N, =N.=6% N,, =
=N, .=N,.=6, Ny .=1. lckomoe auciio Haxonurcs 1o popmyJie BKIIO-
YeHUU U UCKJIIOYEeHU:

6°—3-6°+3-6—1=5"

2.115. Ilycrs S — momaap Beeil KOMHATHI, S; — ILIOMIALb i-I'0 KOBPa
(1=1,2,3), S;; —maomaap, IOKPHITAst -M ¥ j-M KOBPaMU OJHOBPEMEHHO
(1<i<j<3), u Si23— WIOMAAh, TIOKPLITasi BCeMU TpeMsi KoBpamu. I1o
dopMyIie BKIIFOUYEHNN U UCKJTFOUEHUI

S — (Sl + 5+ 53) + (51,2 + 51,3 + 52,3) - 51,2,3 = 0.
Orcrona

Si2+ 813+ 82528 +5 +95 —5=3.

Iostomy x0Tst 61 OJfHA U3 WIOMAAEH S o, S 3 Win Sy 3 He MeHbITE 1 M2,
2.116. Pemenne 3T0i1 33191 TOBTOPSIET pacCykKJaeHns n3 3ajaqan 2.115.
2.117. 6) @opmysia BKIOYEHAN U UCKJIIOYEHUIT J1aeT:

S — Z S + Z Si;— Z Sijk+ Z Sijkd — S1,2,345 = 0. (13.3)
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3anuineM OT/IeIbHO PABEHCTBA, KOTOPBIE ITOJLY YaI0TCsI eCIu (DOPMYILY BKIIIO-
YeHUil ¥ UCK/II0YEHNI TPUMEHNUTh OTIEIbHO K KaxK ol durype. Hanpumep,
I IIepBOM mMeeM

S — Z St + Z Sij— Z S1je+ Si2345 = 0.

CkyaipiBast MATh TOJOOHBIX HEPABEHCTB, ITOJIYIaeM

D8i=2> S +3> Sijn—4Y Sijkit5Si25as >0 (134)

Haiinem Teneps Takyo JuHelHy0 KoMOuHamo HepaseHnets (13.3) u (13.4),
B KOTOPOii oTcyTCTBYeT cyMMma . S; ; 5. OUEBUIHO, 9TO /I 9TOrO K HEpa-
BercTBy (13.4) HykHO pUGABUTDL yTPOEeHHOE HepaBeHcTBO (13.3):

35 -2 Z S; + Z Si;— Z Skl + 5512345 =0.

> 8 =2) S -39=5-3=2.

3HAYUT U1 HEKOTOPBIX ¢ U j BBIIOJIHSIETCS HEPaBeHCTBO S; ; = 1/5.

B) Haiimure nuneiinyro komGunammo repasencers (13.3) u (13.4), B xo-
TOPOH OTCYTCTBYeT CyMMa Y S ;.

2.118.

Orcrona

12 13 | 14 | 15 | 23
24 | 25 | 34 | 35 | 45
123 | 124 | 125 | 134 | 135
145 | 234 | 235 | 245 | 345

Iudper HA OTHEIBPHBIX YACTAX MOKA3BIBAIOT KAKUMU U3 (DUTYP HOKPBITHI
COOTBETCTBYIONME ydacTtku. Hampumep, mudpsr 1 u 2 B mepBoil KieTke
03HAYAIOT, YTO OHA MOKPBITA IEPBOIl U BTOPOil durypamu. Jra cCXemMa Io-
Ka3biBaeT, 9ro oneHku 1/5 u 1/20 — rounsie. Ecam wactu mepecraButh n
pazbuenune HEMHOTO JAe(POPMHUPOBATH, TO MOXKHO JOOUTHCS TOTO, ITOOBI (hU-
I'ypbI OBLIM CBA3HBIMU.

2.119. IlocTpoiiTe B3aMMHO OJHO3HAYHOE COOTBETCTBHUE MEXKIY Ta-
KAMH TOCJIEIOBATEILHOCTSIMU U PACCTAHOBKAME CKOOOK B IIPOM3BEICHUN
To- Xy ... T, [0 ONHOMY U3 IPABUI

«(>—=41; «»——-1 mwm <«-»—>+1; «)»—-—1

2.120. YT006BI TOCTPOUTH B3AUMHO OJHO3HAYMHOE COOTBETCTBUE MEXKITY
TPHAHTYJIAIUSAMIA MHOTOYTOJIbBHAKA M PACCTAHOBKAME CKOOOK B IIPOU3Be-
JEeHUHd Lo - Ty - ... Ty, HY?KHO PACCTABUTH HA CTOPOHAX MHOI'OYIOJIBHUKA
[IEPEMEHHBIE Xg, L1, - .., L, (OCTABIIEHCI CTOPOHE IPUIUCHIBACTCS BCE PO~
U3BEJEHUE Lo Ty " - ..+ Lp).
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2.121. IlpunymaiiTe COOTBETCTBHUE MEXKIY BCEMU TAKUMH MaPIIPYTaMU
JIAJIBUA U TIOCJIEOBATEIbHOCTAMUI duces u3 3ajaqun 2.119.

2.123. IlepBoe perenne: MHIAYKIMS [0 YACTY OEH30KOJIOHOK. Jly1s oHOM
OGEH30KOJIOHKY DeIeHne 04eBUIHO. 1Ipeamosokum, 910 it n 6eH30KO0I0-
HOK 3a/ia4a pereHa. Ecym Ha KOJbIeBoii Jopore cTouT 1 + 1 6€H30K0JIOHKA,
TO CpeJ HUX BCErJa MOXKHO BbIOpATh Takyi (Ha3zoBeM ee A), oT KOTOpDOIi
MOXKHO JI0eXaTh JI0 CJIeAyommel no Kpyry 6ersokononku (B). Ecau us B
epesinTh BeCh GEH3UH B A, TO, COIIACHO TPEJINOJIOKEHUIO UHIYKIIUU, 10~
JIyIUTCs TaKas KOH(Uryparus OeH30KOJIOHOK, JJIsi KOTOPOW aBTOMOOWIIh
MOXKET TIpOoexaTh moJHbI KpyT. CiemoBaTe/bHO, HAYWHAS C TOTO YK€ MeCTa,
OH CMOXKET IIPOeXaTh IIOJIHBIH KPYT U IIPU U3HAYAJIHLHOM PACIOJIOKeHNN OeH-
30KOJIOHOK.

Bropoe perenne: npunmun kpaiinero. Ilycts aBToMOOMIL HE MOXKET IIPO-
exaTh MOJIHBIA KDY HE3aBUCHMO OT HAYAJbHOIO IOJIOXKeHUs. BoibepeM Ty
6eH30K0JIOHKY (A;), HaUMHAs C KOTOPOU OH IpoeieT HanbOJIbIlee PacCTos-
uue. [IpenrnosmoKumM, 9T0 OH OCTAHOBHUTCS HE JI0€XaB J0 OEH30KOIOHKH A,.
Tenepn, naunnasi ¢ Ay, OH MPOEJIET HEKOTOPOE PACCTOSIHUE, HO HE CMOXKET
JjoexaTb 10 A; U ocraHOBUTCH Iepej OEH30KOJOHKON As; u T. 1. B wmrore
moJTyIuTCcss Habop GEH30KONOHOK A;, A,, ..., A,, HauWHasa ¢ KaxKJOH u3
KOTOPBIX aBTOMODWJIbL HE MOXKET J0exaTh 1o cieayiomieit. Ho aTo mporuso-
peduuT TOMy, YTO O0Ilee KOJIMIEeCTBO OEH3WHA JOCTATOYHO JIJIs IIPOe3Ja II0

KpyTYy.
2.124. Ytobbl M0Ka3aTh, 9TO CYNIECTBYET IUKJIMIECKUN CIBUT ITOCTIE-
JIOBATEJIbHOCTU {d1, ..., Uy}, Y KOTOPOrO BCE YACTHYHBIE CYMMbI IOJIOXKH-

TeJbHBI, IPUMEHNUTE TPUHIIAT MAKCUMYyMa: PACCMOTPHUTE TOT IMUKIMICCKUN
CIIBUT, Y KOTOPOTr'O HAMOOJIBITIEE KOJUIECTBO IEPBBIX YACTUIHBIX CYMM ITOJIO0-
JKATeJIbHO. EMHCTBEHHOCTD Cile/lyeT U3 TOro, 9YTO HHU OJHY U3 IIOCJIEI0Ba-
TeJIbHOCTE} HeJIb3sl pa3bUTh Ha JBa OTPE3KA C IIOJIOKUTEIHHBIMU CYMMaMHA.
Yrobbr moyunth dopmyity mis gucesn KarajgaHa, J0MOTHUTE MOCIEI0Ba~
TeJIbHOCTD 3aja9u 2.107 sjiemeHTOM 0 = 1.

2.125. PaccMoTpuTe B IPOU3BEJEHUN Lo * L1 - . - . - £, TO YMHOXKEHHUE, KO-
TOPOE JIeJ1aeTCsl ITOCTIETHIM.

I'maBa 3. Aaropurm EBKJinIa m OCHOBHasi TeopeMa
apudMeTuKu

3.1. Eciu py, pa, ..., Pp — BCE TPOCTbIE YHUCTA, TO dncjo N = p; X
X P2+ ... Pp+ 1 HE MOXKET OBITH HU IIPOCTHIM, HI COCTABHBIM.
3.2.2mu 19.

3.3.p=3.
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3.6. Ilepermmmenm ypaprerue B Buge 2¢° = (p — 1)(p 4+ 1). 3amernm, uro
p — HempeMeHHO HeudeTHoe mpocroe umcyo. Orcioma g — gernoe. [Toatomy
q = 2. 3naunr p = 3.

3.7.¢q=3,p=19.

3.9. Ilyctb p1 =3, po =7, ..., p, —BCe TaKkue MpoCcThie ducaa. Paccmor-
pum uucio N =4p, - ... p, +3. OHO He JejMTCA HU HA OJHO U3 YUCEJ
D1, P2y - - - 5 Pn, HO O0SI3ATETILHO COJAEPIKUT MIPOCTOM JeauTesb Buiga 4k + 3.

3.10. /TokazaTeabCTBO TOBTOPSET PacCyzKieHns 3ajadn 3.9. B kauecTse
qncaa N MoXKHO B3aTb N =6p; - ... p, + 5.

3.11. Kaxmomy mesmTesro @ 9ucjia 1 COOTBETCTBYET JIEJUTENb b, JJist
KOTOpOro a - b=mn. OgHo u3 uuces a wim b He MIPEBOCXOMUT /M.

3.12. Korma n — moJsnblit kBasipat. Bocmosb3yiiTech pereHueM 3a1a-
qu 3.11.

3.13.111=3-37; 1111 =11-101; 11111 =41-271; 111111=3-7- 11 x
x 13-37; 1111111 =239 - 4649.

3.14. Pacemorpure uncsa 10011+ 2, 1001! + 3, ..., 1001! 4+ 1001.

3.16.a) 5, 11, 17,23, 29; 6) 7, 37, 67, 97, 127, 157.

3.17. Bo3bMeM B KadecTBe HAYAJIbHOI'O 3JIEMEHTA IIPOIPECCHH SJIEMEHT
9TOit mporpeccun Takoii, uro a > 1. Torna Bece uncna a, = a + kd npu k=ma
JIEJIATCS Ha @, TO €CTh SABJISIOTCS COCTABHBIMUI.

3.19. PaccmoTpuTte ocTaTKM OT JeeHus Ha 3.

3.20. 5.

3.22.n' +4=n*"+4n*+4—4n*=(n* —2n+2)(n®* + 2n + 2).

3.23. Tloacrasbre n =40 wm n=41. lIpu n=0, 1, ..., 39 uucaa P(n)
OyIyT IPOCTHIMIA.

3.25. Paccmorpure 9ucio py - pg ... - P, — L.

3.26.2-3-5-7-11-13+1=30031=59 - 509.

3.27. e5 =1807=13-139.

3.28, 3.31. BocmosbayiiTecs (hopmymaMu COKPAIEHHOTO YMHOYKEHIS U3
3agaqn 6.81.

3.29. Tak kak 2" >n+ 1, 1o 2" | 22", Orcroma 22" —1]2%° — 1.
Ho rorma f, | 22" — 1]22% +1 —2=2f _ 2,

3.30. Cmotpure 3asa4y 3.21.

3.32. Ilpu x = 0 MHOTOYWIEH TPUHUMAET 3HAUECHHE . II0aTOMY 0 =p—
HEeKOTOpoe mnpocroe uucio. Ilojcrasiss B muorowien P(x) duciaa z; = p,
Ty =p?, w3 =p% ..., nomygaem P(z;):ip. Cremosarensro P(x;)=p (j =
=1,2,...) u mHOrowieH P(z) OpUHAMAET OJHO U TO Ke 3HAYEHUe B HECKO-
HEYHOM YHCJIEe TOYEK, 9TO HEBO3ZMOXKHO. Omeem: Her.

3.34. (m,n)+ 1, m+n— (m,n).

3.35. Cpeu BBIOPAHHBIX YUCET HANIYTCS J1BA, OTJIMIAIONIIECS HA €1~
HUILY.
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3.36. Paccmorpure npsimoyrosibHuk O ABC', paciioiozKeHHbI Ha KOOP-
JUHATHON IJIOCKOCTHU TaK, 9TO ero BepmuHbl uMmeoT koopaunarsr O(0; 0),
A(q, 0), B(g, p), C(0, p). lIpoBenure B HeMm auaronanb OB u npsmble Bu-
max+y=%k (k=0,1,...,p+4 q), KOTOpbIE Pa3AEIAT €e HA P + ¢ PABHBIX
qacTeil.

3.37. Uepes 180 mmeit, 28 denpadis.

3.38. YV map (a, b) u (b, r) coBnasaoT MHOXKECTBA OOIIUX JEJUTEIIE.
3HAYUT COBMAJAIOT U HAUOOJIBIINAE JIEMEHTHI B 3TUX MHOXKECTBAX.

3.41. Ecau (a,b) =1, T0 i HEKOTOPBIX IEJBIX % U U BBIIOJHAETCS
pasencTBo au + bv = 1. JIOMHOXKUB ero Ha ¢, MOJIy4aeM PaBEHCTBO acCl +
+ bcv =c¢, B KOTOPOM @ JIEJTAT JIEBYIO YACTh. SHAYUT ¢ JEJUT U IPABYIO
9acTh, TO €CTH a | C.

3.43. Ectu m>n u m=nqg+r, tme r <n, TO OJUH IIMar aJTOPUTMa
EBkjnma npuBoIUT K PABEHCTBY

(1...1,1...1)=(1...1-1...10...0,1...1)=(1...1,1...1).
— | —— ——— S — | ——

m n m nq T n n T

To ecrs, npumensisi anroput™ EBKmia K 9uciaM, Mbl I0JydaeM, 9TO OH
OpuMeHsiercst K ux JymHaM m 1 n [IosroMy, B KOHIIE KOHIIOB, HOJIYYHTCS
9HCII0, cocTodIee u3 (M, n) eJMHHUIL.

3.44. 3ameTnM CHaYaJIa, YTO BCE 9JIEMEHTDI IOCJIeI0BATEILHOCTH JIEJIAT-
cd Ha a;. Ecim 910 He Tak, U @, — IEPBbIl JIEMEHT, KOTOPLIA HE JIeJIUTCS
HA @1, TO G; = a4, — @1 < @y, TaKKe HE JEJUTCHA Ha dj, 9TO IIPOTHBOPEUHUT
MHUHHMAJBHOCTH @,. ECin Tenepb MPeIooKUTh, 9TO B JAHHON HOCIE10-
BATEJILHOCTU OTCYTCTBYET 3JIeMeHT kai, TO B Hell orcyrcrByeT u (k + 1)a,
(nnave ka; = (k + 1)a; — a; npunajeskago 66l mocsegoBarenbHocTn). [To-
BTODsASL 9TO PACCYKJEHUE, IPUXOIUM K IIPOTHBOPEUIHIO ¢ GECKOHEYHOCTHIO

110CJIEJIOBATEIbHOCTH.
3.45. 10.
3.46. 10.
3.47. 19 -19° — 360° = 1°.
3.48. 800.

3.55. TobKO ec/ii 3TU YKUCjIa PABHBI.

3.57. 20 ormeTOK, 9 060POTOB.

3.59. IIpumenure anmropurMm EBKInaa K qucaaM, CTOSIAM B TUCTUTEIE
U 3HAMEHATEJIE.

3.61. a) Tak xak (n>+2n+4,n*>+n+3)=(n+1,3), o 1pobs Gyer
cokpatuma, korga (n + 1, 3) > 1. Omsem: n =3k — 1.

6) Tak kax (n® —n?—3n,n* —n+3)=(n* —n+3, 6n), To IPOOGL MOKHO
COKPaTHUTh JInbO Ha 2, Jmbo Ha 3, MO0 HA HEKOTOPBIN JIEJIUTEb TUCIIa 7.
Ilepserit cayuait HeBozmozkeH. Bo BropoMm citydae Haxomum, 910 n = 3k win
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n=3k+ 1. B tperbem cayuae (n> —n+ 3,n)=(n,3), nosromy n cHOBa
JOJIZKHO OBITH uncyioM Buma n = 3k. Omeem: n =3k, n = 3k + 1.

3.62. a) IIpemnonoxum, 9To Jaguoe ducso neaoe. Torma nocie Jeenus
YUCJUTEJIsT Ha 3HAMEHATEb C OCTATKOM, IPUXOJUM K PABEHCTBY

nt41 2 n+3
- =n"—n+ .
n“+n+1 n“+n+1
Tlomygennas 1pobb MOXKET OBITH IEIBIM TOJBKO Ipu n=—1 un=0. Omseem:
n=-—1,0.
6) n=0, 1.
3.63. n=2, 3.
3.65. Ha 17.

3.66. a) IIpu m > n BBIIOJHSETCH PABEHCTBO
(@™ —-1La"-1)=(@ —-1-a""(a" -1),a" —1)=(a™"" —1,a" = 1).

IIosromy anropur™m EBkiniaa s unces cranoBurcs ajropurmoM EBkinia
ISt TIOKa3aTesell n 3aKaHIMBaeTCsl napoit nokasareseit (m, n) u 0. MoxHo
TaK»Ke CKa3aTh, YTO 33/[a4a paBHOCUIbHA 3a/1a4e 3.43. [lefictBuTenbHO, ipn
periennu 3a7a9u 3.43 OCHOBaHHME CUCTEMbBI CUHCJIEHUS HE UMEJIO HUKAKOTO
3HaveHus. B 9acTHOCTH, MOXKHO CUNTATh, YTO BLIYHACJIECHUS ITPOBOJIMINCH B
crucTeMe CUUCTIEHUsI ¢ OCHOBAHUEM G.

6) Bocuoubsyiitecs paBenctBoM fr1 = fofi ... fn + 2.

3.67. Bocrionb3yiiTech B3anMHOM mipocToToi ynces Pepma.

3.70. Bocrionb3yitTech pe3ysibTaToM 3amadn 3.41.

3.71. Bocrionb3yitTech pe3ysbraToM 3amadu 3.70.

3.75. a) x, = 17+ 37k, y,, = 20 + 45k;

B) pelleHuil Her;

)
)
) 2 = —40 + 89k, y, = 49 — 109k;
)
)

—

r) xp =2+ 13k, yp = —5 — 43k;

r) xp = —8 + 2k, yp, = —13 + 34k.

3.76. Haunurte, nampumep, ¢ aByX cocemqaux umcen Pubonadam F,
uF, .

3.80. 7 u 2.

3.82. a) Bocnosb3yiiTech METOIOM MATEMATUYECKON MHLYKIIUH.

3.87. Ilyis1 kaxK10ro HaTypaiabHOro N onHo3HAYHO onpeesnM w = w(N )
yeaosusamu 0 < w < d — 1, N = cw (mod d). Torua

N =dn+ cw, (13.5)

rje n— uesoe. KEciau n npegcraBuMo B Bujie

n=Sz+ Sy et (z,y,t20), (13.6)
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10 N TpeICTaBUMO B BUJIE
N=ax+by+cz (z,y,2>0), (13.7)

riue z = dt + w. O6parno, eciu ectb npejcrasienne (13.7), 1o, moJ0KUB
z=dt+w', tne 0 < w’ <d— 1, nonysaem N = cw’ (mod d), orkyna w=w'.
Caenosarenbao, nMeroT MecTo npejacrasiaenus (13.5) u (13.6).

Taxum 06paszom, pasernctso (13.5) ceogauT Makcumusanuio ancesn N, He
upejicraBuMbix B Bugie (13.7), K MAKCUMU3AIMU YUCEJT 1, HE TPEJICTABUMbIX
B Buje (13.6), B coueranuu ¢ BEIGOPOM YUC/Ia W, HAUOOJIBIIErO B UHTEPBAJIE
O<w<d—1.

3.90. Ilycts ypaBuenue ax + by = ¢ mMeeT POBHO N PENIEHUNH B IEBIX
HEOTPHUIATETbHBIX YnCIaX. TorIa nX MOXKHO 3aIliUcaTh B BUJIE Ty = &g + kb,
Yr=Yo—ka, k=1,2, ..., n. IloncTanoBKoil IpoBepseTcs, 9TO YUCIA T}, =L+
+(k+1)b, ye =yo —ka (k=0,1, ..., n) HEOTPUIATEIHHBI U YIOBJIETBOPAIOT
ypaBHEHUIO aT + by = ¢ + ab, npudeM ApyruxX peIeHuil y Takoro ypaBHe-
nus He Oymer. Takum 06pa3oM, Mpu YBEJIUUEHNN ITapaMeTpa ¢ Ha ab Iucjo
perieHuii ypaBHeHUs a + by = ¢ B 1EJIbIX HEOTPUIIATEIHHBIX THCJIAX yBEJIH-
quBaercs Ha eauHuily. ClegoBaTeIbHO, YTBEPKICHUE 3aJa9IU JTOCTATOIHO
[IPOBEPUTH JIJIsl OJIHOTO 3HAYEHUsI 1, HAIIPpUMED, I 1 = 1.

IIycrs Temeps n = 1. HeobxomumocTs ycoBust ¢ > 0 oueBumnra. Bropoe
HeobxoMMoe yesioBre ¢ < 2ab — a — b mpoBepsieTcst Kak u B 3aade 3.86.

Hawnmenbiee 3uavenue ¢, 1ajs KOTOPOro ypaBHeHue ax + by = ¢ umeer
2 perrrerust, ectb ¢ = ab. [losTomy nipu ¢ < ab — 1 3T0 ypaBHeHUe UMeeT He
6outee omuoro pemrenusi. C 1pyroit cTOpoHbl, 3 3a1a49n 3.86 BBITEKAET, ITO
npu ¢ = ab—a — b+ 1 ypaBuenue ax + by = ¢ Oyzmer umMeThb 110 KpaitHeit Mmepe
onuo pertenne. CiemoBarenbro, mpu nab —a — b+ 1 < ¢ < nab — 1 perenne
Oy/1IeT POBHO OJTHO.

3.91. Touka c xoopaunaroit 4140.5.

3.93. 27.

3.94. 24.

3.95. 123.

3.100. Ilpu momormu dopmyn 3agaun 3.99, M0Ka3aTEILCTBO KaXKIOTO
TOXKJIECTBA CBOJIUTCS K JIOKA3ATEIBCTBY HEKOTOPOTO PAaBEHCTBA, COJEpIKa-
ero MaKCUMYMbI 1 MUHUMYMBI.

a) max(a, min(«, 5)) = a;

6) min(a, max(a, 5)) = a;

B) @+ f+7 = max(a, 4, 7) +min(a + B, a+7, 6+ 7);

r) a+ B +7=min(a, 8, 7) + max(a + 8, a+7, B+7).

3.102. (1,2,2)[1,2,2] #1-2-2. B obmem cay4aae (a, b, ¢)a, b, c] < abe.

3.106. a) 32;6) 3-4-6-8-12.

3.107. D10 yucna 1, 2, 4, 6, 16, 12.
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3.108. PaBencrsa cjIeIyI0OT 13 TOTO, 9YTO BCE IEJIUTEIN YUCIa 1 =p]" -. ..
- pYe UMEIT BUJ,

d:pfl...pfs 0/ <ar,...,0< 8, <a,).

3.109. n=12.

3.110. a) 28; 6) 160 wux 169.

3.111. z=6,y=5, z =4.

3.112. MynsrummkarusHocTh GyHKIMA 7(n) u o(n) caexyer us dop-
My 3aga4u 3.108.

3.113. Bce menurenu ducyia n MOXKHO pa3bUTh Ha TAPhI IUCET @, b Ta-
KUX, 9TO @ - b= n, IpuIeM B KaxKJIOW mape oJHO U3 YUCes 00S3aTEeIbHO HE
PEBOCXOUT /7.

3.116. 7(m - n) < 7(m) - 7(n); o(m-n) < o(m) - o(n).

3.117. Bocunosbayiitech dbopmysoii mist o(n) n3 3amaqdu 3.108.

3.118. IIpeacrasum n B BUje n = 2°~1b, e b— Heuernoe uucio, k > 2.
TockoubKy 0(2) — MyJIbTUILIMKATUBHAS (DYHKIMA, TO

o(n) =o(2""1)a(b) = (2" — 1)a(b).
ITo ycaosmio, o(n) = 2n = 2%, Tak aro
(2" — 1) (b) = 2%b.

Orcrona
b= (2 -1)e, o(b)=2"c=b+ec.

Ecmu ¢# 1, o y uncia b cyimecTByeT 1o KpaiiHeil Mepe TPU MMOJIOXKUTEb-
HbIX gesuresd b, ¢ u 1. B satom ciyuae o(b) > 1+ b+ ¢, 9ro nuporusopedut
pasenctBy o (b) = b+ c. llosromy c=1, o(b) =b+1, To ectb b=2% —1—
rpocroe uncjio. CorsacHo 3aja4e 3.31, 9T0 BO3MOXKHO TOJIBKO IIPU IIPOCTHIX
3HavYeHnsxX mokasaress k. Takum ofpasom n umeer Bujg n=2P"1(27 — 1),
rae p u b= 2P — 1 —mpocrhle 9ucia.

IlepBoie mpocTele unciia Mepcenna p =2, 3, 5, 7 J1al0T cOBepIIEHHbIE
qucya n = 6, 28, 496, 8128.

3.120. 220 u 284; 17296 u 18416.

3.121. Paccmorpure ciryuaii, korga n = m!.

3.122. 120.

3.124. O6a 4nciia COBIAAIOT C KOJUIECTBOM HATYPAJIBHBIX 9UCE]I, HE
MIPEBOCXOMIATINX (v U JIEJISIIAXCA Ha d.

3.126. Ilo dopmyre Jlexkannpa a= [1000} + [1000} + [1000} + {1000

3 9 27 81
%} n [%} —497. Tlosromy 37 | 1000, 10 393410001 Orser: o= 497.

3.127. OTbpockre 3HAK I1e/I0i YacTu B (opmyse Jlexxanapa u m0moJi-
HUTE CyMMY JI0 GECKOHEYHOU NeOMETPUIECKON MIPOTPECCHH.

|+
+
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3.128. Ecs n < p?, 1o ord, n! = [n/p] < p. Ecau xxe n > p?, vo ord, n! >
z[n/pl+[n/p] Zp+ 1.
3.129, 3.130. Ilo dopmyse Jlexxanmpa

ap,=(ap" '+ . ta)+(ap" P+t an)+ . tan=
=ay(p" T+ +p+ D)+ ta =
a1 +...4+a(@ -1 n—ar—...—ai—ao
B p—1 B p—1 '
3.135. Her. PaccMorpute gucia n Buga n = 2F — 1 u npuMeHuTe K HUM
dopmyny Jlexanmpa.
3.136. a) C oxmoit croponsl, o dopmyie Jlexkanapa, ord,(n!) <n. C
APYTOi,

ord, (kl(n — k)!) > {E} + [

2

TlosTomy

ord, CF = ord, (n!) — ord, (k!(n — k)!) < % -1

6) Ilpu n < 8 HEPABEHCTBO IPOBEPSETCsI IIPOBEPSIETCS HEOCPEICTBEHHO.
Ilpun>8
k k n—k n—k n o n n
n—FkK)NH> |2 - >+ -—-2>—.
ord, (k(n ’”’/M*MW 2 }‘L[ 4 }/2+4 223
TTocsie wero ocTaeTcst MOBTOPUTH PACCYKIEHUsI U IIyHKTA a).
3.137. Ykazanwme: BocmoJib3yiiTech (opmysoit Jlexkanapa u Teopemoit
Bubcona.
3.138. Ykazanue: cymMbl D, u F,, yIOBJIETBOPSIOT OJHOMY U TOMY K€

pekyppeHTHOMY cooTHoIennto. Hanpumep, D, =1+ o ;;1 ! D, _,. Kpome To-
ro, Dy = Fy, =1. CiietoBaTeIbHO, OHU PABHBI APYT APYTY. SHAYAT, Ipu 7 > 1
n n—1
2k on 2" 2" 1
T=oF="Da = —
n n n Ch_1
k=1 k=0

st 3aBepIieHns: JT0Ka3aTe/TbCTBA HYKHO C IMTOMOIILIO PE3yJIbTaTa 3a/1a-
g 3.136 OllEHUTH CTEleHb BXOXKJAEHHs YUCJa 2 B OOIMil 3HAMEHATE b I10-
JIy4EeHHOH! CyMMBbI.

3.139. KosmgecTBO TaKUX OpeJCTABICHUII PABHO YHUCIYy HEUETHBIX JIe-
JuaTenein n.

3.140. IIpeamnooxKum, 94To s Yuciaa n! 4+ m ycjioBue 3a1a49u He BbIIIOJI-
HSIETCsI, TO €CTh KayKJIbIi IIPOCTOI JleJinTesib p yucyia n! + m aeJuT apyroe
YUCI0 M3 JaHHOrO crmcka. Torma p <m— 2, p|n! u aucio m moJKHO Je-
JuThCA Ha p. amee paccMOTpUM JBa Caydasd.
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1) Ecimm m — cocrasuoe uucio, to ord, m < ord,n! u ord,(n! +m) =
= ord, m. Ho nociennee paBeHCTBO He MOXKET BBINOJIHATHCA IJI JIIOOOTO
upocToro p | m, Tak Kak n! +m >m.

2) Eciiu m —upocroe uuciio, o n! + m = p* qsa vekoroporo « = 2. Ho
Torga n < 2p, ¥ Cpey JAHHBIX YUCes He HallIeTCs BTOPOI'o YUCIa, KPaTHOTO P.

3.141. 377 nap KpOJIMKOB.

3.142. Ilyctb a,, — KOJIUIEeCTBO CIIOCOO0B, KOTOPBIMHU KY3HEUUK MOXKET
nobparbes 10 n-ii kiaerku. Torga a; = a, = 1. Kpome Toro, B (n+ 1)-10 xier-
Ky Ky3HEUHK MOYKET [TONACTh JIOO U3 N-if KJIETKU, JUOO MEPENPHITHYB N-10
kitetky. I[lostomy a, 1 = a,_1 + a,. Orciona a, = F,,_;.

3.143. 233 ciocobamu.

3.144. 13 navaabubix yeaoBuit Fy =0, F} =1 1 peKyppeHTHOTO COOTHO-
menust F,, o = F, . + F, auncna @ubonauun ¢ OTpUNATETbHBIMIA HOMEPAMU
OTIpeNIENIIOTCA OfHo3HauHO: F_, = (—1)"T'F,.

3.146. IIpumeHnuTe UHITYKIIHIO.

3.147. Bce paBeHCTBa JOKA3BIBAIOTCS IIPHU MTOMOIIH METO/Ia MaTeMaTHU-
YeCKOI MHyKIIUU.

3.148. Pas6eiiTe Bce IyTH Ky3HEUNKA HA JIBE TPYIIIbL: ITPOXO/IAIINE U HE
[IPOXO/ISATIIE Yepe3 N-10 KJIETKY.

3.150. 1.

3.151. —1° Pt

Fi-F, Fn-Faop'

3.152. a), 6), B) Paccmorpure nociie1oBaTeIbHOCTE OCTATKOB OT JIEJIe-
uug Fy, va 2, 3 u 4. r) Bocnosb3syiitech ToxIecTBOM U3 3a1a4n 3.148.

3.153. Paccmorpum octaTtku oT aenenus uucen Fy, F,, ... ma m. llo
JBYM COCETHUM 3JIEMEHTaM ITOU [TOCJIEI0BATEILHOCTH OHA OJHO3HATHO BOC-
CTaHABJIMBaETCs BJIEBO U BIpaBo. 1losToMy 3Ta mocsenoBaTeslbHOCTD ITUK-
smraeckn noropsiercss u 0 (ocTaTok oT mesienust Fy Ha M) BCTPETUTCS B HEH
GECKOHETHO MHOTO Pas.

3.155. Ilo ycmoButo 3amaun uncio PuboHATIN JOKHO OBITH YETHBIM,
3HAYUT, ero HoMep jenuTcd Ha 4. Hucia Fg, nenarcsa na 4, a aucna Fg, 3 —
Ha Fy, .. Takum obpasom npu n > 1 aucio Fy,,3/2 He MOXKeET GBITH 1IPO-
cTBIM, TakK Kak npu n=3k u n=3k+ 2 oHo gemurca Ha Fy,.;, a 1pu
n=3k+1—na Fp,,1/2.

3.156. a) Bocnousyiitech pesyibraroMm 3ajgaqu 3.38. 6) Bocnosb3yii-
rech paBeHCTBOM (Fh, 1., Fr,) = (F,,, F,), KOTOpOE ClelyeT U3 TOXKIECTBA
3a 19 3.148.

3.157. U3 nyskra a) 3amaun 3.147 ciexyer paBeHCTBO

F.+F, o +...+F,7=F,9— F, .o
D10 uncI0 He MOXKeT ObITh yucyioM Pubonadyu, MOCKOIbKY Fi, g < Fi 19 —

— L'n42 < Fn+9'
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3.158. Haitaure pekyppeHTHYIO (DOPMYJIY /s GUCIa TAKUX TIOCJIEI0-
BaTesbHOCTEN. MOXKHO TaK2Ke BOCIOJIB30BATHCSA PEIYJILTATOM 33124 3.142.
15t 9TOro HY2KHO KaXK/IyI0 €JUHUILY WHTEPIPETUPOBATH KAK IMPBIKOK Ky3-
HEYUKa Yepe3 KJIETKY.

3.159. Jlsis pazioxkenus ducyia n B GpUOOHATINEBON CHCTEME CINCICHUS
HY?KHO BOCIIOJIB30BATHCS «2KAJHBIM» aJTOPUTMOM: BBIYUTATH U3 1 HAMOOJIb-
miee yncio F,,, He npeBocxozsinee n.

3.160. [dokaxkure, aro unciaa F,, Haiinerusie mo dpopmyste bune, ymo-
BJIETBOPSIIOT HAYAJBHBIM ycaoBusaM Fy =0, [} =1 u peKyppeHTHOMY COOT-
momenuio F,, ., = F, + F,,_;.

3.161. Packpoiite ckobku B dpopmysae Bune, moan3ysich dopmysioi 6u-
noma Hprorona.

3.163. PaBencTBo MOXKHO JIOKa3aTh METOJIOM MATEMAaTHIECKOW HHIYK-
nuu. /pyroe permreHne MOMXKHO TOJIyIUTHh €CJIU BOCIIOJIB30BATHCS 3a1ad9a-
mu 3.158 m 2.73.

3.164. S, =0, ecsim n=2,5 (mod 6); S, =1, eciit n=0, 1 (mod 6);
S,=—1,eciim n =3, 4 (mod 6). BoJsiee KOPOTKO OTBET 331491 MOXKHO 3aIli-
CcaTh TaK:
sinm(n+1)/3 2 . w(n+1)

Sn= sint/3 3 STy

3.165. F,. .
3.169. Fn72 + Fn = Lnfl.
3.170. L, = ¢" + o™

3.171.

3.176. a) ITogbopom MOXKHO HaiiTH IIEpBble PelleHHs JAHHOIO ypaB-
Henus B neabix uncsax (1,0), (2,1), (5,3), B KOTOPBIX yrajblBAIOTCs CO-
cegane uncaa Pubonaaan. MoKHO IPEIIOIOKATD, 9TO OTBETOM K 3aJade
OyayT napst (T, Yn) = = (Fang1, Fon), TJI€ N — IPOU3BOJIBHOE IEJI0€ THCIIO.
(Cm. 3amaay 3.144.) [eficTBUTENBHO, TTOCIIE NOACTAHOBKY Hapbl (Fo, 11, Fb,)
B ypaBHEHIE, IPUXOJMM K JaCTHOMY CiIydalo Toxaectsa Kacennm: Fy, | —
— By, Fonyo=1. (Cm. 3asaay 3.146.) ITokazkeM, 94T0 y UCXOHOIO yPABHEHUSI
HeT Apyrux pemienuii. PaccMorpum, Hanpumep, Te napel pemenuii (z, y), B
KOTOPBIX Z > 1 1y > 0. HerpyaHo npoBepuTh, 9TO TAKNE L U Y JOJKHBI ObITDH
CcBA3aHbI HepaBeHcTBaMn i < x < 2y. KpoMme Toro, Kaxkias mapa periennit
(2, y) TOPOKIAET MEIYIO NENOYKY PENIeHHH M0 TIPABIILY

oo (r—y2y—x) = (2,y) — ety z+y)— ...
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Ilpu JBUKEHUU 110 TOI IIeIIoUKe BJIeBO YMCJIa B apaX yMeHbIIAITCs:
O<z'=z-—-y<u, 0<y =2y—z<y.

IloaToMy Ha HEKOTOPOM ITare MOJIyIHATCS mapa, B KoTopoit y =0, x =1, To
ecrb mapa (F, Fy). Ho ata mapa nmopoxjaer nenodxy

"'—>(FlaFO)—>(F3;F2)—>---_)(F2n+1;F2n)_)---

3HauUT, UCXOHAS Apa J0JKHA uMeTh Bugl (X, y) = (Fap i1, Fon) = (Tn, Yn)-
6) Bee pemennst ypaBHeHUst UMEIOT BUJ, (T, Yn ) = £ (Fop, Fon_1), 06 n—
[IPOU3BOJIHLHOE IEJI0€ YUCIIO.
3.177. a) Jokaxkure cHavaja BCHOMOraTeJIbHbIE HepaBeHcTBa F, s >

2 %an Fn+3<8Fn
3.180.6) F*=F, w1 Frli + Fo \FF  =F, o FF i+ FoFr .

3.181. JTokaxure, uro A* nomyckaer npejcrasienne B Buje TuHEHAHOM
KoMGHHAIMH ¢ TesbiMu Kooddummentamu wucen AS] n AX .
3.183. O6oznaunm gepe3 N («, n) 9ucyio 31emeHToB B Spec(), KOTOpbIe
He IIpeBOCXoIAT 1. I1oCKoIbKy o> 1, TO OHU BCe pa3/IndHbl, ¥ UX KOJIUIECTBO
COBIIAJIAET C YUCJIOM pereHuil HepasercTBa ay, = [ak] <n (k> 0). Samenum

9TO HEPaBEHCTBO PaBHOCUJIbHBIM:

ok <neak<n+lek< 2L

Buaunr, N (o, n) = [n 2 1}. Ananornuno N(8, n) = [n a 1}.

B

ITokaxxem, uaTo
N(a,n) + N(8,n) =n.

U3 pasencrsa 1/a + 1/5 =1 nosnyuaem
n+1 n+1l] _n+l n+1 [n+1l n+1\1
[ e }—i_{ B }_ e + 164 { ! }+{ B }—n

Cymma naByX ApobHBIX dacTeil maer 1, TaK KaK WX apryMeHThI — UPPAIno-

HAJILHBIE YUCJIA B CyMMe PABHBIE HEKOTOPOMY IIEJIOMY YHCJTY.

s 3aBepIieHns JJOKa3aTeIbCTBA OCTAJIOCH POBEPUTH, YTO MIPHU JIIOOOM
n Bce Te n umucen u3 Spec(a) U Spec(f), KOTOpbIE HE MIPEBOCXOIAT 1 — Pas-
Jn9HbL. JefCTBUTEIHHO, €CTH MBI IIPEJIITIOJIOKNAM, ITO HEKOTOPOE YUCJIO 11
rornaJjo B 06a crekTpa, TO

N(a,m)—N(a,m—l)zl, N(ﬂ,m)—N(ﬂ,m—l):1
CkraipiBasi IBa 9TUX PABEHCTBA, IIPUXOIUM K ITPOTHBOPEUNIO:

m—(m—1)=2.
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3.186. IlepBoMy CIIeKTPY HTPUHAIEKAT YUCTA C IETHBIM KOJTHIECCTBOM
HyJIell Ha KOHIIE, a BTOPOMY — C HeYeTHbIM. J[Jisi J0Ka3aTeabCTBa MOJIY-
qure (HOPMYJIbl YMHOXKEHUS Ha (o B (DUOOHATINEBON CHCTEME CUUCTICHUS:
p-F,=F,., —¢", u, eciiu

n:Fkl +Fk2 ++Fkra
rme ky — ko 22, ..., k.1 — k. >2, T0
[np] = Fiy 41+ Fryr + oo+ Frp1 — 02(ky),

rje 0z(a) =1 mpu a =0 (mod 2) u §(a) =0 mpu @ =1 (mod 2).

