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On the Number of Summands in the Asymptotic Formula for the Number
of Solutions to Waring’s Equation

A. V. Ustinov UDC 511.3

Abstract. In the paper, an estimate of the number of summands in the asymptotic formula for the number of
solutions to Waring’s equation is obtained. This is achieved by means of a recurrent process leading to a greater
reduction than that in Vinogradov’s mean value theorem.
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§§§1. Introduction

Let N
(P )
k (λ1 , . . . , λn) be the number of solutions of the system

x1 + · · ·+ xk − y1 − · · · − yk = λ1 ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

xn
1 + · · ·+ xn

k − yn1 − · · · − ynk = λn ,

0 ≤ x1 , . . . , yk < P.

(Here and subsequently the variables take only integer values.) By Vinogradov’s mean value theorem, for
k ≥ nτ the estimate holds:

Nk(P ) = N
(P )
k (0, . . . , 0) ≪ P 2k−n(n+1)

2 +n2

2 (1− 1
n )

τ

. (1)

Denote by Ik(P ) the number of solutions of Hardy’s equation

xn
1 + · · ·+ xn

k − yn1 − · · · − ynk = 0, 0 ≤ x1 , . . . , yk < P.

Formula (1) allows us to obtain the estimate for Ik(P ):

Ik(P ) ≪
∑

|λ1|<kP

· · ·
∑

|λn−1|<kPn−1

N
(P )
k (λ1 , . . . , λn−1 , 0) ≪ Pn(n−1)/2Nk(P ) ≪ P 2k−n+n2

2 (1− 1
n )

τ

. (2)

Let I(N) be the number of solutions to Waring’s equation

xn
1 + · · ·+ xn

k = N , 0 ≤ x1 , . . . , xk ≤ N1/n.

In [1] it was proved that for n ≥ 4 and k ≥ 2[n2(2 lnn+ ln lnn+ 5)] the asymptotic formula is valid:

I(N) = σ(N)γNk/n−1 +O(Nk/n−1−1/(20n lnn)), (3)

where γ =
(
Γ(1 + 1/n)

)k
/Γ(k/n) , σ(N) ≥ c0(n, k) > 0 .

In the present paper we prove that for k ≥ n(n− 1) + nτ the estimate holds:

Ik(P ) ≪ P 2k−n+n
2 (1−

1
n )

τ

.

This result refines the estimate (2); this helps prove that formula (3) is valid for

n ≥ 4 and k ≥ 2[n2(lnn+ ln lnn+ 6)].
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§§§2. Properties of the Fourier coefficients of some functions

In [2] the following assertion was proved.

Lemma 1. Suppose N1 , . . . , Nn are nonnegative integers and F (α1 , . . . , αn) is a nonnegative real
function defined on the cube En = [0, 1]n and Lebesgue integrable. Suppose that the Fourier coefficients
c(λ1 , . . . , λn) of F (α1 , . . . , αn) are also nonnegative real numbers. Then, for any integers µ1 , . . . , µn ,
the is valid : ∑

|λ1|≤N1

· · ·
∑

|λn|≤Nn

c(λ1 + µ1 , . . . , λn + µn) ≤ 4n
∑

|λ1|≤N1

· · ·
∑

|λn|≤Nn

c(λ1 , . . . , λn).

In subsequent arguments we shall need Lemmas 2 and 3, whose proof is similar to that of Lemma 1.

Lemma 2. Suppose that N is a nonnegative real number, a and b are integers, and q is a positive
integer. Suppose also that F (α) is a nonnegative real function that can be expressed as a finite Fourier
series with nonnegative coefficients c(λ) . Then the inequalities are valid :∑

|λ|≤N

c(aλ+ b) ≤ 4q

∫ 1

0

F (α)Φ(α) dα ≤ 4q
∑

|λ|≤Nq−1

c(aqλ), (4)

where

Φ(α) =
∑

|λ|≤Nq−1

(
1− |λ|

[Nq−1] + 1

)
e−2πiαaqλ ≥ 0.

