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Somos—(4)

Somos—(4) sequence {s,} is defined by initial data
sSi=S=s3=s5,=1
and recurrence relation
Sn+2Sn—2 = Sp+15n—1 + S2.
It begings with
..,2,1,1,1,1,2,3,7,23,59,314, 1529, . ..

(Obviously s, = s5_5.)
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Somos—(6)

Somos first introduced the sequence Somos-(6) such that
51:52:53:54:55:56:1

and
2
Sn+35n—3 = Sn+25n—2 + Sn+15n—1 + S

He raised the question whether all the terms are integer:

*
1470. Proposed by Michael Somos, Cleveland, Ohio.

Consider the sequence (a,) where ¢ = ¢y = --- = a5 = 1 and
g = Gn-t0ns + GngOng + 07y
i G -§
for n > 6. Computer calculations show that ag,a7,...,8100 are all integers.

Consequently it is conjectured that all the a, are integers. Prove or disprove.

[§ Somos M. Problem 1470. Crux Mathematicorum, 15: 7 (1989),
p. 208.
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Integrality

The integrality of Somos—(4) and Somos—(5) was proved by Janice
Malouf, Enrico Bombieri and Dean Hickerson (1990).

The integrality of Somos—(6) was proved by Dean Hickerson (April
1990).

The integrality of Somos—(7) was proved by Ben Lotto (May 1990).
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Somos—(8)

Somos—(8) is a sequence with initial data
51:52:53:54:55:56:57:58:1
satisfying recurrence relation
Sn+45n—4 = Sn+35n-3 + Sp4250—2 + Snt1Sn—1 + S5

Somos—(8) is NOT an integer sequence:

., 1,1,1,1,1)1,1,1,4,7,13,25,61,187,775,5827, 14815, 4207514, e
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General definition

Definition
For integer k > 4 Somos—k sequence is a sequence generated by
quadratic recurrence relation of the form

(/2]
Tn+kTn = g Ty k—jTntj,
Jj=1
where «; are constants and 71, ..., 7, are initial data.

The problem of integrality: how to check the integrality of
general Somos—k sequences?
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Integrality condition

Theorem (Fomin and Zelevinsky, 2002)

For a Somos—k sequences (k = 4,5,6 and 7) all of the terms in the
sequences are Laurent polynomials in these initial data whose
coefficients are in Z[az, . . ., ok /9], so that

Tn € Z]a, . . .,a[k/z],ﬁﬂ, e ,T,fl] for all n € 7Z.

[ Fomin S. and Zelevinsky A. “The Laurent Phenomenon”, Adv.
Appl. Math. 28 (2002) 119-144.

Integrality of original Somos—(k) sequences follows from the
theorem with

alz...:a[k/zl :7’1:-..:7‘1(:1'
But this Theorem is not a final step.
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A stronger version of the Laurent property for Somos—4

Theorem (Hone and Swart, 2008)

Consider a Somos—4 sequence defined by a fourth-order recurrence
_ 2
Tn+4Tn = QTn43Tnt+1 + BT,
with initial data 11, T, T3, T4, and translation invariant

T 7'127'3 + 04(7'5’7'4 + T17'3::’) + 6722T32

T1T2T3T4 ’

and | = a® + BT. Then forall n> 1

1
Th € Z[a7ﬁ7 I7T£|: 77_27T37T4]~

[@ Hone A. N., Swart C. Integrality and the Laurent phenomenon for
Somos—4 and Somos-5 sequences. Math. Proc. Camb. Philos. Soc.,
Cambridge University Press, Cambridge, 2008, 145, 65-85.
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Weierstrass sigma-function

By definition
or(z) =z [] (1 - %) en 2R
wel\{0}

— Weierstrass sigma-function associated to lattice I
In degenerate cases:

1) for I = {0} or(z) =z

2) for I = {mw|m € Z} with w € C\{0}

z TZ =222
_Z 1—7 nw+( )2 —_ _ 6(W)
H ( ) e - Y sin e
neZ\{0}
Sigma-function is odd entire function with simple zeros at the

points of lattice I'.
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A sigma-function solution for Somos—4

Theorem (Hone and Swart, 2003—-2005)

The general solution of recurrence relation

2
Th4+2Th—2 = QTp41Tn—1 + BT,

for o # 0 takes the form

o(zy + nz)

n — cD" )
i o(z)”

where z, zg € C*, C = U(TZOO), D = UU((Zz)i(ZZO‘)))TTOI

[ A. Hone, Elliptic Curves and Quadratic Recurrence Sequences
Bull. Lon, Math. Soc. 37 2 (2005) 161-171.