3.189. IlepBblit UTrpOK BBIUTPBHIBAET, €CAU UUCJIO N UMEET BUI N =
=[my?] — 1, 10 ectb, ecim n+ 1€ Spec(p + 1). Ilepsble BBHIMIPHIIIHbIE
sHavenus n pasabl 1, 4, 6, 9, 12, 14, ... (cM. HyseBoil croubern B MaccuBe
Burxodda uz zagzaan 3.190).

3.190. Bocnosbayittech hopmynamu u3 pemrenus 3agaqdn 3.186.

3.191. a) [11;3,4]; 6) [1;6,6].

Fn+1
3.192. T

3.195. Cmorpure 3anady 3.147, myHkT r).

3.197. a) IIpu k=0, 1 paBeHCTBO IPOBEpsIETCS HEMIOCPeICTBEeHHO. lasee
[IpUMEHUM UHIYKIuio. [Ipeamosokum, 910 paBEHCTBO JOKA3aHO I HEKO-
toporo k. okaxewm ero mis k + 1. I[logxonsamas npobs ¢ mHomepom k + 1
nosyvaercs u3 k-it Apobu 3amenoit a;, Ha a + 1/ag q:

lao; a1, ..., Qg, Grgr] = [ao; ar, .., ax + 1/agpiq].
Jlenas Takyio 3aMeHy B paBEHCTBE

_ Pe _ arPr1+ Pro

CQk arQr-1+ Qr—2’ (13-8)

[ao; @i, ..., ax]
IIPUXOIM K COOTHOIIEHHIO

[aO' Ay, ..., QL ak+1] = (ak + 1/ak+1)Pk71 + Pk*z — Pk+2 .
T (ar +1/ar1)Qr—1+Qr2  Qri2

6) IIpumenure unaykuuio. B) VI3 nyHKTa 6) HEMEIJICHHO CJIEIyeT, 9TO
qucia P, u (Q B3aUMHO IIPOCTHI.

3.201. Bocnossayiirecs coiictBoM 6) u3 3amaun 3.197.

3.202. a) x, =4+ 13k, y, =314+ 101k (k€Z); 6) zp=—6+ 19k,
yp =—19+ 79k (k € Z).

3.203. Ecim 661 400 mocsieoBATEIbHBIX «TPUTOPUAHCKUAX» JIET B TOY-
Hoctu coorBeTcTBOBAIN 400 ACTPOHOMUYIECKUM TOJAM, TO IPOIOIKATEb-
HOCTBb OJTHOTO aCTPOHOMUYECKOIO T'0J[a PABHSIACH OBbI

97 - 366 + 303 - 365 97
400 =365+ 407
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JHSIM, 9TO BCEro JIUIIb Ha 26 CeKyH/]I IIPEBBIIIAET IIPOJOJIKUTEBHOCTD I'0-
J1a, HAJIEHHY IO 3 aCTPOHOMUYECKNX HAO/roneHnii. Pacxox nenne HeBeTUKO:
OHO COCTaBJISIET OJIUH JIeHb B 3323 roja.

3.207. PaccMoTpuTe HPSIMOYTOJIBHEK CO CTOpPOHaMu 1, v/2 # BOCIIOJB-
3yiTeCh reoMeTpUYecKoil mHTepIpeTanueil aaroputMa EBKauga u3 3a/1a-
an 3.194.

3.208. B HsmanckoMm crujie omubKa B OJJHM CYTKH HAKAILIMBAETCS 38
128 ner.

3.209. [365;4,7,1] = 365%. Omap Anbxaiismu BBes1 MK U3 33 JIeT,

B KOTOPOM CE€Mb pa3 BHCOKOCHBII 'O CIUTAJICS 9€TBEPTHINA, & BOCHMOIl pa3
BHUCOKOCHBII T'0J1 OBLJT He YeTBEPTHIHA, a IAThIA. Takum 06pa30M, 3/1eCh nMe-
ercst 8 mmHUX cyTOK B 33 roga. OmubKa B OHM CyTKU B 9TOM KaJIEHIIApe
naberaet npumepuo 3a 5000 jet. Touree cka3aTh HEIb3sI, TIOTOMY ITO CAMA
[IPOJIOJI?KUTEJILHOCTh aCTPOHOMHUYECKOIO I'0J1a MEHSAETCH U3-3a 3aMe[JICHUS
BpallleHust 3eMJIn BOKPYT CBOeil ocu. D1oT 3 deKT 3a1aeTcsi MPUbIMAKEH-
woit popmysnoit Caitmona Herokoma:

1 rox = (365,24219879 — 0,0000000614 - (n — 1900)) cyrox,

rIe n— HOMEp roza.
3.210. a) v/33; 6) v34; B) (1+V17)/2.
3.211.a) vV2=[152];6) vV3=[1;1,2];8) 1/2+V7=[3;6, 1,6, 5].
3.212

3913 k_ 64 m _ o1

137 n 56
3.214. JlokaxkeM CHavaJja, 9TO BCAKAs UUCTO MEPUOJIMIECKas IEIHAasT
JIpOoOh

o= [G/O; A1y -y A1, a]

3ajlaeT KBaJIPATUIHYIO0 UPPANUOHAILHOCTE. [Ipu pemenun 3amaun 3.197 a)
6bL1a nostyuena dpopmysta (13.8), KoTopast BBIpazKaeT 3aBUCUMOCTD IOJIXO0/Is-
1meit Ipobu OT MOCJEIHEr0 HEMOJHOTO YaCTHOrO. 3aMeHsist B 9To# dopmyiie
aj Ha (, IPUXOIUM K PABEHCTBY

_ Qpp—1 + Pr—2

Cagk-1+qr2’
KOTOpOE JIaeT KBa/IpaTHOE YpaBHEHUE JJIsd v

&1 + a(qr—2 — pr_1) — Pr—2 = 0.

Takum 0bpazoMm, o — KBaJIpaTUIHAS UPPAIMOHAIBLHOCTh. OCTaioch 3ame-
TUTb, YTO €CJIN

6: [b07 b17 .. '7bm7 Oé],

TO 3 TaKKe SBJISIETCS KBAIPATUIHON UPPAIINOHAIBHOCTHIO.
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99 305 271

3.216. IIposepbTe, UTO MOCJIEIOBATETLHOCTD

B (1 4 \/i)anl _ (1 _ \/i)anl
Pn /3
YA0BJIETBOPAET HaAYaJIbHBIM YCJIOBUAM D1 = 2, P2 = 5u PEKYPPEHTHOMY ypaB-
HEHUIO Py 4o = 2pn+1 + Pn, a IIOCJIEA0BATEJIBHOCTD

_ V)" -V
an = /2
— HAYAJBHBIM YCJIOBHUSIM ¢; =1, ¢ =2 W PEKyPPEHTHOMY yPaBHEHUIO
Gni2 = 2qns1 + Gn. Orciofga Gyler CiaesoBaTb, 4TO D, /¢, — N-s HOIXOJs-
mas apobb K ancay [2] =14 /2.
3.217. [lycrb p/q— noaxoasinast 1pobb K auciay « u p’’ /q” — caenyromast
noaxoasmasa apobb. Toraa, coryacuo 3amgaqde 3.199,

’ P ‘ 1 1

S Sqaray
YTO U JaeT Hy2KHYIO OIEHKY BeJIMTUHLI §.
BoaMoxken TakKe ciydail, Koryia p/q — HOCJIeIHss TOX0AIas JIpodhb
K umeay « u apobu p’/q” me cymecrsyer. Torma |a — p/q| =0 u myx)HOe
HEPaBEHCTBO TAKYKe BLIIOJIHSICTCS.
JlokazkeM yTBepzKJeHHe TeopeMbl B JIpyTyio cTopony. IlycTsb

/
S: [ao; ar, - -, agl, 7 =[ag; a1, ..., ax_1].

Eciu oo = p/q T0 yTBEpKI€HAE TPUBUAIBHO. 3aMETUM, YTO YUCJIO (v HE MO-
JKET COBIAJATH HU C OJHON U3 noaxondamux jpobeii k p/q. HeficrBuresbHo,
ecn « = P;/Q; —noaxonsamas apobb, 10 (; < ¢, HO HEPABEHCTBA
1 ‘ p’ 1

— < |la—=| < —

aQ; ql = alg+4q)’
IPUBOJSAT K TOMY, 9T0 (); = q + ¢'.

SHAYUT, JJIs HEKOTOPOro ' OYJIET BBIIOJHATHCS PABEHCTBO

a=[ag; a1, ..., ax, . (13.9)

CorniacHO peKyppEeHTHBIM COOTHOIIEHUAM u3 3aga4u 3.197

_pa' +p _p|_|pd P p|_ 1 _ol. 1
o = 7 7 « - 7 7 - 7 T N

g’ +q gl lga"+q  ql  qgled’ +4'| ¢ " ala+q)
Orciona |qo’ + ¢'| =2 g+ ¢', & > 1, u u3 pasencrsa (13.9) cienyer, uro p/q
€CThb TOIXOAAIMA APOOb K YHCIY (.



OTBerbl, yKa3aHUsl, PENTECHUS 233

3.219. 3amerum, YTO YHCIA P U ¢ MOXKHO CUMTATH HATYPAJIbHBIMU.
B srom caywae

_p|_ 12¢° —p 1
Vet = At Z e

W3 npemmnooxkenust

p 1
_ple 13.10
Va-tl< o (13.10)

BBITEKaIOT HepaBeHCTBa
1 1 P
—_— >3- \/5 > \/5
3¢ 7 qgv2+p) a4 ’

YTO TO3BOJIIET PACKPLITH MOILYIb B (opmyiie (13.10) co 3HAKOM «MUHYC>.
3HaquT,

1 _p 5 1 3422
—>2_V2>3-2V2, < = <2.
3¢ 7 q - = 3(3 — 2v/2) 3
To ecTb creslaHHOE TPEAIIOIOKEHNE MOYXKET OBITH BEPHBIM TOJIBKO IIpH ¢ = 1.
Ho
2 1 1 1
3.221. Ilpumenure ajropur™ EBkiuga K MHOrowieHaMm a’*+2 —1 u
afrt1 — 1.
/202 + dab ——
3.222. W = [a; ).

3.224. Ilycts v pa3jaraercsi B 9UCTO MEPUOIUIECKYIO TEMHY0 JIPo0b ¢
nepuojsioMm jumabl k. Torma ag = ax > 1 u, cienosBarenbuo, o > 1. 13 coot-

HOIIIeHU A
_ Pria+ Py o

C Qr-10+ Qr—2
(rme, B wacthHoctu, ipu k=1 P_; =1, Q_; = 0) HaX0auM, 4TO (v ABJIAETCS
KODHEM MHOI'OYJIEHA
f(x)= Qr_12” + (Qr—2+ Py_1)x — Py_s.
Tak kax f(0) = =P, 2 <0m f(=1)=(Qr-1 — Qr—2) + (Pe-1 — Pr2) >0, 10

BTOPOIi KOPEHb 9TOT0 ypaBHEHHs (¢ JIOJIZKEH JieKaTh B unrTepsaje (—1;0).
IIpeamookum Temepb, ITO

a:#>l u —1<a':¥<0.

Tak Kak mOJIHBIE YaCTHBIE ay,, OoIIpeJgesideMble COOTHOIIEHNEM

O = Y

= [aO; A1y ...y Qp_1, an]v
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SIBJISIIOTCST KB/ IPATHIHBIMEI UPPAIMOHAIBLHOCTIMHI C TEM K€ JINCKPUMUHAH-
ToMm D, To tipu jrobom n > 1

a _U7L+\/5 of/_(]n_\/B
n - Vn bl n 7‘/’” .
HOK&)KGM, 9TO IIpH BCEX N 2 0 BBIIIOJIHSIOTCS HEepaBE€HCTBa
~1<da, <0. (13.11)

Ecsu 3T HepaBeHcTBa cpaBe IUBEI 11t HEKOTOPOro n 2> 0, To U3 COOTHO-

meHud o, = a, + [IOJIy9aeM, 4TO

Qn+41
1 1
! !
O =0,+—F——, o A =—F".
T an MM A —an
Ho rax kak a, > 1 u cornacao mpexnojoxenuto —1 < o/ <0, To u3 m0-
CllelIHero HepaBeHncTBa HaxoauM, 9ro —1 < a;, ., < 0. Ilockonpxy mpu n =0
HepaseHcTBa (13.11) BepHBI 1O YCJIOBUIO, TO COTVIACHO TIPUHIUILY MATEMATH-
4ecKO! MHIYKIMKA OHM OYIyT BepHBI U 11 Bcex n > 0.
2 7 8m
3.226. Ilycts 2 cos - = 2 cos - = 0, 2 cos - =7 YTBepKIeHUE 3a-
JIa9U PABHOCUJIBHO TOMY, UTO JIJISI HEKOTOPOTO JIEHCTBUTENBHOTO 0 (Tpes-

[OJIAraeMOro OBIIEro «XBOCTa» TPeX IEMHbIX IpOobeii) BBIOIHSIIOTCS PABEH-
CTBa

njin

§— 1 _ -0 _ = 1
a—1 26841 ~+2°
IIpoBepka 9THX paBEHCTB CBOJIUTCS K TOXKJIECTBAM
aB+5+1=0,
By+~v+1=0, (13.12)
ya+a+1=0.

Ho Tak kak
a=v>—-2,

62042—2,
7:ﬁ2_27

o pasercrBa (13.12) cieayor u3 TOro, 4TO YUCHA v, [ U Y ABJILIOTCSI
KODHSIMU yDABHEHUS

6 +6°—20—-1=0
(em. 3amaqy 5.19).
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3.227. Ilpu n =0, 1 yTBep)aeHne 33291 ITPOBEPSIETCST HEITOCPEICTBEH-
vo. Ilpu n > 3 HyKHO BOCIIOJIb30BATbCH YTBEPXKIACHUEM 3aJa4un 3.226, u3
KOTOPOIl cJie/lyeT, 9TO YUCAUTE/I U 3HAMEHATEIN Apobeit «v,, B, U ¥, yIo-
BJIETBOPSIIOT OJHOMY M TOMY K€ PEKYPPEHTHOMY COOTHOIIEHUIO.

3.228. Ecimn _L — IOJIXO/IAIINE IPOOU K TUCITY (v = 2 COS %T, TO JIpooHU

Pn"‘Qn u Qn

COOTBETCTBEHHO.

3.232. Ilpumenunre WHIYKIUIO IO KOJUYIECTBY mepeMeHHbiX. IIlar wa-
JyKIAA 0OOCHOBBIBAETCS UCXOS U3 PEKYPPEHTHBIX COOTHONIEHUN /it KOH-
TUHYAHTOB.

3.234. BocnombayiiTech peKyppPEeHTHBIMI COOTHOITEHUSIMU JIJIST IHC/IH-
Tesieit M 3HAMeHaTe el MOIXOISIINX JTPOoDeil.

3.237. Vkaszaume: mMHOrowieH C,io(T1, ..., Tpi2) IHOJIYyYAETCS, €CJIH
npaBuwio a30yku Mopse IpuUMEHHTh He K OTPE3KY U3 HECKOJIbKUX IIOCJIe-
JOBATEJILHBIX TOYEK, & K TOYKAM, PACIOJIOKEHHBIM B BHUJIE 3aMKHYTOTO

4 8
OYAyT MOAXOISIIUMU JIJIst IUCEJT 2 COS 3 X 2cos?

OXKEPEJIb.
3.238. ;i HaTypaJbHBIX YHUCEN ¢, JeXKaIux B Ipeaenax 2 < q < 2k,
nMeeM
p Knyi(ao, ..., an)
= =lag;as, ..., 0, = —FF—""""""—=. 13.13
q [ 0y W1, 9 n] Kn(aly---7an) ( )
TTockoubky P qucio ne 1eJI0e, TO B TAKOM IIPECTABJICHUN
q
n>0, ay=2, a,=2. (13.14)

Tax kak apobu p/q u K, /K, HECOKPATHMBI, TO MOYKHO yTBEPKIAThH Pa-
BEHCTBa:

p=K,i(ao,...,a,), q=K,(ay,...,a,).

Hao6opor, uz yciosuii (13.13) u (13.14) caenyer, 4ro g — omHO U3 ducen 2,
3, ..., 2k. Ilo ceoiicrBy 6) u3 3amauu 3.233

b= Kn+1(a’07 R an) = Kn+1(an; e CL()),

CJIETIOBATENIBHO TEMHAs JPOOb [ay; ..., Gg] MOXKeT OBITH 3alucaHa B BHJE
[@n; ..., a0l = B,, rae ¢ Tak¥Ke COBIMAJAET C OJIHUM U3 gucen 2, 3, ..., 2k.

Takum obpasom uncia 2, 3, ..., 2k pazbusaiorca Ha napsl ¢ u ¢'. Ho Bcero
rux guces 2k — 1, M03TOMY BCTPeTUTCs Iapa, B KOTOpoil ¢ = ¢'. 3Hauur,
[@o; @1y vy An] = [An; Gn1y ooy Aoy Gn = Aoy A1 = A1,y - ooy Qo = Q.

Pacemorpum takyio nennyio gapobs. Ecim n = 2m — qucio gerHoe, TO
m=>=1mn

= K2m+1(a05 vy A1, Oy Qp—15 « + + aO)'
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ITo cBoiicrBy 1) u3 3ama4n 3.233, 9UC/I0 P MOXKET OBITH 3aIUCAHO B BUJIE

p=Kpnii(ao, - oy @) Kp(@Qm_1, ..., a0) +
+ Ko (ag, oy @m 1)K 1(Qm_ay ..y a0) =
=K, (ag, .y @mo1)(Km_1(ao, -y Gm_2) + Kmy1(ag, - .-y am)),
9TO MPOTUBOPEIUT ero mpoctoTe. [losTomy n = 2m + 1 — uucjio HedeTHOE U
D= Komia(Go, ..y Gm_1, Qmy Quy Gty + -+, Qo).
Io Tomy 2ke CBOHCTBY I') u3 3aiauu 3.233, moJrydaem:
p=Knii(ao, -y @m)Kmii(@m, ..., a0) +
+ Ko (ag, ooy 1)Ko (@1 . ., ag) = a® + b2,
i ()
a=K,1(ag,...,am), b=Kn(ao, .., Gn_1)-

Yucio b 6ymer o6a3aTeIbHO MOJOXKUTEILHBIM, TaK KaK PaBEHCTBO p = a’
HEBO3MOXKHO B CHJIy IIPOCTOTHI P.

3.239. Muorowrensr K, (21, ..., x,) OyayT CBA3aHBI ¢ OOBIYHBIME KOH-
tuHyanTamu paseacteaMu K, (zq, ..., 2,)=i""K, (ixy, ..., ix,), K, (21, ...
) =1 K, (ixy, ..., ix,). Jaa muorounenos K, (zi,...,z,) co-
XpaHsercss CBOHCTBO cummerpudHocTH K, (21, ..., %,) = K, (2, ..., T1).

B ocrasbpHBIX cBOiicTBax IIPOUCXOIAT HeOOJIbIIE U3MEHEHUS:

-[?7L+2(x17 R} x7l+17 O):_Kn($17 DR xn)u
Kn(xlu R} "En):xlj{v’nfl(‘fl7 DR rrnfl)_j(v'n72(:'[;17 R} x7l72)7

Kern(xlu ceey Ty xm+17 DR mern):Km(xlu DR xm)Kn(:Em+17 DR :I:ern)_
_-[?'mfl(xlu DR x'mfl)l?nfl(x'rn{»Zu DR x7n+n)'

Takum obpazom kaxkoe Tupe B a3dyke Mop3se HyKHO MHTEPIPETUPOBATH
KaK MUHYC [epe] COOTBETCTBYIOIIM CJIATa€MBIM.

3.240. B) Paccvorpure cay4vail, Korga ap =...=a, =...= 2.

3.241. Ykazanue. [lo uHAyKIIE MOXKHO TPOBEPUTD, ITO B TaOJIUIE CTO-
AT 3HAYEHUs] MHOTOYIEHOB K,,, apI'yMEHTaMU KOTODPBIX SBJISIOTCS YHCJIA U3
CTPOK, COCEJICTBYIOIIUX CO CTPOKAMU U3 equHuIl. st JoKa3aTeabcTBa Ina-
ra MHIYKIUA HY>KHO 3aMETUTh, UYTO YHCJIA, CTOSIINE B BEPIIUHAX OIHOTO
KBaJIpaTa MMEIOT BHU/I

knfl(a'lv "';anfl) kn(aOa "'7a’n71)

kn(ar, ...y an)  kniai(ag, ..., a,)
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I';maBa 4. ApudmMmernka ocTaTKoB

4.3. Eciiu a u b— HedeTHbIe 4ncia, TO paBeHcTBOo a’ + b = ¢? HeBo3MOXK-
HO, IOCKOJIBKY ¢? He MOXKET JaBaTh OCTATOK 2 IIpU JeJIeHur Ha 4.

4.5. Kaxast KOCTh JJOMUHO HAKPBIBAET OJIHY YEPHYIO W OIHY OeIyio
KJIeTKH JToCKu. Ho m3 maxmaTHON JOCKH BBIPDE3AHBI JBE YePHBIE KJIETKH.
Omeem: HeT.

4.12. PaccmMoTpuTe MHOXKECTBA, Y€THBIX U HEUYETHBIX TUCE].

4.18. IlpoceanuTe 3a 9€THOCTHIO UUC/IA CTAKAHOB, KOTOPBIE CTOSIT BBEPX
JTHOM.

4.19. He obparmaiiTe BHUMAHUS HA yIJIOBBIE U IEHTPAJIbHBIE KJIETKH.

4.20. Bocnosb3yiiTech T€M, 9TO MPH JIIOOBIX CAUSHUSX amed, I€THOCTD
cyMMapHoro koJsimuectBa ameb tunoB A u B He mensiercs. To ke camoe
MO2KHO ckazarh 1po tunbl A, C u B, C. Omeem: ocranercs ameba tuna B.

4.21. PaccraBum ameb cHavaJia Kak Ha pucyHKe 1.

0> w
ool
O[> @O > O
>lw 0> w 0>
WO 0>
@)
0> |w
w0
sl
O[T (>0 >0
>0 > 0w >
WO W| > 0O
9)
W >0

Puc. 1.

"U
X
3]
\)

Ecsnu B Havase urpel cusara uinka ¢ eHTPaJIbHOM KIETKH, TO, PACCy K-
Jasd Kak B 3anade 4.20, nmogydaeM, 4TO HOCIeIHss (DUIIKA MOXKET OCTAThCH
TOJILKO Ha KJIeTKe, moMedeHHoit 6yksoit A. Ho ameb ¢ camMoro Hadajia MOXK-
HO PacCIOJIOKUTh U 1o-apyromy (cmorputre puc. 2). Kierok, koropeie oba
pa3a OKa3bIBAIOTCS TIOMEYEeHbI OYKBON A OKa3blBaeTcsi 5 W 97O UMEHHO Te
KJIETKH, KOTOPbIE YKa3aHbl B YCJIOBUU 3a/[a4N.

4.22. YKa3aHue: UCIOJb3yHTe BMECTO IMIAIIeK MapCUAHCKAX aMed.

4.23. B pacmupennoit Tabsuie cyMMa 3JeMEeHTOB B JIIOOOM CTOJIOIE U B
J10001 cTpoKe derTHasi. B U3MEHUTh OJIMH U3 3JIEMEHTOB, TO U3MEHSTCS
CYMMBI JIJIl OJIHON CTPOKHU U OJHOTO CTOJONA (CTaHyT HedeTHbIMHU). IT0o6bI
HCIIPABUTH TAKyIO OHINOKY, HaJ0 Oy/eT M3MEHUTH TOT JJIEMEHT TaOJIUIIHI,
KOTOPBIYI HAXOJIUTCS HA II€PECEeYEeHNN CTPOKHU U CTOJIONA ¢ HEYETHBIMHU CyM-
Mamu. MuHMMAJIbHOE YHUCJO OIMMOOK, KOTOpPbIe HeIb3sl OOHAPYKUTH — 4.
Hamnpumep, MmoxkHO m3meruTs Bee dernipe 1udpsl B coobimernn 0111. Ilpn
9TOM CYyMMBI BO BCEX CTPOKAX U CTOJIOIAX OCTAHYTCSI TEMU KE.
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4.24.p* = 1=(p—1)(p+1). Yernsie uncaa p — 1 u p+ 1 ommaarorcs
Ha 2, TO3TOMY OJHO U3 HUX JeJauTcsd Ha 4.

4.25. Takoe uncao genurcs Ha 111 =3 - 37.

4.26. a) 8 meswmreseil MoxKHO HadiTu cpenu duces Buga 11...1 (n equ-
HuI) BeIGupas n=1, 2, 3, 6, 331, 662, 993. 6) Bocnonb3yiiTech paBeHCTBOM

111111=1001-111=3-7-11-13- 37.

4.27. 2% 4+ 1:2F 41, 2% —1:23 — 1.
1 1 P

4.29. Z + T Ay L

4.30. m/n=>5/2.

4.31. Iloacrasbre ¢ = 6k — a — b mau paccMOTpUTE OCTATKH OT JEJICHUS
Ha 2 m Ha 3.

4.32. [IpoceuTe 3a TeM, KaK MEHIETCS MIPETIOCTEIHA I Pa y TUCETT
Buaa 117,

4.33. Ilyctb b 1 ¢ — yIMHBI BTOPOrO KaTeTa W TUIOTEHY3bl. Bo3MOXK-
HBI caepytomue Bapuantsl: (b, ¢) = (8, 17), (35, 40), (36,39) u (112, 113).
Omeem: 4.

4.34. a) (z, y) = (£10, £3).

6) Ipencrasbre ypasuenue B Buge (1 + x)(1 + 2?) =2v. Omsem: (z, y) =
=(0,0), (1, 2).

4.35. k199 4 (17 — k)19 : 17.

4.36. Pazobbem HOMEpa BCeX CYACTINBBIX OWJIETOB HA JBE T[PYIIIIBI.
B mepByto rpymmy orHecem HOMepa, KOTOPBIE COCTOST U3 JIBYX PABHBIX
Tpex3HavYHbIX ynces (Hampumep, 765765). Bee ocrasbhbie HOMepa oTHECEM
KO BTOpOit rpyme. [lockoabky

abcabe = abe - 1001 = abe - 7- 11 - 13,

TO KaXKJIbI{l HOMEp U3 MEPBOil TPYIIIIbI JeuTCs Ha 13, a, 3HAYUT, JIeJINTCS HA
13 u cymma Bcex HOMepOB m3 mepBoil rpymmbl. Paccmorpum HOMep abede f
u3 BTOpOii rpymsl (abc # def). Bumecre ¢ 3TEM HOMEPOM BO BTODOM IYIIIe
HaxoauTcs U HoMep de fabe. Takum obpa3omM, Bce HOMeEpPa U3 BTOPOii IPYIIIIbI
pasbuBaiorcs Ha napbl. CyMMa HOMEPOB B KaKJIOM Hape JejuTcs Ha 13, Tak

KaK
abede f + defabe = (abe + def) - 1001 = (abc + def) - 7- 11 - 13.

IlosTomy nesmmmresa ma 13 m cymMma BceX HOMEPOB U3 BTOPOU I'DYTIIHL.

4.37. PaccmoTpuTe oCcTaTOK, KOTOPBIT TaKOe YUCJIO Oy/eT JlaBaTh IIPHU
JeaeHnu Ha 9.

4.40. a) He moxker, rak kak 2004 - 4 ne nesures Ha 10 =142+ 3 + 4.
6) Moxer. Moxuo B3aTh 401 mapy KBaIpaToB ¢ TAKMM PACIOJOKEHUEM
qucen (1,2,3,4) u (4,3,2,1).
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4.43. Cf = k'(ppilk)' Ecmm 0 < k <p, To (k!(p—k)!, p) =1, mosromy
9UCJIO P B YUCJUTENE COKPATUTHCS HE MOXKET.

4.44. [lyctb n cocTaBHOE YHUCJIO U P — OJUH U3 €r0 MPOCTHIX JeIUTeNell.
Ipencrasum n B BUge n = p*m, rae (m, p) =1. Io dopmyne Jlexanmpa
(cm. 3amaqy 3.125) HaXoAmMM, 9TO p BXOAWUT B passoxkenne CP B creneHn
a — 1, mostomy n{CP.

4.46. Bocnosp3yiiTech pe3yabraToM 3amadn 4.43.

4.47. Her. Hanpumep, eciin Mbl Ha TIEPBOM Iare o0beIMHSEM JBE TIep-
BBIX KYYKH, TO JAJIbIIE B JIFOOOH M3 IMOJIyYaIONUXCS KyJIeK KOJIMIECTBO
KaMHuel 6y1eT KpaTHO 5.

4.48. Bocmonap3yiTech TeM, UTO CPEJH UUCET Gy, Gy + Gg, ..., Ay +
+as + ...+ a, mmbO OAHO JEIUTCS Ha M, JTUOO ABa IAlOT PABHBIE OCTATKN
[Ipu JIeJICHUN Ha 7.

4.50. ITokaxkem, uTo cpeau 10 mociie/I0BaTEIbHBIX YHUCEJT HARIETCT Ta-
KO€e, KOTOpOe He JeiuTcs Ha duciaa 2, 3, 5, 7. OHO u Oyler yI0BJIeTBOPSITH
yCJIOBHIO 3a1a49u. JleficTBUTEIbHO, CpeJin 3TUX Juces b aessrcs Ha 2. Cpean
OCTAaBIINXCs YKCes He OoJiee 2 nessiTcs Ha 3, U He Oojiee ojJHOro —Ha b u 7.
Takum obpazom uckroIaeTcs ue Obosee 9 aucet.

4.51. Cpemu ancen 1, 2, ..., 99 ectb 50 HedeTHBIX U 49 YeTHBIX. DTO
3HAYUAT, YTO HA OJHON M3 KapTO4YeK HAa ODEMX CTOPOHAX OY/JyT HAIIUCAHBI
HEYETHbIE YHCJIA.

4.52. a) Huuero.

6) DT0 COOTHOIIEHNE CIPABEJIUBO JJisl BCEX IEIbIX @ U b.

4.53. Bocnosbayiirecs paBercrsamu (a+¢) — (b+d) = (a —¢) + (b —d),
ac —bd=c(a —b) + b(c—d).

4.54. CoriacHO OIIPeJIe/IEHUIO, KJIACC G COCTOUT M3 TAKUX 4Hces b, 9To
b=a (mod m) nnm b — a =mt. Takum 06pa3oM, KarKJ[0e YIUCIIO U3 4 JOJIZKHO
uMeTh Bua mt + a.

4.55. Ilyctp a = b. Pacemorpum ssrement ¢, npunasgmexarmuit 000mM
sruM kjaccam. COTVIAaCHO TpeAbIAyIieil 3ajade, Jjisd HEKOTOPBIX IIEJIBIX
t; u ty OYIyT BBINOJIHATHCS paBeHCTBa ¢ = a + mti, b = a + mt,. Orcroma
a—b=m(ty —t1), o ectb b =a (mod m).

4.56. Ilo npuunumny /lupuxjie Takue TUC/Ia MOMAIAIOT IO OJTHOMY B KaK-
JIBIi U3 KJIACCOB IO MOJLYJIIO M.

4.57. Ilpu (a, m) = 1.

4.59. IIpu (m, ¢) =1.

4.61. IlepBblit UTPOK JOIKEH CJIEIUTH 33 TE€M, YTOOBI KOJUIECTBO KaM-
Heil, OCTaBIINXCS IIOCJIE €r0 XO/a, JIaBaJIO OCTATOK 1 mipu jesieHuu 6.

4.63. Ecin omua dbupma mpuobpena r KHJIOTPAMMOB siOJIOK, TO BTO-
past — 2z, MO3TOMY Macca MPUOOPETEHHBIX A0JIOK JOJIKHA, JIEJINTCS Ha 3.
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4.66. /IuckpuMHHAHT JIaeT OCTATOK D IIPH JIeJICHUHU Ha 8, U MMOITOMY He
MOXKET OBITH TIOJIHBIM KBaIPATOM.

4.6'7. PaccmoTpuTe ocTaTKu OT JlesleHns Ha 4.

4.68. Cornacno 3agaqe 4.67, KBaapaT IeJ0T0 INCIa He MOXKET 3aKaHIN-
BaThCS Ha OJIMHAKOBBIE HedeTHbIe udpbl. Kpome 3TOr0, KBaIpaT HE MOXKET
3aKaHIUBATHC Ha 22 1 66, TaK KakK JIjisi Y€THOI'O 7 JOJI?KHO BBIIIOJIHATHCH
cpasuenne n? =0 (mod 4). Bapuant n? = 8888 (mod 10000) Tak:ke HEBO3-
MOXKEH, ITOCKOJIbKY dmcyio 8888 mesmres Ha 8, HO He fequrcs Ha 16. Ocraer-
csl paccMOTpeTh cirydaii, korma n? = 4444 (mod 10000). ITpu sTom n = 2m,
n?=10000- a + 4444, m*> =2500-a + 1111 =11 (mod 100). Ho kBaapar me-
JIOTO YUCJIa HEe MOXKET 3aKaHYUBATHCA Ha 11, IOTOMY TaKoil ciaydail Takzke
HEBO3MOKEH.

AHAJIOTUYHO TPOBEPSIETCsI, Y9TO €CJU KBAJPAT [EJOr0 YUCJa 1 3aKaH-
9UBAETCs HA TPHU ONMHAKOBBIE UMPHI, TO OHK paBHbL 4. B Takoit curyamum
CaMO YHCJIO 1 MOXKET 3aKAHINBATHCS HA, OMH U3 CJIEYIOMNX HAOOPOB 1udp:
038, 538, 462, 962.

4.70. Or gucna b - 10° + a nenaerca nepexos K uucay 10a + b. Ilpu ne-
JIHWH Ha 7 9TH YUCTIA JAI0T OcTaTKu Hb + a u 3a + b. YTBepxKaeHune 3a1a9u
cyretyer u3 cpasHenus 5b + a = 5(3a + b) (mod 7).

4.71. Cpenu 3TUX YUCET BCETIa €CTh OIHO, KoTopoe aenaurca Ha 3. ITo-
sToMy p = 3.

4.72. Ecou p # 3, o 8p® +1: 3.

4.73. 3xech, Kak u B 3aga4dax 4.71, 4.72, Hy>KHO PacCMOTPETH OCTATKH
OT JieJIeHus Ha 3.

4.74. Cpenu Jr0OBIX MATH MTOC/IEIOBATEIBHBIX WIEHOB TaKOM apudme-
TUYECKOI Mporpeccuu onuH 00s3aTesbHO AesuTcs Ha 5. Ecium ato He 5, TO
[IPOCTBHIX YHCeJI, WAYIIUX IoJApsia, Oymer He Oojsiee 4. Omeem: 5, 11, 17,
23, 29.

4.75. 3.

4.76. Tax Kak 4ymcsIa n’ UpU JeJeHAT Ha, 3 JAroT ocTaTKy 6o 0, mbo 1,
TO YKAa3aHHOE YHCJIO TIEJIBIM OBITh HE MOXKET.

4.77. Cpasnenre a® + b> =0 (mod 3) BO3MOKHO TOJBKO € 06a Irc-
Jga a u b jensarcs va 3. AHAJIOTMYHBIE PACCYZKICHIS TTPOXO/ISAT ¥ JIJIST MOJLYJIst
m="7

4.80. Ocrarok pasen 2 = —1 (mod 17).

4.81. Her. PaccmoTrpure yncna EBrimaa e, 1o Momysio 5.

4.82. Ilepeitaure oT paBencrsa a’® + b? = ¢®> K cpaBHEHHUIO II0 COOTBET-
CTBYIOIIEMY MO/LYJIIO.

4.83.a) m+1=3 (mod 4). 6) m — 1 =2 (mod 3).

4.84. a,:3 upu n=2+ 3k; a, : 4 upu n =2k (k€ Z).

4.85. a), 6), r) uu upu Kakux n; B) upun =23+ 11k (k € Z).
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4.86.a) n=—8+ 17k (k€ Z); 6) Hu UpH KAKUX.

4.88. t =17+ 7k (k € Z).

4.94. JlokaxkuTe, 9TO IIPU BCEX TEJIBIX T Oy/I€T BBIIOIHITHCSA CDABHEHUE
P(z) =1 (mod 2). 113 mero Gyaer cienoBarh, 9ro 3HadeHus P(z) He MoryT
OBITH HYJIEBBIMHU.

4.96. a) x =2 (mod 13); 6) 2 =24 (mod 37); B) =5 (mod 11);

r) z =15 (mod 169).

4.97. 1652 m 6125.

4.99. a = +1 (mod p).

4.100. Bce uncia ot 2 10 p — 2 MOXKHO pa3dbUTh Ha HAPbI B3ANMHO 00-
PATHBIX 110 YMHOYKEHHUIO 9UCEJI, TO €CTh JIJIs KAXKJIOI0 @ U3 STOTO HHTEPBaa
Hafimercs b (oTmaHOe OT a 1o 3amaue 4.99) takoe, uro ab=1 (mod p). ITo-
sromy (p— 1) =p—1 (mod p).

4.101. IIycTts n— cocraBHOE Yncyo. Eciu p — HeKOTOPBI TpOCTO neu-
resb uucaa n (p<n), ro (n — 1) =0 (mod p), 9T0 HPOTUBOPEUUT YCIIOBUIO
(n—1)'=-1 (mod p).

4102 2=V =(-1) _ (=-D'+1
p
-1

1.

p
4.103. (p—D!+1=p-2p-1)+1=@p-2)p—((p—2)! - 1).
4.105. Yucsio p— npocToe TOrAa 1 TOJILKO Torga, Koraa 4((p— 1)1+ 1) +
+ p=0 (mod p). Ocraerca 10Ka3aTh, 9TO P + 2 — IPOCTOE TOTJA U TOJLKO
rorga, korjpa 4((p — 1)1+ 1) + p=0 (mod p + 2). C 970t HeIBI0 yMHOKIM
0b6e yacTu oueBUAHOrO cpasuenus p = —2 (mod p + 2) ua p + 1. Toxygaem

plp+1)=-2(p+1)=-2((p+2)—1)=2 (mod p+2).
YacTu 1oJIy9eHHOro cpaBHeHus yMHOKUM Ha 2(p — 1)

2p+D!'=4(p—1)! (mod p+ 2).

K obenm gacTsiMm 110J1yI€HHOTO CpaBHEHMUs TPUOABUM 10 P + 4:
2(p+ D!+ 1)+ (+2)=4((p-1)!+1)+p (modp+2).
IIo Teopeme Bumbcona p + 2 — 9uciio mpocToe TOrJaa U TOJIBKO TOTJA, KOTJA
(p+1)!'+1=0 (mod p+ 2) u, cnegoarensuo, 2((p+ 1)+ 1)+ (p+2)=0
(mod p + 2), orxyna 4((p — 1)! + 1) + p=0 (mod p + 2).
4.108. U3 ycyioBus 3373491 CJIEIYET, ITO

ayas + asaz + ...+ an_1a, + a,a; =0 (mod 4).

DTO cpaBHEHHE OCTAETCs CIPABEJIMBLIM IPU 3aMeHe 3HaKa y JI00oro m3
aucen a; (j=1,...,n). 3aMeHuB Bce uncia Ha +1, IPUXOAUM K CPABHEHUIO
n=0 (mod 4).

4.109. Ykazanue: Paccmorpure ocTaTKu OT jJejeHus Ha 4.
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4.110. JokaxkuTe HEPA3pENIUMOCTD IO MOIYJIIO M, T/Ie

a)m=4; 6)m=3; B)m=7, r)m=2_,,

n)m=>5; e)m=>5 x)m=16; 3)m=13.

4.111. Cymma KBaIpATOB MATHU TOCIEI0BATE/IBHBIX TEJIbIX TUCEJI BCETIa
JIeJIATCS Ha, O

n=224+m—-1>2+n*+n+1)°+ (n+2)>=5n>+2).

Ho aucmo n? + 2 me Mmoxer neamures Ha 5, moToMy 5(n? 4 2) NOJHBIM KBaJI-
paTOM He SIBJISIETCS.