Proof. Let us prove the lemma in the case a = 1. For arbitrary a , the proof is the same. Let
N1 = [Nq−1] + 1 . Then ∑

|λ|≤N

c(λ+ b) ≤
q−1∑
µ=0

∑
|λ|≤N1

c(qλ+ µ+ b) =

q−1∑
µ=0

σ(µ), (5)

where
σ(µ) =

∑
|λ|≤N1

c(qλ+ µ+ b).

Let us estimate σ(µ):

σ(µ) =
1

N2
1

N1∑
x,y=1

∑
|λ+x−y|≤N1

c(q(λ+ x− y) + µ+ b) ≤ 1

N2
1

N1∑
x,y=1

∑
|λ|≤2N1−1

c(q(λ+ x− y) + µ+ b)

=
1

N2
1

N1∑
x,y=1

∑
|λ|≤2N1−1

∫ 1

0

F (α)e−2πiα(q(λ+x−y)+µ+b) dα

=
1

N2
1

∫ 1

0

F (α)

∣∣∣∣ N1∑
x=1

e−2πiαqx

∣∣∣∣2 ∑
|λ|≤2N1−1

e−2πiα(qλ+µ+b) dα.

Estimating the last sum trivially, we obtain

σ(µ) ≤ 4

N1

∫ 1

0

F (α)

∣∣∣∣ N1∑
x=1

e−2πiαqx

∣∣∣∣2 dα
=

4

N1

∫ 1

0

F (α)
∑

|λ|≤N1−1

(N1 − |λ|)e−2πiαqλ dα = 4

∫ 1

0

F (α)Φ(α) dα.

Hence we have

σ(µ) ≤ 4

∫ 1

0

F (α)Φ(α) dα = 4
∑

|λ|≤N1−1

(
1− |λ|

N1

)
c(qλ) ≤ 4

∑
|λ|≤Nq−1

c(qλ).

Substituting the inequalities obtained into (5), we obtain the assertion of the lemma. �

241



Corollary. Let the assumptions of Lemma 2 and Nq−1 = O(1) be satisfied. Then the following
estimate is valid : ∑

|λ|≤Nq−1

c(aqλ) ≪ c(0). (6)

Proof. Substituting Nq−1 , aq, N1 , 0 for N , a, q, b , respectively, in the estimate (4), we obtain∑
|λ|≤Nq−1

c(aqλ) ≤ 4N1

∑
|λ|≤N(qN1)−1

c(aqN1λ) = 4N1c(0) ≪ c(0). �

The proofs of Lemma 3 and its corollary are similar to the one above.

Lemma 3. For any integers a1,1 , a1,2 , . . . , an,n , b1 , . . . , bn and positive integers q1 , . . . , qn , let

lν =
n∑

j=1

aν ,jλj , l′ν =
n∑

j=1

aν ,jqjλj , ν = 1, . . . , n.

Next, suppose that N1 , . . . , Nn are nonnegative real numbers and F (α1 , . . . , αn) is a nonnegative real
function expressed as a finite Fourier series with nonnegative coefficients c(λ1 , . . . , λn) . Then the following
estimate is valid :

∑
|λ1|≤N1

· · ·
∑

|λn|≤Nn

c(l1 + b1 , . . . , ln + bn) ≤ 4nq1 · · · qn
∫ 1

0

· · ·
∫ 1

0

F (α1 , . . . , αn)Φ dα1 · · · dαn

≤ 4nq1 · · · qn
∑

|λ1|≤N1q
−1
1

· · ·
∑

|λn|≤Nnq
−1
n

c(l′1 , . . . , l
′
n),

where

Φ =
∑

|λ1|≤N1q
−1
1

· · ·
∑

|λn|≤Nnq
−1
n

(
1− |λ1|

[N1q
−1
1 ] + 1

)
· · ·

(
1− |λn|

[Nnq
−1
n ] + 1

)
e−2πi(α1l

′
1+···+αnl

′
n) ≥ 0.