[@ C. Swart Elliptic curves and related sequences, PhD thesis,
Royal Holloway, University of London (2003).
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The problem

Consider a Double Somos—4 sequence which is a sequence of
couples (An, B,) C C? defined by initial data

Ai2,A+1,A0, Bio,Bi1,Bp
and a fourth-order recurrences

Any2Bn2 = aAn11By-1 + BALB,,
An—2 Bn+2 = ’YAn—an—i—l + 0A,B;.

Here coefficients «, 3, v, 6 are NOT arbitrary. They are some
functions of initial data. For example fourth-order recurrences then
for n = 0 give linear equation on «, 3, v, 6.
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The answer

Theorem (Bykovskii and Ustinov, 2015)

The general solution of recurrence relations

An+2an2 = aAn+1 Bn—1+ BAB,,
An_2Bnio = YA_1Bpy1 + 0A,Bp.

(subject to some natural restrictions on initial data) takes the form

A, = ClDfa(Zli—i-Iz?Z), B, = CzDé,a(zzi—i—r;z)’
a(z)" o(z)"
where z, z1, zp € C*,
A A B
G=—", D= o(z)o(z1) A G=—>, D=
o(z1) o(z+ z1)Ao o(z2)
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What are ?

General Somos—4 (and Somos—5) sequence satisfy “magic
determinant property” (Ma, 2010)

Tmi+mTmi—n1 Tmi4+nTmi—ny Tmy+n3Tmi—n3
Tmy+nmTmo—ny  Tmo+nTmp—ny  Trmp+n3Tmo—n3 =0,

Tms+mTms—n1  Tmz+nTmz—ny  Tma+nsTms—n3

where m;, n; (i =1,2,3) are arbitrary integers or half-integers.
Sequences {A,}, {Bn} from the Theorem satisfy similar conditions:

Am1+n1 Bm1—n1 Am1+n2 Bm1—n2 Am1+n3 Bm1—"3
Am2+n1 Bm2_’71 Am2+f72 Bm2—n2 Am2+f73 Bm2—n3 =0.
Am3+n1 Bm3*n1 Am3+n2 Bm3*n2 Am3+n3 Bm3*n3

We'll use only 3 of them as assumptions.
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The are:

For initial data
AxBy A1 B AoB>

AB_1  AoBy A_1Bi| =0,
AoB_» A_1B_1 A_»B,

for Az
A3 BO A2 Bl Al BZ
AB_1 AiBy AgB:1|=0,
AiB_, AoB_1 A_1By

and for Bs

ABi ABy  AoBs
A1By  ABi A_1By| =0.
AoB_1 A_1By A_»B
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If A3 and Bj are given then «, (3 are uniquely defined by equations
An2Bn2 = aAni1Bn1 + BARB, (n =0, 1)
and ~, ¢ are uniquely defined by equations

An—2Bni2 = vAn-1Bni1 + 0A,B, (n =0, 1)
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The Laurent property for Double Somos—4

We have
A2nBO An+18n71 Aan A2n7180 Aan,1 Anlen
A14nBi-n AxBy A1Bi| = | ABi-n  A1Bo AoB1 | =0,
AnB_p AiB_1  AoBo An1B-n AiB1 A1By

and the same for B, Bon_1.

Theorem (Bykovskii and Ustinov, 2015)

An: Bn S Z[A3:17 BétlaAzl:laA:I:27 B:tla B:|:27A(;)t17Aj:[tla AEH-L

where
A _|ABo ABy A, _ | A2Bo A1y
0= |AgB_1 A_1By|” "l T |AB_1 AyBo|’
A, — AoB2  A1By
27 1A1B1 AoBol”
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Questions?’
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