4.112. Beibepure cpemu udmcen 1, 2, ..., n TO, KOTOPOE JEJIUTCS HA
MaKCUMaJbHYIO CTeleHb ABoiiku. Takoe wncio 6ymer poBHO ofHO. [loaTomy
[I0CJIe IIPUBEJIEHNs K OOIIEMY 3HAMEHATEJII0 YUC/IUTENDb Oy/1eT HEYEeTHBIM.

4.113. Jlna pemrenusi 3aJla9u HYXKHO PACCMOTPETH IOCJETHUE IHdD-
pPBl YKa3aHHBIX YHCEJ, WA, 9TO TO YKe CaMoe, IePeiTh K CPABHEHUIO II0
mozystio 10.

4.114. =1,y =0.

4.115. Yka3aHue: pacCMOTPUTE OCTATKU OT jejeHusd Ha 3,4,5,7,9,13
u 25.

4.116. Bocnonb3yiiTech 3aadeit 3.41.

4.118. Bo Bcex ciydasx orser 6.

Bocnonbsyiitech coorromenumem 10°P7 —1=99...9=0 (mod p).

4.122. JlemmocTh Ha 2, 3 u 7 mpoBepsieTcs HemocpeacTBeHHo. Jlemn-
MOCTB Ha P cJeayeT u3 MaJjoit Teopembl Pepma.

4.124. /lesmmocTb Ha 2 TIpOBepseTcs HemocpeacTBeHHo. lenMocTs Ha
p > 3 caemyer u3 masioit Teopembl @epma. OTHeIBHO HYKHO pa300paTh CIIy-
qail p =3, T. K. IPA 9TOM HY>KHO IIPOBEPUTH JEIUMOCTH Ha 9.

4.125. Insa n=0,1 (mod 11).

4.128. Ilpu a = 0 yTBep:Kienre o4eBuIHO. [IpeamookumM, ITO OHO 10~
KazaHo jjig Hekotoporo a > 0. VI3 pesyabrara 3agaqn 4.43 ciieyer cooT-
worenue (a 4+ 1)? =a? + 1 (mod p). Jasee, nupuMensist IPeJIIOI0KeHIe UH-
JYKIIAW, TPUXOINM K HY?KHOMY CPaBHEHUIO.

4.130. B oboux ciriydasix CpaBHEHUsI CIIPABEJIUBDI I BCEX TEJBIX 7.

4.131. Vkasanue: a® 4+ (p — a)? =0 (mod p?).

4.132. CymiecTByer G OJHOIBETHBIX PAaCKPACOK U

a?

PacKpacox,

P _

a’ —a
B KOTOPBIX yIaCTBYEeT HE MEHee JByX IBeTOB. Omeem: + a.

4.133.a)1; 6)09.

4.134. Jaunoe qucyo aeautcs Ha 31.

4.135. aumoe uucyio geaurcsa Ha 1093.

4.137. Ilycts ¢ — npocroii menmrenb ynciaa 2P — 1. Torga BeIIOJTHSIOT-
cs cpaaerns 29 — 1 =0 (mod ¢) n 277t — 1 =0 (mod q) (BTOpPOE N3 HEX —
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mastast reopem @epma). Jlasee ciaeyer BOCIOIB30BATHCS PE3YIBTATOM 3a-
Jaan 3.66 a).

4.138. Bocnomb3yiitech pasernctsom n'® — 1= (n® — 1)(n® + 1).

4.144. lpumensis bopmysty us 3agaun 3.161, naxoaum, uro F, =5r-1/2
(mod p), 2F,, 1 =1+5®"1/2 (mod p). Kpome Toro, 5*~1/2=1 (mod p) npu
=10k +1u 5®"Y/2=—1 (mod p) npu = 10k + 3.

4.145. Yucio x # 1 ynosaersopsier yciousiM 2?1 — 1 =0 (mod p) u
z® —1=0 (mod p). [lanee ciemyeT IPUMEHUTH Pe3y/IbTAT 3a7aqu 3.66.

4.146. Ucnomsayiire yemosus 2P~ —1=0 (mod p) m z° —1=0 (mod p).

4.147. Bocrosb3yiiTech TeM, 9TO CyIIecTBYeT UpeAcTapaenue rP 1 — 1=
= (z" = 1)Q().

4.151. JIyist 9eTHBIX N yTBEP:KIeHHe 331241 oueBuaHo. [lycts n—Heuer-
HOE 9ucio, 1 | 2" — 1 u p— HauMEeHbIINH UPOCTON JeauTes duciaa n. LTorga
p|2" — 1 n, mo masoit Teopeme Pepma, p | 2P~! — 1. Cormacuo 3amaqe 3.54 a)
p|20vP=Y — 1. Cnenosarensho, (n, p— 1) > 2 U n UMeeT MPOCTOit JAETHTED,
MenbInuit ueM p. Ho 310 mpoTuBopednT BuIOOPY |UmCIa P.

4.152.a) 16; 6) p—1; B) p(p—1); 1) Ipu noxcuere p(p*) HyKHO
OyzmeT oTOpaCHIBATh BCE UUC/IA, JAJsIuecsd Ha p. Takux dmces HA OTpPe3Ke
or 1 go p* 6yaer p. Hosromy (p*) =p>~(p —1).

4.153. p~.

4.154. Yucna, B3auMHO TpocThlie ¢ b, HaxomsaTcs B (b) crosbrax.
B kaxnom u3 Hux ¢(a) ducesn, B3auMHO OpocThix ¢ a. (CM. 3amady 4.57.)

4.155. p(m).

4.156. (a, m) =1 u b nesiurcs HA BCe IPOCTHIE YUCIIA U3 PA3JIOKEHUS M.

4.159.2) z=3, 4, 6; 6) =15, 30, 20, 24, 16;

B) 13, 21, 28, 36, 26, 42; 1) HeT perieHuii.

4.160. Heobxomumo, utobsr ¢(m) =2. Ho 1 =5 (mod 4), mostomy orse-
TOM CJIy2KaT TOJIBKO YHCJa 3 U 5.

4.161.a) =2 (a>1); 6) z=2%132 (a3, @z >1); B) HET penieHuii.

4.162. a) IIpu npocrom n; ©6) Opu Y9€THOM 7
B) IIpU JIOOOM 7.

4.163.a)z=3; 6)z=3; B)x=2,y=3.

4.164. Kaxx/10My IIPOCTOMY YUCY P, SIBJIAIONIEMYCs JEIUTEeM KaK m
Tak u n, B 4uciae p(m-n) coorBercTBYeT MHOXKUTeNb 1 — 1/p, a B umc-
ne o(m) - ¢(n) — muoxurens (1 —1/p)?. Tak xax (1 —1/p) <1, To npn
(m, n) =1 Gyaer BBIIOJHATHCST HEPABEHCTBO @(m - n) > p(m) - p(n).

4.165. n =4, p™ wm 2p*, tae p—upocroe u p =3 (mod 4).

4.166. a =8, 12.

4.167. Bce Takue 1pobu MOXKHO pas3buTs Ha napsel k/n, (n— k) /n. Qucra
B TAKOMl Iape coBIa aTh He MoryT. VI3 pasencrsa k/n = (n — k) /n caenyer,
9TO N — 4YerHoe, k =n/2 u apobb k/n MOXKHO COKpATUTL Ha N /2.
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4.168. Ilycrs S(n) —uckomas cymma. Ouesmuuo, yro S(1)=1. Ilpu

n>1
d_1 d mn—d\ _1 _ ¢(n)
Zﬁ_zz(n“Ln)_zZl_z'
(d,n)=1 (d,n)=1 (d,n)=1
1<d<n 1<d<n 1<d<n
Omeem: S(1)=1, S(n) = p(n)/2 npu n > 1.
4.169. o(d).

4.170. PaccmorpuMm psiz amcest u3 3aga4u 4.169. C ojHO# CTOPOHBI, OH
cocrout u3 n gapobeit. C 1pyroit cTOpoHBI, BCe 9ncia pa3duBaioTcs Ha IPYII-
bl Apobeil ¢ paBHBIM 3HaAMeHaTeaeM d, KaXKJasg U3 KOTOPBIX COCTOUT U3
o(d) anceur.

4.171. o(n)/2.

4.172. a) U3 mynprummkaruBHocTH QyHKImU Dilepa cieiyer, ITo
bOpMYyITy I0CTATOYHO JOKA3ATh B CIydae, KOIJa IUCIa M U N CYyTh CTEIeHN
OJIHOTO 1 TOTO ¥Ke mpocToro uyucia. Ilyers m=p*, n=p® (o> 3>0). Torma
Hy?KHOE TOXKJIECTBO CJIeJlyeT U3 paBeHcTs [m, n| =m = p®, (m, n) =n = p°.

6) Eciu BOCIOIB30BATHCS MYJIbTHILIMKATUBHOCTLIO (DyHKIuu Ditiepa,
TO 3aJ1a9a CBOJIUTCS K IIPOBEPKE PABEHCTBA

e(P*7) o(p”) = (%) w(0”) p°.

Ono, B ¢BOIO OUepeb, ciaelyer u3 coornomenus p(p*) =p*(p —1). (Cm. 3a-
Jnady 4.152.)
1173, 20
e(d)

4.174. 32 — 1 =0 (mod 10%).

4.177. —a?™1p,

4.179. B kavuecTBe n MOXKHO B3sITh, HAIIPUMED, IUCIO0 ©(m).

4.180. Ilycts n=p{* ... p%. JlocTaTouHO JI0Ka3aTh, 4To 2™ — 1 Ep?j pu
j=1,...,s. g 3Toro Hy?>KHO IPAMEHUTHL T€OPEMy JiIepa K KazKJIOMy U3
qmcen m; = p;’.

4.181. Tak kak 561 =3-11-17, TO AOCTATOYHO JIOKA3ATDH CIIPABEIJIN-
BocTh cpasrennit a’*® =1 (mod p), rie p npurnMaer 3HaveHns p =3, 11,
17. Kaxk10e Takoe cpaBHEHNE BBINOJIHSIETCS 110 MaJioit Teopeme Depma.

4.182. OueBuIHO, YTO PEIIEHUEM 3a/1a91 MOTYT OBITh TOJIBKO T€ @, JIJIs
koropbix (a, 10) =1. Tak kak p(10) =4, To cpasrenue ¢'® + 1 =0 (mod 10)
pasHOCHILHO cpasHeHnio a’ + 1 =0 (mod 10). Ilepebupas ciaywan a = +1,
a = +3, Haxomum, 9To a = +3 (mod 10).

Omeem: a = +3 (mod 10).

4.183. Ilokazxkure, 9ro upu (a, m) = 1 BBIIOJHIETCA COOTHONIEHNE

™ =1 (mod pj?) (j=1,...,s).
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4.187. 3993, 3597, 6797.

4.188. [Ipumennre npusnaku jgeaumoctu Ha 8, 9 u 11. Omsem: 1380 456.

4.190. Her. st moka3aresbCTBa MOYXKHO HAXOAWTh HE CyMMY UMD, &
IPOCYMMUPOBATh apudmMeTndecKyo mporpeccuto 1 + 2 + ... + 500.

4.191. /g npoBepku AeauMocTs Ha 9 u 11 MOXKHO pacCMOTPETh CyMMY
JaHHOTrO 4Yncya ¢ gucjaom 8079...2019.

4.194. 11111111 100.

4.196. 9.

4.198. 8.

4.200. IIpumennTe npusHak JeauMocTd Ha 11.

4.201. ITpumenuTe Mpu3HaAK JEIUMOCTH HA 3.

4.202. Het. PaccmorpuTe octaTku oT jejeHus Ha 9.

4.203. Cpasrennust 10a + b =0 (mod 19) u a + 2b =0 (mod 19) pasHo-
CUJIBHBIL.

4.207. Yucao N = N; - 10¥ + N, nesnurcs Ha p TOrJa U TOJLKO TOLJA,
Korjia Ha p gesmurcs uuciao d- N =N, -d-10¥ +d- Ny =N, +d - N, (mod p).
Ho N, +d- Ny u ectb TO 1uncjio, KoTopoe mnoJiydaercsa u3 N 3adepKuBaHIEM
k mocneauux 1ndp U npubaBIeHHEM K MOy ICHHOMY YUCTY 3a9epKHYTOIO
k-3HaYHOTO YMCIa, YMHOXKEHHOTO Ha d.

IIpusnaku pesmmocTu, KoTopsle mosty4datores npu p < 100, k=1,2, 3 u
|d| < 8 ycrpoens! ciaenyromum o6pazom:

p| 71611714131 7 [11| 3 |19]29|13| 7 |59|23|79|89| 7 |43|67
kl1|j1j1(1f1|j1y1j1f{1|1|1{1j1j1f1|12{2|2]|2
d|=7|—-6|—-5(—4|-3|-2|-1| 1|2 |3 |4]|5 718 |=8[-3|-3|-2
p| 11|13 |23 7 |19|17 (47| 7 |17|23|29| 7 |11|13|37|31 (43| 7 |19
kl2(2(2]2(22]|23(3|3[3[3|3[3[3[3[3]|3]3
dl1|13|3(4|4]|8]|8|-8-6/-2|-2|-1|-1|-1|1|4|4]6]38

4.208. Yucsao Txyy Bceraa gemmtcd Ha 11. Eciim oHO MOJTHBI KBaApaT,
ro u gucio 0y mosKHo geamted Ha 11. Omeem: 882 = 7744.

4.209. Yucsio nosryuaercss u3 CyMMbl CBOUX UMD YMHOXKEHHEM Ha 12,
3Ha4UT, OHO KpaTHO 3. COryiacHO MPU3HAKY JEJIMMOCTH Ha 3, cyMMa Iudp
Takke nenaurcd Ha 3. ITosromy camo umcio nomkuo fenurcd Ha 9. Kpowme
Toro oHo jienuTcs Ha 4. Ciie/IoBaTesIbHO, ero HY2KHO UCKATD CPEJIH TUCEJT, KO-
Topsie nesisitest Ha 36. [TockombKy cymma mudp TpeX3HATHOTO YUCIa He Ipe-
BOCXOAMT 27, TO CAMO YUCJIO MOXKeT ObITh He bosibire 27 - 12 = 324. Tlepebop
MO2KHO €eIlle COKPATHUTh, €CJIU 3aMETUTh, YTO CyMMa nudp MOXKeT ObITH He
6ouibiite 18 (ona nenurcs Ha 9 u Menbiie 27). [TosTomy camo wucsio He 60516~
e 18-12=216. OcraJjiocs nepedbpars uncia 108, 144, 180, 216. Omsem: 108.

4.211. a) Crparerusi BToporo: mucarhb mudpy Tax, 9To0bl CyMMa, [IPe/Ibl-
ayiieil mudphl 1 ero paBHSIIACH 6.
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6) Crparerust 1epBOro: cHavaja Hy»KHO HAIUCAThb 1, a [IOTOM IIMCATH
nudpy Tak, 9T00BI CyMMa, IPEIbLIyIel mudphl U ero paBHsIachk 6. B atom
cIydae mepej MOCJeIHIM X0J0M BTOPOro UI'POKa CyMMa, Iudp Oymer paBHa
55, M OH He CMOXKET JTOOUTHLCSA CBOE IeIN.

4.212. PaccMoTpuTe OCTATKA OT JieJIeHHUS Ha 9.

4.214. Tak xak a;10° = a;r; (mod m), ro M =N (mod m). ITosromy
qnciaa M u N MOryT JeJuTbCsS HA M TOJBKO OHOBPEMEHHO.

4.217. CpaBaenune

anq" +...+ag+a=a,+...+a; +a, (modm)
PaBHOCUJILHO CPABHEHUIO
a,(¢" —1)+...+a:1(¢g—1)=0 (mod m),

KOTOpDOE HMeeT MECTO HE3aBHCHMO OT @; TOTZa U TOJLKO TOLJa, KOLJa
¢ —1=0 (mod m). B wacrHOCTH, 7151 M = 2 TOAUTCS CHCTEMA, CUUCIICHUS C
JFOOBIM HedeTHBbIM ocHoBaHumeM. Omeem: ¢ =1+ mk (k> 1).

4.218. 21.

4.220. UccnenyiiTe oTaenbHO meaIuMOCTh Ha b u Ha 11. Omeem: n =
=6+ 55k, k € Z.

4.221. a) O6ozraumm octaTok ot feerns 19'° ma 66 wepes r. U3 cpas-
gernuii 19=1 (mod 2), 19=1 (mod 3),19=—-2 (mod 11), cieayer, aro r =1
(mod 2), r=1 (mod 3), r = (—2)'° (mod 11). ITo mazoit Teopeme Pepma,
(—2)' =1 (mod 11). Orcioma r=1. 6) 11; B) 17; ) 36.

4.223. Bocnosib3yiiTech Teopemoii ditepa.

mi...mp\ P

4.224. x=a,x1 + ...+ @ Tp, T T; = (TJ) (G=1,...,n).

4.226. a) t =58 + 85k (k€ Z); 6) =78+ 13-19k (k€ Z).

4.227.2-3-5-7—1.

4.229. 2-10%*.

4.230. 15803.

4.233. Ilycts n = 2. PaenctBo

c _a b

mioma  omi | oma

MOYKHO TIEPelucaTb B BUJIE C=a - My + b-my. s TOoro, 9T00BI penmrb
9TO ypaBHEHUe, PACCMOTPUTE CPaBHEHUE ¢ = a - My +b-my (mod m, -my) u
BOCIIOJIB3Y#iTeCh 3asadeit 4.222. [l mMpoOU3BOJIBHOTO N HY?KHO IIPUMEHUTH
UHIYKIUIO

4.234. 45486.

4.235. 215.310. 56,

4.236. a) JanHoe cpaBHEHNE PABHOCUIBHO BBIIOJIHEHUIO JBYX YCJIOBUI

z(xr —1)=0 (mod 2*) u x(z — 1) =0 (mod 5*). Orcroma =0, 1 (mod 2*)
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nz=0,1 (mod 5%). ITostomy no mozysro 10* nucxomHOMY CpaBHEHUIO GYIyT
VAOBJETBOPATH 4 4mcaa, U3 KOTOPBHIX JABa —3T0 yncna x =0 u x = 1. /IBa
Apyrux perenus —3To = 0625 u x = 9376, n3 KOTOPBIX YeThIPEX3HATHBIM
SIBJISIETCsT TOJIBKO BTOpoe. Omeem: x = 9376.

6) Jokakure yrBepkieHue 110 uHAyKIwmH. Eciu npouecc HaX0XKJeHMs
TaKUX 4YHCeJl HE OCTAHOBHUTH, TO KpoMme 0 u 1 mosryuarcst /iBa GeCKOHEYHBIX
«49uCIaY

Tp =...8212890625, =z, =...1787109376.

4.237. IlpumennTe KuTaficKyoo TeopeMy of6 ocTaTKax € m; =p3, ...
.y M3y = P3,, TIE P1, - .., P37 — PA3JIMIHBIE IPOCTHIE TUCIIA.

I'maBa 5. Yucja, apobu, cucTeMbl CYNCICHUS

5.2. a) 1/7=0,(142857); 6) 2/7=0,(285714); B) 1/14 =0,(714285);
r) 1/17 = 0,(0588235294117647).

53.a=0,b=0uwma=1,b=3.

5.4. 1/49=0,(020408163265306122448979591836734693877551). Eciu
IPOCYMMHUPOBATh TE€OMETPUUECKYIO mporpeccuto 2/10%4+4/10*+ ..., o
nostyuaercs B Tousoctnu 1/49.

5.5.1/243 =0,(004115226337448559670781893).

5.6. a) 15926/111111=0,(143334); 6) 4/27=0,(148); B) 14/99 =
=0,(14).

5.8. n=2%.5"

5.10. [IpumennTe KuTaificKyio TeopeMy 00 OCTaTKax.

5.12. a) mer. 6) V2 + (—v/2) =0.

B) Oupesesmm aucio a pasencrsoM (v/3)* =2. Ecm a = E, TO MOJTY YaeM
q
HEBO3MOKHOE paBEHCTBO 3P = 49,

s

JIpyToii IpIMep MOYKHO HOCTPORTH HpH oMoy ncia 3 =+/2" . Ecan
OHO PAIMOHAJIBHO, TO 31494 pellieHa. ECii OHO HpPAIOHaIbHO, TO 3Y2 =2
I ICKOMOI Tapoii wmcest 6yayr 3 u /2.

5.13. PaccmoTpuTe oTZIEBHO Te MU PhI, KOTOPbIE BCTPEYIAIOTCS KOHE-
HOE YHCJIO Pa3 U Te, KOTOPble BCTPEYAIOTCS OECKOHEYHO MHOTO Pas3.

5.15. n=2% .50 n 4+ 1=2°%.55% Orcroma n=1 wm n = 4.

5.16. Cpean yKa3aHHBIX 9UCEJ OECKOHEYHO MHOTO YETHBIX.

5.19.a) 2* + 2?2 —22—1=0; 6)z*—3z+1=0.

IlosyuuBminecs: ypaBHEeHUsI He MMEIOT DAIMOHAJBHBIX KODHEMH, CJIeJo-
BATEJIbHO, JIaHHbIE YHCJIA UPPAIMOHAJBbHBI. Eciau Obl, HaIpuUMep, UUCIIO

27 .
2 cos - OBLIO KBIPATUIHON MPPAIMOHAILHOCTHIO, TO IIEPBOE ypaBHEHUE

JeJIIOCh ObI 6e3 ocTaTKa Ha HEKOTOPBI MHOTOWIEH BTOPOi cremenn. Ho
TOTJ[a YACTHOE OBLIO ObI MHOTOYJIEHOM IT€PBOIl CTEIEHU C PAIMOHAJIbHBIMEI
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ko3 dunmenTamu, a, 3HAUUT, yPABHEHNE UMEJIO Obl PAITMOHAJILHDBIH KOPEHb.

2r
TloygerHoe mpoTUBOPEYNE TOKAZBIBAET, ITO TUCIO 2 COS - HE MOKeT OBbITh

KBaIPATUIHON UPPAIMOHAIBHOCTHIO.

5.22. a) Hokaxure, aro eciu 0 < a < b, TO HallJeTCs TAKOE LIEJI0e TUCIIO

c,aro 0<c<amn
a4+ at+b? —m
ac+1 ab+1 ’

6) Llemsivm snavennsvu Gynkmun fo(a, b) aBIsIOTCS WHCTa Buga 2n?,
rue n € N. Hesbivu 3nauenusvu dbysxuun fs(a, b) sasigorcs qucia 1, 5 u
3n?, rme n € N.

5.23, 5.24. Yka3aHue: IpUMeHUTE MeTO OECKOHEYHOTO cirycka. OrBer:
(a, b) = (Fap_1, Fopr1) mim (a, b) = (Fapyr, For—1) (k = 0).

5.25. [loacraBnsas B ypaBaenune x = 1 + \/g, MPUAXOIUM K DaBEHCTBY

(44+a+0b)+ (a+2)V3=0.

Tak Kak /3 — HPPAIMOHAIBHOE YHC/IO, TO TAKOE PABEHCTBO BO3MOZKHO JIHIIH
kormad+a+b=0wua+2=0. Omeem: a=—2,b=2.

5.26. Eciu uncia \/a, Vb, \/¢ SBISIOTCH dieHAME OXHON apudbMeTH-
YeCKOI TPOTrPECCHUH, TO JJIsi HEKOTOPBIX IEJBbIX P U ¢ OY/IeT BBIIOTHATHCS
pasencto ¢(vb — v/a) = p(v/e— vb) mm vVb(p + q) = py/c + qy/a. Tocae
BO3BEJICHHsI [IOCJIEIHErO0 PABEHCTBA B KBaJPAT II0JIydaeM, 4TO +/ac — pa-
nuoHaJibHOe Yncjio. Ho 3T0 HEBO3MOXKHO, MOCKOJLKY ¢ U € — PA3JIUIHBIE
IPOCTHIE YUCIA.

5.27. v/2 + /6.

5.29.a) 9=+100—1; 6)1; B) —10.

5.30.a) 4; 6)2; B)6.

5.31. V2 + V3 + V5.

5.32. BosBeiuTe paBeHCTBO B KBaJIpaT.

5.33. [l perenns 3Toi 3a1a9u yaodHee j10ka3arh 60s1ee 0b1iee yTBep-
JKJIeHHe: eCain by, . . ., b, —HEHyJIEeBbIE [[eJIble YUCTA, A1, . . . , (, — PAJIAIHBIE
HATYpaJbHBIE YUCJA, CBODOIHDBIE OT KBAJIPATOB, TO

bin/ar + - .. + buy/an #0. (13.15)

Broibupas 31ecy a; = by = ... =0b, =1, nojaydaeM UppanroOHAILHOCTD CYM-
MBI PAIUKAIOB /A3 + . . . + /Gy, 11 okazarenbcTBa coornomenus (13.15)
[IPOBEINTE WHIYKIUIO 110 YUCTY HTPOCTBIX Pi, ..., D, BXOALAIIUX B Pa3JI0-
JKEHUsl 9uces ay, ..., A, Ha MHOXKUTEJIN.

5.34. TosbKo ecint a U b ABJISIOTCSI CTEIIEHsIMU OJHOI'O M TOT'O YKe UHCJIa,
TO ecTh a =d™ u b= d"™ 719 HEKOTOPBIX HATYPAJbHBIX d, M U N.

5.36. Tanrenc yriia Mexy CTOPOHOI TPEYyTroJIbHUKA U JIFOOOH U3 KOOP-
JWHATHBIX OCEll pAIMOHAJICH. Y TUIBl TPEYTOJIbHUAKA SABJISIOTCS CyMMAaMU HJTH
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Pa3HOCTAMH TAKHUX YIVIOB M, CJIEJOBATEILHO, TAKXKE UMEIOT PAIMOHAJbLHBIE
TAHTE€HCHI.

5.37. Bocnonb3yiiTech TeM, 9TO IPsAMast, IPOXOAIIAL I€PE3 [EbIe TOU-
KI, IMeeT PAIIOHAJIBHEI TAHIEHC HAKJIOHA, a tg60° = v/3 ¢ Q.

5.39. Ilycre Ha OKpy:KHOCTH JiexkaT ase Touku (z; y) u (u; v). Torma

(2= V2 +(y - V3)* = (u— V2’ + (v - V3)’,
2u —z)V2+2(v —y)V3=u +v? —2® — >

HeBo3MOXKHOCTD ITOCIEHETNO PABEHCTBA JOKA3BIBACTCS BOZBEJICHIEM B KBAJI-
part.

5.40. xx) Cmorpure 3amaay 6.86 1).

5.41. Ilpu 9eTHBIX N.

5.47. Kak u B 3aade 2.35, ujest pelennsi OCHOBaHa Ha npuHIune Jlu-
puxie. Ilpu k=1 yTBepxkaenue 3amadn odeBuano. Jlajgee mpuveHum wH-

ayknuto. [Ipeanosoxkmm, 9T0 yTBEpXKIeHNEe 3a/a9u I0Ka3aHo st k — 1,
u nokaxeM ero jyis k. Paccmorpum mpomsBosibHy0 m3 N JaHHBIX TOYEK.

Lo -1
W3 nee BbIXOAUT 110 Kpaiineir mepe N; = {T OTPE3KOB, OKPAIEHHBIX

B OJIMH M TOT K€ LBET, IJe || — MUHUMAJLHOE eJ0e YUCIO N TAKOe, ITO
r < n. g N, cupaBeaimBsa OIeHKa
[k:!e]" {[k!e]} [k!e}
> =|—=[(k—1Dle].
Nz 52> [5E] =[5 = k-1

(Cm. 3amaay 3.124.) Eciu konnpl kakux-mbo IByx u3 3tux N; OTPE3KOB
COeIMHEHBl OTPE3KOM TOrO K€ IBeTa, TO HYYKHBIH TPEYrOJbHUK HailJIeH.

B mporusHOM ciydae, KOHIIBI COEIUHSIOTCS OTPE3KAMM, OKPAIIEHHBIMU B
k — 1 nperos. Tak xax N; > [(k — 1)!e], T0, COrIACHO IPEIIONIOKEHUIO UH-
JYKIUU, MOYXKHO HailTU TPeyroJIbHUK OJHOI'O IIBeTa C BEPIINHAMU B ITHUX
TOYKAX.

5.49. Tlo dopmyse misi CyMMBbI T€OMETPUIECKOI ITPOTPECCU

__ aiG2...Gn
Oa(al---an) - 10" — 1
_ 10" —1 1
Orcrona, ecm aya; - - - a, = ——, 10 — = 0,(a1az ... a,).
m m

5.50. Ilo Teopeme Ditnepa 10%¢(™ — 1 =0 (mod m) mpu mobom k > 1.
IMostomy 9 - Eypmy =0 (mod m). Ecin m ne mesurcs ma 3, T0 Eypim) =0
(mod m). Eciu xxe m aenurcs uva 3 win Ha 9, 70 Ha m OyJyT JIEJIUTCA YUCIIA
Eskom) B Eogp(m) COOTBETCTBEHHO.

5.51. Ecomn {S} =0,a;a3...03Q4471 ..., TO { } =0,ap41 - --

5.52. Ilycrs ro =1, 7, = 10 — m[10/m]... — ocrarku, KOTOpbIE BO3HU-
KaI0T npu Aeernn 1 Ha m cronbukom. Torma 7, = 10% (mod m), Taxk kax

10%p
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[PUIUCHIBAHUE HYJIs PABHOCHIBHO yMHOXKeHuo Ha 10. Ecau (m, 10) =1, To
10#(™ =1 (mod m), TO €CTb Ty(my = 7o = 1. OTciona ciemyer, 9To y 1pobu
OTCYTCTBYET LPENEPUO, U UTO JJIMHA IIePUoa Jeaut p(m).

5.53. 11, 33 u 99 — nenurenu gucsua 99, He jensiiue 9.

5.54. Ecim 10 =1 (mod n), To ocratku 7o u 7, (cM. 3amady 5.49) cos-
NaJIaloT, TaK Kak ro = m u r, = 10'm (mod n). 3nauut nepuox xpobu m/n
nemur t. HaoGopor, ecan T — qymHa epuoga, to rr = 1o (apobs amucro ne-
prosmIeckas cormacuo zagade 5.52) u o107 =ry (mod n). Taxk kax 7o =m
u (m, n) =1, To noJy4eHHOE CPABHEHNE MOKHO COKPATUTh Ha ro. CiiemoBa-
resbao, 107 =1 (mod n).

5.57. Bocrionb3yiiTech pe3ysibTaToM 3ama9u H.49.

5.58. Ilycts t=2n — gnuHa nepuoma. CornacHo 3ajade 5.54, BbI-
nosnnsierca cpasuenue 10° =1 (mod ¢). Orciona 10" = —1 (mod ¢) u }—;—l-

10"
+ {—q P } =1. Ho B jlecarnunoil cucreme 3Tu podU UMEIOT BUJL

10np

:OaN1N27 :OuNQNla

ESlkS

mostomy N; + N, =99...9.

n
5.59. Ilpu pasnoxkenun 1/7 B mecaTudHyIo Jpobb [I0CIIEI0BATEIBHOCTD
OCTATKOB YCTPOEHA CJIEIYIOITIM 0Opa30M:

Tozl, T1:3, T2:2, T3:6, T4:4, 7'5:5, 7'6:1,

IlepBoe cBOIICTBO OODBSICHSIETCST PABEHCTBAMMU

7T T T T T

9. T0 _ T2 To _ 1N To _ T4

O6bsicHeHnEe BTOPOTO CBOWCTBA IOJIyYaeTCs, ecii B paseHcTBe 1/7 4+
+2/7+4/7=1 nepeiitu K JeCATUIHON 3aINCH.

HUrobbl OOBSICHUTH IIOCTEHHEee CBOHcTBO, 3amumiem N B Bume N =
= (10° = 1)/7. Orcroma N? = (10° — 1)?/49. Yucno, KOTOpPOE IIOJIyHAETCS
CJIOZKEHNEM TIOJIOBUHOK ducyia N2, GyeT meprosioM apobu

i N> e 1 10°—1 142857
10" 10° —1 49 7

Tak kax

142857 1
{ : } =2 =0,(142857),

TO U3 MOJOBUHOK unciaa N2 nmogydurces guciao N.
5.60. CwMm. pemenue 3a7aqn 5.52.
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5.64. Ilyctb abedef = 3 - fabede. PaccMoTpuM 9nciio ¢, KOTOpOe pasJia-
raercsi B MEPUOMIECKYIO IeCATUIHYO Apobb ¢ mepuogom abedef:

a=0,(fabede) = % - 0,(abcdef).

Torma
10-a = f,(abedef)=f+3 - .

Orciona o = f/7. Ocraerca nepebparh pa3/ddHble 3HAYCHUS f.

5.65. Paccmorpure necsituanbie 1podH, Y KOTOPHIX UCKOMOE UUCJIO SIB-
JISIETCSI TIEPUOJIOM.

5.70.81+9+4+1=61+274+3

5.71. [a. IlpuvyeM MEHBIITUM YUC/IOM B3BEITUBAHUI OOONTHUCH HEIb34I.

5.72. 2" — 1.

5.73.a) 2* —1=15; 6) (3*—1)/2=40.

5.74. 1, 3,9 u 27 k.

5.75. a) IlepByio BepeBKy cJjie/lyer OAzKedb C JBYX KOHIIOB, & BTOPYIO —
¢ onuoro. Ilocne noropanus nepBoit BepeBKU BTOPOit ocTaHeTcs ropers 30
MUHYT. TOOBI COKPATUTH 3TOT IPOMEXKYTOK BIBOE, CJIEJIyeT IOJZKEYb U
BTOpPOIl KOHET] OCcTaBIIeiicst Bepesku. 6) 2% — 1.

5.76. a) JlaMnouka MOXKeT HAXOJUTCA B TPEX COCTOSHUSIX — BKJIIOYEH-
HOM, BBIKJIIOY€HHOM U B Harperom. 6) 9.

5.77.6) Ecomu n =2 +2k2 4 2Fm (ki >ky > ... >k, >0), T0 HAR-
MeHbIIIee YHCJIO oneparuit paBHo k; + m.

5.79. Ykazanue: ecnma n = ag + 2a; + ...+ 2™a,,, TO

[2%} =ay+ 20541+ ...+ om—kg, .

5.80. b(15) = 6, 110 1(15) = 5:
T =2 my=x, x=0" T3=x, 2=0", my=a,=12"", zs=1x3 2, =2".

Amnanoruumo [(63) =8 < 10 = b(63).

5.81. JIns HaXOXKJEHWS YHUCJIa HY2KHO CJIOYKHTDH MEePBbIe YHUCJIa C BBI-
O6paHHBIX KapTouek. Hampumep, ecu 3arajlano 9ucjao 23, To moTpedyeTcst
CJIOXKUTH uncaa 1, 2, 4 u 16.

5.82. 3arajlaHHas KapTa BCErjia OKA3bIBAETCS B IEHTPE KOJIOBI.

5.86. Eciiu A gyeTHO, TO mpeicTaBIeHNE YUCIa A TOIydaeTcs U3 Ipe-
CTaBJIeHUs] MEHbIIero ducia m = A/2 «cuBurom» Ha oaun paspsz. Ecian
)Ke A HedeTHO, TO ag = £1 U 9ncio a; JOJKHO PABHATHCS HYJIIO; TOITOMY
qncio A — ag gesnmrces Ha 4 U IpejicTaBIeHne YUCIa A MTOIydaeTcs U3 Ipe/i-
CTaBJIeHUsT MeHbIero unucaa m = (A — ag)/4 «caBurom» Ha JBa paspsiia u
nobasiieHneM 1udpsl ag. B 00oux cirydasx € IMHCTBEHHOCTD IPE/ICTABICHUST
qucya A cielyer u3 eJUHCTBEHHOCTH PEJICTABICHUs] YUCTIa M.
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5.87. Hucsa ot 0 710 1 ya1o6HO paccMaTpuBaTh Kak OECKOHEUHbIE TPOUI-
ubie apobu u3 nuudp 0, 1 u 2. Hucia, 0 KOTOPbIX FOBOPUTCS B IIYHKTE B) —
9TO T€ YUCJIA, B TPOUYIHON 3alrcyu KOTOPBIX HET HU OFHOI 1.

5.88.a) 1; 6)ner; 1) n-il 3J€MEHT JAHHON ITOCJIEIOBATEIILHOCTH COB-
nazaeT 1o Moay o 2 ¢ v(n) (cymMmMoit ABOMIHBIX Tudp Uucaa n).

5.89. 3aHyMepyeM JIMCKU B MOJIOBOJIOMKE « XaHOIICKast OalllHsI» IMC/IaMU
ot 0 mo 7. Ilpu yBesuuenun na 1 9ucja n, 3aUCAHHOTO B JIBOUYIHO cucTe-
M€ CYUCJIE€HUs, MOTYT U3MEHUTHCsI U@ PhI Cpa3y B HECKOJBKUX Pa3psiax.
Ecnm cpenu Bcex m3meHUBIIUXCS Pa3psioB HAUOOIBIINI HOMED uMeeT k-ii
pa3psiji, TO STO O3HAYAET, UTO HA N-M IITare PEreHus TOJTOBOJIOMKHI « XaHOM-
cKasl OalllHsg» CJIe/IyeT MepeMeniaTh JUCK ¢ HOMepoOM k.

5.90. a) Ecam mo kpyry crost uncia 1, 2, ..., 2n, To BHAYaJE BbIYED-
KuBatoTCcs Bee geTHble uncia. Ocrapmmecs yucyia 1, 3, 5, ..., 2n — 1 cHoBa
[TO/IBEPTaIOTCs MIPOTIEIYPE BHIYEPKUBaHUA. B 9TOM crimcke k-e 9uciio nMeeT
Buz 2k — 1. Ilocste Toro, Kak U3 3TOTO CMCKa OYIyT BHIYEPKHYTHI BCE UUCTIA
KPOMe OJIHOT'O, OCTAHETCsI IUCJI0 ¢ HoMepoM J (n), kotopoe pasHo 2.J (n) — 1.

5.91. 1) Ilycte n = (N ...M1MNg)2, tae n, = 1. Torma y omHOTO U3 YHCEN

My, Ma, ..., M B §-M pa3pdje TaKXkKe CTOUT eIuHHIa. Eciu m; — oJHo u3
TaKUX IUCes, TO m; b n < m;.
5.93. a) Eciiu n paBusioch 0 ¥ OJHO U3 YUCET My, Mo, ..., M U3ME-

HUJIOCh, TO U3MeHUTCS U 9ucjio n. OHO cTaHeT PABHO KOJIMYECTBY B3SITHIX
KaMHell, OTJIMYHOMY OT HYJIS.

6) Cornacuo 3amade 5.91 r), aus Hekoroporo j (1 < j <) BbimosHsIeT-
¢ HEepaBeHCTBO m; @ n < m;. IlosToMy m3 j-Ii Ky4KH MOXKHO B34Tb M, —
— (m; @ n) KaMHelH, 9TO IPUBEAET K OOHYJIEHUIO HUM-CYMMBI.

B) Vrpok HAXOAUTCsI B NPOUTPHIIIHON MO3UIUK, €CIHM [EePEJl ero X0I0M
n=0. Bce ocTanbHbIe TO3UINN — BBIUTPHITHBIE. J[J1sT TOTO, 9TOOBI BHIUTPATD
B «Hum», Hy2KHO OCTaBJIATDH IIOCJIE CBOErO X012 IPOUIPBIIIHYIO TO3UIUIO.

r) Hyxmuo cuenars nepexoy K nosurmu 1, 4, 5.

5.94. MoxHo, Hanpumep moaoxurs f(A) =3, f(B) =5, f(A) =6. Te-
[epb OCTAETCS 3aMETHUTb, UTO NPU CIUSTHUM amed o0mas HUM-CyMMa He
MEHsIeTCsI, & B HAYaJbHBI MOMEHT BpeMeHU OHa pasHa b = f(B).

5.96. a) Urpa «Ilokomaakas csomurcs K urpe «Hum» ¢ 4 Kyuxamu
xamueit. Hanpumep, nosunus, m3obpazkeHHasl Ha PUCYHKE, COOTBETCTBYET
rTakoMy Habopy Kamueit: 2, 5, 1, 4 (2 psaga ciaeBa OT OTMEYEHHOI JIOJIbKH,
5 —cmpaBa, 1 —cHu3y u 4 — cBepxy.