Corollary. Let the assumptions of Lemma 3 be satisfied, and let Njq
−1
j = O(1) for some j , 1 ≤

j ≤ n . In that case, if calculations are carried out up to constants, then it can be assumed that λj takes
only the zero value.

§§§3. Main lemmas

Lemma 4. Suppose that 1 ≤ r ≤ n , H , Q , µr , . . . , µn−1 , a are integers, and H ′ = H − aQ . Then
the system 

x1 + · · · − yk = 0,

. . . . . . . . . . . . . . . . . . . . .

xr−1
1 + · · · − yr−1

k = 0,

Cr
n(x

r
1 + · · · − yrk) = µrQ,

Cr+1
n (xr+1

1 + · · · − yr+1
k ) + µrH = µr+1Q,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cn−1
n (xn−1

1 + · · · − yn−1
k ) + µn−2H = µn−1Q,

Cn
n (x

n
1 + · · · − ynk ) + µn−1H = µn

(7)
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is equivalent to the system

(x1 + a) + · · · − (yk + a) = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(x1 + a)r−1 + · · · − (yk + a)r−1 = 0,

Cr
n

(
(x1 + a)r + · · · − (yk + a)r

)
= µ′

rQ,

Cr+1
n

(
(x1 + a)r+1 + · · · − (yk + a)r+1

)
+ µ′

rH
′ = µ′

r+1Q,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cn−1
n

(
(x1 + a)n−1 + · · · − (yk + a)n−1

)
+ µ′

n−2H
′ = µ′

n−1Q,

Cn
n

(
(x1 + a)n + · · · − (yk + a)n

)
+ µ′

n−1H
′ = µ′

n ,

(8)

where

µ′
l =

l∑
j=r

Cl−j
n−j−1a

l−jµj , l = r, . . . , n− 1, µ′
n = µn.

Proof. The first r − 1 equations in system (8) readily follow from system (7). Set µr−1 = 0. Let
r ≤ l ≤ n− 1 . Then

Cl
n

(
(x1 + a)l + · · · − (yk + a)l

)
+ µ′

l−1H
′ − µ′

lQ

= Cl
n

l∑
j=r

Cj
l a

l−j(xj
1 + · · · − yjk) + µ′

l−1H
′ − µ′

lQ

=
l∑

j=r

Cl−j
n−ja

l−j(µjQ− µj−1H) + (H − aQ)
l∑

j=r

Cl−j−1
n−j−1a

l−j−1µj −Q
l∑

j=r

Cl−j
n−j−1a

l−jµj

= H
l∑

j=r

(Cl−j−1
n−j−1a

l−j−1µj − Cl−j
n−ja

l−jµj−1) +Q
l∑

j=r

al−jµj(C
l−j
n−j − Cl−j−1

n−j−1 − Cl−j
n−j−1) = 0.

For l = n , the proof can be carried out in reverse order in a similar way. �
Remark. If in system (7) µr , . . . , µn−1 assume integer values independently of one another, then in

system (8) the expressions µ′
r , . . . , µ

′
n−1 also assume integer values independently of one another.

Lemma 5. Suppose that 1 ≤ r ≤ n , H , Q , β are integers, 0 ≤ β ≤ r + 1 , p is a prime, (Q, p) = 1 ,
H = pαh , (h, p) = 1 , γ = min(1, α) , and αβ = 0 . Then the system

x1 + · · · − yk = 0,

. . . . . . . . . . . . . . . . . . . . .

xr−1
1 + · · · − yr−1

k = 0,

Cr
np

r(xr
1 + · · · − yrk) = µrQpβ ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cn
np

n(xn
1 + · · · − ynk ) + µn−1Hpβ = 0

(9)

is equivalent to the system 

x1 + · · · − yk = 0,

. . . . . . . . . . . . . . . . . . . . .

xr−1
1 + · · · − yr−1

k = 0,

Cr
n(x

r
1 + · · · − yrk) = λrQp1−γ ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cn
n (x

n
1 + · · · − ynk ) + λn−1Hp−γ = 0,

(10)
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where µr , . . . , µn−1 and λr , . . . , λn−1 are related by