5.97. B nesiom cTpaTerus ocraeTcs IpeXHeil: Hy2>KHO JIep2KaTh MHUIIM-
aTUBY B CBOMX PyKaX, TO €CTb OCTABJIATH IPOTUBHUKY IO3UIIUIO C HYJIEBOI
HuM-cyMMoii. Takoro npasumiia Hy»KHO HIPUIEPKUBATHCS JI0 T€X IOD IOKA
HE MOsIBUTCS MTO3UINS, B KOTOPOI! JINIITb OHA Kyda CONEPXKUT 1 > 1 KamHeit,
a BCe OCTaJIbHBIE COCTOAT POBHO u3 oxuoro Kamus. (IIposepbre, 9To HpH
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[IPABWJIHHON UI'pe, 3Ty MO3UIUIO IIE€PE, CBOUM XOJOM MOJIyIUT UMEHHO TOT
UI'DOK, B YbUX pyKax ununuarusa.) [locse yero u3 vaunbosibIeil Kyuu myxK-
HO B34Tb N — 1 WK M KaMHell Tak, YT0Obl TPOTUBHUKY OCTAJIOCH HEYETHOE
KOJIMYECTBO KYY 10 OJIHOMY KAMHIO.

5.99. Ilocse mepBOTO X018 OEIBIX TPOUCXOIUT HECKOJIHKO 00SI3aTETHHBIX
B34THIA, 3aT€M XOJ] IEPEXOJIAT K YePHBIM. AHAJIOTUIHO, MOCJIE XOJIa T€PHBIX
U HECKOJIbKUX 00sI3aTeJIHbHBIX B3ATHMH, X0/ BO3BPAINAETCS K OEJIbIM, U T. I
TTockobKy CTpaTeruio Urpbl OMPEJE/ISIIOT XOMbl, HE SIBJISIONMEc 0bs3a-
TeJbHBIME, jajiee OyJIeM paccMaTpUBATH TOJBKO uxX. Fcim mmeercs mTocKa
3xn (n>=2), To KaxKIABIA Takoil xo7 JubO (ecju OH CeIaH HOCEePEIUHE
JIOCKH) JIEJIAT ee Ha JiBe JOcKH pa3mepos 3 X ku 3 x | (k+1=n — 3), mmbo
YMEHBIIAET Pa3Mep JOCKU Ha 2 min 3 (eCu OH CIEJIaH C KPao).

Takum obpaszom, 3a71a49a CBOIUTCS K caeayomnieii. Kamuu Bouioxkens! B k
PSLIOB 110 My, Mg, - - ., Ny MTYK. 38 OJUH XOJ PA3PEIIaeTcs CIeIaTh OIHY U3
onepaiuii: 1) 3abpaThb psj], COCTOANIMI U3 OJHOTO KaMHsT; 2) 3a0parh 2 wiu
3 KpafiHuxX KaMHs u3 JI060ro psja JIMHBL n; > 2; 3) 3a6parb 3 CTOAIUX
PSIIOM KaMHsI U3 CepeJIMHbI JIF000r0 psifia JTMHBL 1; 2> O.

BroiurpeiaeT TOT, KTO 3a0paJ MOCIEIHNN KAMEHbD.

CaezieM 3Ty 3371249y K Urpe «HUM» u3 3aga4u 5.93. i1t 9T0ro KaxaoMmy
Py U3 n KaMHel [OCTaBUM B COOTBETCTBHE Kydy u3 f(n) Kamubeil, rue
f(n) — mexkoropasi (noka HemssecTHast) dbyHKus. Torjga, B COOTBETCTBUU
C peIlIeHueM JjIsi UTPBI «HUM», JJIs MO3UIINN U3 HECKOJIbKUX PsJIOB OymeM
UMETh

f(nl, Noy v v vy ’I’Lk) = f(nl) D f(ng) S...PH f(nk)

B urpe «HuM» 0T KaxkK 0% KyIKHU U3 M KaMHEH MOXKHO TIePeiTH K KyIKe,
B KoTOpoii 6yzer ot 0 10 m — 1 kamud. [losTomy, eciur oT psija U3 n KaMHei
MOZKHO TI€PEHTH K HECKOJLKHUM ITO3UIAAM, JJIsi KOTOPBIX 3HAYEHHUS (DyHK-
uun [ paBHBL My, Mg, ..., My, T0 f(N) JOIKHO ObITH PABHO HAUMEHBIIEMY
nesiomy m > 0, OTIMIHOMY OT My, My, - .., M;. ECTECTBEHHO CIUTATDH, ITO
f(0)=0. Torma f(1)=f(2) =1, Tak Kak oT 1 U 2 MOXKHO NepefTH TOJIbH-
KO K HyJeBoMy KosmdectBy Kamueit, a f(0) =0. Jamee, f(3) =2, tak kax
or 3 MoxkHO nepeiitn K 0 win 1 kamumo, a f(0) =0, f(1) =1. Anamorud-
Ho, f(4) =0, rak kak or 4 kamueil MoxKHO nepeiitu K 1 wimm 2, o He K 0.
B obmmem cirydae oT psija B3 n KAMHEH MOXKHO NMEPEATH K MO3UIMAM, JIJIsSt
KOTOPBIX 3HAYEHUsT (DYHKIMA [ JIEXKAT B MHOYKECTBE

M={f(n=2),f(n=3)& f(0), f(n=4) & f(1),..., f(0) & f(n—3)},
CJTEeTOBATENTLHO,
f(n) =min{No \ M},
rue No =NU {0}.
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TTonp3ysich 3TMM TPABUIIOM, MOYKHO TIOCJIEIOBATEHHO HAXOIUTDH 3HAYTE-
uug yuknuu f(n). OkaspiBaercd, 9T0 UxX yJoOHO 3alUCHIBATL B TabJIMIy

mmpunbl 34, B Koropoii uucaa f(0), ..., f(33) pacuosaraiorca B nepsoit
crpoke, f(34), ..., f(67)—Bo BrOpOI U T. 11.:
0[1{2(3]4]5(6|7|8|9{10[11{12(13(14{15{16|17]18[19]20]21|22|23|24|25|26|27|28|29|30|31|32|33|
0 1|0[1|1|2013|11(1[03{ 3 (224 ({0]|5|2|2|3|3|0|1]|1{3({0]|2]|1|1]|0|4|5]|2|7|4
34 [0[1{12(0{3{1|1|0|13| 3|22 |4]|4|5(5]|2]|3({3|0]|1]1|3]|0[{2({1|1|0({4|5|3|7|4
68 [[8[1(1{2(0(3{1|1|0|13| 3|22 |4|4|5(5|9]|3[3|0]|1]1|3]|0[{2({1|1|0({4|5|3|7|4
102(|8|11|21013|11{1[03{ 3 (2|24 (4|5|5(9|3|3(0|1]|1[{3|0]|2|1(1]|0(|4(5|3|7|4
136(8[1112(0{3(1|11|013| 3|22 (4]|4(5(5|9]|3(3|0|1]1|3|02[{1|1|0[{4|5|3|7|4

ITo rabsume MOXKHO NpEANOJIOXKUTH, 4ro mocie f(85)=19 3unadeHus
dyukipu f(n) 6yayT NOBTOPATHCA ¢ TEepuogoM 34. DTa rumoresa mpoBe-
psIeTCsS MHAYKIOUeH 1mo mapaMerpy n. HyslsMm B TOIyd9eHHOi Tabyuie cooT-
BETCTBYIOT IIPOUTPBINIHBIE TO3UIMU. TakuM 06pa3oM, Geble TPOUTPLIBAIOT,
ecsim n =4, 8, 20,24, 28 (mod 34) wiu ecoim n =14, 34. g ocraabHbIX
3HAUEHUIA 1 GeJIble HAXOMATCSA B BBIUTPBIITHOM TOJIOYKEHHH.

5.98. 6) IlycTh B Kydkax my, My, ..., M; KaMHEH, U 7y, Tg, ..., 1] —
OCTATKHU OT JIEJIEHUsI TUCEI My, Mo, ..., My Ha 6. Ilomoxum

n=ri®ra@®...On"n

— HUM-CyMMa 110 Mojyiio 6. Eciu B HagasnbHOi nosunuu n = 0, TO BBIUTPHI-
BaeT BTOPOIl UI'DOK; BO BCEX OCTAJIbHBIX CiIydasX — epBblil. Vckioyenne
COCTaBJIAET CJIy4ail

m;=mMo=...=M_1 = 1, my — jr000€. (1316)

(Pacemorpure sToT caydaiil oraensao.) Crparerus BHIUIPHINA EPBOTO KI-
pOKa: ecju IIepeJi XOJOM IIEPBOIO HUI'POKA HAOOD KaMHEH YIOBJIETBODSIET
pasencraMm (13.16), mpudem | HeYETHO, TO XOf, HAJIO JEJIATh TAK, ITOOBI
HOBas HUM-CyMMa (110 Momyso 6) n’ paBusuiack 1; ecau | 9erno u r; = 1,
TO 3abupaercs 000 13 KaMHEH, JleyKalux OTAeIbHO. Bo Bcex ocTaabHBIX
Cilydasgx Xoi HaJo jeiarh Tak, 9robpl n' = 0. Eciu 1o HeBosmoxkHO (TO
ecrb, ecsin yxke n' = 0), TO IEePBBIAl UI'POK HPOUTPLIBAET.

5.100. CrauaJia cJjiellyeT CpaBHUTH 1-10 U 2-10 MOHETHI, 3aTeM 1-10 1 4-10.

5.101. Bo-miepBbIX, cCrieruaabHbIM 00pa30M MIPOHyMepyeM MOHETDI: ITPH-
cBonM mM Tpex3Hadnbie Homepa 001, 010, 011, 012, 112, 120, 121, 122, 200,
201, 202, 220.

s 1epBOTO B3BEIIMBAaHUS [TOJIOYKUM HA OJHY Yallly BECOB T€ MOHETHI,
y KOTOpBIX crapumii paspsin paser 0 (to ects 001, 010, 011, 012), a na
JIPYI'yIO — Te MOHETBHI, y KOTOpbIX oH pasex 2 (200, 201, 202, 220). Ecan
nepetsineT darmka ¢ «0», 3anumem Ha 6ymarkke nudpy 0. Eciu nmepersiner
«2» —3anmireM 2. Eciu 9aImm BeCOB OCTAHYTCA B PABHOBECUU — 3AITAIIIEM 1.
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st BTOpOTo B3BEIIUBaHUs Ha OJHY Yalry BbLIoKuM MoHeTsl 001, 200,
201, 202 (TO ecTh BCe Te MOHETHI, Y KOTOPBIX BTOPOii pasps pasen 0), a
ua apyryo — 120, 121, 122, 220 (To ecTb Te€ MOHETBI, y KOTODPBIX CpeIHUI
paspgn pase 2). 3amuiieM pe3y/bTaT B3BEIIUBAHUA TAKUM Ke 06pa3oM,
9TO U IIPU IIEPBOM B3BEIIUBAHUIH.

Tperbum B3BemuBanuem cpasuuaem 010, 020, 200, 220 c 012, 112, 122,
202 (COOTBETCTBEHHO, HYJIM U JBOMKYM B MJIAJIIEM Da3psjie) W 3aliChIBAEM
TPEThIO IUdPY.

Mper nmostyansu Tpu nndphl — HHAYE TOBOPs, TPEX3HaTHOE uncyo. lasee
onpeesieM (QabIIUBYI0 MOHETY IO CJIEAYIOMEMY DEIenTy:

Ecsu 310 unciio coBnaiaer ¢ HOMepOM KaKO#-TO MOHETHI, TO 9T MOHETa
dasbIuBas U TKesee OCTAIBHBIX. Ecin HeT, TO 3aMEeHUM B 9TOM YHCJIE BCE
HyJIU Ha JBOUKH, a Bce ABOUKHU Ha HysH. [locite 3TOro oHO JT017KHO COBIIACTD
C HOMEPOM KaKON-TO MOHETHI. JTa MOHETa (haJIbIIABAs U JIETYe OCTAJIbHBIX.

5.102. Hy:xno nmpucBouTsb 13-it MmoreTe HOMeD 111 m He MCIIOIBL30BATH €€
pu B3BemuBaHuAX. K 0cTaJbHBIM MOHETAM CJIEAYET IPUMEHUTH AJITOPUTM
u3 3aa4n 5.101.

I'maBa 6. MuorouJjieHnl
2

6.1. a) —]—q)% 6), ) (5)2 - B Pl = 39).

6.2. (b —q)* + (p — a)(bp — aq). .
6.3.a) y* +p(p* = 3p)y+ ¢’ =0; 6)y*— pq_—22qy+ =0

q
1 1)? 2q — p?
6.5. HaubouibIliee 3HaUeHnE CyMMbI KBaIpaTOB KOpHEil — 18. D10 3Hade-
HUE JOCTUTAeTCH IIPU a = —3J.
6.7. Bocnosbsyiirecs Teopemoit Buera. Omsem: —5/2, 3/2.

6.8. (p, q) = (0,0), (1, —2), (—1/2, —1/2).

6.9. Bocnousbsyiirecs Teopemoit Buera. Omeem: p=2/3, ¢ = —8/3.
6.10. a) a € (— o0, —5—2v6)U(—5+2v6,0) U (0, + o0)

6) a#1,a#3.

6.11. Bce Takne Toukn 0O6pa3yioT npsaMyoo y = —1.

6.12. Bee okpyxkuocTu npoxougat depe3 touky D(0; 1).

6.13. b=1/10.

6.14. x =1.

6.18. y > 22 — .

6.15. PaccMmorpuTe pasHOCTb JAHHBIX MHOIO4IeHOB. Omeem: a = 2.

6.17. Bce TouKH, yIOBIETBOPSIONINE YCIOBUIO 3a[a9N JIEZKAT IIOJT ITapa-
Gosoit y = 4x — 2x2. Omeem: y < 4x — 2x>.
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6.18. y> 22—z

6.20. a) Haiingure QUCKpUMHUHAHT 3TOr0 yPaBHEHHsI U BOCIIOJIb3YHTECH
HepaBeHcTBOM u3 3aza4dn 10.7. 6) Boconb3yiirech HepaBeHCTBOM U3 3aja-
qu 10.11.

6.21. KBajpaTubie TpexdjeHbl, He MMEIONNe KOPHEH, COOTBETCTBYIOT
BHYTPEHHOCTH JUCKPUMUHAHTHOW 11apaboJIb.

6.28. YcioBue 3a/1a9n paBHOCWILHO TOMY, UTO YKa3aHHas (DYHKIMS B
rTouke & = 1 npuHMMaeT orpunareabHoe 3uadenue. Orcioga a € (—2 — V11;

-2+ /11).

6.30. [_1+2\/57 1+2‘/5]
6.31. 0<a<4
6.32.2 < q < 5.

6.33. a € G—E 2)

6.34. a € (—E —1).
6.35. a € [-1,1]U{3}.
6.36. IIpu m =0.
6.37. r (—oo, g) U (4, g)
6.38. B 3amade HyKHO HAWTU T€ X, JJIsT KOTOPBIX (DYHKITHS
fla)=—a*+a(4 —22° — 2°) + (22° + 2° — 62+ 5)
XOTs1 ObI IpU OJHOM a € [—1; 2] npuHUMaeT orpunaTeabLHOE 3HaYeHne. Pernum
cHadaJja 00paTHYIO 334y, T. €. HailJeM Te T, JJIsi KOTOPBIX
fla)20 mnpuac[-1;2] (13.17)

Tax kak rpacduk dyukuuii f(a) —3T0 napabosa, BeTBU KOTOPOIi HAIIpaBJIe-
Hbl BHU3, TO ycjosue (13.17) paBHOCHIBHO cucTeMe

f(_l) > 07
U o
Tlocnemuss cucrema mocie TpeoOpa30BAHUN TPUHUMAET BU/T
z(x—1)(x+2) >0,
{(:1:— 1)(x+3) <0.
Meronom uHTEpBaJOB HaxouM, 910 & € [—2, 0] U {1}. Sunauunt, pemennem
MCXOMHOI 3aa4u OyeT MHOXKecTBO (—o0, —2) U (0, 1) U (1, +00).
Omeem: x € (—oo, —2) U (0, 1) U (1, +00).
6.39. -3 <a<3.
6.41. IIycrs mocie mesenus: P(x) Ha & — ¢ NOJIYyYAIICS OCTATOK 7'
P(x)=(x — )T (x) + .

Toncrasisia ciofa & = ¢, IPUXOAUM K paseHcTBy 7 = P(c).
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6.43. Her.
6.45. Tak kax
Qz)=(r—z)(—z—21)...(x —2,)(~2x —3,) = (2 —2)... (22 — x),

10 Q (%) CONEPKUT TONLKO Y€THBIE CTeNneHn & 1 ((1/T ) — MHOTOUIEH CTENEeHN
n. Kpowme sroro Q(v/x3) = P(x4) P(—x}) =0, mosromy Bee uncia x2, z2, . ..,
a2 systorest KopasMu Q (/).

6.46. a) 2* — 4%+ 62> -3z +1=(2* -z + 1)(2* — 30+ 2) + 2z — 1;

6) 22 + 222+ x+ 6= (2 + 22+ 1)(2z — 2) + 3z + §;

B)z*+1=(2z*+1)-0+2*+ 1.

6.47. CorsacHo Teopeme Besy, ocrarok pasen P(—2) = 3.

6.48. Corutacuo Teopeme Besy, ocraTok or menennst P(z) Ha  + 1 paBen
P(—1)=a+ 10. Oxu 6yzner pasen 0 nmpu a = —10.

6.49. a) Ocrarok pasen P(1) =5.

6) OcraTok GymeT MHOMOYJIEHOM He Bbilie 1epBoii crenenu. [logcrasiiss
B PABEHCTBO

P(x)= (2> - 1T (z) +ax+b

snadenus r = 1, x = —1, maxomum a = 5, b = 0. Omeem: 5zx.

6.50. Tocrarouno nposeputsb, uro P(0) =0, P(—1)=0, P(—1/2) =0.

6.51. Banumem ocraTok R(x) ot nenenus P(x) va (z — 1)(x — 2) B BUgE
R(z) = ax + b. ITo Teopeme Besy P(1) =2, P(2) =1. Orcrona a = —1, b=3.
Omeem: R(x) =3 — x.

6.52. k= —3.

6.53. HyKHO BBISICHUTD, IPU KaKuX N DYHKIU

-1 2" -1 _ z2"+1
22—-1 -1 2+1

Gy/ZleT MHOrO4JIeHOM OTHOocHuTesbHO Z. ITo reopeme Besy, jqyis aroro Heob-

XOJIIMO U JIOCTATOYHO, 9TOOBI 9UCI0 —1 OBIJI0 KOpHEM MHOTOWIeHa T + 1.
Orcrona n— HedeTHoe YHUCIIO.
6.54. /lokaxuTte yTBEpKJIeHNE UHIYKIIAEH 10 M.
6.55. a) Cymma Becex koaddurmenros pasua P(1) = 1.
6) Cymma k03bdUNUEHTOB [IPU HEYETHBIX CTENEHAX HAXOIUTCS 110 (hOop-
MyJie
P(1)— P(-1) 1-577"7
2 N 2
Amnasornano, cymMma K03()QMUIUEHTOB IPU YE€THBIX CTEHEHSAX PaBHA
P(1)+ P(=1) 145777
2 N 2
6.56. Uto6sr MmuOTOwIeH P(2) nemwicsa va 22 — 3z 4+ 2 = (x — 1)(z — 2)
HEeOOXO/MMO 1 JI0OCTATOUHO BBINOJIHEHHE JBYX ycaosuit P(1)=0u P(2)=0.
Iepsoe ycnosue naer (a+ 1)(b+ 1) =0. Orcroma 6o a = —1, 6o b= —1.
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Ecin a = —1, To u3 Broporo ycmosust b= 31/28. IIpu b= —1 ananoruaso
naxoquMm a = 31/28. Omeem: (—1,31/28), (31/28, —1).

6.58. IloBropss paccyxuenus 3agauu 6.49, wmaxomum uro R(x) =
_3-(=1" 5+ (=)

2 2

6.59. Kopaun—1, 2, 3.

6.60. a = — 4.

6.61. syunen z*!+1 npu genenun Ha T2 + pr + ¢ JaeT OCTATOK
p(2¢ — p*)z + (¢*> — p>q + 1), KOTOPBIil O YCIOBUIO 337849 JIOJKEH OBITH
HysieBbIM. U3 ypasrenwuit p(2g — p?) =0, ¢*> — p*q+ 1 =0 naxomum, aro ¢ =1,
p=+v2. D10 coorsercrByer pasmoxenmo zt 4+ 1= (2% — 2z + 1)(2* +
+V2z 4+ 1). Omeem: upu g =11 p=+/2.

6.62. Pagencreo P(1) =0 pasrocmibao ypasaenuio a® — 4a+ 3 =0. Om-

-1+V13
eem: a =1, —s

6.63. P(z) =azx(z —1)...(z — 25).

6.66. Paccmorpure MHOTOWIEH f(—2).

6.72. CmoTpuTe pemenue 3aga4uu 3.66. Omeem: (™™ — 1.
6.73. Ilosoxxum

n

D10 MHOTOWIEH ¢ HesabiMu Koadduiumenramu, npuaeM a,, = P, (ao) u a,, =
= P,,_i(ay) mpu m > k. Tak xak P,(z) =a, + 2 Q,(z), rae Q,(x) —rakxe
MHOTOYIEH C TEeJIbIMU KOd(ddunuenTamu, 7o upu m = k
(@ms ar) = (Pr—r(aw), ax) = (@m—k + axQn(ar), ar) = (Gp—g, ax).
Iamee ocTaeTcs MOBTOPUTD PACCYKJICHUS U3 PeleHus 3aaa9u 3.43
6.74. x = 1.
6.75. p=3.
6.76. P(z) = — ) Q(:zc):1
6.77. Ilycte P(z) = ax + b, Q(z) = cx + d. Torga, mojcraBus 511 Besn-
YUHBI B JAHHOE PABEHCTBO, HAXOIUM
(a+c)z® + (=3a+b+c+d)x*+ (2a —3b+c+ d)z +2b+ d=21.
Tak Kax 9T0 PABEHCTBO JOJKHO OBITH TOXKJICCTBEHHBIM, TO
a+c=0,
—3a+b+c+d=0,
20 —3b+c+d=0,
2b+d=21.
Orcromaa=4,b=>5,c=—4ud=11, 1o ectp P(x)=42+5, Q(z)=—4x +11.

4 5 4 11
6.78. Pa) = oo + o, Q) = — x4 2.

(z = 1)(a® +1)

[\V]
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2n+1 1 1

6.79. n(n+1) n + n+1
6.81. Haiinure KoadduimenTsr yacTHOTO 10 cxeme ['opHepa.
6.84. 1 +4(z+1)—3(x+1)> —2(x + 1)* + (x + 1)~
6.85. P(x + 3) =55 + 81z + 4522 + 11z° + z*.
6.86. a) (2 — 2x + 22)(2 + 2z + 2?);
6) (—1422)(1 + = + 22);

Y(l4+zx+a®)x (1—z+a®—z* +a2° — 2" + 28);
r) (a+b+c)(a® — ab+b*> —ac — be + ¢?);
n) (z+y-DA+z+2°+y—zy+y°);
) I+z—y+ay)(l—z+y+ay)

K) 3(a+b)(a+c)(b+c);
) =5 — y)(x — 2)(y — 2)(a* — 2y + Y — 2z — yz + 2°);
) (a* — a®b + a?b* — ab® + b*)(a* + a®b + a®b* + ab® + b*);
K) (1 4+ 2)*(1 + 3z + z2);

n (a=b—c)la+b—c)a—b+c)(a+b+c);

M) (24 :C)(G + x)(lO + 8z + x?).

6.87. 2 + 2 + 2> + x +12= (3 — 2z + 2?)(4 + 3z + 2?).

6.88. B cuyuae, korma p? — 4q < 0, Beipaxkenue x2 + ¢/x* 4+ p nocie 3a-
MeHbI t = 2 + /q/2 MOXKeT GBITb Pa3/I0KEeHO KaK PA3HOCTh KBAPATOB.

6.89. 5/3(a® + b* 4+ ¢ + ab+ ac + be).

6.90. 3BecTHO, 9TO

(r+y+2)’ -2’ -y’ = 2" =3 +y)(y +2)(z + 2).
Hoxazkem, aro MHOrowieH (x +y + 2)™ — a™ — y™ — 2™ penurcs Ha X + Y.
Ilo Teopeme Besy, mocTraTodHo TPOBEPUTD, UTO OH OOpAIaeTCs B HOJIb IIpU
y = —x. Heficteurenbho, (x —z + 2)™ — 2™ — (—z)™ — 2™ = 0. eaumocTtb
Ha T + 2z U Y + 2 JOKa3bIBACTCA aHAJJIOIUIHO.

6.91. PazjoxxuTe maHHOE BBIpayKeHUE HA MHOXKUTEJIH.

6.92. Eciim a + b =0, TO paBeHCTBO SBJISIETCS BEPHBIM. 3HAYUT IOCJIE
MIpUBE/IEHNs K OOIEMYy 3HAMEHATEIO, TUCUTE/b OyAeT AeuThCsd Ha a + b.
Amnasiornano, ou JesuTcs Ha a + ¢ u b+ c. Ilocite pazioxkeHus: TucanTesis
Ha MHOXKHUTEJIU, PENleHNe CTAHOBUTCS OYE€BHUIHBIM.

6.93. IloacraBbre B JIEBYIO U B IPABYIO 9aCTU PABEHCTBA ¢ = —a — b.

6.95. Coruacno 3aga4e 6.94, pal@oHaIbLHBIME KOPHAME yPABHEHUST 12 —
— 17 =0 moryT 6BITH TONBKO uncaa +1 u +17. Ho ouu me aBistiorcs Kop-
nsvu. ITostomy ypasaenue z2 — 17 =0 BooOlle He MMeeT PalMOHAJILHBIX

w

@

=5 W

KOpHEH.
6.96. BocnosbayiiTech TeM, ITO 9uCa0 ¢ = cos 20° yAOBIETBOPSET yPaB-
HEHIIO 4o — 3x=1/2,

KOTOpPO€E HE MMEET PAIMOHAJIBLHBIX KOPHEH.
6.97.a)x=1,3,-2; 6)xz=-1,3.
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6.98. a) a* + 2® — 3a®2x? — 2a%z + 2a* = (2a® — 2?)(a® — x — 2?);

6) 2* —3z—a*—a?2*=(a+1/a—z)(2* +z(a+ 1/a)+ a*+ 1/a* — 1).

6.101. a) 2> —x —2; 6) z®—1.

6.102. TTokaxure, uro (P(z), P'(z)) =1.

6.103. A=n, B=-n—1.

6.110. Moxmo, HamrpuMep, BOCIOIL30BaThCA 3a1adeit 3.181.

6.111. a) 0,05 — 03; 6) 01(0 —303); B) 01(0f —303); 1) 4010203 +
+ 0202 — 203 — 02 —20%03; 1) 02 —209; €) ot + 40,03 + 202 — 4oio,.

6.112. 2.

6.113. PaccmoTpuTe BhIpaskeHue

(a—1x)(a—y)(a—2)=ad®—a’c, +aoy — 0.

6.114. (0,0, a), (0, a, 0), (a, 0, 0).
6.115. a=—9.

6.116. 2% — 522 + 62 — 1 =0.
6.117. y> —y? -2y —1=0.

231
6.118. c= 27& + 3ab.

6.119. /Iyist TOro, ITOOBI U3 OTPE3KOB C JJIUHAMU X1, Lo, L3 MOKHO OBLIO
COCTABUTDH TPEYTOJbHUK, HEOOXOIUMO U JOCTATOTHO, ITOODI

(X1 + 22 — 23) (21 — T2 + T3) (=21 + 22 + 25) > 0.

Bripazkast 1eByio 4acTh 4epes p, ¢ U T, IPUXOJAUM K HepaBeHCTBY p> — 4pq +
+ 8r > 0.

6.120. a) JTokaxkute, 9ro mapsl yucesa (z, y) u (u, v) sIBISFOTCA TIapa-
MM KOpHe#l OJIHOTO W TOrO XK€ KBaJpaTHOro ypaBHeHusi. I3 saroro Oyjmer
CJIEJIOBATH, UTO YUCJA T, Y COBIAJIAIOT C YHUCJIAMHU U, U C TOYHOCTHIO IO
[IEPECTAHOBKH.

6.122. z* —az®; 2 —azx® —x+a; 2t — 2>+ —1; 2 + .

6.123. Bocnosbayiitech pesyabraToM 3agaqm 6.111 e).

6.124. (c+d)(b+ c+d) =ad.

6.125. b=0, a < 0.

6.127. IIpuBenuTe pa3HOCTDb JAHHBIX YPABHEHUN K BUJLY

-1Dy-1)+@w-1w-1)=2.

6.128. B xaxj0M 13 CIydaeB HYKHO y3HATh, CKOJIBKO KOPHEHl MMeroT
YPaBHEHUS: OJUH WU TPH.

6.129. IloxcraBbre B ypaBHenne £ =a, £ =b, x = c.

6.131. f.(x) = (z—z1)...(z—xim1)(z —xit1) ... (x — xn) '
(:Ci — 501) . (131 — 131'71)(131' — :Ci+1) . (:Cz — :Cn)

6.132. f(z)=1.
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6.133. f(z) =y, fi(z) + ...+ yofo(x). Ecam Takux MHOTOUIEHOB Oy1eT
JIBa, TO UX PA3HOCTH OyIeT MHOTOYJIEHOM CTEIEeHU He Bbime n ¢ n + 1 jmeii-
CTBHUTEJLHBIM KOPHEM, YTO HEBO3MOXKHO.

6.134. Ocrarkom Gyaer muorowien R(z) crenenu 2, jjisi KOTOPOro Bbl-
TIOJIHAIOTCSI PABEHCTBA

R(a)=A, R(b)=DB, R(c)=C.

SBHBII BUJI 9TOTO0 MHOTOYJIEHA BBIIMMCHIBAETCS IPU MTOMOIH 3a1a4u 6.133:

(z —b)(x—¢) (z—c)(x—a) (x —a)(x—0)
R@) = A= Y P o000 " cmae—y"

6.135. Ilo Teopeme Besy ocrarok pasen f(x;) = y;.

6.136.a) 1+ (3—x)z; 6) 1+ (1+x)% B) 22

6.137. 1 u 17 KIWJIOMETPOB.

6.138. 2.

6.139. 1o Tpem ToukaMm rpaduKk KBaJIPaTHOrO TPEXUIeHa CTPOUTCS OI-
HO3HAYHO.

6.140, 6.141. Kaxk0e paBeHCTBO B CHCTEM€ MOYKHO MHTEPIPETUPOBATH
KaK PaBEHCTBO HYJIO COOTBETCTBYIOIIEr0 MHOTOYJIEHA B TOYKAX a, b U C.

6.142. Ecim f(x) — uHTEpHONSIIUOHHBIT MHOrOwIeH Jlarpanxka, TO
f(—x) Takzxe OGyer MHTEPHOIANMOHHBIM MHOrOUYIeHOM Jlarpanxa. B cuiy
€JIMHCTBEHHOCTH TAKOTO MHOrOwIeHa (cM. 3amady 6.133) f(z) = f(—x).

6.143. ITycrs muorowren P(z) takos, uro P(0)=1, ..., P(n)=3".
Hokazxwure, ato torga P(n + 1) < 3"+,

6.144. Bocno/bayiiTech paBeHCTBOM

f(x):f(xl)(($—$02)...($—$n) bt () (x—z1)...(x—Tpn_1)

1 —2) ... (T1 — Tn) (xn —x1) o (T — Tp—1)

6.145. PaccmoTpuTe PyHKITHIO

I'maBa 7. KoMmmiiekcHbie yuciia

7.4. a) JIjiuHa CTOPOHBI TPEYTOJHHUKA HE MPEBOCXOJUT CYMMBI JIJIMH
JIByX JIPYIHX ero cropoH. 6) JIiuHA CTOPOHBI TPEYrOJbHUKA HE MEHbIIe
MOJIyJI PA3HOCTHU JBYX JPYIUX €ro CTOPOH. B) XOp/a KOpode JIyru, KOTO-
PYIO OHA CTSATUBAET.

7.5. a) ﬁ(cos% +isin£);

0) 2+\/§(cosﬁ+zsmﬁ)_2cosﬁ(cosﬁ+zsmﬁ),
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2 2

1 .
r) %(cosz —I—zsmz),
1) cos 2 + isin 2¢p.
7.7.v/13 - 1.

7.8.a) Rex<0; 6)0<argz< g; B) |[Rez|<2; 1) |2/]<1lulmz<0.

7.9. Okpyxuocts (x4 5/3)% + (y — 1)* = (4/3)2.

7.11. B napaJutesiorpamme cyMMa KBaJIPATOB JAUaroHa el paBHa CyMMe
KBaJ[PaTOB CTOPOH.

7.13. JJoMHOXKbTE PaBEHCTBO HA COMPSI?KEHHOE.

7.14. Bocnosb3yiitech mynkToM 6) u3 3amaqan 7.2.

7.16. a) £(2—1i); 6) £(VI+1/vV2+iV1-1/v2); B) £(7+ 5i);
) £(V3/2+i/V2); m) £(3—4i); ) £((5-1)/V2).
7.17. a) z:%\/—_g; 6) z2=—-2+5i; B) 2=2,14 1) 2=3, 2i;

B) 2’608 —’(cos L +isin <p)

N z=i4+2,3—d e) z=3+1i, 2+i.
3
7.18.a) z=—1,3,142i; 6)z=—1— /2, —1+§(1ii\/§);3)z:2,

2+ 2v6i; 1) x:tg(%—i—%), (k=0,1,2,3).

7.19. Bocnonb3yiiTech pe3yIbTaToM 3a1a9u 6.6.
7.20. Yucna 1+ it u 1 — it aBAAIOTCA KOMIUIEKCHO COIPSI?KEHHBIMU, 3HA-

quT,

1+zt

11+t = |1 — it|, ||_] =1, argz=2arg(l +it) = 2arctgt.

Korna napamerp ¢ Mensiercst B npejesiax —oo < t < 400 dyurius p(t) =
=2 arctgt npuHEMaeT Bece 3HadeHUs oT —7/2 1o 7/2. CiieoBaTebHO, TOY-
Ka z = cos p(t) + isin p(t) omucpiBaeT BCIO €UHUYHYIO OKPYXKHOCTD 32 UC-
KJTIOYEHUEM TOYKH 2z = —1.

7.21. Ilna Toro, 9To6sl nocTpouTh rpaduk Ha orpeske [—1; 1], mpex-
craBbTe T B BUJe x =sint (t € [—7/2; 7/2]).

7.30. Cymma cremneneii pasua 0, ecu s # kn, u paBHa n, eciiu s = kn.

7.31. Paccmorpure JIeiiCTBATENBHYIO I MHAMYIO 9aCTH TEepPBOii (hopMy-
el Myaspa.

7.32. IlpencraBbTe KaxKa0€e U3 IUCET B TPUTOHOMETPUYIECKO dopme.

7.35.a) —1/2; 1/8.

7.36. a) IIposepsbre, uro P(i) = P(—i) = 0 u npuMenute Teopemy Besy.
6) Kak u B myHKTE a), JJOCTATOYHO IPOBEPUTH, 4T0 (Q(p(cos ¢ £ sinp)) = 0.

7.38. Cymotpure mpusoxkenne C, VIII.
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7.40. Haiiure peKyppeHTHOE COOTHOIIEHNE, KOTOPOMY YIOBJIETBOPSIOT
muorowienst 27, (z/2).

7.41. Otser: 1.

7.42. IIycts a = m/n. Torma cos(360na)° = 1. Tak kak cos(360nw)° =
= T360n(COS @®), TO mosyaaeMm, 910 MHOTOWIEH T360,(2) — 1 oOpamaercs B
HOJIb ipu « = cos a® = 1/3. 3uaunt MuOTOWIEH f(2) = 2T 360, (2/2) — 2 HMe-
et kopreM uncio = 2/3. Cornacuo 3amade 7.40, mHorowren f(x) mmeer
crapimmit ko3 dunmenT paBHbIi 1, a ocTajgbHbIE €ero KOIDDUIMEHTHI — I1e-
Jple dncsa. Ho, 110 Teopeme O palnuoHAJIbHBIX KOPHAX MHOrowiena f(x)
MOYKET UMETH TOJIBKO IEJIble KOPHU.

7.43. PaccmorpuTe MHOTOWIEH T30, (2) — 1.

7.44. Tpu (m, 2n) = 1. V13 37010 yCI0BUST TaK¥Ke BBHITEKAET, UTO Y JAH-
HBIX KPUBBIX TOYKH MAKCUMYMOB ¥ MUHUMYMOB COBITAJIAIOT.

7.47. P,(z) =2T,(z/2), tae T, (x) — mHOrowien YebbIména.

7.48. 3ameHuTE TAHT€HC HA OTHOIIEHNE CHHYCA K KOCHHYCY.

7.49. Ilepeiiaure B paBeHCTBe 2 + 271 =2 COS @ K CONPAKEHHBIM YHCIaM
U BBIUHCJIUTE Z.

7.50. [TockobKy B MHOTOYIEHBI UeObINEBa yI00HO MOACTABIATD THCIA
BUJIA T = COS (v, TO JJIs PEIIEHUs 33JIa9U CJIeLyeT BOCIOJIb30BATHCS PABEH-
cTBOM sin o = cos(a — 7/2). Omsem: Ecan n = 2k, To

. (L 1\E . 1)k sin na
T,(sina) = (=1)*cosna, U,_i(sina)=(-1) o
Ecim n=2k + 1, To
. 1k . _ (_1ykCOsSnQ
T, (sina) = (—1)"sinna, U,_;(sina)=(-1) osa

7.24. Yka3zaHue: IpeJICTABATH YUCIIO 2z B BUe 2z = 1(cos ¢ + isin ). To-

raa
1 241
z 4 _‘ — " +1] - 1.
z '
145
OtBer: HauboJIblllee 3HAYEHUE PABHO — 1 IPUHUMAETCs IIPU argz =

=2+ 7k (k).

7.53. Ecim f(2) =0, to f(2) = f(2) =0.

7.54. KoMmIiekcHble KOpHA MHOTOYJIEHa MOXKHO pa30OUTh Ha Hapbl B3a-
WMHO COIIPsi2KeHHBIX unces. [Ipu 3ToM mpoussejieHre COOTBETCTBY IOIIUX JIH-
HEMHbIX COMHOXKUTEJEH JacT KBaJPaTHBIA TpeX4/eH C JeHCTBUTEIbHBIMUA
KO3 durnmenTamu:

(r —a—ib)(z — a +ib) = 2* — 2ax + a® + b°.
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7.55. Beimenum B Beipaxkenun lim (1 +2 + Zb) Ty 9acTh, KOTOpas Oy-

n—oo n
JeT CTPEMUTCS K e%:

Jim (1+“+“’)n: Jim (1+%)n lim (1+ ib )n

n— 00 n n—oo n— oo a+n

U HalijieM BTOPOIil Ipejiesi. 3aMeTuM, 9To

. b \" . . b "
lim (1+ +n) —11m(1+ztgm).

n— oo a

Temeps HyKHBIN TTpees HaxoauTcs 110 (popmysie Myaspa:

. . b " . nb ... nb -
lim (1+itg——) = lim (cos + 7 sin =cosb+ isinb.
n—oo a+n n—oo a+n a+n
7.56. Bocmosib3yiiTecs popmysioit Ditsiepa u3 3ama4du 7.55.
7.58. Ha xomIutekcHO# 1ockocTu OyHKIN In 2 CTAaHOBATCS MHOTO3HAY-
Hoii. Ecin z = |z|e’?, 1o B KadecTBe In z MoxKHO 6paTh j11060€ U3 duces

wy =In|z|[ +i(p + 2kn) (k€ Z).
Jutst Ka2K0ro u3 HUX
ek = eIzl e et 2hT) — |11 (cos 4 i sin ) = 2.

7.59. a* = e*m% e SKCIIOHEHTa ompejesseTcs KaK B 3a1ade 7.55, a
JjorapudmM — Kak B 3a7aqe 7.58.

7.60. Kopens i-if cTenenn u3 4ucia 2 = e paBeH € rae
k — nponsBoibHOe nesoe ancio. [pu z = —1 momyuaem /—1 = e +2¥)7 3xa-
JeHne KODHsI, IIPUBEJIEHHOE B 3a/a4e, cooTBeTcTByeT k = 0.

7.61. a) Eciim a =0 (mod ¢), To pasencrso o4esunHo. Ecim xe a # 0
(mod q), To w* # 1 u MEPBYIO CyMMy MOXKHO IIPOCYMMUPOBATH KAK I'€OMET-
pudeckyto nporpeccuto. PesynbraTom Oymer dyHKIms

1 w*—1
f(a)__' W —1"

q
KOTOpas o0paIaeTcs B HOJIb [JIS JIIOOOTO IEJIOro @, He KPaTHOTO (.
6) Iponuddepenupyiite byuxuio f(a), naiinenayio B myunkre a). Or-
Bet: S(a)=q(¢+1)/2upu a=0 (mod ¢) u S(a)= waq_ T pH aZ0 (mod q).
7.62.6) sin(ny/2) sin((n + 1)<p)/2.

sin(p/2)
sin 2nz cos(2n + 1)z

0 __ €(9+2k7r)i O+2km
- ’

sin 2nz cos(2n + 1)z

7.64.a) n+

; 6)n—

2sinx 2sinx

7.65. a) —2; 6) 249,
7.66. G) 2n/2sin%”.
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7.67.06) %(2"4—2605@); %(2"—}—2005@).

3
7.71. a) Bce BEKTODBI 21, . . ., Z, UMEIOT [OJOKUTEJbHYIO IIPOEKIUIO HA
Jayd arg z = o+ /2.
6) Bee umena 2!, ..., 27! nmexar B HOMYIIOCKOCTH T — o < argz <
<27 —q.

7.73. Ecnu Touka 2z JIEXKUT BHE TPEYroJbHUKa abc, TO BEKTOPHI Z — a,
z — b, z — ¢ pacnoJiararorcst B HeKOTopoii nmosymockoctu. CymMmma ux obpar-
HBIX BEJIMYMH HE MOYKET PABHSATHCsI HYJIIO COIJIACHO 3ajade 7.71, 1. 6).

7.74. Bocnoss3yiitecs paserctsom f'(z) = f(x) (z i Pl i 5T i C)

U pe3yJIbTATOM 331391 7.73.

7.76.a) n=1,2 (mod 3); 6) n==1 (mod 6).

7.78.a) n=06k+2; 6) n=6k—2; B)HU IPH KAKUX.

7.79.a)n=06k+1; 6) n=6k+1; B) HU IpH KaKUX.

7.80. Eciiu © =1 — kopenb muorouwiexna P(x™), To ero kopuem Oyzer
nro6oe u3 gncen xy, = cos(2wk/n) +isin(2nk/n) (k=0,...,n—1). ITosromy
P(z™) memures Ha (€ — Xg) ... (T — Tpy) = 2™ — 1.

7.44. Tpu (m, 2n) = 1. V13 37010 yCI0BUST TaK¥Ke BBITEKAET, UTO y JAH-
HBIX KPUBBIX TOYKH MAKCHUMyMOB I MHHUMYMOB COBIAIAIOT.

7.81.7.

7.82. zp=itg(—m/2+kn/n)=ictg(kn/n) (1<k<n—1). Jis Haxoxie-
HUsI CyMMBbI KBAJIPATOB KOPHEH PACKPOEM B yPaBHEHUM CKOOKU 10 (hopMyJIe
6unoma HrroToHa u cresaeM COKpAIECHUS:

Crlzn 4 Cr 32" 3 4. =0.
IIo Teopeme Buera

cn3 _(n—1)(n-2)
cnt o 6 '

01(217 "'7Zn71) =0, 02(2’17 ~-7an1) =

Hasee, npumensisa pesyabrar 3agaqau 6.111, 1), Haxomum

—1 -2
ﬁ+£+m+£4=—@—%i—l
7.84. Tak Kax
1 B a_m _ . (. m 2
Saom =1+ctg [ =1 (zctgwn) ,
n
TO

n—1 n—1 n—1

1 . m? . m?
m= n m= m=
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n—1)(n—2
Cortacuo 3aa4e 7.82, mocjeaHsss CyMMa, PaBHa —w. Cienosa-
Yy p 3
TEeJILHO,
n—1

n—1
1 m n—1)(n—2 n?—1
m=1

Z sin” m— 3 3

m=2 n
. 1 1

7.85. Bocmnosbsyiitech Tem, aro 0 < D <1 upu z € (0;7/2)
(cm. 3azmaay 10.44) u pesysnbraroM 3aja4uu 7.84.

7.87. Muorowren P(z) He nMeeT neHCTBUTENBHBIX KOPHEI, TO3TOMY BCe
€ro KOpHU pa30MBAIOTCs Ha MMapbl KOMILUIEKCHO COIPSI?KEHHBIX YUCeIT 21, Z71,
vevy Zny Zn (oM. 3agmaay 7.53). Ilyers

[ - 2) = a(x) + ib(x).
k=1
Torma

[ - 20) = a(z) — ib(x).

k=1
Orciona P(z) = a®(x) + b*(z).
7.90. a) [TapastesbHBIIT HEPEHOC HA BEKTOD @; 6) FOMOTETHS C IEHTPOM B
Hava/Ie KOOPAUHAT U KO3 UIMEHTOM 2; B) TOBOPOT MPOTHB IaCOBOIT CTPeJI-
KI Ha yTOJI (¢ BOKPYT Havasa KOOP/MHAT.
7.91. w=7z- e, _
7.92. a) w=2(z+3+4i); 6)w=2z+3+4i; B) wz(z—i)lx_/gl

Nw=k(z—A)+4;, Hw=2z-2; e)w=—2+(1+1)(2—+2).

7.94. KoMmmosuusi roMOTeTnit
H(Izllw:kl(Z_Al)‘f'Al, szw:kQ(Z_Az)‘f'Az

nuMeeT BUJL

+ 1;

w = kl . kz cZ 4+ kg(l — kl)Al + (1 — kz)Ag.

Ecmu k; - ks =1, To mostyuaem napajuienbubii nepenoc. Ecan ke ky - ky # 1,
TO 3T0 ToMoTeTHs ¢ Koddduiuenrom k, - ko, HeHTp A KOTOPOIl HAXOIUTCS
U3 ypaBHEHUS
ky kg z4+ko(l—k)Ar + (1 — ko)A =ky - ka(z — A) + Al
7.98. a) Bocnouanb3yiirecs 3amaqeii 7.62, a); 6) Bocnosbsyiitecsh 3a1a-
veit 7.62, 6); B) Bocnosbayiirech 3amaueit 8.45, a)—0).
7.101. ®opmyuy (7.1) MOXKHO TIEPENUCATD B BH/IE
w=9%__9
¢ clez+d)’
rae 6 = ad — bec # 0.
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7.102. Bocnonib3yiiTech 3agateit 7.61.

7.103. Bepmunst A, B u C' HY>KHO MHTEPIPETUPOBATH KaK 3HAYCHUS
uekoropoit dyuknun f(x) 3agannoit B tpex roukax 0, 1 u 2. Torma Bepmu-
HBI BO3HUKAIOIIUX [IPABIILHBIX TPEYTOJIHHAKOB IIPEBPAIIAIOTCS B 3HATEHHS
bynkiuit uga C(k)e?™*/3 (k =1, 2), a Touka M cosnajaer ¢ aucaom C(0)
(C(k) —koneunnie ko3 dburnmenter Pypbe u3 3amaqan 7.102).

7.105. Bocnonib3yiitech 3amgateit 2.40.

7.107. Beauunna A(z) cOBIAJAET € KBAJPATOM MO/ KOMIJIEKCHOTO
THCIa Z, & IPH YMHOYKEHHN KOMIIJIEKCHBIX 9HCE MX MOJIYJIM II€PEMHOMKA-
IOTCSL.

7.108. Eciiz B paBeHcTBe 2 - 2~ ' = 1 mepeiiTu K HOpMaM, TO MOy IUTC,
aro A(z) - A(z7!) = 1. Tak kak s JsoGoro uncia z € Z[i] BIIOJHSETCS
yeaoBne A(z) > 1, To A(z) =1, a 970 BO3MOKHO TOJIBKO JijIst ymcen +1, +i.

7.109. ITycrb g — 1€s10€ rayccoBo 4ucso, bamzkaiiniee (Ha KOMIJIEKCHOM
wrockocrn) K auciy a/b. Torga a/b=q+ ¢, rae A(c) < 1/2. CieroBaresbHo,
a=bq+r,tmer=bcu

1

A(r) = ABA(E) < ZA(B) < A(D).

7.110. (4 +7i, 6 — 7i) = 2+ i, (4 + 19i, —6 -+ 17i) = 2 + 3.

7.112. a) Vkazanue: eciu a | b, To A(a) | A(b).

6) Ecim p=4k+3 nup=(a+1ib)(c+1id), To A(p) =p* = Aa+ib) A(c+id).
Orcroma A(a+ib) = A(c+id) =p u p=a® 4+ b*. Ho qyia npocreix p =4k + 3
TAKOe PABEHCTBO HEBO3MOXKHO (cM. 3amady 4.109).

B) Besikoe npoctoe p =4k + 1 MoxkHO nipecTaBuTh B Buge p=a’ +b* (cm.
sagady 3.238). CienoBarenbHo B Z[i] TAKOE IIPOCTOE IUCIIO PACKIIAIBIBAETCSI
Ha MHOXKUTEH P = (@ + ib)(a — ib). Tak kak A(a % ib) = p— npocroe 4ucIo,
TO KaXKJIBIil U3 9THX COMHOXKUTENEH 00A3aH OBITH HPOCTHIM.

r) Ecim ¢ = a 4 ib— mekoTopoe mpocToe rayccoBo 9UCII0, TO ¢ ABISAETCS
JenureneM 4ucia A(q) € Z, cieioBaTeIbHO OHO JEJIUT OAHO U3 IIPOCTBIX
qncen p=4k + 1 wim p=4k + 3 u 00sg3aHO COBIAJATHL C OJHUM U3 yIKe
ONMCAHHBIX THUCE.

7.114. Ilycrs n=2%0p% . ptegl . ¢, e p;=1(mod 4), ¢; =3
(mod 4). 13 myspruimkarusaocT GyHKImn X (d) BBITEKaeT PABEHCTBO

43 x(@ = 4]+ x@) + -+ x@e) [LA + x(a) + -+ x(a)7)).
d|n j=1

v=1

1

ITo onpenenernto dynkuun x(d)
L+ x(p)+.. +x(p)=a +1, (13.18)
1, ecmm B; =0 (mod 2),

13.19
0, ecmu B;=1 (mod 2). ( )

1+x(qj)+--.+x(ij)={
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Iosromy, eciu xors 661 01O U3 4ucea J, ..., [ ABISETCS HEYETHBIM, TO
UCXOHAsE CyMMa pasHa Hy/o. Econ e Bee uncaa (3, ..., (3, — 4eTHble, TO
4 g x(d) =4(cy +1)...(ax + 1),

d|n

910 coBnajaer ¢ dhopmysoit mist r(n) u3 3agaaun 7.113.
7.117. Bocnosip3yitTech 3anaqeit 4.141.
7.118. IlepeiianTe K aprymMeHTaM KOMILJIEKCHBIX UHUCEJI B PABEHCTBE

(1+0)(2+14)(3+ i) = 10.

7.119. Tepexons k aprymentam B paserctse (14)(1+2¢)(1+3i)=-10,
HAXOIAM
arctg 1l 4 arctg2 4 arctg3 = 7.

7.121. Ecmu cd=n*+1, 10 (n+c+i)(n+d+i)=(n+i)(2n+c+d).
Hyxxnast dpopmysa mosydaercs mocje mepexojia K apryMeHTaM ITHX KOM-
[VIEKCHBIX YHCEI.

7.122. Yucno s+ ir e JMHCTBEHHBIM 00pa30M MOYKHO MIPEJICTABUTD B BUJIE
[IPOU3BEJIEHNS IIPOCTHIX I'AYCCOBBIX YHCeJ. FcjM B TakOM IpeiCcTaBIeHUN
IepeiiT K apryMeHTaM, TO IpoCcThie Buaa 4k + 3 He J1aayT HIKAKOIO BKJIaIa,
a TPOCThie BUa a — b OyAyT JaBaTh Te ¥Ke yIJIbl, YTO U Jucjia a + ib, HO ¢
OTPHUIIATEbHBIM 3HAKOM.

7.123. Kaxk 65b1710 jJoKa3aHo B 3aa49e 4.143, 11t TpocToro Yucia p BUIA

-1
4k + 1 maiizerca mekoropoe n (MOXKHO cuuTaTh, 9T0 1 < n < pT)’ TSt

—1
p O3HAYaEeT, YTO P > 2n,

kotoporo n? +1=0 (mod p). Hepasencrso n <

CJIEJIOBATEILHO, KaXKI0oMy pocTtomy p =4k + 1 cooTBETCTByeT HEKOTOPOE
qucio [répmepa. C apyroit ¢cToponsl, aucyao n? + 1 He MOXKET UMEThb JIBYX
IIPOCTBIX JlesuTesiei, 6GIpmux 2n, MO3TOMY YCTaHOBJIEHHOE COOTBETCTBUE
ABJIAETCA B3aUMHO OJIHO3HAYHBIM.

I';maBa 8. Anrebpa + reomerpus

8.1. CymMa BeKTOPOB, HAIPABJIEHHBIX U3 IIEHTPA TPABUIHLHOTO 1-YTOJIb-
T

HHUKa B €r0 BePIINHbI, COXPaHAETCA IPU IIOBOPOTE HA yIoJl — , II09TOMY OHa
n

MOKET OBITH TOJIBKO HYJIEBBIM BEKTOPOM.

8.2. Ilposesnem cdepy ¢ IEeHTPOM B TOUKe, Uepe3 KOTOPYIO IIPOXOJISAT
mockocTu. Torjja KoJIM4ecTBO 4HacTell, Ha KOTODblE Pa3pe3aHO IPOCTPaH-
CTBO, PABHO KOJINYECTBY YacTeil, Ha KOTOpble pa3dpe3ana cdepa. IIpu crepeo-
rpaduIecKoil IPOEKIUN C IEHTPOM B TOUKE, KOTOPAsl HE JIEZKUT HU Ha OJIHON
IIJIOCKOCTEH, OKpY2KHOCTHU Ha cdepe IepeiijiyT B OKPY?KHOCTU Ha IJIOCKOCTH,
YIOBJIETBOPSIONTINE YCJIOBHIO 3a1a9u 1.52.
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8.3. a) Bocnousbayiitech pesynbraroM 3aga4du 8.1 JIs IPaBUIILHOIO IIsi-
TUYTOJIbHUKA, BIIMCAHHOTO B €IMHUIHYIO OKPYXKHOCTb.

6) Paccmorpum npaBuwibHbLl cemuyronbuuk A, A, ... A;. Iyers M —
TOYKa repecedenust auaronaseit A; Ay u A, As. PaBencrso 3a1a4du ciieyer
u3 107001t TpeyroJbHUKOB A1 M As u Ay Az A,.

Bropoit BapmaHT pemreHust MOIyYaeTCsl, €CJIU K YeThIPeXyTOJIbHUKY
A Ay A3 Ay tipunMennTh Teopemy IIToseMesi, KOTOpasi yTBEPIK/IAET, U9TO BO
BIIMCAHHOM YeTHIPEXYTOJIbHUKE MPOU3BEICHUs JIMArOHaJell PABHO CyMMe
IPOU3BEJICHUN TIPOTUBOTIOJIOKHBIX CTOPOH.

B) Bocnosbsyiitech pesysbrarom 3aga4u 8.1 i1jis IPABUIBHOTO JBEHA-
JIIATUYTOJIbHUKA, BIIUCAHHOTO B €JJMHUYHYIO OKPYKHOCTb.

o_V5+1_p o_V5-1_ %
8.5. cos36° = L cos 72 == =5
8.7. a)x:arccos%; 6)x:arccos§; B)g;:arccosMgi0 V21l

8.8. s permennd 3aga4qn 7.118 paccMoTpuTe Ha KOOPIMHATHOM IIJTOCKO-
cru Tpeyroibauk OAB, Buucanubiii B upsmoyroasauk OK LM, rioe O(0, 0),
A(1,2), B(3,1), K(0,2), L(3,2), M(3,0).

B zamade 7.119 moctaTovHO B34TH HA KOOPAUHATHON ILJIOCKOCTH TOU-
ku O(0,0), A(-3,1), B(2,1), C(3,—1) u D(0, 1). Torma ZAOD = arctg 3,
/BOD = arctg2, /BOC = arctg 1, a ux cymma — passepuyThiit yrog AOC.

8.9. Paccmorpure paBHOOEIPEHHBI TPEYTOMBHUK ¢ yriiom 30° mpu Bep-
IIHHE.

8.10. Cuenaiite 3amMeHbl L =p —a, y=p —b, z=p — c. Omsem: 2.

8.11. Packpoiite ckobku B gopmyne Lepona. Omsem: 3 -5 < S < 3- 8%,

8.12. UCk:%TW (k=1,2,3);2°+ 2% — 22— 1=0.

8.13. Cucrema mpuobpeTaeT reOMeTPUIECKUl CMBICJ, €CJIU TOJIOXKUATH
T =cosq, y=cosf, z=cos".

8.14. (z,y, 2)€{(1,2,4), (-1, =2, —4), (=V7, 0, 2/7), (\/7, 0, =2v7)}.

8.15. Pasenctso 72 + xy + y?> = a® MOXKHO TPaKTOBaTh KaK TEOPEMy KO-
CHHYCOB B TPEYTOJIbHUKE CO CTOPOHAMU I, Y, a u yrioMm 120°. Omeem:

Yy +yz+xz= \/p(p_“)(pS— b)(p—c)7

a+b+c
rep=———.
1

1 1
8.16. II —+ ===
pu ycjaoBum P + c b
—_—

8.17. YkazaHue: pacCMOTPHUTE NENOYKY BEKTOPOB A; Ay = (3 — 2y, 21),
—_— —_— s
Ay A = (=T27 1- 553), Az A, = (5537 3 — $4)a AA; = (5547 2 — 551)-

8.18. a) Yacrp npsMoil, IpOXoJsineil Yepe3 TOUKHU z; U Zg, PACIIOJIO-
JKEHHAsl BHE OTpe3Ka [21; zp]. ©) BHyTpeHHOCTH OTpe3Ka, COEeIUHSIONIEro
TOYKY 2] U Zg.
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8.25. W (21, 2L, 24, z}) = W (21, 22, 23, 24).
8.30. a) we=it 6) sze”—i—Riz.' B) w=2p+ i .
z+i’ Z — Re ™’ Z— 20
8.32. A’ = Aaa + Baé — Baé + Ccé, B' = Aab+ Bad — Beb + Ced, C' =
= Abb + Bbd — Bbd + Cdd.
8.42. a) 3/16; ©) 1/16.
2w 4m T

8.43. Haiimre OTIEILHO TIPOUSBEICHHUS COS —= COS — COS —& COS ~& 1
S . . p A 15 15 “P 15 P15

8.44. Cuenaiite yMHOXKEHHUE Ha Sin a.

8.45. a) V2"n+1; 9) \/E; B) L r) \/E-
2 2" 2 2"
1
8.47. a) —; 6) 5.
) 50
8.48. /lomHOXKbBTe ypaBHeHHE Ha 32 sin g—f Omeem: x, = 2n, n # 311,

2y = %(2714— 1), n# 331+ 16 (n, L € Z).
8.50. 13 jaHHBIX COOTHOIIEHUI HAXOJIMM:
sin 2 = % sin2q, 3sin?a=1— 2sin® 4= cos 2.

Orcrona

cos(a +23) =cosa - 3sin® a — sin v - gsin2a:0.

8.51. a) Bocmosb3yiitecsh pasercTBamu sin 15°=sin(45°—30°) u cos 15°=
=cos(45° — 30°); 6) Bocuosb3yiiTech pe3yabraToM 3aga4u 8.5.

8.52. Bocnosbsyiitech paBercTBamu sin 6° = sin(60° — 54°) u sin 54° =
= cos 36°.

8.53. a) Ha nepBoM 1mare Hy>KHO OPUMEHUTH (DOPMYJIBL JJIsl CYMMBI 1
Pa3HOCTHU CUHYCOB K BeJmInHaM sin a4 sin 8 u siny—sin(a+8+7). 6) Pe-
aeTCst AaHAJIOTUIHO TIPEBIAYIIEMy IyHKTY.

8.54. Cymma tg o + tg 8 + tg~y npusBoguTcst K BUILy
sin(a+ B+ ) + sin asin Bsiny

cos a cos 3 cosy )

tga+tg B +tgy=

8.55. a+ B+ v =km.

8.57. Bocrosb3yiirech paBeHCTBOM a) u3 3a1adn 8.53.
8.61. n =41, £3, £5, +15.

8.64. HauGoubinee 3Hauenne — 1, HanMenbIee — 1/4.
8.65. Bocrionb3yiiTech paBeHCTBOM

1 = (sin® z + cos® x)® = sin" z + cos* z + 2sin® z cos® z.
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z
>
8.69. x =2(cosa + cos 3+ cosy) + 8 cosacos 3 cos;

y=—2—4(cosacos § + cosacosy + cos [ cos);

z =2(cos a + cos § + cosy).
97 m
8.70. a) v 6) 10
8.71. a) Ilycrs y = arcsinz (—7/2 <z < 7w/2). Torma siny =z, cosy =
= /1 —sin’y = /1 — 22, mpudeM mepes, KOpHEM BHEIOHpaeTCs 3HAX ILTIOC,
Tak Kak cosy = 0. Ocranpubie GOPMYJIBI TOKA3BIBAIOTCS AHAJOTUIHO.
8.72. Ha ocHoBaHum ompejie/ieHns UMEeM:

8.66. /lomHOXKDbTE ypaBHEHHUE Ha Sin

™

5 <arctgzr < g, 0 < arcctgx < .

Orcrona
—g < arctgx + arcctgx < 3%
Ocraercst IPOBEPUTH PABEHCTBO
sin(arctg x + arcctg z) = 0.
Lt moka3aTesIbcTBA BTOPOTO PABEHCTBA JOCTATOYHO 3aMETUTD, UTO
T . 3m
—5 <arcsinw + arccosx < 5

u HaliTu

sin(arcsin z + arccos z).

8.74. 7/2 upu >0 u —7/2 upu x < 0.
8.75. IIpex e Bcero HETPYIHO TOKA3ATh, YTO BEJIMIUHBI arctg x + arctg y

u arctg 1 ty OTJIMYAlOTCd JAPYr OT JApyra Ha €7, IJe € — IeJ0e YUCJO.
—zy

HeticTBUTEIBHO,

_ Tty _
=TT ay = tgarctg

tg(arctg x + arctgy) 1:_+ Y

1—ay

Tak kax

—m < arctgz + arctgy <,

TO £ MOXKET MPUHUMATH JuUlllb Tpu 3Hadenus — 0 u +1. J[na Haxoxaenus €
paccMOTpUTEe KOCUHYCHI JICBOII U IIpaBOli 4acTell MCXOJIHOIO PABEHCTBA.
8.78. Ilo dopmyste KoTaHreHca CyMMbI
o Fono +1

ctg(arcetg Fy,, — arcetg Fonyo) = Forrs o =Fhnya.



272 OTBerbl, yKa3aHUsl, PEIIEHUS

Tem cambiM paseHcTBO (8.2) mokazano. Cymmupyst ero mo n ot 1 j0 oo,
HAXOJIUM
arcctg 2 4 arcctg b + arcctg 13 + ... + arcctg Fy,yq + ... = arcctg 1 = 7/4.

. 2
8.79. Ilycts o =2 arctg x + arcsin sz JokaxkuTe, ITO IO (v JIEIKUT
x

B mpegenax 0 < a < 37/2 u sina = 0.

8.80. 0 <z < 4.

8.84. arcsin cos arcsin x + arccossin arccos = /2.

1 5

8.86. Ilo dopmyme us 3agaqau 8.75, 2 arctg 5= arctg 12" Omesem: 0.

8.87. Iljist moka3aresibCTBa COOTHOIMEHUS @ = b COSy + ¢cos [J BOCIOJIb-
3yliTech paBEeHCTBOM

sin o = sin (3 cos ¥ + cos B sin 7.

Jlpyrue cOOTHOIIEHUS IPOBEPSIOTCS aHAJIOTTYHO.

8.88. 113 nepBbIX ABYX paBEHCTB cucTeMbl (8.4) HaXOAMM:

c(cos a + cos B cosy) a— c¢(cos B + cos acosy)
) =

b= -2 )
sin® y sin® y
Tlociie moICTAaHOBKHU 3TUX PABEHCTB B TPETHE YPABHEHUE CUCTEMBI, IIPUXO-
MM K COOTHOIIEHUIO
1 —cos?a — cos? 3 — cos® v — 2 cosacos Bcosy = 0.
Orcroma cos a + cos 3 cosy =sin asin (3, cos 3 + cos acosy =sinasiny, a +
+ B+ v=m, asiny =csinq, bsiny = csin (.
8.90. U3 nepBoro paBeHCTBa
COS &x — COS D COS
cos A = #
sin Bsiny
Orcrona

sin? A — 1 — cos® a — cos? B — cos® v + 2 cos a cos 3 cos y

sin? Bsin? ’
sin? A 1 — cos?
sinfa sin
Tak kak gaHHbIEe DOPMYJIBI TEPEXO/IST OTHA B APYTYIO IIPU KPYTOBOIl mmepe-
CTAHOBKE MepeMeHHbIX «, 3, v, A, B, C' u oT 3T0ro npeobpa3oBanust IpaBas
9acTh MOCJIEHETO PABEHCTBA HE MEHSETCsI, TO
sinA _ sin? B sin?C

sin? o sin? 3 sin? ~

a — cos? 3 — cos? v + 2cos accos B cosy
5 .

asin? Bsin? 5

Tak Kak Bce BejuauHbl o, 3, v, A, B, C 3akjitodensl B npejesnax ot 0 1o 7,

TO . . .
sinA _sinB _ sinC

sina sinf  siny’
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I';maBa 9. YpaBHeHUsI U1 CUCTEMbI

9.2. Ilocie nojacranosku z = x + 3, koadpdunpenT npu x? oKasblBaeTcs
pasen A + 3(. [losromy HyzKHO BbIOpaTs = —A/3.

9.3. a) Oynkmua f(x) = 2 + pr — HeYeTHAs, TOSTOMY €€ TpaduK CUM-
MeTpUYeH OTHOCUTEJIbHO Hadaa koopaunar. 6) Ipaduk bdyuxmuu f(x) =
= x® + pxr + q nomyuaerca u3 rpaduka dynknmm f(z) = x® + pr mapasn-
JIeJIbHBIM [IEPEHOCOM, MO3TOMY OH TAKKe MMeeT IIeHTp cuMmmerpuu. B) U3
sagaun 9.2 cremyer, uro dbyukuus f(x) = ax® + bx? + cx + d Moxer GbITH
nostyuena u3 byukmun f(z) = 23 + pr + ¢ nmumeiiHOl 3aMeHOl TepeMenHo
u ymHOXKeHneM Ha uncyio. Oba 3Tu mpeobpa30BaHUs COXPAHSIIOT CBOMCTBO
rpaduka UMeTh IEHTP CUMMETDHUH.

9.4. Yucno a= \3/ 245+ \g/ 2 — /5 yII0BIIETBOPSIET KyGHIECKOMY YPaB-
Hernnio o +3a—4=0. Tak kak &®* +3a—1=(a—1)(a®*+a+4), T0 y
MOJIyI€HHOTO MHOTOYJIEHA HeT JeHCTBUTEIbHBIX KOPHEil, Kpome a = 1.

9.5. [Ipusemure ypasuenwe K Buny 2z° + (x + 1)% = 0.

9.6. Bocronb3yiirech ycsioBusiMu &1y + 123 + Tox3 =0, T12523 =0 > 0.

9.7. Yucna a n b JO/KHBI YI0BAECTBOPATD CUCTEME YpaBHEHUIt

{ a® + b =—q,
a®b® = —p*/217.

ITosTomy a® u b? MOXKHO HalTH KaK KOPDHH KBaJpATHOrO ypaBHeHHs Y2 +
+ qy — p*/27=0. To ectb

3

2
4+

w|’§
\].

9.8. PazjioxkeHne BBITVISIUT CJIEIYIONIM 00Pa30M:
a® + b +c® —3abc= (a+b+c)(a+ bw+ cw?)(a + bw? + cw).
3aech w 1 w? — Kybudeckue KOpHH u3 1:

o —1+4V3 e —1—4V3
2 ’ 2 ’

9.9. 2, =a+b, x5 = aw + bw?, T3 = aw? + bw, e w 1 wW? — Kybudeckue
kopuu u3 1 (cMmorpute 3amady 9.8.)

9.10. Popmyita Kapmano mosmywgaercs, ecaid BOCIOIb30BATHCS OTBETOM
zagaan 9.7 u dopMmynoit it KopHa x, u3 3aga4un 9.9. J[ns Toro, 4To0BI
HAWTH J[Ba JPYTUX KOPHS, 3aMETHM, YTO DU HAXOXKIECHUU 9UCeN @ U b Ky-
Ouvecknit KOpeHb MOYKHO U3BJIeYb TpeMs crocobamu. Beero mosydaercs 9
KOMOMHAIW T BUIa £ = a + b, HO TOJILKO TpU U3 HUX OYIyT KOPHSMHU, IIO-
CKOJIbKY a U b cBazanbl ycsosueM a - b= —p/3. Eciu B kadecrse a u b B34Th
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rapy 9uces u3 pelieHus 3aaa9u 9.7, To KpoMe KOPHS X1 = a + b, ncxojmnoe
KyOndeckoe ypaBHeHue OyJeT IMeTh KOPHH Ty = wa + w?b 1 T3 = w?a + wb,
rje w — Kybudeckuit Koperb u3 1.

9.11. Tak Kak

a’+b*>+c® —ab—bc—ac=(a+ bw + cw?)(a + bw® + cw),
P4y + 2 —ay —yzr—xz= (T +yw + 20%) (2 + yw? + 2w),
TO
(@®> +b*+c® —ab—bc—ac)(x® +y* +2° —zy —yz —x2) =
=(X+Ywu+Zuw)(X +YW’ + Zw)=X*+Y’+2° - XY -YZ - XZ.
9.12. [logbopom Haxo UM KOpeHb Ty = 1. Tak Kak
¥ +r—2=(r—-1)(2"+z+2),

TO JIPYTUX JNEHCTBUTENbHBIX KOpHell HeT. [TosTomy dbopmyna Kapmgano maer

KOpeHb Xy = 1:
3 / 1 3 / 1

9.13. 2* + 3/4a — 7/4, a = 1.

2 2
9.14. Ilpu a € (——; —) aBHEHIE UMeeT 3 DeNIeHus, Ipu a =
p 3V3 3v3 yp p p
*:l:i—msa eleHus U Ipu a ¢ [—i'i}—l eITeHIe
3V3 P P 3v3' 3V3 P ’

9.15. Tlo dbopmyse Kapmano naxomum Kopeub x; =2/ V3. Tocte nenenns
CTOJIOMKOM, IIPUXOJUM K PABEHCTBY

5 2 2 s 2 1
v ‘f”‘g—\/g—(x‘ﬁ)(x +%+5)'

IlosyuenHbpIii KBaJpaTHBIN TPEXUJIEH OKA3BIBAETCS IIOJHBIM KBaJIPATOM.
B wurore mosyuaercsi, 9aTo ypaBHeHHE UMEET TPH JIEHCTBUTEIbHBIX KOPHS,
JIBa U3 KOTOPBIX coBmagaior. Omeem: &, = 2/v/3, x5 = x5 = —1/v/3.

9.16. Bocrionb3yiiTech paBeHCTBOM X1 + T2 + 3 = 0.

9.17. D(a® 4 px + q) = —4p® — 274>

9.18. Pernenne HemocpeCTBEHHO CIeyeT U3 pe3yabrara 3ajaqn 9.17.

9.19.a=1,b=2,2,,=1++/-5.

9.26. a) z, = 2cosg, Ty = 2cCos %T, T3 = 2 cos 1377r;
R Ty = 2cos13—7r T3 = 2cos 21—7r
18’ 18’ 18
9.28. Brrunrast u3 0JTHOIO YpaBHEHUsI JIPYToe, HAXOIIM

(p—pz+(g—q)=0. (13.20)

6) =, =2cos
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YMHOXKas [IepBOe ypaBHEHHE HA ¢', & BTOPOe HA ¢ W BBIYUTAS IIOUJIEHHO,
OyJeM nMeThb

2*(¢ —q)+x(pd —qp') =0, 2*(¢ —q)+pd —qp' =0. (13.21)

Uckiniouas renepn u3 ypasaennit (13.20) u (13.21) nepeMenuyio , oLy aum
HUCKOMBII pe3yJsIbTaT.

9.30. YTobn! mpaBas dacTb ypaBHeHus: 9.5 ObLIa MOJHBIM KBAJIPAaTOM
HEOOXOJMMO U JIOCTATOYHO BBIIOJHEHNE JBYX YCJIOBHIL: JUCKPUMUHAHT pa-
BEH HYJIIO; CTApInil KO3(DDUIMEHT HEOTPUIIATEICH. JAMUIIEM TU YCIAOBUS
B SIBHOM BUJIE:

D(a)=(C+a*)(A+2a)—B*=0, a>-A/2.

ITepBoe coorHoIIEHNE SIBIISIETCS KYOUYECKUM yPABHEHHEM OTHOCHTEJIHHO (.
Ero xopau moryT 6viTh Haiijgenbl 1o gopmyine Kapaano. Ocraercs 3ame-
TUTD, 9TO

D(-A/2)=-B*<0, lim D(a)= oo,
[TO3TOMY OJIMH U3 HAMJIEHHBIX KOPHEH 00s3aTeIbHO OYIEeT yIOBJIETBOPSITH
ycaoBuio o > —A/2.
9.31. Cpenaiite 3ameHbl = =cost, y=sint, t € [0;2n]. OTser: ==
. (m 7wk w7k
_sm(g + 7), y_cos(g + 7), k=0,1,2,3.
9.32. (z, v, z):(cos #, coS 479rk coS %) (k=0,...,4), wm (z, y, z)=
(cos @, cos @, cos @) (k=1,2,3).
9.33. lIpeacraBbTe ceMb JIAHHBIX YHCE] KAK TAHT€HCHI HEKOTOPBIX YTJIOB.
9.34. Crenaiite 3aMenbl £ = 2c0s @, y = 2s8inp, z =3 cosy, t = 3sin .

9.35. a) Cuesaiite 3ameny x = cost.

1 M_M} { 371' 5_71'}
5 ;

Omeem: x € {—— CcoSs — cos 0S
\/57 2 b) b

8 8
6) Omsem: z € {5/3,5/4};
B) Cuenaiire 3ameny x =sint, t € [—7/2; 7/2]. OrHOCUTEIBHO t ypaBHe-
Hue OyieT uMerh onHO pernenue t = 7/5. Omeem: x = sin(w/5).
r) Cuenaiite 3ameny = = cost.
9.36. Econ h,, =sin 2«, 10 h,,; =sin a. [lockonbky hy =sin(r/6), To 3a-

Jlada CBOLUTCH K OIleHKe CyMMbI S = Y sin . I3 nepaBencrsa sinz <

n=1

T
3 . 27l
(x > 0) HaxomumM

1 > ™ 1 ™
S<5+23'2”_5+E<1’03'
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9.37. CuesaeMm 3ameny = cost, ¢ € [0; 7/2]. YpaBHeHue nepenuiercs
B BHJIE 8 cost cos 2t cos 4t + 1 = 0. Tomuoxkada Ha sin ¢, moyvdaeM, 9T0 KOPHA
MIOCJIEJTHETO YPaBHEHUsI JIeXKaT cpelu KOpHell ypaBHeHus sin 8t + sint =0
wm sin(9t/2) cos(7t/2) = 0. Pemas ypasHeHue u Jiejiast IPOBEPKY, HAXONM,
uro Ha orpeske [0; /2] nexur 4 xkopus. Omeem: 4.

9.41. 6) Cucrema MOXKeT OBITH II€PEIICAHA B BHJIE

2z
T 1-12z
2y

29

1—-2

Tocse 3amens! © =tg a, a € (—7/2, m/2) nonydaeM, 910 y = tg 2ax, z =tg 4a,
k

r =tg 8a. Pemas ypasuenue tg o = tg 8a, HAXOMUM, UTO (v = 7%, —-3<k<3.

Omeem: (x,y, z) = (tg ﬂ-—7k, tg @, tg #) (=3<k<3).
9.44. Cuenaiire 3ameapl a =2 — 2, b=2 —y,c=2 — z, a =2 cos .

9.45. Tlocse 3amennl © =sint, t € [—7/2; /2], UpUXoAUM K yPABHEHUIO

1/% = cos 2t.

Pemast ero, HaxomuM sin 2t = —1 wnn sin 2t = 1/2, vne t € [—7n/4; w/4]. O1-
ciona t = —7/4 wm t =7/12. Omeem: x € {—%, 7'2;\/5}

9.47. Obo3naunm 4depes d, pa3HoOCTb d, = X, — V2. Torna nocienosa-

resbHOCTD {d,, } ByIeT yIoBIeTBOPITH PEKYPPEHTHOMY COOTHOIIEHUIO
d2
dn+1 =—" (’n, > 1)
2(V2+dn)

Ecmau nnsa mexkoroporo n okaxkercs, uto 0 < d,, < 1, To HaYUHAS C STOTO MO-
MeHTa d,, Oy1eT yObIBAaTh HE MeJJIEHHEE, UeM T'eOMeTPUYIecKasl IIPOrPEeCCUsi:
0< dpyy <d,/2. B namenm ciayqae dy = 3/2 — /2 yIOBIETBOPSET Hy:KHOMY
YCJIOBUIO, TTOITOMY

lim d, =0, lim z, = V2.
9.48. Iloc/e10BaTEIBHOCTD OYIET CXOMUTHCS K —V2.
9.49. Kax u npu perrernn 3aga4u 9.47, obo3nadum 1depe3 d,, pa3HOCTh
d, =T, — VEk. Torma
d2
dpy1=———— (n=0).
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TocnenosarensHocts {d,} OKa3bIBAETCS MOHOTOHHOH ¥ OrpAHUIEHHOI.
3HAYNT OHA WMEEeT MPeJesI, KOTOPbhIl MOXKET ObITh TOJBKO paBHBIM (.
9.50. Bocno/b3yiiTech METOIOM MATEMATHYIECKON WHIYKITAU.
2a1 + ao ai — ao
9.51. =—3 + (—1)"73 T
9.52. PaccMoTpuTe TOCTIEI0BATEIHFHOCTD, KOTOPAs 3a1a€TCs YCAOBUSIMMU:

o= \VE =\ WV

MoxkHO Tax>ke BOCIIOJIL30BATHCSI II0CJIEJOBATEJIbHOCTBIO

Yo =1/ Vi, Ynt+1 = \/ xyn (n>

HO CKOPOCTH CXOJMMOCTH IIpU 3TOM Oyjier Menbiie (cM. 3agaqay 9.69).
9.53. Tak kak
In N'/2"
im ———
k—oo N1/2 —1

TO

In N = lim 2¥(NV?" —1).
k— o0

IIpu Berauciaennu In N Ha KaabKynsdTope He cjemyeT 6parh k o4eHb 0O0Jib-
IIAM, TIOCKOJIBKY 9TO IMPUBOAUT K POCTY HMOTPEITHOCTH.

9.59. IlocremoBaTEILHOCTD OYIET CXOAUTHCS IS BCEX Tg.

9.60. Ilpu a >0 mocaemoBaTENIbHOCTD CXOJIUTCA I Xo = —a, TPH

—1/4<a<0— mast zo > 1-vitda '21+4a, a npu a < —1/4 — pacxoaurcs st
BCEX .
LES Llfs
9.61. U3 pagnoxenus cunyca B paj Teiyiopa sinz =z — — —|— 90

CJIEJTyeT, UTO MOCJIeIOBATENbHOCTD v,, = 3/Z2 yAOBIETBOPAET yCJIOBI/IIO

1
Unt1 — Up = 1 +O(E)

Orcroga v, =n + O(logn), x,, = \/g[l + O(IO%)}

9.62. [Iycts OAK B — janublil IpSMOYTOJIHHUK, PACIOJIOKEHHBIH Ha KO-
OPZMHATHOM IJIOCKOCTH TaK, 94T0 ero Bepumubl uMeror koopauuarsl O(0; 0),
A(a; 0), K(a;b), B(0; b). Torua uckomas To4YKa OyJIeT UMETh KOOPIUHATHI
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9.63. Kaxk u npu perrernn 3agaxdu 9.47, obo3nadum 1depe3 d,, pa3HOCTh
d, = a, — /a. Torna
_ 2d, +3dy¥/a

dn+1 = W (TL = 1)

Eciu gt HeKOTOPOro ngy 4ucio d,, OyJeT IOJIOKUTEILHBIM (9TO ycaoBue
OyJIeT BBIIOJIHEHO [IPH 7 = 2 HE3ABUCUMO OT 3HAUEHHUSI ), TO JJIst d,, 11 MOXKHO
OyIeT HAIKUCATH OIEHKY
P 3d +3da  d?
n+1 -

3(Ya+dn)® a+dn
TocnenosarenbrocTsb {d,} CHOBa OKa3bIBAETCSI MOHOTOHHOM U OIDAHUYEH-
Hoii. [TosToMy OHa MMeeT Ipejiesi, KOTOPbIii MOXKeT ObITh PaBHBIM TOJIBKO (.