µr = p(r+1)−β−γλr , . . . , µn−1 = pn−β−γλn−1. (11)

Proof. relations (9) that µr , . . . , µn−1 must be of the form (11). After the substitution of these
expressions into system (9) and cancellations we obtain system (10). The arguments in reverse order
prove that relations (10) yield system (9). �

Lemma 6. Consider the system of congruences

x1 + · · · − yn ≡ λ1 (mod p),

. . . . . . . . . . . . . . . . . . . . . . . . . . .

xr
1 + · · · − yrn ≡ λr (mod pr)

. . . . . . . . . . . . . . . . . . . . . . . . . . .

xn
1 + · · · − ynn ≡ λn (mod pr),

0 ≤ x1 , . . . , yn ≤ Npr − 1,

xs ̸≡ xt (mod p), s ̸= t, 1 ≤ s, t ≤ n, p ≥ 4n.

If T (λ1 , . . . , λn) is the number of solutions of this system, then the inequalities are valid :

4

9
N2nprn+r(r−1)/2 ≤ T = T (0, . . . , 0) ≤ n!N2nprn+r(r−1)/2.

The proof of these is contained in [3].

§§§4. The number of solutions to Hardy’s equation and Waring’s

Consider the positive integers

P0 = P , P1 = [P
1/2
0 ] + 1, . . . , Pn−1 = [P

(n−1)/n
n−2 ] + 1.

Choose primes p1 , . . . , pn−1 so that the inequalities are valid:

P
1/2
0 ≤ p1 < 2P

1/2
0 , P

1/3
1 ≤ p2 < 2P

1/3
1 , . . . , P

1/n
n−2 ≤ pn−1 < 2P

1/n
n−2.

For ν = 1, . . . , n− 1 , the relations are valid:

pνPν ≥ Pν−1 , Pν ≍ P 1/(ν+1) ≍ pνν , p1 · · · pν ≍ P 1−1/(ν+1) ≍ P ν
ν .

Let 0 ≤ r ≤ n − 1 . Set Qr = p1 · · · pr (Q0 = 1). By Tk,r(P
′) denote the number of solutions of the

system 

x1 + · · · − yk = 0,

. . . . . . . . . . . . . . . .

xr
1 + · · · − yrk = 0,

Cr+1
n (xr+1

1 + · · · − yr+1
k ) = µr+1Qr ,

Cr+2
n (xr+2

1 + · · · − yr+2
k ) + µr+1zr = µr+2Qr ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cn−1
n (xn−1

1 + · · · − yn−1
k ) + µn−2zr = µn−1Qr ,

Cn
n (x

n
1 + · · · − ynk ) + µn−1zr = 0,

0 ≤ x1 , . . . , yk < P ′ , 0 ≤ zr < Qr ,

in which µr+1 , . . . , µn−1 may take arbitrary integer values. For r = 0, we obtain the relation Tk,0(P0) =
Ik(P ) .
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Theorem 1. Suppose that n ≥ 2 , k ≥ n2/2 , 1 ≤ r ≤ n− 1 , and pr ≥ 4n . Then

Tk,r−1(Pr−1) ≪ p2(k−n)−1−r(r+1)/2
r P 2n

r−1Tk−n,r(Pr).

Proof. Let us denote the integral over the unit n-dimensional cube as follows:∫ 1

0

· · ·
∫ 1

0

F (α1 , . . . , αn) dα1 · · · dαn =

∫
En

F (α1 , . . . , αn) dα.

Let

f(x) = α1x+ · · ·+ αr−1x
r−1 + αrC

r
nx

r + · · ·+ αnC
n
nx

n ,

S(a) =

Pr−1∑
x=0

e2πif(a+prx) , S =

pr−1∑
a=0

S(a).