9.64. O603HAYNM IIPEJIENT TOCJEI0BATENBHOCTH { T, } Tepes .

<d, (n=no).

a)rzo=1,a=ab;z,=-1,a=a®.
6) 1o =*1, a =a®;
B) 7o = 1, pejiest He cymecTByer; T = —1, a = a'?;

r) 7o = *1, a=ab;

9.66. JlanHoe ypaBHeHne MOXKHO 3amucaTs B Buge 22 =1 4 1/x. Tlocse-
JI0BATEJbHOCTD, HOCTPOEHHASI 110 TIPaBULy &1 = 1, £, = V1 + 1/x,, Gyner
CXOJIUTHCS K KOPHIO JaHHOrO ypaBHeHust. JIpyroii crocod mpubaImKeHHOro
HAXOXKJIEHUsT KOPHs (Ipudem GoJiee GBICTPBIN ) MOy IaeTCsl, eI TPUMEHNTh
merox Hetorona (em. 3azady 9.85). MOXKHO TakzKe BOCIOJIB30BATHCST TIOCTIE-
JIOBATEJILHOCTDIO Tyyq = /1 + @,,.

9.67. Hepasencrso 0 < 2 — a,, < (3/4)™ JoKa3bIBaeTCs 110 WHJLYKIIH.

9.68. Moxno ykazarb 0 < ¢ < 1 Takoe, 4To (HAYUHASI C HEKOTOPOIO 1)
Apy1 < QQy,.

9.69. IIpumenute Teopemy Jlarpamka 0 KOHEIHOM MTPUPAITEHUH.

9.72. (0,0,0), (1,1, 1).

9.76. U3 zagaun 9.74 ciiemyer, 9TO JIaHHOE ypaBHEHUE PABHOCHIHLHO
ypasHennio v/a + = = z. OTcioza HaxXoauM, 9TO ypaBHEHHE PA3PeInMO IIPH

1+V1+4a

9.77. Bocriosp3yiiTecs HepaBencTBamu b,, < b, 1 < @41 < a,, 1 TEOPEMOI
Beiiepirrpacca. SIsnoe Boipazkenue jyis pi(a, b) yepes a u b Buepsbie 0Oy Iu1
Taycc:

1
a> 1 U UMEET KOPHU T'q o =

/2

1
dxr
a,b)=m 2/ > .
IU( ) < \/(12 sin®z + b2 cos2
0

9.78. 6) Jokaxkure, 9T0 [IPOU3BEIEHUE HJIEMEHTOB JAHHBIX II0CJIE0BA~
TesbHOCTEl He MeHsiercs: a,b, = ab (n > 0). 3arem nepeiiaure K npejeny B
3TOM PaBEHCTBE.
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1 1/an, +1/b, 1 11

9.79. Ant1 B 2 ’ bn+1 o an bn'

4 6m s 47 8m
9.82. ,Hnﬂxo—2cos , 2cos 7,2005 7,2cos 9,2COS?,2COS?
9.83. Cuenaiite 3aMeHy Ty = 2 COS Q.
9.86.a) x, = Fon 1 /Fon =[1;1,1,...,1] — ¢;

————
2’7l
6) r, = F,2n+1/F,2n = —anfl/an = [—1, 2, 1, ey 1] i (27\
—————

2n—1

9.87. ITocaenoBarensrHocTu {y, } 1 {2z, } cXoagrcs K pasiIndHbIM KOPHSIM
ypasuenud x? — pz + g = 0. Kaxoii UMEHHO U3 KOPHE# ABJISIETCA IPEIE/IbHBIM
3HAYEHUEM, 3aBUCHT OT 3HAKA ITapaMeTpa (.

9.88. Jlokaxkure, 9TO MOAXOJAIUE APOOH P, /¢, K quciaam « u 3 yjao-
BJIETBOPSIIOT COOTHOIIEHUIO

P _ _ Pn—4-dn
G2n  Gn(2pn — P Gn)

9.89. Tak kak dyHKuus f(r) HeUeTHAsi, TO MOXKHO TBITATHCS HANTH
TaKyI0 TOUKY Ty # 0, 910 T, = —x(. B 9TOM citydae mosydurcest, 910 Ty =
= —2, =Tp. YCIIOBHE T; = —T( 3aIUCHIBACTCS B BUJE yPABHEHHS To (22 — 1) =
= —1x,. Orcroma o = +v/2.

9.90. Herpy/Ho HaiiTH IIepBble MHOT'OYJIEHBI:

P(z)=2>-3z+1=2" — Lyx + 1,
Pyz)=a2>—Te +1=2%— Lyz + 1,
Py(z) =2 — ATz + 1 =12 — Lgz + 1,
rae L, —uucna Jloka. Obmas dopmysa 10Ka3pIBATCs 0 WHILYKITHH:
Py(z) =2° — Loyrx + 1.
Orcrona
. k . 19k~
ry = lim (L)% =, x5=— lim (Lox)""* =§.
k—oo k—o0

9.92. a) 4, 2v/2, 2v/3, 3; 6) Bocnon3yiitech dopmyiaMu A1 AIIH
CTOPOH OIMCAHHOI'O W BIIMCAHHOIO MHOTOYTOJIBHUKOB a, = tg(m/n), b, =
=sin(7/n), pn =Nbn, @n = NG,.

9.94. I3 cooTHoIenus

Sinz = 2" sin —= cos = oS —5 COS — cos —
2" 2 22 28 " 2"
U PABEHCTBA
lim 2"sin 5; =«

n—oo 277,

HaXOJINM

= coSs i cos id cos r
sin x 2 22 23

Hastee, nozcrasiss 3Ha9eHne & = 7/2, IPUXOAUM K HYYKHOMY DABEHCTBY.
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9.95. /I naubosibIitiero uucia a rpaduk GYHKINA ¢y = a” JT0KEH Ka-
caTbed npaMoit y = x. Omeem: a = e'/¢, lim x, = e.

9.96. a) x =+/2; 6) pemenmii ner; B) T =e'/° (cm. 3amauy 9.95).

9.98. JlokaxKuTe HEPABEHCTBO a° > 3N U ONEHWTE PA3HOCTh a’ — 3n.

9.100. BocnombayiiTech paBeHCTBOM Ty + Y1 + 21 = £1Y1 21 -

9.102. a) (2, —1, =3, —4).

9.104. a) 13 x 11; 6) 61 x 69.

9.105. Her. Eciu T u § — nBa BeKTOpa peIleHuit, To pelenneM Oy1er u
BeKTOp AT + (1 — A)J npu J11060M JIefiCTBUTELHOM .

9.106. Ykazanmue: Ilycts 24, ..., z,, cTopoHBI KBapaToB. Torma x1, ...

., T, YJOBJETBODSIOT CHUCTEME JIMHEHHBIX ypaBHeHHMI (Kak B 3ajade

9.104), K KOTOPOI MOXKHO TOBABUTH €I1e OJHO HEJMHEHHOe COOTHOIIEHNE

2+ ...+ x> =ab.

9.107. a) (4/9,5/9,1/2,1/2); ©) (8/13,6/13,6/13,6/13).
9.108. a) Ecim a =1, To (x,y) = (¢, 1 —t) (t € R); ecsoim a = —1, 10 pe-
. a?+a+l a
V=1 "ar 1)
6) Eciiu a =0, 10 (z,y)=(2,¢t) (t €R); ecitm a =1, To perennii Her;
2 —

2
eciima#£0,1, To (z,y) = ((Z
)=(2—4t,t) (t €R); ecson a =3, TO pelneHuit HeT;
(a—2) 1—-a
a—3 ’a—S)'
r) Eciu a =0, 10 (2, y) = (t,2) (t €R); ecitm a = 1, T0 pelenuii HeT;
a® —2a* +2a®> —a+6 a6—a —2a—4
ecmm a #0, £1, To a:y_( 5~ 1) , 1) )
n) Ecmma=1,70 (2,y)=(t,1—t) (t€R);ecma=—1, (z,y)=(t, t — 1)
(t €R); ecm a # +1, 10 (2, y) = (a® + 1, —a).
e) Ecmm a =0, to (z,y) = (¢,0) (t€R); ecmm a=1/2,b=1/2, (z,y) =
=(1/24+t,t) (teR); ecima=1/2,b#1/2, vo perennii ver; ecimm a £0, 1/2,
o (z,y) = ( a—b a(l—Qb))
’ 2a—1" 2a—-1 /)"
xK) Ecm a=b=0, 10 (x, y) = (t1, t2) (t1,t2 ER); ecom a=b#£0, (z,y) =
=(,1-t) (teR);ecma=—-b#0, (z,y)=(1+¢,t) (t €R); ecn a # £b,
o (x,y)=(1,0).

3) Ecin a >0, To (x ,y):(

mennit Her; ecan a # +1, To (z,

—_
)

e

~—

B) Ecm a=1, 10 (2, y

ecm a £ 1, 3, To (x,y) =

2a a® -1

a®+1"a*>+1
9.109. IlepBoIit UTPOK BCErAa MOXKET JOOUTHCSA TOTO, ITOOBI PEITEHUEM
cucrembl 6bu1 BekTop (1,1, 1).

); ecn a <0, (z,y) = (0, 1).



OTBerbl, yKa3aHUsl, PENTECHUS 281

9.112. a) Bocnoussyiitech MeTo10M 6ECKOHETHOIO CILyCKA.

B) Ecin He Bce rupu MMEIOT OJUHAKOBYIO MACCY, TO 3TO O3HAYAET, YTO Y
HEKOTOPOIl CUCTEMBI JIMHEHHBIX YPABHEHUI KPOME PEIIeHUs £1 = To =...= 1
ecTh eme oxuHo. Ho Torma takas cucrema OyIeT MMeTh W HETPUBHAJIBLHOE
pellleHre B PAIMOHAJIBHBIX YUC/IaX.

9.114. Metonom laycca npuBeanTe cucreMy ypaBHEHHUIT K TPEYTOJIbHO-
My BUJLY.

9.115. Byzaem cuurarh, YTO CHCTEMA JIMHEHHBIX YPaBHEHUU COCTABJIE-
HA OTHOCHUTEJHHO HEU3BECTHBIX (1, ..., ¢, (IOTEHIMAJOB B y3jax cern). B
9TOM CJIy9Yae PaBEHCTBA, COCTABJICHHBIE IJIsi TOKOB [0 BTOPOMY IIPABUILY
Kupxroda O0y1yT BBITOTHATHCS aBTOMATHYIEeCKNA. TakuM 00pa3oM, CUCTEMa
OyJeT COCTOATH U3 N YPABHEHUI, COCTABJIEHHBIX 110 IIepBoMYy Ipasuiy Kupx-
roda. Eciau ona Oymer umers nBa pelreHusi, TO, BBIYATAas OJTHO U3 JIPYIroro,
[OJIyYMM HETPHUBUAJIHHOE DEIEHUe OJHOPOIHON CUCTeMbl (C HYJIEBBIMU I10-
TeHnuasamMu Ha Garapefikax). BoibepeM TOT y3ei, B KOTOPOM IIOTEHIAAJ
MakcumasieH (i MuHEMaseH). Torga 3 sToro ysia TOKH OYIyT TOJIBKO
BBITEKATDH (BTEKATH), U4TO OyJeT IMPOTUBOPEUUTH COOTBETCTBYIONIEMY yPaB-
HEHHIO, COCTABJIEHHOMY TI0 repBomy mpaBuiy Kupxroda. CyinecrBoBanue
pellleHrsl CUCTEMbI BBITEKAET U3 €r0 €IUHCTBEHHOCTH (CM. AJbTEPHATUBY
Dpearonbma u3 3agaun 9.114).

I'masa 10. HepaBeHncTBa

10.1. ITogennte nepasencTso (x — 1)? > 0 A .

10.2. BozBeure HEpABEHCTBO B KBaJIparT.

10.3. Bocnonb3yiiTech aBa pasa HepaBeHCTBOM 3ajaun 10.2.

10.4. BosBeauTe HepaBeHCTBO B KBaJIpaT M BOCIOJIL3YHTECH HEpaBEH-
CTBOM MEZK/Iy CPEIHUM apudMETUIECKUM U CPETHUM I'€OMETPUIECKUM.

10.5. Bocmosb3yiiTech HEPABEHCTBOM MEXKJy CPEIHUM apuMeTmde-
CKHUM W CPEJIHIM T'€OMETPUIECKIM.

10.6. Bocmosb3yiiTech HEPABEHCTBOM MEXKJy CPEIHUM apuMermde-
CKUM U CPEJIHUM I'€OMETPUYECKUM.

10.7. Packpoiire ckobku B HepaseHcTBe (2 — y)? + (y —2)2 4+ (v — 2)? > 0.

10.8. Ciuoxure nepasencrsa (x1/2)? + 22 > xyxa, ..., (1,/2)* + 22 >
= T1Ts5.

10.10. Ilocite ynpotieruit BOCIOJIB3yHTECh HEPABEHCTBOM MEXKY CPeJl-
HUAM apudMETHIeCKUM U CPEIHUM I'€OMETPUYECKUM.

10.11. Tlocnie packpbITus CKOOOK ITOJTyIaeTcs HepaBeHCTBO 3aaqu 10.7.

10.12. IIpumenuTe jBa pa3a HEPABEHCTBO MEXKY CPEIHUM apupMeTH-
YeCKHM W CPEJIHAM TeOMETPUYECKHM: CHadaJa K YHACIaM, & MOTOM K WX
MTOKA3aTeJIsIM.
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10.13. a®> + b* + ¢ + 2ab + 2ac+ 2bc=(a+ b+ ¢)* =0.

10.14. Yucio 1 + xy Bcerma nmosoxkuTeabHo. [locite moMHOXKeHNS HA ITO
IHCJI0, HEPABEHCTBO MOXKeT OBITh 3ammucano B sume (1 +x)(1+y) > 0.

10.15. Cragaja JOKaXKUTe HEPABEHCTBO JIJIsT PAIMOHAJIBHBIX v U 3.

10.16. Bocnionib3yiiTech HEPABEHCTBOM

a*(b—c)> +b*(a—c)* +*(a—b)*>0.
10.17. PackpoiiTe CKOOKM ¥ BOCIOJIB3YHTECh HEPABEHCTBOM MEXKIY
cpeaHuM apudMETUIECKUM U CPETHUM Ie€OMETPUIECKUM.
10.20. Ilocne u3BmevennsT KBaIPATHOTO KOPHS 3a]1a9a CBOIUTCS K HEpa-

BeHcTBy (v —/y)* > 0.

10.21. Bocnonb3yiiTech HEPABEHCTBOM
a(b—c)® +bla—c)* + cla —b)* > 0.
10.22. PackpoiiTe CKOOKM ¥ BOCIOJIB3YHTECh HEPABEHCTBOM MEXKIY

cpeHuM apudMETUIeCKIM U CPETHUM I'eOMETPUYECKIM.
10.23. Bocnonb3yiiTech HEPABEHCTBOM
(1+a")(1 -0+ (1 +bY)(1—a*)?=0.
10.24. Bocnosb3yiiTech HepaBercTBamu u3 3aga4d 10.7 u 10.16.
10.26. Jlokaxkure cHadasa HepaBeHCTBO a® + b® > a?b + ab?.
10.28. Cmotpure 3ama4ay 10.21.
10.29. Bocnosb3yiiTech HEPABEHCTBOM MEXKJIY CPEIHUM apudMeTHde-
CKHUM W CPEJIHIM T'€OMEeTPUIECKIM.
10.30. ITocie momHOXKeHMsT Ha OOIMIT 3HAMEHATEIb U COKpAINEHU 3a-
Jada CBOJIUTCS K HepaBeHCTBY u3 3ajaqun 10.26.
10.31. Bocnosb3yiiTech HEPABEHCTBOM MEXKJIY CPEJIHUM apudMeTHde-
CKUM ¥ CPeJHUM rapMoHndeckuM (3amada 10.10).
10.37. a) [Jokaxkure HepaBeHCTBO 10 MHayKuuu. 0) JIBa pasa mpume-
HUTH HEPABEHCTBO II. &).
10.41. Bcerma M0oxKHO m0on00paTh HATYPAJIbHBIE & U Y TaK, YTOOBI BbI-
TIOJIHSJINCh PABEHCTBA
Tty _T+y
p=—"" 4= y
IMocne 3ameHsl « = a'/*, 3 = b'/Y ncxomHOE HEPABEHCTBO MIPUHAMAET BUJ
oty + yﬂwﬂ; .
& TIPS arp.
r+y
L1t ero JIoKa3aTebCTBa JIOCTATOTHO BOCIIOIB30BATHCI HEPABEHCTBOM MEYK-
Iy CPEeJIHUM apU(PMETHIECKAM U CPEIHUM M€OMETPUIECKIM:

ra®tY + yﬂery
r+vy

> = fat TVt BRIV G — o Y.

x Yy
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10.43. a) (Vn)?= /(1-n)...(n-1) = ¥/n™ =n. Bropas gactb Hepa-
BEHCTBA CJIEJIYeT U3 HEPABEHCTBA MEZKJLy CPEJIHIM apuMEeTHIECKUM U CPe/I-
HUM T€OMETPHIECKUM.

10.44. Tax kak jiaa = u3 uHTepBana (0; 7/2) BBIIOJHSAETCS OIEHKA
T <tgx, TO

1 1 1 1
< _

sinz  2? " sin’z  tglz

10.46. Ecn m, n, k > 2, To m™) > (m")*.
1

A47. i _— > — <kLn—-1).
10.47. a) Bocnosb3yiiTech HEPABEHCTBOM ey A . 1<k<n-1)

6) Pasbeiite cymmy na 6soku 1o 2% ciaraembix (0 < k <n). B) Cpasuure
[POU3BEJIEHNE U3 YCIOBHSL 33/]a49H C IPOU3BE/ICHUSIMI

2 4 100 1 2 4 6 98

35101 1 2735 7 99
r) OneHure OTIEIBLHO [IPOU3BEICHUE

799
8 10100

10.50. Beibepure fi(x) = apz? + by

10.52. Paccmorpure dynkimn fi () = are® — by(x + 1).

10.53. a) [Tonoxure by =...=b, =1. 6) [Homoxure a; =...=a, =1.
B) Iosoxkure a, = bycy, ..., a, =byc,.

10.55. Ilycrs I(x) — kacareapHast K rpaduky Gynkmun f(x) B TOUKe
1T + Q. Torga, 0 ONpPEIeIeHIIO BBILYKJIOCTH,

o f(x) + aof(xe) < arl(zr) + aol(zs) = (a1 + aexy) = farz + anxs).

10.56. ITpumenum napykmuo. [Ipu n =2 mepaBencrBo Mencena 6nu10
noxkazano B 3agade 10.55. Ilpeamosioxkum, ITO OHO BEPHO I HEKOTOPO-
ro n > 2 u jgokaxem ero npu n—+ 1. Ilyctb B=a; + ...+ «, > 0. Torma

a1 (07
— + ...+ — = 1. cnonb3ys HEPaBEHCTBO C N = 2, HAXOIAUM

B B
an

flonmy + .o 4+ Q1 Tpir) = f(ﬂ(%xl +... 4+ Fa:n) + anﬂxnﬂ) >

> api f(Tna1) + Bf(%:z:l +...+ %xn)

Hamee, Mo IPEIITOIOKEHUIO WHTYKITUH,
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CulenoBareabHO
flaamy + .o 4+ @p1Tpi) > f(@) + oo+ anr f (@)

10.58. Bocnosb3ayiitech HepaBencTBOM VeHceHa 1yist Ceayomux hyHK-

mait: a) f(x) =V 0) f(x) =1/2% 8) f(zr)=e"; 1) flz) =1/,

10.60. [Ipumenss nepaBenctBo Uencena K dyHKnn y = xP, mosydaem
(a1 + Qo + ... + @ ,)? < g xh + anxh + ..+ a2l

Ilocse 3amensBl

__ Bk o = P
Bit+...+8.7 777" B4+ Bn

MIPUXOIUM K HYKHOMY HEPABEHCTRBY:

(Bi21 + Ba@a + .o A Buzn)” < (B + .o+ Bo)"H(Bi2] + .+ Buzh).

10.61. B mepaBencTBe u3 mpeablIyIeil 3a/0a4n cAeaiTe I0ICTAHOBKY:

— pd — 1—gq —
ﬁk—bk,xk—akbk (k—1,2,,n)

10.64. /Ij1a 10Ka3aTeIbCTBA HEPABEHCTB JIOCTATOYHO PACCMOTPETH PYHK-
o f(z) =e* u rouku Inxy, ..., lnx,.

st mojiceTa mpeiesioB BOCIOJIb3YeMCs IPUOJINKEHHON hOpMYJTOit st
dyHKIMu €”, KoTopas BepHa Ha oTpeske x € [—1; 1]:

631

e"=1+z+02> (6] <1).

HpI/I JA0CTATOYIHO MAaJIOM (¥ TIOJTyYUM

alnz alnzn \ 1/« 1/
sa(x):<e “t..te ) :(1+%1n(x1...xn)+a2A) :

n

1/

o 1/
So(x) = (eﬁh‘(”l"“n)) = (1 + %ln(xl Ce Ty) F a2B) ,

rie A=A(a)=0,(In* z,+. . +In*z,); B:B(a):% In*(2y ...3,); |64, |62]<1.

[TosTomy

. Sa(z) . /14 (a/n)In(z1...zs) +aPA\L/e
lim = ( ) =1.
a—0 So(z)  a=0\1+ (a/n)In(z;...z,) + o’B

10.72. a) dpyrux wer; 6) (5,1,1) u (4,3,0); (4,1,1,1) u (3,3, 1, 0).

10.73. PaccMoTpuTe HECKOIBKO YaCTHBIX CIIy9aeB: £ =y =2 =1; r =Yy =t,
z=1;x=t, y=2=1, rue t —mapameTp, TPUHUMAIONINI AeHICTBUTEIbLHBIE
3HaYEeHUs], U CPABHUTE CTEIeHH I10JIyYeHHbIX IIOJTMHOMOB OT t.

10.74. OueBHIHO, YTO JOCTATOYHO JOKA3aTh HEPABEHCTBO B CJIy4ae, KO-
riaa Habop [ moJiydyaercs w3 Habopa « cOpachblBAHUEM OJHOIO <«KUPIIHYa»
na guarpamme FOmra. [IpoBenem mokazaTeabcTBO ajist caydas, KOTJA Jeja-
ercs nepexof 0T & = (Qy, G, iz, ..., o) K f=(a; — L, an + 1, az, ..., a,),
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Qn

r1e a; — o > 2. Ilpn 9ToM KaskIplil OHOYWIeH BUIR Ty Ty Tyl ... oy 3a-
—1 1
MEHSAETCA OHOYICHOM BHIA Ty xf‘fr ot ..oyt Jlna noxasarenbeTBa
HepaseHcTBa T, (1, ..., Z,) 2 Ts(21, ..., X,) CODYIIAPYEM BCE OJTHOUJIEHBI,
BXOAANIAE B JAHHOE HEPABEHCTBO TApPAMMU:
@y 00 a1 a0 AL a;—1_az+1 a1—1_ag+1
ol Ad ot alP A xl T T A g T A,

(A=z3? ... 27" > 0) 1 TpOBepHUM, 9TO PA3HOCTh TAKHX Map BCErjla HeOTPH-

naresibHa. leiicTBUTEIBHO,

@y 00 @y o a;—1_az+1 a1—1_as+1 _
Ty Xy, T X, Tyt — Xy Ty Xy, Xy =
_ a1—1_as a1—1_as
= (331'1 Ty, — Ty, Ty )(In - Iiz) =0,
—1 —1
IOCKOJIBKY (i1 — 1 > @y 1 pasHoCTh X7 X4 — X3 T§° NMeeT TOT e 3HaK,

UTO U Ty — Liy-
YacTHble Caydae 3TOr0 PACCyKJIEHUsT MOKHO HAWTU B PEIIeHUN 3aJa-
qu 10.76.
10.76. a) Ecsin ucnosnbzosars uiero 3agaun 10.74, TO Hy2KHO CJIOKUATH
TpU HEPABEHCTBA, BUIA

o'y’ z + 2*ytz — 22y r = 2PyPa(x — y)? > 0.
Bropoit BapuaHT peleHus HOJIydaeTcs, eCIH CIOXKHTh TPH HEepaBeHCTBA
BUJA
4rPy?2? < whytr + aiy2? + 2ty + alyst,

KOTOPBIE CJIEAYIOT U3 HEPABEHCTBA MEXKIY CPEIHUM apH(pMETHYECKHM U
CPEIHUM T'€OMETPUICCKUM.

6) s npeobpasosanus muarpammbl Oura (5,0,0) B (2,2, 1) myxkHO
TpH IIara:

(5,0,0)— (4,1,0) — (3,2,0) — (2,2, 1),

IIO3TOMY JIJIsT HEIIOCPEICTBEHHOTO JOKA3aTEILCTBA HEPABEHCTBA C IMTOMOIIIHIO
nnen u3 3aga4an 10.74 moHAIOOUTCS MEMOYKa U3 TPEX HEPABEHCTB:

® +y’ —aty —ay' = (2" —y")(z —y) =0,
'ty +ay' —2’y? — 2y’ =xy(a® —y*)(x —y) 20,
22y’ + 2 — 2Pyt —xy?t =P (2 = 2 (x — 2) = 0.
BoJtee IpocToit BAPUAHT JIOKA3ATEIHCTBA HOJIYIAETCSI, €CIIH CHOBA, HCIIONb-

30BaTh HEPABEHCTBO MEXKJIY CPEIHUM apudMETUIECKIM U CPEJTHUM [eOMET-
pudeckuM. VI3 Hero BeITEKAET, YTO

Srlyz < 22° + 2y° + 2°.
CkJia1pIBast TPU TAKUX HEPABEHCTBA, IOJIYYaeM yTBEPXKICHUE 3a/1a49N.

B) Bo3MoKHBI 002 BapnaHTa JOKA3aTeIbCTBA, ONMCAHHBIE B [IyHKTAaX a)

u o).
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I'maBa 11. IlocjiemoBaTe/IbHOCTU U PsiIbI

11.1. a) An* =2n+1;
)An(n—l)an'

B) A ECJnJ
D) ACE = O, — CF = O,

n+1

11.2. S, = b,,; — bs.

11.3. /Ins HaxXOXKJIEHUS @,, MOXKHO BOCIIOJIb30BATHCS METOOM HEOIpe-
JeneHHbIX KodddurmenToB. /Ijasg 3TOro Hy»KHO NTpPEJICTABUTL d, B BUIE
a, = An® + Bn? + Cn u onpenemutsb xosbdunuentsr A, B, C u3 ycnopus
Aa,, =

11.4. HaiinuTe mocaegoBaTebHOCTD A, BAIA G, = An* + Bn® + Cn? +
+ Dn, aya xkoropoit Aa,, = n®.

11.5. Bocnosbayiirech TeM, ITO JIJIsT YETHOTO MOJOKUTEIHHOTO M BbI-
nosHsercs paBeHcTso 1/Fy, = F,, 1 /F,, — Fop 1/ Fop,.

11.6. YTBep:KaeHUE 380891 JOCTATOTHO MPOBEPHUTD 1yt Q(z) = x™ .
B atom caiyqae AQ(z) =z™ —z™ = (m+ 1)z™ + ...

11.8. Popmyiia MOKa3BIBACTCI UHIYKIUEH 110 Nn.

11.10. Bocnoss3yiitecs 3amaueii 11.6. Ins muHOrowtena f(x) crenenn
m GyJer BBINOJHATHCs paBeHcTBO A™ f () = mla,,, rue a,, — crapmmii Ko-
sdpdburment f(x).

11.11. n!/n".

11.13. Cornacuo 3agaue 11.12, aus aucen y;, = A(—1)*C* neficreures-
HO BBITIOJTHSIFOTCsT HY?KHBIE paBeHCTBa. [109TOMY 11151 peleHust 3a1a49u 0CTa-
eTCsl MOKAa3aTh, ITO TaKoil HAGOD 4mces {yy} €JIUHCTBEHHBINH ¢ TOYHOCTHIO
Jite) HOCTOHHHOI‘O COMHO}KI/ITeJIH IIpeamoosKumM, 9TO0 TaKuX HAOOPOB JBA:
y oy m P Y@, OBosmadmM yepes A m Ay Te GHCIIA, KOTOPBIE
HOJIy 9ai0TCsl IPU HO;LCTaHOBKe B pasenctso 11.1 nabopos {y\"} u {y*} u

dbyukmun f(k) = k™

n n

Sk =a, D Ry =

k=0 k=0

Torma HOBBIIT HAOOP |YMCET
g :)\2yl(cl) _Alyl(cz) (kZO, 7”)

006J1a/1a€T TeM CBOMCTBOM, UTO

fRy? =0

k=0
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ntst Beex MHOorowtenos f(x), deg f(z) < n. Ho mHOrOWIEH f(2) MOXKHO mO-

n06pars Tak, uroosr f(k) =y¥ (k=0,...,n). Orciona
Y W) =0, roeem y¥ =y = =yP =0,
k=0

9TO IPOTHBOPEYHT Hemponopiuonatbroctn Habopos {y\”} u {y{¥}.
11.12. Bocnosb3yiiTech pesynbratamu 3a1a4 11.8 w 11.10.
11.15. A(a,b,) = an1Ab, + b, Aa, = a,Ab,, + b, 1Aa,,.
11.16. IIpu n =1 dopmyna
A(f(z)g(x)) = f(x+1)Ag(x) + Af()g(x) = f(z)Ag(z) + Af(z)g(x +1)
JIerko nposepsiercs. st JokazareabcTBa GOPMyYIIbl B 00IEM cilydae Ipu-

MeHnM MHAYKIm. [lycrs dopmyna (11.2) cipaseyusa i1t HEKOTOPOTO N.
Torna npuMeHnss ee B paBeHCTBe

AM(f(z)g(x)) = A™(A" f(x)g()) = A" (f(2)Ag(z) + Af()g(x + 1))

Oy InM

AM(f Zcmk 2) A" (x4 k) +

+) CEAM f(2) A" Fg(k + 4 1).

ITocste caBura nmepemMeHHO CyMMUPOBaHUsS BO BTOPOW CyMMe, IIPUXOJINM K
dopmyite

A" (f(2)g(z)) =
n+1
_Zcmk 2)A" M g(z 4 k) + Y CETIARf(@) A F g + k) =
k=1
n+l1
=D (G4 CEAT f@)AT g 4 k) =
k=0
n+1
Z a1 ) A g (2 + k)
11.17. a, = 2"
1 @Gnt2n-1 1l 1 ),
11.20. a) 1—--—= 6) ~= CE ) 2(2 (n+1)(n+2))’
AT R S S R N b
ntl M+l ntl v -
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11.22. JIj1g noka3arebCTBa €IMHCTBEHHOCTHU IMPOBEPHTE, UTO HANOO/Ib-
Ilee ¥ HaMMeHbIIee 3HaYeHAd (DYHKIUU JOCTUTAIOTCI Ha MPAHMAIAX IPAMO-
yrosbHrKa. CylnecTBoBaHME HyKHOHM (DYHKIUN BBITEKAET U3 €€ eIUHCTBEH-
Hoctu (cMm. anprepHaTuBy @pearonbma n3 3agaqdu 9.114).

11.23. 6) dus nsyx muorouwieHos cremenu n f(xz) u g(x) = doC? +
+d,C+...4+d,C" cuipasenymsn pasenctia AF f(0) = AFg(0) (0< k< n).
IlosTomy onu comagaroT B Toukax * =0, 1, ..., n, TO €CTh PABHBI.

11.24. 7, =C* K, =C? + C? + C2.

11.25. a) IIaTuyrosnpHble Yncia: a, = w

6) 'eKChI — KOJIMYIECTBO MAPOB, YIOKEHHBIX B IECTHYTOJIBHIK CO CTOPO-
HO#t n: a,, =3n? — 3n+ 1 (em. 3amaay 1.66).

B) TerpasapasbHble 4uCIa, PaBHbIE KOJHYECTBY IIAPOB, YJIOKEHHBIX

nn+1)(n+2)

B TETpasdap ¢ pedbpoMm n: a, = f; F) OKTadpaJbHbIe YHUCIIa:
m?+1
apn, = n(n” +1) n3+ ).

1) KosmdaecTBo 1mapos, yjaoXKeHHBIX B IIEHTATOIL, aHAJIOr TeTpasipa, HO

n(n+1)(n+2)(n+ 3)
B YETHIPEXMEPHOM IIPOCTPAHCTBE: @, = .

24
11.26. ITockosnbKy MHOrOWIEH f() IpUHAMAET HeJble 3HAYCHHS B TOY-
kax £ =0, 1, ..., n, To KO3pdurmeHTs dy,, HaliIeHHBIE T0 hopMyIaM dy =

=A*f(0) (cm. 3amaay 11.23), OKA3BIBAIOTCS TE/IBIMU.

11.31. Ecu n =4k + 1 wim n = 4k + 2, TO HE3aBUCUMO OT PACCTAHOB-
KU 3HAKOB OyJieT moJiydaTbcs HedeTHOe 4mucio. [losromy 3amada perenus
umMmeThb He 6yaet. Uccmenyem nporpeccun n =4k + 3 u n = 4k. Ilokakem, 9T0
JJIsE 9UCeJT U3 MIEPBOIl IPOTPeccun 3a1ada MMeeT PeIleHrne HAUYNHAS C 1L =7,
a u3 BTOpOil — HaunHas ¢ n = 8. OueBugHO, 4TO it 1 =3 u N = 4 pere-
Husl He cymiecTByet. U3 pasencrea n? — (n+1)2 — (n+2)?+ (n+3)*> =4
CJIeJIyeT, YTO U3 BOCBMHU IIOCJIE/IOBATEIbHBIX YHCEJI, [10100paB 3HAKUA + U
—, Bcerpa MoxkHO nosryuuth 0. Ilosromy, eciin 3amada mMmeeT perreHue JJist
HEKOTOPOI'0 7, TO OHA Oy/IeT UMeThb pernenue u s Beex uucet n+ 8k (k >0).
OcraJjoch moka3aTh cyiecTBoBanue pemrenns 1y n =7, 11 u 12. ITouck 006-
JIETIAETCsI, €CJIA CHAYAJIA BBISCHUTD, JJIsI KAKIX KOMOUHAINIT 3HAKOB MOYKHO
1o1y9uTh ) IO MOIYJII0 HEKOTOPOI'O HATYPAJIbHOT'O M, HAIIPUMED, JIJIsd m = 8.
Hy>xuble npencraBienns yCTPOEHBI CIEAYIONIUM 00Pa30M:

14+4-94+16—25—36+49=0;
1—449+16+25—36—49 — 64 + 81 — 100 + 121 = 0;
1—44+9+16+25—36+49 — 64+ 81 — 100 — 121 + 144 = 0.

11.32, 11.33 ['apMOHHYIHOCTD JAHHBIX (DYHKIINIA ITPOBEPSIETCS IO OIIpe-
JEJIEHHIO.
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11.34. Paccmorpum byHKIMN
Acf(my)=fle+Ly) —flz,y) n Af(zy)=flz,y+1) - flz,y),

KOTOpBIE TaKKe Oy [yT OrpAHIEeHHBIMA U rapMOHIIecKuMu. [IycTh dbyHKIMS

A, f(z, y) He paBHa HyO TOXKAECTBeHHO. lomycrum, uto M = sup f(z, y).
(z,y)€Z?

Torga Ha mrockocTu Z* MOXKHO HailTh KBaapaT K CKOJIb yTOIHO GOJIBIIOrO
pasmepa (n x n), aro A, f(z,y) > M/2 aua Bcex Touek 31oil obiactu V.
Orcrona cienyer, aro dyukiumst f(x, y) BO3pacTer Ipu ABUKeHUN BHYTpH K
napaJuiesibuo ocu Ox 1o Kpaitaeit mepe va M - n/2. Ho aro nporusopedur
orpanundenuoctu f(x, y).

11.35. IIpoBeauTe J1I0KA3aTEIHCTBO IO HHIYKITUAU.

11.37. Cormacuo 3azade 11.36, mocenosarenbuocru {a, } =c¢;z? (i=1,2)
JJTST JIFOOBIX €1, Cy SIBJISTIOTCS pellieHnsiMu ypasaerus (11.3), HoaTOMy UX CyM-
Ma OyJ/IeT yJIOBJIETBODPSITH TOMY ke ypaBueHuio. C Jpyroit CTOPOHBI, TUCIIA
€1, Co MOYKHO TTOHOOPATh TaK, YTOOBLI Gy = C; + Co, a7 = C1X1 + Coxy. Ilocite
9TOTO TOJIYIAETCsI, YTO JIBE NOCJIe0BATeNbHOCTH {a, } u {c12] + ozl } yio-
BJIETBOPSIIOT OJTHOMY U TOMY K€ YPABHEHHIO U MMEIOT OJUHAKOBBIE HAYAJIb-
sble ycjopus. CoryiacHo 3aa4e 11.35, OHE COBIAJIAIOT.

11.39. a) a,, = 3" — 2™;

6) a, =1;
B) an=%(1+ﬁ>(l+2\/_) +%(1_%>(1—2\/5> A
r)anzn—i—l;

n) Q= f((1+f) —(1=v2)").

11.40 a) (1—v2)" =a, — b,V2.

6) a;, —2b;, = (a, — bn\/—)(an +6,v2) = (1+v2)"(1 - v2)" = 1.

B) U3 pasencrsa (a, + b,v/2)(1 4+ v/2) = (an41 + bpi1V/2) HAXOHM, UTO
YUCIIA G, U b, yJIOBJIETBOPSAIOT PEKYPPEHTHBIM COOTHOIIEHUSIM Gy i1 = Ay +
+ 2bn; bn+1 =an + bn OTCIO,ZL& Api2 — 2an+1 —anp = Oa bn+2 - 2bn+1 - bn =0
(n>0).

) @y = 5L VD" + (1= V2)), b= S (14 V) = (1= VD)),

11.41. CoxuTe JaHHBIE YUC/IA C CONPSKEHHBIMUA K HIM.

11.42. Yxazanue: (1 ++/2)" + (1 — v/2)" —nesoe uucio.

11.43. a) b,; 6) a,_1, vme {a,} u {b,} —nOCIENOBaTENBHOCTH, OIIPEIE-
JieHHble B 3ay1ade 11.40.

11.44. Ecm mapa wmcen (a, b) sIBJsieTcsl pellieHWeM ypaBHEHHUs T2 —
—2y%* =1, to w mapa (c, d), mogyaennas mo Gpopmyie

(a4 bvV2)(V241)? = (3a + 4b) + V2(2a + 3b) = c + dV/2,
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TakzKe OyJeT yIOBIETBOPATEL TOMY YDPABHEHUIO:
¢ —2d* = (c+dV2)(c—dV2) = (a+bV2)(V2+ 1)*(a — bV2)(V2 - 1)? =
=(a+bV2)(a —bV2) =a® - 20> =1.
ITo nape (¢, d) MOKHO BOCcCTaHOBUTB Hapy (a, b) ¢ MOMOIIBIO paABEHCTBA
a+bvV2=(c+dv2)(V2—1)? = (3c—4d) + (3d — 2¢)V2.

DT coobpaXkeHUs TMO3BOJISIOT PEIUTh 3aJady HUCIOJb3ys MeTOon Oec-
KOHEYHOTO CITyCKa. JIefcTBUTENBLHO, IPEAOIoKuM, ITo (¢, d) — HeKOTOopoe
perierne ypaprenust 22 — 2y* = 1, orymmanoe ot nap (+as,, +by,) u3 3ama-
an 11.40. MoKHO cIUTATh, 9TO ¢ U d — HATYPAJIbHBIE YUCJIA, IOCKOIbKY 3HAK
YHCesI BCEria MOKHO IOMEHATh, a eci d =0, o ¢=1u (¢, d) = (ao, bo). By-
JIEM TaKKe CYATATh, YTO CPEJIU BCEX PEIIeHuil, OTIUIHBIX OT (Fdoy, +bay,)
BBIOpaHa Ta mapa, B KOTOpoi 3HadeHus ¢ u d nanMenbIue. [locTtpoum HoBbIE
pereHust

a=3c—4d,b=3d — 2c.

Ecmm okaxercs, aro 0 < a <e¢, 0 < b < d, ToO moyunTcss MpOTUBOpPEYIUE C
MUHUMAJILHOCTBIO napbl (¢, d). Yeaosus 0 < a < ¢, 0 < b < d paBHOCHILHBI
mepaBeHcTBaM 4d < 3¢, 2¢ < 3d. IIpeamnosoxxum, 910 IEpBOE U3 HUX HE BbI-
nosasiercs. Torma 4d > 3¢ u caeayromas MernovKa COOTHONIEHUH TPUBOTUT
K IIPOTHUBOPEYHIO:

16 2
DY P R - B )
l1=c 2d\9d d 9d

IIpeanomoxenne 2¢ > 3d TakKe IPUBOAAT K TPOTUBOPEIHIO:
9 1
292242 _ 2= 12
l=c"-2d"> 4d d 4d

(caygan, korga d =1 wiu d = 2 IPOBEPAIOTCS HEIIOCPECTBEHHO).
11.45. Ecm HEKOTOPOE YUCIIO ¢ SIBJISETCS OJHOBPEMEHHO KB IPATHBIM
U TPeyroJbHBIM, TO 9TO O3HaYaeT, YTO I HEKOTOPBIX HATYyPAJIbHBIX M U
7. BBILIOJIHAIOTCSI PABEHCTBA
2 _n(n+1)
g=m-=——7—".
OTHOCHTETPHO HEW3BECTHBIX 11 W N TOJyYaeTcs ypaBHEHHE, KOTO-

poe MOXKHO TepemmucaTh B Buge (2n + 1)2 —2(2m)? =1. Takum obpazom
z—1

2
(x u y BCerga nMerT Hy¥KHY0 UeTHOCTD). Coracuo 3amade 11.44, y = by,
rze by, —3aeMenThl nociaenosarensaoctu {0, 1,2, 5,12, ...}, koropas 3ama-

eTcst HadabHbIME ycstoBusiMu by =0, by = 1 1 peKyppeHTHBIM COOTHOITIEHIEM

n= , m= %, rae (z,y) — Takoe perieHue ypasHenusi x2 — 2y® =1,
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bri1 = 2b, + by (k> 1). CrenosarenbHo,

b bar \ 2
mk:%ka Qk:(%k) (k>0)-

TocsemoBarenbHOCTD Uuces {qy, } MOXKHO TaK»Ke 3a71aTh HAYAJIBHBIMHA YCJIO-
BUAMH ¢o =0, ¢ = 1 U PeKyPPEHTHBIM COOTHOIIIEHUEM Gy 11 = 34qy — qr—1 + 2
(k> 1), win 3amMkHyTOH hOpMyIION
B (1+\/§)4k+(1_\/§)4k_2
k — .
32
11.47. Ilepeiiure K COMPSI2KEHHBIM IUCIAM.
1 1
11.48.a, =5 ((2+V3)" + (2= V3)"), b, = WG (2+V3)" —(2—V3)").
11.49. O6e cepun MOKHO OOBbEIMHUTD B OJIHY, COCTOSIILYIO U3 TPEYTOJIb-
HUKOB HA KOMILJIEKCHON IIJIOCKOCTH C BEPIMTUHAME BOJIU3U TOYEK U, b, C,

(n>1), KOTOpPbIE ONPENEISIOTCS ¢ MOMOIIBI0 HAYAIBHBIX YCIOBHN ag = 1,
bo =0, cg =0 1 peKyppEeHTHBIX COOTHOITEHUIH

a7L+1:O'an+i'bn+cnu
bpyi=a,+0-b,+17-cp,
Cny1 =1 Qp+b,+0-c,.

Hagee ciie/iyeT UCIOIb30BATH METO/T OECKOHETHOTO CITYCKA.

11.54. B asaom Bume muorowaenbl @ubdbonadun u JIioka momenieHnsl B
upuioxkenne C, VIII. Muorouiensl, crosinue B pABEHCTBAX &), 6) u 1) yzo-
BJIETBOPSIIOT OJHOMY PEKYpPPEeHTHOMY cooTHoInennto. [TosTomy mocraroano
[IPOBEPUTH JIMIIb BBINOJHEHNE HadabHbIX ycsoBuil. (Cm. 3amady 11.35.)
st moKa3aTeahCTBa PABEHCTB B) U T'), HAAUTE PEKYPPEHTHBIE COOTHOIIIE-
HUsI, KOTOPBIM YJIOBJIETBOPSIOT MHOTOYJIEHBI, CTOSIINE B JIEBBIX U IIPABBIX
9aCTsSX U IPOBEPHTE CIPABEINBOCTD HAYAIBHBIX ycsioBuii. Hampumep, MuO-
rowienbl PuOOHAYTIN ¢ YETHBIMU HOMEDPAMU YIOBJIETBOPSIOT PABEHCTBY

Fopya(z) = (2% + 2) Fonga(z) — Fou ().

11.52. a) IIycrs H — ocroBanue BbicOThI Tpeyrosbiuka ABC, omyiien-
HOi1 u3 BepiinHbl B, AH = % —x,CH= % + 2, BH = h. Torna o Teopeme

ITudaropa
(m—1)% — (%—x)2:h2:(m+1)2— (g—l—x)Q.

Orcroma © =2, (2h)? =3m? — 12. Bnaunr, 2h — nesoe IKMCJI0, KpaTHOE 3.
IIycrs 2h = 3d. Torna 3d? = m? — 4. PaccmaTpusast ocTaTKH OT JeJIeHUsI Ha,
4, mosydaem, 9to m, d— derubie u h— nejoe. [loaromy Tpeyrosbuuk ABC
MOKHO PaCIIOJIOKUTD ciaerytommum obpaszom: A(0, 0), B(m/2, h), C(m, 0).



292 OTBerbl, yKa3aHUsl, PEIIEHUS

6) Ilosb3ysick TeM, 4To M —deTHOe u h KpaTHO 3, BBEJeM HOBBIE Iepe-
mennbie £ =m/2, y = h/3. Torna ypasrenue (2h)? = 3m? — 12 nepenmumercs
B Buzie 72 — 3y®> = 1. Cornacuo 3amade 11.48 Bce BO3MOXKHBIE 3HAYMEHUS 1M

NMEIOT BHUL
=(2+V3)"+(2-V3)"

11.53. a) (z1,41) = (3,1),6=2;06) (1, 1) = (18,5), 6 =25 ) (21, y1) =
=(15,4), 6 =1.
11.56. a) Fonia(2) = 7 (z) + F7,, (2);
6) Frir(2)Fpia() — Fo(2)Fops(2) = (—1)"(2);
B) vFy, (v) = n+1(x)+‘rF3( r) = (2);
r) oz )+Fn 2(55) (z° + 2)F, ();
1) F2n+1( x) + F3 y(x) + 2% = (2% + 2) Fap 1 (2) Fon 1 ().
1 T+ Va2 +4\" T —VaZ+4\"
187, Flo) = o | () - (5 )
et VT | (2 VT
L) = (525—=2) + (5
11.60. F, 1 (z)=> CF_a" 2% L.(z)=> (CF_, +COF L Yt =

=Y TFan2* pne TF — uucia u3 samaun 2.93.
k>0

11.61. Ilycrs a,, b,, ¢, dn, €,, fn ODO3HAYAIOT YUCJIO CIIOCOOOB JO-
O6parbest w3 Bepmmabl A 3a n npbiKKOB jio Beprima A, B, C, D, E, F
COOTBETCTBEHHO. B cuiny cumvmmerpun 3anaqu, b, = f,, ¢, =e,. Jlerko Bu-
JIeTh, YTO BBIOJIHSIOTCS PABEHCTBA

bn+1 =an + C7L7

dn+1 = 207“
a/n+1 = 2bn7
Cny1 = bn + dn

OTciona HAXOANUM, YTO BCE IEPEYMCJIEHHLIE IIOCJIEI0BATEILHOCTH YIOBJIE-
TBODSIIOT PEKYPPEHTHOMY YPABHEHUIO T4 — DTpnyo + 42, =0 (n >0). U3
HAYAJBHBIX YCJIOBHH ag = 1, ay = 2, HAXOIUM G, = (2 + 4™)/3.

11.62. a) U3 peKyppEHTHOIO yPABHEHUSI Cypyq — HCpin + 4¢, =0 (n = 0)
(CM pemtenre 3ajga4uu 11.61) 1 HavanbHBIX yeaoBuil ¢g = 0, ¢; = 1, Haxomum

=(4"-1)/3.

6) IIpu ycyioBumM, 9TO JIATYIIKE HEJB3sl MPBIraTh B I, peKyppeHTHOEe
yPABHEHME 3aIUIIeTCsI B BUJE C, 0 = 3¢, (n>1). Otciona ¢, =3"71 (n21).
AHaJOrUYHO Ay, = 2 - 3771,

B) BeposaTHOCTH TOrO, 4TO JIATYIIKa Oy/IeT eIe MPbIraTh 9epe3 1 CeKyHT
paBHA OTHOILIEHMIO YUCJIa BCEX IIyTel, He IMpoxoadmux depes D, K obmemy
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9UCIy MapHIpyToB. [l 9eTHBIX N UMeeM:

ok + con +ea, 37!
ng = 22k = 4k71 (k 2 1)

JJtst HEIeTHBIX N

Poeys = bokt1 + fort1 _ 2a0k +cor tean i (k> 1).

22k+1 22k+1 - 4k

JIsarymka MoKeT IomacTh B Bepinuuay D ToJIbKO Ha HEYEeTHOM Imare. Be-
POSITHOCTH TAKOT'O COOBITHUS JIJIst Ir1ara ¢ Homepom n = 2k + 1 paBHa

Cor, + eak 2.3k1

22k+1 - 22k+1 :

TlosToMy cpemHsasa MPOIOIKUTETLHOCTD KU3HU 38,Ia€TCS PAIOM
2. 3k 1
N = g (2k+1) T
VKazaHHasg CyMMa MOXKET 6I)ITI) BBIYUC/IEHA TP TOMOIINA ITPOU3BOMSIIEH
dyHKIINN
o 3
} : 3 2l t
~3 7! 43t
k=1

CpejiHee 4110 NIAroB COBIAIALT CO 3HAYEeHNEM Pou3BoAHON dyukuuu f(t)
B TOouke t = 1:

| —

N = f'(t)|i=1 = 4.
Omeem: 4 ceKyHJIbI.

11.65. Ykazanue: R, (z) = 2sin (2% arccos (xT_Q)) .

11.66. (3" — (—2)™)/5.

11.67. Beckoneunas cepus pemenuii ypasaenns 2 — 17n? =1 B mesbix
YUCIaX MOXKET OBITh ToydeH 1o dopmyne (zy + nivV17)F =z + npv/17
(k>1), tme (x1,n;) — pemenne, ommanoe ot mapsl (+1,0). Hampuwmep,
MOKHO B34Tb (21, n;) = (33, 8).

11.68. z, =1/2sina[(1 + sin2a)" — (1 — sin 2a)"],

Yn =1/2cosal(1 + sin 2a)™ + (1 — sin 2a)™].

11.69. IlycTh ag — HAYAIBLHOE YHCJO OPEXOB, (j — KOJIUIECTBO OPEXOB,

OCTABINKXCH B Kyde TOCJE TOTO, KaK «CBOIO» JIOJIIO B3sI k-if Mopsk. Torma

4
ak+1:g(ak—1) (k=0,...,4).

Orcrozia ciieryer, 4To nocJIe10BaTeIbHOCTD { ay | YIOBIETBODSIET JINHEHHOMY
PEKYPPEHTHOMY COOTHOIIIEHUIO BTOPOT'O IOPSIKA

5ak+1—9ak+4ak,120 (k:1774)
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W3 pesynbrara 3agaqu 11.37 ciaeayer, ITO
ap=c, +c3(4/5)" (k=0,...,5).

TloscTaBisist 9TO MpeCTaB/IeHNE B TIEPBOE PEKYPPEHTHOE COOTHOIIIEHHE, Ha~
xomauM, ITO ¢; = —4. YT0oOBI @) OBLIO IMEJALIM YHCJIOM I Kaykaoro k or
0 mo 5, KOHCTaHTa, C, TOJIKHA UMETh BHJI ¢y = 5°n. IlockoabKy mpu n =1
OCTaBIIIeeCs YHCJIO OPEXOB a5 = 4° — 4 KpaTHO 5, TO HAMMEHbIIee BO3ZMOXKHO
YHCJIO OPEXOB B Kyde pasHo 5° — 4. Omeem: 5° — 4.

11.72. ) ap=5(=(2+1)"+(2=1)"); 6) an="7~(1+i)"+
B) Gz, =1, G3nt1 =2, A3p42=—3; T)a, =1i((3—49)" — (3+4i)").

11.73. TocuenoBarenbHoctb P(n) yIoBAeTBOPeT PEKYPPEHTHOMY CO-
OTHOIIIEHUIO

T4i
— (1=

P(n)=2P(n—1)— P(n—2)+ P(n —4).
XapaKTepuCTUIeCKOe ypaBHEHUE
=20+ 2" 1= -+ 1)(a*—2—-1)=0

nMeeT KOpHH

S

T - —Th 1+\/g ~ 1-
B o=eT p=— m p=—g

w=e€

Takum obpazom dopmyna jis n-TO WIeHA [TaHHOU IOCJIEI0BATETLHOCTU
JOJI?KHA UMETb BHU/L

P(n)=C, cos T —I—C’g sin 7 —I—Cg<p + Cy™.

C nmomompio HauaabHbIX yeaosuit P(0 ) =P(1)=P(2)=1, P(3)=2 Ha-
XO/IATCA KOIMDDUIUEHTHI U3 ITOH (POPMYIIBI

Olzl; OZZ_La 03:5+3\/57 C14:5_3\/5
2 2V/3 20 20
Ilocse ynpoinennit OKOHYATEIBHO HAXOIIM:
P(n)= % cos(% + L;) + F”2+2.
Bropas koHeuHas pasHOCTb paBHA MCXO/HOM MIOCIIEI0BATENIHHOCTH, C/IBHU-
HYTOI Ha 2 HOMepaA.
11.74. Bocnonbayiitech papercteamu A*n? =0 u A*n® = 0.
11.75. Bocosmsayemces merogom 3amadn 11.40. Beibupas BceBo3aMOxKHBIE
KOM6I/IH&HI/II/I 3HAKOB IIPH 9HCIaX \/2 1 \/3, HOIydruM PaBEHCTBA

—(1+\/§+ V3)" =pn + V2 +1,V3 + 5,6,
=(1—=vV2+V3)" =p, — ¢.V2+r,V3 - 5,6,
=(1+vV2—-V3)"=p, + ¢.V2 —1,V3 — 5,V6,

)\Z:(1—\/5—\/5)":pn—qn\/§—rn\/§+sn\/6.
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CkJiaapiBast 91U paBeHcrsa ¢ Koadduuuenramu (1, 1,1, 1), (1, -1, 1, —1),
(1,1,-1,-1), (1, -1, =1, 1), naxomaum

Po=1 O X5+ X5+,
1 n n n n
qn = F(/\ = A+ Ay = AY),
Ty = F AT+ A7 = A7 = A}),
S, = F (AT = A5 = AL 4+ A0).
Orciona lim q—" V2, lim 2 r_ =+/3, lim iﬁ =/6.

11.76. Ina n =0 u n =1 yTBep:K/ieHNe 33/1a9U ITPOBEPSIETCS HETIOCPE I-
crBenHo. [Ipu n > 2 npuMenuM nHAyKIWoO. Yucia a,, JOIyCKaroT IPeJICTaB-
nerue a, = (1++/3)2"t1 4 (1 — /3)?"*! u, cieioBaTEBHO, YIOBIETBOPSIOT
PEKYyPPEHTHOMY COOTHOIIEHUIO

Ani1 =80, — 4a,_1 (n>=1).
Ilycrs ap,_y = 2"b,,_1, a, = 2""'b,, rae b,,_; u b, —HederHble unciaa. Torma
JUISL Gy 1 TIOJIYYAETCH IIPEJICTABIIEHNE
_ ont2 _ on+t2
Qpy1 = 2" (4bn - bnfl) =2" bn+1;

rne b, = 4b, — b,_; — HedeTHOE YnCJIO.

11.77. Yucso n coBmagaeT ¢ HAUOOJIBIIAM IO MOYJII0 KODHEM XapaKTe-
PUCTHYECKOIO MHOTOYJIeHA IIocIeloBaTeabHocTh Tpubonauyn 3 — 2 — ¢ — 1.
Taxoil KOpeHb POBHO OKH (110 MOJLYJIIO OH GoJible 1, a 1Ba Jpyrue KOpHd —

MEHbIIIE), 3HAYUT, [IPeJIeJl CyIeCTBYeT. SIBHBIA BU YHMCIIA 1) MOXKHO HANTH
o dpopmyne Kapmano nan ¢ momornsio meroga Buera uz 3agaqan 9.25:

:§1+\/19 3v33 1 {10+ 3v33] =

B 1 19\]
=3 {1 + 4cos(§ arccos ?)] =1,8392867...

11.78. ITycts a® < b < a**!. TTomoxum
)\1:—7 )\2:—2, ...,Ak:E, yn:A?++AZ

W3 Toxxgecrsa

bt —1 b — ok
n_1 - akn(an _ 1)

BBITEKAET, UTO X,, — Y, — 0 npu n — oo. [ocaenosarensuocrs {y,} yiaosie-

TBOPSIET JINHEWHOMY PEKYPPEHTHOMY COOTHOIIEHUIO C XapaKTEPUCTUIECKIM
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mHOrOwIeHOM P(2) = (z — A;) ... (2 — Ay). 3amMeTuM, 9TO 1O ONpe/IeJIeHIIO
E(k+1)
qucen Aj, ..., A\, MHOrOwieH a 2 P(x) umeer nesbie kKo3bdUIHEHTHI.

IIycTn

k(k+1)

a2 Px)=Awx" +...+ Az + A,
Torma js jiroboro n = 0
ApYngr + oo+ Ay + Aoyn = 0.
Tak Kak Z,, — ¥, — 0, TO CTpeMUTCS K HYJIO U IOCJIEI0BATEILHOCTD
Zn = A (@pir — Ynin) T+ A (@1 — Yor) + Ao(Tn — yn) =
=AToin+ ...+ Az, + Az,

Ho, mo ycoBuro 3a1a4n, 3Ta m0CI€J0BATETbHOCTD COCTOUT U3 TIEJIBIX IUCEIL.
CrenoBaresibHO, TIPU 1L = N

Zn = Akxn+k + ...+ A1$n+1 + onn =0.

[Tosromy mpu n = ny

b1 . .
xn:mzcl)\l ++CkAk;
b — 1" =ci(a)" + ...+ cr(ag)™ — A} — ... — AL
Cornacuo 3amade 11.48, cpemu umcest 1, Ay, ..., Ag, @Ay, ..., @Ay, b TOKHBL

OBITH paBHBIE APYT APYTY. HO 9T0 BO3MOXKHO TOIBKO €CJIH I HEKOTOPOTO j
B npenenax 1 < j <k Oymer BBLIIOJIHEHO OZHO W3 HEPABEHCTB A; = 1 min
aX; = 1. IlosToMy b ecTh cTeneHb YHUCIIA Q.

11.84. ITycrs f(x)=(1+z)" = Xn: CFzF. Torma f'(x) =n(l 4+ z)" ' =
k=0

n
=Y kC*z*~!. Iloncrasmuss B 9Ty dbopMysty = 1, HAXOIUM CyMMYy U3 II. &):
k=0

S kCE = f(@)m =n 2"
k=1
AHaIOruYHO HAXOAUTCSA CyMMa U3 11. 6):
N KECE = (@ (2)) [omr = n(n + 1)272.
k=1

Omeem: a) n-2""Y; 6)n(n+1)- 2772
11.86. 13 pasencTna

F®) () & 1

k! — Yn+tk-1 (1 _ :c)”ﬂ“

HaxomuM a, = CF ;.
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11.87. /TanHoe paBeHCTBO PAaBHOCUIHLHO YTBEPKJIEHUIO, UYTO BCIKOE II0-
JIOXKUTETBHOE YUCJIO MOXKET OBITh 3aIlMCAHO B JECITUIHON CHCTEME CUHCJIe-
HUsI ¥ [IPA TOM TOJIBKO OJHUM CIIOCODOM.

11.88. Kak u B mpempiaymeit 3agade, npuMennte (GopMmyay U3 3ala-
g 11.82.

11.89. 31ech 11epBOE COOTHOIIEHNE — 3aMaCKHUPOBAHHBIN CiIydail GuHO-
MUAJIBHOM T€OpeMBl, & BTOPOe IOJIydaeTcs U3 IIepBOr0 YMHOXKeHUuEeM Ha ™

oo

1 mon z™
Z mAn® W’ ZO”‘T :W'

n=0

11.91. U3z zamaum 11.90 cremyer, ITO UHUCIO CUYACTIUBLIX OuieTtoB N
10

) . s HaxoxaeHust
x

paBHO Ko3ddunuenty npu z27 y dbyHKIMK (1 1__
N paznoxum dysknun (1 — 21°)° u (1 — 2)7° mo crenenam x:

6

(1 _ x10)6 — Z(—:v)w’“Cé“;

k=0
(1-x) Z 2" Co s
Orcrona
N=CQ -C51—C;-Chy +Cg - Cf, = 55252,

11.92. IlepBoe paBeHCTBO HEIOCPEJICTBEHHO CJEAyeT U3 OIpeese-
HU TPOU3BOMHON (DOPMAJILHOIO CTEIeHHOro psana. s jJokasaresbcTBa
BTOPOT'O PABEHCTBA CcpaBHUM KodddurmenTs! npu 2" B psiaax Exp((a+ 3)z)

u Exp(az) - Exp(8z). B nepom ciyuae, ato %, BO BTOPOM —
—~ak gk LN ok k gnk
> W (n—k)! =212 CnatB .
k=0 k=0

PagencrBo stux xkosddurmenton caemayer u3 dpopmysibl buaoma Herorona
(zamaga 2.59).
11.93. 3amerum, 9T0

a® + b+ —3abc= (a+ b+ c)(a+ wb+w?c)(a + w?b + we)
(cmorpure 3amady 9.8). Orcroga
a+b+c=(1+z)",
a+wb+wic=(1+wz)",
a+ w?b+we=(1+w’z)".
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TlosTomy
a® +b®+c® — 3abe=[(1 + 2)(1 + wz)(1 + w?z)]" = (1 + 2°)".

11.95. IloacraBbTe B IPOU3BOISIILYI0 (DYHKIUIO ITOC/IEI0BATETbHOCTH
quces Pubonauun z = 1/10. Haunas cymma okasbiBaerca pasaa 10/89.
11.96. L(z) = %

—zZ—Zz

o0 t2
11.97. H(t) = hpt" = —————.
®=2 T

11.98. O6oznauum yepes b, ¢,, d, U €, 4ucjao HaOOPOB U3 HyJell u
€JINHUIL JJINHBI 7, B KOTOPBIX HE BCTPEYAETCs TPEX HyJell MOApsiI, U KO-
TOpbIE 3aKAHYMBAIOTCH Ha (dukcupoBaHHbil Habop mudp 00, 01, 10 u 11
CcoOoTBeTCcTBeHHO. Torma

bn+1 - dna Cnt1 = bn + dnv dn+1 =c, + €n, (1322)
€ni1 =Cn+ €, =dni1, Gny1=b,+2c,+2d, + 2e,.

C y4eroM HAYaJIbHBIX YCJIOBUI 9TO MPUBOIUT K CJAEAYIONMIEN CUCTEME JIMHE-
HBIX YPABHEHUI OTHOCUTEIBHO MIPOU3BOISAIIIX (DyHKITHI:

B(t)=tD(t)+t*, C(t)=tB(t) +tD(t) +t,
D(t)=tC(t) +tE(t) + t* = E(t),
A(t) =142t + 48° +tB(t) + 2tC(t) + 2tD(t) + 2tE(t).

Pemas ee, Haxoaum:

_ t2 P2
B =1 “O=15—p—pm
_ P! 144t
D)= B(t) = T, Alt) = .

IlosToMy 4Ymcjlo o paBHO HambGOJBINIEMY II0 MOJYJIO KODHIO ypaBHEHHUS
t3 —t2 —t — 1 =0, KOTOpBIi COBIAJAET C YUCIOM 1) U3 3a1a4u 11.77.

Jpyroit BapHaHT peIleHus MOJIyHaeTcs, €CIH 3aMEeTUTh, 9TO IIOCJIeI0-
BATEJILHOCTD {,} ¢ TOYHOCTBIO JIO CJBUTA COBIAJAET C HOCJIE0BATEBHO-
crbio uncest Tpubonauan {h,,} us samaan 11.77. [eitcrBuresnsHo, u3 dop-
mya (13.22) BeITEKAET PEKYPPEHTHOE COOTHOIIEHUE

an+1 = any + Ap—1 + Ap_2.
CpaBHuBast HaYAJbHBIE YCJIOBUS, HAXOAUM, 9TO TIpH 7 2> 0 BBIIOJTHSIETCS pa-
BEHCTBO a,, = h,, ;3. CiiegoBarensbHo,
Ht)—t* 14+t+1?
t3 1—t—t>—4¢3

A(t) =

)

rue H(t) —upoussoggmas dbyuxius u3 3amaan 11.97.
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1/ 1—t 1+t
11.99. f(t):§(1—t+t2 1—t—t2)

11.100. a) 2; 6) 6.

11.101. F(z, 2) = ————, L(x, Z):2—7xz2
l—az—2 l—2z—2
11.102. Fr(z, 2) = ——% _ [z, )= —1
’ 1— 2zt + % : 12t + 82

11.103. a) O6o3naunm nckomyto cymmy depes f(z). [Ipumenss dopmy-
JIy JIJIS CyMMBI T€OMETPUIECKON IIPOIPECCUH, HAXOIUM, UTO

_ (2x)" -1
6) Kak u B 3amaue 11.84 sropas cymma pasaa f/(1) =2"(n — 2) + 2.
B) CHOBa, Kak u B 33a4ue 11.84 6), cymma paBHA CJleIyIoMmeil BeJnInHe

(@f'(2)) o= = f'(1) + f"(1) = 2"(n* — 5n + 8) = 8.

r) ITo dbopmyne us zamaun 7.62 a),
B n—1 B Sin((n — 1)/2):17 . COS(TZ:Z?/2)
9(e) = Z B sin(z/2) :

k=1
Uckomas cymma paBaa —g'(1):
nsin(n — 1)z — (n — 1) sinnz

2(1 — cosx)

11.106. IIpocsemure 3a m3menenneM guarpammbl FOHra.

11.107. 3a1a9y MOXKHO PEIIUTh UCIOJIb3Ysi KOMOMHATOPHBIE COODparKe-
Hus u3 3aja4u 2.73. Ecau Ke ncnob30BaTh METOJ MIPOU3BOIAIIINX (DYHK-
nuii, TO pelleHre 3a/1a49u CBOIUTCS K IIPOBEPKE PABEHCTBA

1 B 1
l—z—a>—2°—... 1—z/(1-x)

11.110. a,, = ¢*", rae v(n) —9UCII0 eIMHAI B IBOUYHOM [IPEICTABICHUN
qucaa n.

11.111. VnTepecyromuii HAC s MOYXKET OBITH MTOJIYyY€H U3 IIPOU3BEIe-
HUS

—9' () |o=1 =

=1l4+ax+22x2+... +2" 1"+ ...

(1 —az)(1 —bx*)(1 —ca*)(1 — da®)...,

ecau 1oy1oxkuTh x = 1. Ilpu onpenesrlenun 3HaKa MOXKHO IOJIOXKHUTL a = b =
=c=d=...=1. Torna uckombIit 3HaK OyeT coriacuo 3ajax1e 11.110 paBen
(1.

11.112. a,=C3,.

11.113. 2 =y/(1 — y), y =z /(1 + z). Takum obGpazom,

y=x—2>+2° —z* +.. . + (=) "2+ ...
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11.114. y=az —2?/24+23/3 —2*/4+ ...+ (-1)" Tz /n+ ...

11.115. Bocnosp3yiiTech paBeHCTBOM U3 3ajaqdd 2.125 u TeM, 9TO KO-
sddunment npu z" y byukmun C?(z) cOBmagaeT ¢ mMpapoil 9acThIO 3TOTO
DPABEHCTBA.

11.116. Pemas xkBaaparroe ypasuenune C(z) = zC?(z) + 1, Haxomum

O(z) = 1—+1—-4z
2z
(3Hak «MuHyC» BbIOHpaercs u3z ycaosusa C(0) =1). Orcrona
_ 1 = n n _n—1 o 1 n+l,m+1 _ (2TL)'
C(Z)__EZCI/2(_4) 2 Cu=5(=4)" 0y, BECESE

n=1

11.117. Muorounennt [aycca, kak u OmHOMUAIbHBIE KOIMDDUITHEHTHI,
y/I00HO pacrojiaraTh B BUJIE TPEYTOJIbHUAKA:
go.o(x)
g1,0() g11()
92.0(z) 921 () 92,2()
g3.0(x) g3.1(x) 93,2(x) 93,3(x)

B aBHOM Buzme muorounensr ['aycca momemensr B mpusoxenne C, VIII.
11.118. CpoiicrBa 6) U B) HEIIOCPEICTBEHHO BBITEKAIOT U3 a).
CsoiicTBO r) JIOKA3bIBAETCS UHIAYKINEH 110 k TIpU ITOMOIIN CBOHCTBA B).
CsoiicTBO )1) JIOKa3BbIBAETCS MHIYKITHEH 0 [ TTPU TOMOIINA CBOHUCTBA, r).
11.119. Ilogenure YuCAUTETH U 3HAMEHATEb (DYHKITUHU U3 OIIPEIEICHUS

nosmHOMOB gy, ;(z) Ha (1 — 2)*. CoiicTBa MHOrOWIEHOB gy, () TIpHM nOACTA-

HOBKe x = 1 mpeBpaIaiTcsa B paBeHCTBa U3 3aj1a4n 2.83.

11.120. S;(z) =0 nupu HeueTHBbIX | 1
=(1—2)(1—2° gy = @)
S(z)=1-2)1—-2%)...(1—-2"") = Fea(@)

npy YeTHbIX [. JIjIs JoKa3aTebCTBa IPUMEHNM HAyKIuo. O4YeBuIHO, 9T0
So(xz) =1 u S;(z) =0. 3amaga Gyer pelieHa, ecJu JOKa3aTh COOTHOIIEHAE

Si(x)=(1—2a'"1)S,_5(x).
Toub3yscs cBoiictBoM B) u3 3amaqdn 11.118, naxomum
Si(z)=(1—2""")gos—1(z) = (1=2")gr-2(x) +.. .+ (=1)" (1 =2%)gi-1.0().

ITpumensst pasenctso (1 — x') gy (z) = (1 — 2+ g, 1 (z) K KaxkIOMYy CaIa-
raeMoMy B IIOJIy9€HHOl CyMMe, IPUXOUM K Hy?KHOMY DABEHCTBY:

Si(z) =1 = 2" )(gos—2(x) = gris(@) +...) = (1 =218 _»(x).

11.121. B) Paccmorpure cummerpuunyio auarpammy FOwura.
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r) Pasbuenuio n=a, + as + ...+ a;, j <k, a; <! ducia n conocrasb-
re pasbuenne kl —n=(1—a;)+( —az)+...+(—a;)+1+ ...+ ancna
kl — n, tne cnaraemoe | — a; oTOpacbIBaeTCs, €CJIM OHO PABHO HYJIIO, & JIHC-
JIO cJlaraeMblX, paBHBIX [, paBHO k — j. Kak cBszanbl muarpammbr FOmra,
COOTBETCTBYIOIIHUE JIBYM TAKUM pa3bueHusiM?

11.124. Bocnoib3yiiTech KOHCTPYKIHeit u3 3amaqu 2.64.

I'maBa 12. IIlyTKu 1 ommmnbKun

12.4. 16/64, 19/95, 26/65, 49/98.
12.6. lIpuBeuTe paBeHCTBO K BUILY

sin 2 sin 2 sin 22 — ¢,
2 2 2

Omeem: mbo a = 2k, mubo b = 2lw, mubo a + b= 2mr.

12.8. Bocniosib3yiitech TeM, uTo uncio jauei B 400-1eTHeM 1UKJIe TeIUT-
cda Ha 7.

12.10. HazBanue mreMeHn A0JIKHO OBITH CJIOBOM B UX aJihaBUTE.

12.11. Cpeau comuozkuTe el IpUCyTCTBYeT cKoOKa (z — x). Omeem: 0.

12.12. Ykazanue: sinw = 0.

12.14. Pe3yabTaTr BO3BEICHUS €TUHUIILI B CTEIIEHD % He OIlpe/iesieH OJl-

HO3HAYHO. DTO MIPOUCXOIUT W3-38 TOrO, UTO 1N 2 — MHOTO3HAYHAS (DYHKITHS.
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12.15.

12.18. OrHoIeHWe IJIMHBI MUJIN K JJIMHE KuyioMeTpa pasuo 1,609. ..
9TO MaJIo OTJINYaeTcd OT uncia ¢ = 1,618 ...



[TPUJIOXKEHUE A
IIporpamma Kypca

B mamnoe mpuioxkeHme momerneHa mporpaMMma Kypca ajarebpbl, IUTaBIITErO-
ca B mkosie uM. A. H. Koamoroposa Ha ABYyXrogudHOM IOTOKE. TeMbl, B3AThIE B
KBaJ[pATHBIE CKOOKY, BKJIIOYAJIUCH B KyPC 10 YCMOTPEHUIO JIEKTOPA.

Tema 1. MeTton maremarudeckoii wHAyKiuu. HarypasabHble ducia.
IIpuain MmaremMaTnyecKoil HHIYKIMH. J|0Ka3aTeIbCTBO TOXKIECTB U HEPABEHCTB.
TIpumenenve UHAYKIUU B F€OMETPUN ¥ KOMOMHATOPUKE.

Tema 2. KombunaTropuka. MHoKecTBa u onepanuu ¢ Humu. OCHOBHBIE TIpa-
Bua koMmOuuaropuku. lpwamun upuxite. Ilepectanosku. Pazmemnenus ¢ mo-
BTOpEHHUAME U 0e3 IoBTopeHuii. IlepecTaHOBKU C IOBTOPEHHUSMH (aHAIDAMMEI).
Bunomnanbaas n nonmmaoMuasibHast teopeMbl. CBoiicTBa OGMHOMMAIBHBIX KO-
durmentos. Tpeyrompuuk [lackans u ero coiticrBa. CoueTanus ¢ TOBTOPEHUSIMU.
DyHkuuu Ha MHOXKecTBax. [DopMysia BKIIOUeHH-UCKIrouenuii. Ee nputoxenust. |

Tema 3.Ieabie uucia. [Ipocteie uncna. JleanmocTs ¢ ocTaTkOM 1 6€3 OCTaT-
Ka. Asropurm EBknuna. Hambonbinmii obmuit genuress U HAUMEHbIee o0Iee
KpaTtHoe. JluHeiiHOe IIpeicTaB/ieHne HauOOJIBIIEro O0Iero menauTesis. Perrenue
HEONPEJIEJIEHHBIX YPABHEHUN MEPBOI CTemnmeHn B mesbix dnciaax. OcHOBHas Teo-
pema apudmeruxu. Teoperuko-unciopbie dyukiun. [Popmyna Jlexkanapa mis
MaKCHUMaJIbHOM CTEMEeH! MPOCTOro YUCa, Jessiiero dpakropuan. llemnse gpobu.
VYpasuenue [lesst. |

Tema 4. CpaBHeHusi. OTHOIIEHWE SKBUBAJEHTHOCTH. KJacChl BBIYETOB.
CpaBrenns n ux cBoiictBa. HepaspemmmocTh HEKOTODPLIX yPABHEHUN B IEJIBIX
qnciax. [lomnas u npuBesennas cucremsl BbrdeToB. OyHkius Ditiepa u ee CBOi-
crBa. Pemenne cpaBHeHmit ¢ OmHUM Hem3BeCTHBIM. leopembr Pepma, Ditepa,
Bunbcona. ymua neproia 6€CKOHEYHOM AeCATUYIHOM ApOobU PAIIOHAIBHOIO TUC-
aa. Kuraiickast reopema 06 ocrarkax. |[Ipusnak nesumoctu Ilackadst. |

Tema 5. PantuonajnibHble M MppalnuoHaJbHbIe 4ucja. JlokaszaresabcTBO
UPPAIMOHATBLHOCTH PanKaaoB. Mertosx GeckonedHoro ciycka. Teopema o parm-
OHAJIBHBIX KOPHSIX MHOTOWIEHA. VpparnoHaIbHOCTh 3HAUEHNH TPUTOHOMETPIYE-
ckux ¢yukunii. Conpsi>kenuble uncia. 36aBienne or HpparuoHaIbHOCTA B 3HA-
menarene. [decaTnanoe mpezacTaBiaenne parmuoHaabHbix auces. CBoiicTBa nepno-
J10B. |

Tema 6. Muorousnensi. Kagpartusrit Tpexdsien u ¢a3oBasi MIOCKOCTb. Pe-
3yJIBTAHT JBYX MHOI'OYJIEHOB BTOPOIii creneHu. JlesreHne MHOIOYIEHOB C OCTATKOM.
Ausropurm EBkinpma juist MuorodsieHos. JIuHeitHoe npejcraBienre HaubOJIbIIErO
obrmero genurensi. Teopema Begy. Cxema ['oprepa. Teopema o uncite KopHeit MHO-
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rowrena. Psan Teitiopa juis muorounena. Teopema emunacrBennoctu. OgHO3HAM-
HOCTb Pa3JIOKEHUsI MHOTOYJICHA HA HEIMPUBOIUMBIE COMHOXKUTEIH. MHOTOWIEHBI
¢ KpaTHbIMU KOpHsMH. VI36aBmenne or KparHbix KopHueil. Teopema Buera. Die-
MEeHTapHbIE CHMMeTprudecKue MHOro4ieHbl. OCHOBHAsI TEOPEMa O CHMMETPUYECKIX
mHOrouIeHax. CHMMETpHUYeCKrne CUCTEMBI ajredpandecknx ypasaeruii. arepro-
JisinoHHbIN MHOrowIeH Jlarpamxka. @opmysna Kapmano. @opMynupoBka TeopeMbl
Pyddunn—Aotens. HeobxomumMocTh BBeIeHUsT KOMIUIEKCHBIX nced. [VHTepmos-
nuonnbli Muorowren Heiorona. [Ipasumo 3nakos dekapra.|

Tema 7. KomniekcHble yucsia. KoMIieKcHbIe Ynciia U ONEPAIMY C HUMU.
Teomerpuueckast nnrepriperanus. Ajrebpandeckas ¥ TPUTOHOMETpUYIECKast Hop-
MBI 3AIIUCA KOMIIJIEKCHBIX YUCEJI; MOJMYJIb U apryMeHT. Ajirebpandeckoe u3BJede-
HP€e KBaJ[PATHOI'O KOPHsI M3 KOMIIJIEKCHOI'O YUCjIa. Pelllenne KBaIpaTHBIX ypaBHe-
HU HaJ| MHOXKECTBOM KOMILIEKCHBIX guces. Dopmyssr Myaspa u Ditnepa. Kopun
W3 eIUHUIBI. Pelrenne ypaBHEHUI TPETbel CTEMeHN MPU MOMOIMU KOMIIJIEKCHBIX
unces. [Henpusopumblii ciyuait Kybuueckoro ypasHenusi. CyMMupoBaHue psijia
06paTHBIX KBaJPATOB IIPH IIOMOINIM KOMILJIEKCHBIX YUCes U TeopeMbl Buera.|

Tema 8. OToGparkeHnsT KOMIIJIEKCHOM ILJIOCKOCTH. [lyTu u oTobpazkenust
KOMILIEKCHOH 1itockoctr. OcHOBHas1 TeopeMa ayrebpbl. Pasiiorkenne Ha HEIIPUBO-
JUMble MHOIOYJIEHBI HaJl JIEHCTBUTEJHLHBIMA U KOMILIEKCHBIMA duciamu. [[Ipus-
mun aprymenTta. Teopema IITypMa 0 KOPHAX TPUTOHOMETPHIECKOTO ITOJUHOMA. |

Tema 9. HepaspemumocTs Tpex KJIACCUYECKUX 33Jilad Ha MHOCTPO-
eHue. [locrpoennsi mUpKyjaeM ¥ JIMHEHKOH C ajrebpamvecKoil TOYKU 3PEHHSI.
Yucsosbie nosis. [longaTrne KBagpaTudaHOrO PACIIUPEHUs YUCIOBOTO 1oJist. Ares-
pamdeckue 4ucia. TpaHCleHJeHTHOCTh ducyia 7 (6e3 nokasarenbcrsa). Hepos-
MOXKHOCTB KBaJIpaTyphl Kpyra. Teopema 0 HEBO3MOXKHOCTH IIOCTPOEHUS IIUPKYJIIEM
" JINHEHKON KOpHe#l Kybudueckoro ypasBHeHHsI. HeBo3mokHOCTH yaBoeHus: KyOa.
Hesosmoxknocts Tpuceknum yriia. HeBo3MOXKHOCTH HOCTPOEHHSI ITPABUJILHOIO
cemuyroabHUKA. [[locTpoeHNe PaBUIIBHBIX [STHYTOJIBHUKA U CEMHA/IIATHY OJIb-
HUKA. |

Tema 10. ITocaiemoBaresabHOCTH U PAAbI. ApudMeTniecKasi 1 TeOMETPU-
4geckast Hporpeccuu. Meros KoHedHbIX pasHocreil. CyMMUPOBaHUE IIOCJIEI0BATEIb-
HocTelt. JIumeiinble peKyppeHTHBIE MOCIEIOBATEILHOCTA BTOPOTO mopsiaka. Pop-
Mysa n-ro 4ieHa. Merox npousBozsimnx dynknuii. PopMasibHbIE CTEIEHHbIE Psi-
nel. Uncna @ubonagun. Popmyna bune.