According to Lemma 3, we have

Tk,r−1(Pr−1) ≤ Tk,r−1(prPr) ≪
Qr−1−1∑
zr−1=0

∫
En

|S|2kΦ dα, (12)

where

Φ =
∑

µr ,...,µn−1

(
1− |µr|

Nr

)
· · ·

(
1− |µn−1|

Nn−1

)
e−2πi(αrµrQr−1+···+αn(−µn−1zr−1)) ≥ 0

with some nonnegative Nr , . . . , Nn−1 . Set zr = zr−1 + aQr−1 . For each zr−1 , there exists exactly one
value of a for which (zr , pr) = pr . Denote this value by a0 . Moreover,

|S|2k =

∣∣∣∣S(a0) + ∑
a̸=a0

S(a)

∣∣∣∣2k ≪ |S(a0)|2k +

∣∣∣∣∑
a ̸=a0

S(a)

∣∣∣∣2k ,
Tk,r−1(Pr−1) ≪ T1 + T2 , (13)

where

T1 =
∑
zr−1

∫
En

|S(a0)|2kΦ dα, T2 =
∑
zr−1

∫
En

∣∣∣∣∑
a ̸=a0

S(a)

∣∣∣∣2kΦ dα.

Expressing Φ as a sum, taking the summation sign outside the integral sign, and discarding factors of the
form (

1− |µr|
Nr

)
· · ·

(
1− |µn−1|

Nn−1

)
,

we see that the value of T1 does not exceed the number of solutions of the system



(a0 + prx1) + · · · − (a0 + pryk) = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(a0 + prx1)
r−1 + · · · − (a0 + pryk)

r−1 = 0,

Cr
n

(
(a0 + prx1)

r + · · · − (a0 + pryk)
r
)
= µrQr−1 ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cn
n

(
(a0 + prx1)

n + · · · − (a0 + pryk)
n
)
+ µn−1zr−1 = 0,

0 ≤ x1 , . . . , yk < Pr , 0 ≤ zr−1 < Qr−1.
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Using successively Lemmas 4 and 5, we see that T1 does not exceed the number of solutions of the system

x1 + · · · − yk = 0,

. . . . . . . . . . . . . . . . . . . . .

xr−1
1 + · · · − yr−1

k = 0,

Cr
n(x

r
1 + · · · − yrk) = µrQr−1 ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cn
n (x

n
1 + · · · − ynk ) + µn−1zrp

−1
r = 0,

0 ≤ x1 , . . . , yk < Pr , zr = zr−1 + a0Qr−1 , 0 ≤ zr−1 < Qr−1.

According to Lemma 3, we have T1 ≪ pn−r
r T3 , where T3 is the number of solutions of the system

x1 + · · · − yk = 0,

. . . . . . . . . . . . . . . . . . . . .

xr−1
1 + · · · − yr−1

k = 0,

Cr
n(x

r
1 + · · · − yrk) = µrQr ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cn
n (x

n
1 + · · · − ynk ) + µn−1zr = 0

(14)

under the same constraints on the s. Since p1 · · · pr ≍ P r
r , µr = O(1) and, by the corollary of Lemma 3,

we can assume that µr = 0. Discarding the condition (zr , pr) = pr , we obtain the relation

T1 ≪ pn−r
r Tk,r(Pr) ≪ pn−r

r P 2n
r Tk−n,r(Pr). (15)

Let us now estimate the value T2 . Let us transform the integrand appearing in the definition of T2:∣∣∣∣∑
a̸=a0

S(a)

∣∣∣∣2k =

∣∣∣∣ ∑
a1 ̸=a0

· · ·
∑

ak ̸=a0

S(a1) · · ·S(ak)
∣∣∣∣2. (16)

We shall assign the collection a1 , . . . , ak to the first class if among the numbers a1 , . . . , ak we can
find n distinct ones. All the other collections will be assigned to the second class. Let us divide the
multiple sum on the right-hand side of the relation (16) into two sums σ1 and σ2 over all collections
belonging to the first and second classes, respectively. Moreover,∣∣∣∣∑

a̸=a0

S(a)

∣∣∣∣2k = |σ1 + σ2|2 ≪ |σ1|2 + |σ2|2 , T2 ≪ T4 + T5 , (17)

where

T4 =
∑
zr−1

∫
En

|σ1|2Φ dα, T5 =
∑
zr−1

∫
En

|σ2|2Φ dα.