Tema 11. HepaBencrBa, ypaBHeHUsI, cucTeMbl. Jloka3aTeqbCTBO Hepa-
BeHCTB. Bo3BparHble ypaBHeHUsI. Y paBHEHUs C IeJIbIMU Kodd durmentamu. Mertos,
[IOJICTAHOBOK U CBEJ[EHUE yPABHEHUI K cucTeMaM. T pUroHoMeTpuyecKre 3aMeHbl.
[Ipubmmkernoe pemenne anrebpamdeckux ypasuenuit. Merom Hwrorona. Me-
Tox ureparnuii. Pemenne ypasuenuit pekyppenTtHoro tumna. CHCTEMBI JIMHEHHBIX
ypaBHeHUIi. AHAINTHYECKUE METO/IbI PENIEHNs 3a/[a4 C [TapaMeTPaMU.



IIPUIOKEHUE B
Ncrounukm 3aJia4 U CChLJIKHM Ha
JOIIOJIHUTEJIbHYIO JINTEePaTypy

VYkazaHHAasI JIATEPATYPa [HOCILY KHUJIa HCTOYHUKOM 33/4ad U TEOPETHIECKOTO Ma~
TepuaJia. 3/1eCb TAKXK€ YKa3aHbI CChUIKHU Ha TMyOJUKAINN, KOTOPBIE COmepKaT 60-
Jiee OOIIMPHBINA MaTeprasl TI0 COOTBETCTBYIOIIM TeMaM. CChbUIKM Toc/Ie Ha3BaHus
[VIaBBI YKa3bIBAIOT HA JIATEPATYPY, KOTOPAsl UMEET OTHOIICHHUE K COLEPXKAHUIO BCeH
riaBbl. V31aHns, BbIEEHHBIE KUPHBIM MPAQTOM, COIEPKAT HAMOOIEE TOTHYIO
MHQOPMAITAIO.

1. Meron maremarudeckoil uaayknum: [25], [50], [64].

1.1. ToxxmectBa, HepaseHCcTBa 1 JesumMoctb: (9], [44], [47], [48], [65], [71], [73],
[78].

1.2. Unxyknust B reomerpun u kombunaropuke: [2], [8], [11], [48], [71], [212],
[14].

2. Kom6unaropuka: [8], [19], [40].

2.1. Cnoxurs mwin ymuoxurs?: [10], [41], [50], [64], [129], [164], [186].

2.2. Ipuuuun Jupuxie: [37], [47], [48], [50], [59], [64], [106], [194].

2.3. Pasmemenusi, nepecranosku u coderanust: [10], [13], [17], [28], [41], [50],
[51], [52], [64], [79], [84], [97], [116], [129], [181], [186], [190], [242], [243].

2.4. @opmyiia BKiodeHnit u uckiodenuii: [41], [64], [120], [186], [254].

2.5. Yucna Karanana: [17], [87], [137], [250], [265].

3. Anropurm EBkinaa u ocHoBHasi Teopema apudmeruku: [17], [49].

3.1. TIpoctoie wmcma: [7], [12], [25], [35], [45], [46], [48], [50], [54], [62], [41],
[67], 193], [131], [132], [136], [209], [168], [170], [173], [175], [188], [193], [204], [233],
[256].

3.2. Anropurm Esxmmpma: [7], [11], [25], [35], [41], [45], [47], [50], [54], [55],
[62], [72], [114], [120], [174], [192], [221], [227].

3.3. Mysisrunsmkarusssle dyuxuun: [7], [45], [51], [54], [62], [67], [119], [120],
[150], [153], [176], [209], [221].

3.4. Yucaa ®ubonauuu: [11], [13], [46], [48], [53], [60], [50], [67], [62], [70], [96],
[210], [189], [201], [213], [215], [253], [255], [270].

3.5. Lermsie apo6u: [7], [11], [35], [37], [39], [45], [54], [62], [70], [101], [102],
[192], [244], [262], [18].

3.6. Konrunyanrsr: [34], [24], [21], [22].

4. Apudwmeruka ocrarkos: [7], [17], [45], [49], [50], [54], [62], [63].

4.1. Yernocrs: [11], [37], [234].
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4.2. Jemamocts: [37], [158], [194], [247], [221].

4.3. Cpasmerms: [35], [37], [92], [95], [121], [130], [141], [154], [158], [160], [166],
[178], [183], [221].

4.4. Teopemsr Qepma n ditepa: [12], [20], [35], [130], [141], [160], [168], [205],
[221], [256].

4.5. Ilpusnaku menumoctu: [11], [12], [69], [82], [229].

4.6. Kuraiickas Teopema 06 ocrarkax: [154], [162], [239].

5. Yucaa, npobu, CUCTEMBbI CUNCJIEHUS:

5.1. PanuonasnbHble n uppanuoHaasHble auciaa: [7], [12], [25], [27], [37], [41],
[44], [45], [49], [53], [61], [64], [152], [115], [135], [156], [167], [179], [183], [221],
[237], [245], [246], [214], [216].

5.2. Cucremaruueckue npobu: [20], [49], [143], [205], [236].

5.3. JIBonuHast u TponuHas cucreMsl cunciaenus: [2], [3], [17], [46], [139], [208],
[217], [228], [249], [263], [264], [266], [267], [268], [269].

6. Muorowrenst: [9], [30], [36], [44], [53].

6.1. Ksanparusrii tpexuien: [47], [55], [61], [63], [88], [103], [104], [107], [112],
[113], [151], [155], [157], [163], [200], [230].

6.2. Asropurm EBkimna myist MHOrOuIeHOB M Teopema Besy: [29], [34], [41],
[63], [94], [127].

6.3. Pasnoxenune na muoxxurenn: [33], [41], [55], [63], [240].

6.4. Muorowrensl ¢ KparHbiMu KopHsmu: [29], [34], [41], [55], [230].

6.5. Teopema Buera: [33], [34], [56], [61], [63], [172], [184], [211].

6.6. Nurepronsinuonnsiit Muorowiex Jlarpamxa: [34], [41], [116], [211].

7. Kommunekcusie ancia: [10], [29], [42], [76], [90], [142], [235].

7.1. Kommnekcnaa nyockocrs: [34], [44], [51], [53], [55], [60], [63], [64], [89],
[123], [128], [138], [145], [195], [197], [203], [222], [226], [231], [242].

7.2. TIpeobpasoBanusi KOMILIEKCHOM maockocru: [26], [199], [110].

7.3. Leasie rayccopsl uucaa: [1], [24], [220].

8. Asirebpa + reomerpusi:

8.1. T'eomerpust nomoraer asurebpe: [37], [61], [125], [185], [261].

8.2. KomiutekcHble uncia u reomerpust: [26], [42], [90], [232], [58].

8.3. Tpuronomerpus: [53], [56], [63], [248].

9. YpaBHeHust u cucremsl: [53].

9.1. Ypasrenus Tperneit crenenu: [36], [55], [56], [63], [112], [140], [142], [161],
[169], [191], [198], [206], [207], [230], [248], [257].

9.2. Tpuronomerpuueckue 3amensl: [85], [146].

9.3. Wreparwm: [28], [34], [46], [64], [68], [80], [105], [108], [126], [159], [177],
[223], [111].

9.4. Cucrems! nuHeitnbix ypasHenwii: [44], [48], [55], [63], [74], [77], [148],
[151], [43].

10. Hepasencrsa: [4], [38], [44], [46], [50], [61], [62], [64], [196].

10.1 Pasnuunsle mepasencrsa: [5], [47], [53], [55], [60], [63], [66], [86], [91],
[99], [100], [133], [144], [147], [155], [171], [180], [218], [219], [224], [225], [252],
[259].
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10.2. Cymmbl 1 MUHUMYMBL: [86]

10.3. Bemykiocrs: [5], [73], [165], [251].

10.4. Cummerpuunble HepaseHcTsa: [149], [196].

11. ITocsiegoBaTEJILHOCTU U PSIIbI:

11.1. Koneunsle pasmocru: [12], [16], [17], [41], [49], [60], [83], [98], [116],
[124], [182].

11.2. PexyppenTHble nocienosarensuoctu: [16], [17], [45], [49], [60], [70], [75],
[115], [122].

11.3. Ipoussonsamue bynkuuu: [8], [28], [41], [57], [60], [70], [116], [117], [123],
[128], [134], [181], [238], [241].

11.4. Muorounens laycca: [30], [41], [53].

12. ITyTku u ommbku: [6], [11], [17], [51], [109].

Hexkoropble 3a7a4u, NO-BUAMMOMY, B JAHHON KHUIE IyOJIMKYIOTCS BIIEDBBIE.
13 nux momepa 3.164, 7.103 npunagiexar B. A. Beikosckomy; 7.44 — . A. [o-
podeeny; 3.237, 4.206, 4.207, 9.52 — . /1. Kany, eMmy ke IpUHAJJIEKAT PEIICHUST
3ama4d 4.21, 5.68 u 5.99; 3amaun 3.175, 3.226—3.228, 7.106, 7.86, 9.83, 11.49, 12.17—
A. B. YcruHosy.
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IV. KouHcraHTbI

JlecsitnaHasi 3anuch KOHCTAHT, HauOOJIee YacTO BOBHUKAIONMX B 3azadax (40
3HAKOB):

V2 = 1,41421 35623 73095 04880 16887 24209 69807 85697 . . .
V/3 = 1,73205 08075 68877 29352 74463 41505 87236 69428 . . .
V5 = 2,23606 79774 99789 69640 91736 68731 27623 54406 . . .
m = 3,14159 26535 89793 23846 26433 83279 50288 41972.. ..
e =2,71828 18284 59045 23536 02874 71352 66249 77572 . ..
@ =1,61803 39887 49894 84820 45868 34365 63811 77203 . ..
In2 = 0,69314 71805 59945 30941 72321 21458 18 . ..
JBomaHast 3anuck Tex ke KOHCTAHT (40 3HaKOB):
V2 =1,01101 01000 00100 1111001100 11001 11111 10011 ...
v/3=1,1011101101 10011 11010 11101 00001 01100 00100 . . .
v/5=10,00111 10001 10111 01111 00110 11100 10111 11110 .. ..
m=11,00100 10000 11111 10110 10101 00010 00100 00101 . ..
e =10,1011011111 10000 10101 00010 11000 10100 01010. . .
¢ =1,1001111000 1101110111 10011 0111001011 11111 ...
In2=0,1011000101 11001 00001 01111 11101 11110 10001 . ..

Paznoxkenne HEKOTOPBIX Ynces B IEMHBIE APOOH.
e=1[21,2,1,1,4,1,1,6,1,1,8,1,1,10,1,1,12,1,1,14, 1,1, 16, ...]
T=1[3;7,15,1,292,1,1,1,2,1,3,1,14,2,1,1,2,2,2,2,1, 84, ...]
\/_—[131511411811411021412232134..]

2cos— [1;4,20,2,3,1,6,10,5,2,2,1,2,2,1,18,1,1,3,2,1,2, 1, ...]
2cos—:[ 1;1,1,4,20,2,3,1,6,10,5,2,2,1,2,2,1,18,1,1, 3,2, ... ]
2cos—:[ 2;5,20,2,3,1,6,10,5,2,2,1,2,2,1,18,1,1,3,2, 1, ...]
2cos— 1;1,1,7,3,2,3,1,1,6,11,1,3,2, 1,9, 36, 1, 1, 55, 81, .. .]
2cos— [0;2,1,7,3,2,3,1,1,6,11,1,3,2,1,9, 36, 1, 1, 55, 81, .. .]
2cos—:[ 2,8,3,2,3,1,1,6,11,1,3,2,1,9,36, 1, 1,55, 81,2, 1, ... ]

Vi=1] V2=1;2]

V3=1[1;1,72] Vi =2

V5 =21 V6 =122

Vi=[2T,1,1,4 V8=121,1]

V9 =3] V10 = [3; 6]

V11 =3;3,6] VI12=3;2, 6

VI3=[3;1,1,1, 1, 6] V14=[3;1,2,1, 6]

V15 =[3; 1, 6] V16 = [4]

V1T=1[4;38 V18 = [4; 4, 8]

V19=[4;2,1,3,1, 2, 8§ V20 = [4; 2, 8]
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V21 =[4T1,1,2,1, 1, 8] V22=1[41,2,4,2,1,8]

V23 =[4;1,3,1,8 V24 =[4;,1,8]

V25 = [5] V26 = [5; 10]

V27 = [5; 5, 10] V28 =[5;3, 2, 3, 10]

V29=1[5;2,1, 1, 2, 10] v/30 = [5; 2, 10

V31=[51,1,3,5, 3,1, 1, 10] V32=[5;1,1, 1, 10]

V33=[5T,2,1, 10] V34=1[5;1, 4,1, 10]

V35 = [5; T, 10] V36 = [6]

V37 = [6; 12] V38 = [6; 6, 12]

V39 =[6; 4, 12] V40 = [6; 3, 12]

VAL =16; 2,2, 12) V42 =[6;2,12)
V43=1[6;1,1,3,1,5,1,3,1,1,12] +44=16;1,1,1,2,1, 1, 1, 12|

VA5 =16;1,2,2, 2,1, 12| V46=106;1,3,1,1,2,6,2,1, 1, 3, 1, 12
VAT =16;T,5, 1, 12 VA48 = [6; T, 12]

V49 = 7] V50 = [7; T4]

<

. HJecsaaiTnuanble nepuonst apobeit 1/p

71t IpoCThIX Ymces p # 2, 5 IPUBEJIEHBI JeCATUYHbIE IPEJCTaBIeHUs Jpobeit
1/p. 3BE3101KOI TOMEYEHBI PA3JIOXKEHNUST 1J1s1 JJIMHHBIX IIPOCTHIX Yrcest (CM. ¢. 97).

1/3=0,(3), 2/3=0,(6);
1/7* =0,(142857);
1/11=0,(09), 2/11=0,(18), 3/11=0,(27), 4/11=0,(36), 5/11 = 0,(45);

i
1/13=0,(076923), 2/13 = 0,(153846);
1/17* = 0,(0588235294117647);
1/19% = 0,(052631578947368421);
1/23* = 0,(0434782608695652173913);
1/29% = 0,(0344827586206896551724137931);
1/31 =0,(032258064516129),  3/31 = 0,(096774193548387);
1/37=0,(027), 2/37=0,(054), 3/37=0,(081), 5/37=0,(135),
6/37=0,(162), 7/37=0,(189), 9/37=0,(243), 11/37=0,(297),
14/37=0,(378), 17/37=0,(459), 18/37=0,(486), 21/37=0,(567);
1/41 =0,(02439), 2/41 =0,(04878), 3/41 =0,(07317),
4/41 = 0,(09756), 5/41 =0,(12195), 6/41 = 0,(14634),
11/41 =0,(26829), 15/41 = 0,(36585);
1/43 = 0,(023255813953488372093),  2/43 = 0,(046511627906976744186);
1/47* = 0,(0212765957446808510638297872340425531914893617);
1/53 =0,(0188679245283),  2/53 = 0,(0377358490566),
4/53 =0,(0754716981132),  5/53 = 0,(0943396226415);
1/59% = 0,(0169491525423728813559322033898305084745762711864406779661);
1/61* =0,(016393442622950819672131147540983606557377049180327868852459);
1/67 = 0,(014925373134328358208955223880597),
2/67 = 0,(029850746268656716417910447761194);
1/71 = 0,(01408450704225352112676056338028169),
3/71 = 0,(04225352112676056338028169014084507).
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VI. IlepBbie 20 rpedyecKuX YUCJIOBBIX IIPUCTABOK

1 wmowno- 6 rekca- 11 renmeka- 16 rekcameka-
2  nwm- 7 remra- 12  gomeka- 17  renrameka-
3 Tpm- 8  okTa- 13  Tpuneka- 18  okrazeka-
4  Terpa- 9  HaHO- 14 Terpanmeka- 19 HaHOIEKa-
5 menta- 10 geka- 15 menrameka- 20 wuKoca-

VII. ITocnenoBaTeibHOCTU

Hwrke IIpuBe/IeHBI, BO3HUKABIINE B KHATE TOcjaeqoBaTenbaocTn. Hymepanmsa
JIAaTCsl 10 OHJIANH-SHIMKIIONE N 1IeJIOYUCIIEHHBIX IT0CsIegoBaresnbHocTelt Hettia
CuaosHa [271] (cMm. Takzke [32]). 3HAKOM BOIpPOCA 3aKAHUIUBAIOTCH LOCJIELOBATE b
HOCTH, GECKOHETHOCTH KOTOPBIX HE JOKA3aHA.

[A000005] Buauenus: pynkuuu 7(n)
1,2,2,3,2,4,2,4,3,4,2,6,2,4,4,5,2,6,2,6,4,4,2,8,3,4,4,6,2,8,2,6,4, ...

[A000010] Buauenus pynkuun Ditsepa p(n) (cM. takzke [A002202])
1,1,2,2,4,2,6,4,6,4,10, 4,12, 6,8, 8, 16, 6, 18, 8, 12, 10, 22, 8, 20, 12, 18, . ..

[A000040] ITpocreie wmca
2,3,5,7,11, 13,17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, ...

[A000045] Yucsa Pubonaaun, F, (cMm. pasgen 3.4):
0,1,1,2,3,5,8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, 2584, ...

[A000073] Hucna Tpubonauun (cm. 3amaqdu 11.77, 11.98):
0,0,1,1,2, 4,7, 13, 24, 44, 81, 149, 274, 504, 927, 1705, 3136, 5768, 10600, . . .

[A000079] Crenenu yucna 2:

1,2, 4,8, 16, 32, 64, 128, 256, 512, 1024, 2048, 4096, 8192, 16384, 32768, . ..

[A000108] Yucna Karanana, Cy, (cMm. paszmen 2.5):
1,1,2,5, 14, 42, 132, 429, 1430, 4862, 16796, 58786, 208012, 742900, . . .

[A000120] Konmu4aecTBO euHNIL B ABOMYHON 3aIMCH THUCTIA T
0,1,1,2,1,2,2,3,1,2,2,3,2,3,3,4,1,2,2,3,2,3,3,4,2,3,3,4,3,4,4,5, 1, ...

[A000124] MakcumaibHOE IHCIIO IacTel, HA KOTOPBIE TUIOCKOCTL Pa30uBaeTCst

n(n+1)

7 UPAMBIMI: ——5— +1

1,2,4,7,11, 16, 22, 29, 37, 46, 56, 67, 79, 92, 106, 121, 137, 154, 172, 191, 211, ...
[A000125] MakcumaabHOE KOJIMIECTBO 9ACTeH, HA KOTOPBIE IIPOCTPAHCTBO e~

JIUTCA T TIJIOCKOCTSIMU; C’S +1+tn+1

1,2, 4,8, 15, 26, 42, 64, 93, 130, 176, 232, 299, 378, 470, 576, 697, 834, 988, . ..
[A000129] 3namenarenn momxomsIEx Apobdeit K 1/2:

0,1,2,5,12, 29, 70, 169, 408, 985, 2378, 5741, 13860, 33461, 80782, 195025, ...
[A000142] DakTopuasl, n!:

1, 1, 2, 6, 24, 120, 720, 5040, 40320, 362880, 3628800, 39916800, 479001600, . . .
[A000151] IlepBbie KOMIIOHEHTBI AP (Zr, Yn ), ABIAIONUXCS PEIIEHUSIMA Y PAB-

menus Iemnsa z° — 3y’ =1, z, = T(2), toe Tn(x) — muorowren Yebpimésa 1-ro

poza (cm. 3amady 11.49, 11.46); noxnociaenosarensuocts [A002531]:

1,2, 7, 26, 107, 458, 2058, 9498, 44947, 216598, 1059952, 5251806, 26297238, . . .
[A000201] CuekTp uucaa ¢

1,3,4,6,8,9,11, 12, 14, 16, 17, 19, 21, 22, 24, 25, 27, 29, 30, 32, 33, 35, 37, 38, . ..
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[A000203] Buauenus dynkuum o(n)

1,3,4,7,6,12, 8, 15, 13, 18, 12, 28, 14, 24, 24, 31, 18, 39, 20, 42, 32, 36, 24, 60, . . .
[A000204] Hucna Jlioka, Ly (cM. pasgen 3.4):

1,3,4,7, 11, 18, 29, 47, 76, 123, 199, 322, 521, 843, 1364, 2207, 3571, ...

[A000217] Tpeyromsubre uncna Cp = M

0,1, 3,6, 10, 15, 21, 28, 36, 45, 55, 66, 78, 91, 105, 120, 136, 153, 171, 190, .. .
[A000244] Crenenn gucia 3:

1,3, 9,27, 81, 243, 729, 2187, 6561, 19683, 59049, 177147, 531441, 1594323, . ..
[A000668] Uucna Mepcenna (cuM. 3amaqy 3.31):

3,7,31,127, 8191, 131071, 524287, 2147483647, 2305843009213693951, .. .7
[A000788] KonnyecTBo equHuUIl B JBOMYHON 3aIllMCH YUCIa N

0,1,2,4,5,7,9,12, 13, 15, 17, 20, 22, 25, 28, 32, 33, 35, 37, 40, 42, 45, 48, 52, . ..
[A001008] Yucaurean rapmonmaeckux qucen Hy,

1,3, 11, 25, 137, 49, 363, 761, 7129, 7381, 83711, 86021, 1145993, 1171733, ...
[A001110] KBagpaTHO-TpEyTOJbHBIE TUCIIA

0, 1, 36, 1225, 41616, 1413721, 48024900, 1631432881, 55420693056, . . .

[A001109] Bropsie kommonenTsI map (ar:n7 yn)7 SBJISTIOIIIAXCS PEIIEHUSIMU Y PaB-
werwst emns 22 — 2(2y)? =1, yn = Tn(3), tae T (x) — muorowren Yebpiména 1-ro
poza (cM. 3amady 11.40):

0, 1, 6, 35, 204, 1189, 6930, 40391, 235416, 1372105, 7997214, 46611179, ...

[A001333] Yucmaresnn moaxoqamux apobeit K v/2:
1,1,3,7,17,41,99, 239, 577, 1393, 3363, 8119, 19601, 47321, 114243, ...

[A001353] Bropbie KOMIIOHEHTBI AP (Tn, Yn ), ABJISIONUXCS PEIICHUSIMEA yPaB-
menns Iemns 22 — 3y =1, yn = Un(2), rue Upn(x) — Mmuorowren Yebpumésa 2-ro
poza (cM. 3amady 11.49):

0, 1,4, 15, 56, 209, 780, 2011, 10864, 40545, 151316, 564719, 2107560, . ..

[A001541] IlepBBle KOMIIOHEHTBI AP (Tn, Yn ), ABJISIONUXCS PEIMIEHUSMHA yPaB-
werwst emst 2 — 2(2y)2 =1, 20 = Un(3), te Uy (z) — muorownen Yebuiména 2-ro
poza (cM. 3amady 11.40):

1,3, 17,99, 577, 3363, 19601, 114243, 665857, 3880899, 22619537, . ..

[A001913] dyuuHbIE HpOCTBIE Ynca 1o ocHoBaumio 10 (cm. ¢. 97)
2,7,17,19, 23, 29, 47, 59, 61, 97, 109, 113, 131, 149, 167, 179, 181, 193, ...?7

[A001950] Criektp wucia >
2,5,7, 10, 13, 15, 18, 20, 23, 26, 28, 31, 34, 36, 39, 41, 44, 47, 49, 52, 54, . ..

[A001951] Criextp umcma v/2
1,2,4,5,7,8,9, 11, 12, 14, 15, 16, 18, 19, 21, 22, 24, 25, 26, 28, 29, 31, 32, . ...

[A001952] Criekrp wucia 2 4 /2
3,6, 10, 13, 17, 20, 23, 27, 30, 34, 37, 40, 44, 47, 51, 54, 58, 61, 64, 68, 71, 75, . ..

[A002202] 3uauenus, npuHUMaeMble GyHKIUe Ditiaepa ¢(n), BHIINCAHHBIE B
MOPsI/IKE BO3PACTAHUS
1,2,4, 6,8, 10, 12, 16, 18, 20, 22, 24, 28, 30, 32, 36, 40, 42, 44, 46, 48, 52, 54, 56, . ..

[A002450] KosmuuecTBo myTeil JumHBL 2n MeXK/y JABYMsl BEPIIMHAMU Ha pac-
CTOSTHMM 2 Ha IUKJNYeCKOM Tpade ¢ 6 BepIIMHAMM; KOJUYECTBO IIyTel JJTMHBI
2n + 1 MeX Iy AByMsl BEepINMHAMU Ha PACCTOSAHUHN 3 HA IIUKIMIECKOM rpade ¢ 12
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Bepuimaamy; (4" —1)/3.

0,1, 5, 21, 85, 341, 1365, 5461, 21845, 87381, 349525, 1398101, 5592405, ...
[A002530] 3namenarenn momxomsux Apobeit K /3

0,1,1,3,4,11, 15, 41, 56, 153, 209, 571, 780, 2131, 2911, 7953, 10864, .. .
[A002531] Yncmmremn mogxoqamux apobeit K v/3:

1,1,2,5,7, 19, 26, 71, 97, 265, 362, 989, 1351, 3691, 5042, 13775, 18817, . ..
[A002805] 3unamenarenu rapmoHnveckux yucena Hy,

1, 2, 6,12, 60, 20, 140, 280, 2520, 2520, 27720, 27720, 360360, 360360, 360360, . ..
[A002997] Yucna Kapmaiikna (cm. 3amaay 4.181):

561, 1105, 1729, 2465, 2821, 6601, 8911, 10585, 15841, 29341, 41041, 46657, ...
[A003313] MuHuMaIbHOE KOJIMYECTBO YMHOMXKEHUIT, HEOOXOLUMOE JJIsi BHIUUC-

JICHUdA M- CTeIeHNn

0,1,2,2,3,3,4,3,4,4,5,4,5,5,5,4,5,5,6,5,6,6,6,5,6,6,6,6,7,6,7,5, ...
[A003622] Hynesoit cronben maccuBa Burxodda; aucna, 3aKaHINBAIOIIAECS

Ha 1 B buGoHAYIIHEBOl CHCTEME CUHCACHHS; ay = [N - @2 —1=[(n+1) - ¢] +n=

=[ln- ¢le].

1,4,6,9,12, 14, 17, 19, 22, 25, 27, 30, 33, 35, 38, 40, 43, 46, 48, 51, 53, 56, 59, ...
[A004022] IIpocTble PENBIOHUTEL

11 = E», Erg, E23, Es17, Evost, .. .7

[A005252] Gr+3 — KOMMIECTBO GHHAPHBIX MOCIEIOBATEBHOCTEH IJINHBI 1, B

(n/4]
KOTOPBLIX OTCyTeTByIOT Habopsr 101 u 1001 (cm. 3am. 11.73); Y C2<,,
k=0

1,1,1,1,2,4,7,11, 17, 27, 44, 72, 117, 189, 305, 493, 798, 1292, 2091, 3383, ...

TocnenosarensHocTs [A024490] siBiisieTcst ee nepBOi KOHEYHON PA3HOCTHIO.
[A006522] KosnmvectBo uacreil Ha KOTOPbIE BBILYKJIBIH N-yIOJBHUK JETUTCS

cBOMMHU AmaroHajsMu (cM. 3anady 2.92):

1,0,0,1, 4,11, 25, 50, 91, 154, 246, 375, 550, 781, 1079, 1456, 1925, 2500, ...
[A006933] Yucna 6e3 Gyksbl e (cM. 3amady 12.16):

2,4, 6, 30, 32, 34, 36, 40, 42, 44, 46, 50, 52, 54, 56, 60, 62, 64, 66, 2000, . ..
[A007318] Tpeyronbuux Ilackass, 3anucaHHbIi 10 CTPOKAM

1,1,1,1,2,1,1,3,3,1,1,4,6,4, 1, 1, 5, 10, 10, 5, 1, 1, 6, 15, 20, 15,6, 1, 1, 7, . ..
[A092506] Hucna Pepma, fr (cM. 3amaay 3.28):

2,3,5,17, 257, 65537, ...7
[A010060] ITocnenosarensrocTs Mopca

o110,1,0,0,1,1,0,0,1,0,1,1,0,1,0,0,1,0,1,1,0,0,1,1,0,1,0,0, 1, 1, ...
[A014701] MuHMMaIBHOE KOJIMYECTBO YMHOMKEHNUI, HEOOXOIUMOE JIJIsl BBIUUC-

JIEHHsI M-} CTEIIEHN C IOMOIIbI0 OMHAPHOIO aJroOpUTMa

0,1,2,2,3,3,4,3,4,4,5,4,5,5,6,4,5,5,6,5,6,6,7,5,6,6,7,6,7,7,8,5,6, ...
[A024490] KoneuHble pasHOCTHM M YACTUYHBIE CYMMBI IIOCJIEI0BATEIHLHOCTH

n—2)/4

00525205 0 = 3+ G,

1,2,3,4,6, 10, 17, 58,045, 72, 116, 188, 305, 494, 799, 1292, 2090, 3382, 5473, ...
[A029635] (1, 2)-Tpeyroabauk Ilackass, 3anuCaHHbLH 110 CTPOKaM

1,1,2,1,3,2,1,4,5,2,1,5,9,7,2, 1,6, 14, 16,9, 2, 1, 7, 20, 30, 25, 11, 2, 1, 8, ...
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[A047849] Uncsio 3aMKHYTHIX TPAeKTOPUil JJIMHBL 21 Ha IUKJINIECKOM rpade

u3 6 BepmInH

1, 2, 6, 22, 86, 342, 1366, 5462, 21846, 87382, 349526, 1398102, 5592406, . ..
[A060995] KosmuecTBo mmyTell MJIMHBL 21 0O CTOPOHAM BOCBMHYTOJBHUKA C
KOHIIAMH B IIPOTHBOIIOJIOXKHBIX BEPIITNHAX

0,2, 8, 28, 96, 328, 1120, 3824, 13056, 44576, 152192, 519616, 1774080, ...

VIII. MHOoro4jieHbl

1. Muorousieabl YebObiiésa:

To(x) =1,
T (z) ==,
To(x) =222 — 1,
Ts(x) = 42> — 3z,
Ti(z) =8z* — 8% 41
Ts(x) = 162° — 202® + 5z,
Te(x) = 322° — 482 4+ 1822 — 1
Ty (x) = 642" — 1122° 4 562° — Tx
2. Muorouiennbl I'aycca
1
1
1 1+z4 22

1 14z +2%+2°

14z +222+ 2%+ 24

Uo(z) =1,
U1(13)=2 Z,
Us(z) = 42 —
U3(x):8 3
Us(z) =162* — 12:c +1,
U5(1:):32:c — 323 4 6z,
Us(z) = 6425 — 802" —|—241: -1,
Ur(z) = 12827 — 1922° 4 802° —8x
1
1

1+x 1

14+ +a? 1

142+ 2%+ 23 1

3. Muorowienbl ®PuGonadyumu u JIoka:

Fo(l’):O

Fl(x):l

Fy(z) ==,

F3(z)=2% +

Fy(z) =25 +2:c

Fs(z) = 2" + 322 4 1,

Fo(z) = 2° + 423 —1—39137

Fr(z) = 25 + 52 + 622 4 1,

Fg(x)::c + 62° + 102 + 4z,
Fo(z) = % + 725 4+ 152" + 1022 + 1,

Lo(:C) = 27

Li(z) ==,

Lo(x) =22 4 2,

Ls(z) = x3 + 3x,

La(z) = x +4z% + 2,

Ls(z) = 1: +52% + 5:107

Le(z) = 1: + 62" + 922 + 2,

Lr(z)= 1: + 72® + 14a® + Ta,

Lg(z) = 1: + 825 + 202" + 1627 + 2,
Lo(x) = 2° 4+ 927 + 272° + 302> 4 9z.

IX. OcHOBHBIE TPUTOHOMETPUUYECKHE TOXKIECTBA

4. ®opMyJibl IPUBEOEHU:

cos(m + z) = — cos x;
cos (% :I:J:) = Fsin;
cos (3771- + 1:) = +ssin x;
g (% :I:J:) = Fctgux;

sin(m £+ x) sin x;
sin ( ) COS T;
sin ( ) = — cos x;
ctg ( ) Ftgx
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5. Tpuronomerpuyeckue (pyHKIUN CYyMMBI U Pa3sHOCTU ABYX apry-

MEHTOB:
cos(z £ y) = cos z cos y F sin z sin y;

sin(z £ y) =sinx cosy £ siny cos x;

_ tgxttgy | _ctgrctgy F 1
tglw £y) = 1Ftgrtgy’ ctg(z £y) = ctgy £ ctga ”

6. Tpuronomerpudeckne PyHKIMHA KPAaTHBIX apryMeHTOB:
. . 2 .2
sin2x =2sinxcosx; cos2x=2cos"xz—1=1—2sin" x;
3 . . .. 3 . 2
cos3x =4cos’x —3cosx; sin3z=3sinz —4sin”z =sinz (4cos” z — 1);

4 2 . . 2
cosdx =8cos”  —8cos“x+ 1; sindz =4sinzcosz (2cos” x — 1);

_ 2tgx _ctglr—1
tg 2z = 1—tg2:c’ Ctgzm_chtg:c ;
thmZStg:c t2g :c; cthx:Ctg :c2 Jctgz
1-3tg°z 3ctg”x —1

7. Tpuronomerpudeckue PyHKIINN [IOJIOBUHHOTO apryMeHTa:

T 1 —cosx. T _ 14 cosx,
51n§—:|:,/72 ; (:052—:|:,/72 ;
te L — 4 1—cosx  sinx _ 1—cosx.
&3~ 14+cosz  1+4+cosxz  sinz ~’
cte L — 1+cosx 14cosx  sinx

€27\ T=cosz  sinz  1—cosz’

8. BeiparkeHue TPUTOHOMETPUUIECKUX (DYyHKIUH depe3 TaHT'€HC I10JI0-
BUHHOIO apryMeHTa:

)
stx:Lg:g; cos2:c:1i2m;
1+tg7x 1+tg”x
_ 2tgx | _1—tg2m
9. CyMMBI 1 PA3HOCTU TPUTOHOMETPUYECKUX (DYHKITUH:
cosa+cosﬂ:2cosagﬁcosagﬁ;
Cosa—cosB:—2Sina+Bsina_B;
2 2
sinaisinﬂ:2sina§ﬂcosa:§5;
_sin(a ) __sin(a % )
o ttef= Gosmp CBoEEl= G



316 QopMyJIBI U YUCITIA

10. IlponsBeieHnsI TPUTOHOMETPHUIECKNX (DyHKIIMMA:
sinasin 8 = %[cos(a — ) — cos(a + B)];

cos acos 3 = ; [cos(a — B) + cos(a + B)];

sin acos 8 = ; [sin(a — B) + sin(a + B)];
tgatgf = %.
11. CrenneHn TPUrOHOMETPUYECKUX (PYHKI[U:
sin’z = %(1—0052:0); coszm:%(l—&—cost);
sin® z = Z(Ssinm — sin 3x); cos® x = %(SCos:c—i—cos 3x);
sin® = %(COS 4a —4cos2x +3); cos'x= %(COS 4x + 4 cos2x + 3).

12. BBesieHue BCIIoMOraTeJIbHOTO apryMeHTa:

asinxibcosx:\/a2+b2~( sm:ci cos:c):

=+va2+b%- (smxcoscpicos:csmnp) =
=+va? +b?-sin(x £ @),

. b
rie ¢ = arcsin ————. B uactHOCTH
a? + b2 ’

sinx £ cos x = \/§~sin(:c £ %)
13. Pertenne npocreiiiiinx TPUroOHOMETPUYECKUX yPABHEHUMN:
sinz=a, la|]<lexz=(-1)"arcsina+7mn (n€Z);
cosz =a, |a|<1l&z==arccosa+2mn (n€Z);
tgr=a< z=arctga+mn (n€Z),
ctgr =a < x=arcctga+mn (n€Z).

X. Tabsma MpoCTHIX YHUCEJI

B Tabauity momemntensr nepBbie 275 TPOCTBIX YHCEIT.

2 | 101 | 233 | 383 | 547 | 701 | 877 | 1049 | 1229 | 1429 | 1597
3 1103 | 239 | 389 | 557 | 709 | 881 | 1051 | 1231 | 1433 | 1601
5 | 107 | 241 | 397 | 563 | 719 | 883 | 1061 | 1237 | 1439 | 1607
7 | 109 | 251 | 401 | 569 | 727 | 887 | 1063 | 1249 | 1447 | 1609
11 | 113 | 257 | 409 | 571 | 733 | 907 | 1069 | 1259 | 1451 | 1613
13 | 127 | 263 | 419 | 577 | 739 | 911 | 1087 | 1277 | 1453 | 1619
17 | 131 | 269 | 421 | 587 | 743 | 919 | 1091 | 1279 | 1459 | 1621
19 | 137 | 271 | 431 | 593 | 751 | 929 | 1093 | 1283 | 1471 | 1627
23 | 139 | 277 | 433 | 599 | 757 | 937 | 1097 | 1289 | 1481 | 1637
29 | 149 | 281 | 439 | 601 | 761 | 941 | 1103 | 1291 | 1483 | 1657
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31 | 151 | 283 | 443 | 607 | 769 | 947 | 1109 | 1297 | 1487 | 1663
37 | 157 | 293 | 449 | 613 | 773 | 953 | 1117 | 1301 | 1489 | 1667
41 | 163 | 307 | 457 | 617 | 787 | 967 | 1123 | 1303 | 1493 | 1669
43 | 167 | 311 | 461 | 619 | 797 | 971 1129 | 1307 | 1499 | 1693
47 | 173 | 313 | 463 | 631 | 809 | 977 | 1151 | 1319 | 1511 | 1697
53 | 179 | 317 | 467 | 641 | 811 | 983 | 1153 | 1321 | 1523 | 1699
59 | 181 | 331 | 479 | 643 | 821 | 991 1163 | 1327 | 1531 | 1709
61 | 191 | 337 | 487 | 647 | 823 | 997 | 1171 | 1361 | 1543 | 1721
67 | 193 | 347 | 491 | 653 | 827 | 1009 | 1181 | 1367 | 1549 | 1723
71 | 197 | 349 | 499 | 659 | 829 | 1013 | 1187 | 1373 | 1553 | 1733
73 | 199 | 353 | 503 | 661 | 839 | 1019 | 1193 | 1381 | 1559 | 1741
79 | 211 | 359 | 509 | 673 | 853 | 1021 | 1201 | 1399 | 1567 | 1747
83 | 223 | 367 | 521 | 677 | 857 | 1031 | 1213 | 1409 | 1571 | 1753
89 | 227 | 373 | 523 | 683 | 859 | 1033 | 1217 | 1423 | 1579 | 1759
97 | 229 | 379 | 541 | 691 | 863 | 1039 | 1223 | 1427 | 1583 | 1777
XI. Tabauma KBaJpaToB
0 1 2 3 4 5 6 7 8 9
10 || 100 | 121 | 144 | 169 | 196 | 225 | 256 | 289 | 324 | 361
20 || 400 | 441 | 484 | 529 | 576 | 625 | 676 | 729 | 784 | 841
30 || 900 | 961 | 1024 | 1089 | 1156 | 1225 | 1296 | 1369 | 1444 | 1521
40 || 1600 | 1681 | 1764 | 1849 | 1936 | 2025 | 2116 | 2209 | 2304 | 2401
50 || 2500 | 2601 | 2704 | 2809 | 2916 | 3025 | 3136 | 3249 | 3364 | 3481
60 || 3600 | 3721 | 3844 | 3969 | 4096 | 4225 | 4356 | 4489 | 4624 | 4761
70 || 4900 | 5041 | 5184 | 5329 | 5476 | 5625 | 5776 | 5929 | 6084 | 6241
80 || 6400 | 6561 | 6724 | 6889 | 7056 | 7225 | 7396 | 7569 | 7744 | 7921
90 || 8100 | 8281 | 8464 | 8649 | 8836 | 9025 | 9216 | 9409 | 9604 | 9801
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