Each summand in the sum over all collections of the first class can be rearranged so that n distinct
numbers from the collection a1 , . . . , ak occupy the first n places. Therefore,

T4 ≪
∑
zr−1

∫
En

∣∣∣∣ ∑∗

a1 ,...,an

S(a1) · · ·S(an)
∣∣∣∣2∣∣∣∣∑

a̸=a0

S(a)

∣∣∣∣2(k−n)

Φ dα

≪ p2(k−n)−1
r

∑
zr−1

∫
En

∣∣∣∣ ∑∗

a1 ,...,an

S(a1) · · ·S(an)
∣∣∣∣2 ∑

a ̸=a0

|S(a)|2(k−n)Φ dα,
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where summation in
∑∗

is taken over all collections a1 , . . . , an in which as ̸= at for s ̸= t , 1 ≤ s, t ≤ n .
Treating the function Φ, as above, we see that

T4 ≪ p2(k−n)−1
r T6 , (18)

where T6 is the number of solutions of the system



x1 + · · · − yn + (a+ prxn+1) + · · · − (a+ pryk) = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

xr−1
1 + · · · − yr−1

n + (a+ prxn+1)
r−1 + · · · − (a+ pryk)

r−1 = 0,

Cr
n

(
xr
1 + · · · − yrn + (a+ prxn+1)

r + · · · − (a+ pryk)
r
)
= µrQr−1 ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cn
n

(
xn
1 + · · · − ynn + (a+ prxn+1)

n + · · · − (a+ pryk)
n
)
+ µn−1zr−1 = 0,

0 ≤ x1 , . . . , yn < prPr , xs ̸≡ xt (mod pr), ys ̸≡ yt (mod pr) for s ̸= t,

0 ≤ xn+1 , . . . , yk < Pr , 0 ≤ a < pr , a ̸= a0 , 0 ≤ zr−1 < Qr−1.

According to Lemma 3, we have
T6 ≪ p(r+1)(n−r)

r T7 , (19)

where T7 is the number of solutions of the system

x1 + · · · − yn + (a+ prxn+1) + · · · − (a+ pryk) = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

xr−1
1 + · · · − yr−1

n + (a+ prxn+1)
r−1 + · · · − (a+ pryk)

r−1 = 0,

Cr
n

(
xr
1 + · · · − yrn + (a+ prxn+1)

r + · · · − (a+ pryk)
r
)
= µr+1Qr−1p

r+1
r ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cn
n

(
xn
1 + · · · − ynn + (a+ prxn+1)

n + · · · − (a+ pryk)
n
)
+ µn−1zr−1p

r+1
r = 0

under the same constraints on the variables. According to Lemma 4, the last system can be rewritten in
the form 

(x1 − a) + · · · − (yn − a) + pr(xn+1 + · · · − yk) = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(x1 − a)r−1 + · · · − (yn − a)r−1 + pr−1
r (xr−1

n+1 + · · · − yr−1
k ) = 0,

Cr
n

(
(x1 − a)r + · · · − (yn − a)r + prr(x

r
n+1 + · · · − yrk)

)
= µrQr−1p

r+1
r ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cn
n

(
(x1 − a)n + · · · − (yn − a)n + pnr (x

n
n+1 + · · · − ynk )

)
+ µn−1zrp

r+1
r = 0,

where zr = zr−1 + aQr−1 and the variables vary within the same limits. Denote by N∗
n(λ1 , . . . , λn) the

number of solutions of the system
x1 + · · · − yn = λ1 ,

. . . . . . . . . . . . . . . . . .

xn
1 + · · · − ynn = λn ,

−a ≤ x1 , . . . , yn < prPr − a,

xs ̸≡ xt (mod pr), ys ̸≡ yt (mod pr) for s ̸= t.

Then we can write

T7 =
∑

λ1 ,...,λn

N∗
n(λ1pr , . . . , λr+1p

r+1
r , . . . , λnp

r+1
r )T8(λ1pr , . . . , λr+1p

r+1
r , . . . , λnp

r+1
r ),
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where T8(λ1 , . . . , λn) is the number of solutions of the system



pr(x1 + · · · − yk−n) + λ1 = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

pr−1
r (xr−1

1 + · · · − yr−1
k−n) + λr−1 = 0,

Cr
n

(
prr(x

r
1 + · · · − yrk−n) + λr

)
= µrQr−1p

r+1
r ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cn
n

(
pnr (x

n
1 + · · · − ynk−n) + λn

)
+ µn−1zrp

r+1
r = 0,

0 ≤ x1 , . . . , yk−n < Pr , 0 ≤ zr < Qr , (zr , pr) = 1.

Let T8 = T8(0, . . . , 0) . In view of Lemma 6, we can write

T7 ≤ T8

∑
λ1 ,...,λn

N∗
n(λ1pr , . . . , λr+1p

r+1
r , . . . , λnp

r+1
r ) ≪ P 2n

r−1p
−r(r+1)/2−(r+1)(n−r)
r T8. (20)

According to Lemma 5, T8 does not exceed the number of solutions of the system

x1 + · · · − yk−n = 0,

. . . . . . . . . . . . . . . . . . . . .

xr−1
1 + · · · − yr−1

k−n = 0,

Cr
n(x

r
1 + · · · − yrk−n) = µrQr ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cn
n (x

n
1 + · · · − ynk−n) + µn−1zr = 0

under the same constraints on the variables. Since p1 · · · pr ≍ P r
r , we have µr = O(1) . By the corollary

of Lemma 3 we can take µr = 0. Discarding the condition (zr , pr) = 1, we obtain the inequality

T8 ≪ Tk−n,r(Pr). (21)

Combining the estimates (18)–(21), we obtain

T4 ≪ p2(k−n)−1−r(r+1)/2
r P 2n

r−1Tk−n,r(Pr). (22)

Let us estimate the number T5 . The number of collections of the second class does not exceed nkpn−1
r .

Treating the function Φ as above, we see that

T5 ≪ p2n−2
r

∑
zr−1

∑
a̸=a0

∫
En

|S(a)|2kΦ dα ≪ p2n−2
r P 2n

r

∑
zr−1

∑
a̸=a0

∫
En

|S(a)|2(k−n)Φ dα ≪ p2n−2
r P 2n

r T9 ,

where T9 is the number of solutions of the system



(a+ prx1) + · · · − (a+ pryk−n) = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(a+ prx1)
r−1 + · · · − (a+ pryk−n)

r−1 = 0,

Cr
n

(
(a+ prx1)

r + · · · − (a+ pryk−n)
r
)
= µrQr ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cn
n

(
(a+ prx1)

n + · · · − (a+ pryk−n)
n
)
+ µn−1zr−1 = 0,

0 ≤ x1 , . . . , yk−n < Pr , 0 ≤ zr−1 < Qr−1 , 0 ≤ a < pr , a ̸= a0.
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Using Lemmas 4 and 5 in succession, we see that T9 does not exceed the number of solutions of the system

x1 + · · · − yk−n = 0,

. . . . . . . . . . . . . . . . . . . . .

xr−1
1 + · · · − yr−1

k−n = 0,

Cr
n(x

r
1 + · · · − yrk−n) = µrQr ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cn
n (x

n
1 + · · · − ynk−n) + µn−1zr = 0

under the same constraints on the variables. Again replacing µr by 0 , we obtain the estimates

T9 ≪ Tk−n,r(Pr), T5 ≪ p2n−2
r P 2n

r Tk−n,r(Pr). (23)

the estimates (15), (22), and (23) that

Tk,r−1(Pr−1) ≪
(
pn−r
r P 2n

r + p2(k−n)−1−r(r+1)/2
r P 2n

r−1 + p2n−2
r P 2n

r

)
Tk−n,r(Pr). (24)

Since k ≥ n2/2 , in (24) the second summand in parentheses is the leading term. Therefore,

Tk,r−1(Pr−1) ≪ p2(k−n)−1−r(r+1)/2
r P 2n

r−1Tk−n,r(Pr). �

Theorem 2. Suppose that n ≥ 2 , k ≥ n2/2 and the estimate

Nk(P ) ≪ P 2k−n(n+1)/2+ε0 .

holds. Then, for k1 ≥ n(n− 1) + k , the following estimate is valid :

Ik1(P ) ≪ P 2k1−n+ε0/n.

Proof. It suffices to prove the theorem for k1 = n(n− 1) + k . Let us assume that P ≥ (4n)n
2

. This
ensures the validity of the inequality pn−1 ≥ 4n . Let us show that for τ = 0, . . . , n − 1 the following
estimate is valid:

Tk+nτ ,n−τ−1(Pn−τ−1) ≪ P
2(k+nτ)−n(n+1)/2+τ(τ+1)/2
n−τ−1 p1 · · · pn−τ−1P

ε0/n. (25)

For τ = 0, we must estimate the number Tk,n−1(Pn−1) that is equal to the number of solutions of the
system 

x1 + · · · − yk = 0,

. . . . . . . . . . . . . . . . . . . . . .

xn−1
1 + · · · − yn−1

k = 0,

Cn
n (x

n
1 + · · · − ynk ) = 0,

0 ≤ x1 , . . . , yk < Pn−1 , 0 ≤ zn−1 < p1 · · · pn−1.

The variable zn−1 does not appear in the system; therefore,

Tk,n−1(Pn−1) ≪ Nk(Pn−1)p1 · · · pn−1 ≪ P
2k−n(n+1)/2
n−1 p1 · · · pn−1P

ε0/n.

Let the estimate (25) be valid for some τ , 0 ≤ τ ≤ n − 2 . Let us prove its validity for τ + 1. By
Theorem 1, we have

Tk+n(τ+1),n−τ−2(Pn−τ−2) ≪ p
2(k+nτ)−1− (n−τ−1)(n−τ)

2
n−τ−1 P 2n

n−τ−2Tk+nτ ,n−τ−1(Pn−τ−1).

Using inequality (25), we obtain

Tk+n(τ+1),n−τ−2(Pn−τ−2) ≪ P
2(k+n(τ+1))−n(n+1)

2 +
(τ+1)(τ+2)

2
n−τ−2 p1 · · · pn−τ−2P

ε0/n.

For τ = n− 1 , formula (25) yields the estimate

Ik1(P ) = Tk1 ,0(P0) ≪ P
2k1−n+ε0/n
0 . � (26)
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Corollary. Suppose that n ≥ 2 , τ ≥ n/2 , and k ≥ n(n− 1) + nτ . Then

Ik(P ) ≪ P 2k−n+n
2 (1−

1
n )

τ

. (27)

The proof follows directly from Theorem 2 and the estimate (1).

Remark. The same method can be used to obtain estimates of the number of solutions and asymptotic
formulas for systems of the form

xν
1 + · · · − yνk = 0, 0 ≤ x1 , . . . , yk < P , ν = r1 , r2 , . . . , rs , 1 ≤ r1 < r2 < · · · < rs = n.

Thus, for example, for the number Ik,r,n(P ) equal to the number of solutions of the system{
xr
1 + · · · − yrk = 0,

xn
1 + · · · − ynk = 0,

0 ≤ x1 , . . . , yk < P ,

where n ≥ 2 , τ ≥ n/2 , k ≥ n(n− 1) + nτ , the following estimate is valid:

Ik,n,r(P ) ≪ P 2k−r−n+ rn
2 (1−

1
n )

τ

.

Theorem 3. Let n ≥ 4 . Then the asymptotic formula (3) is valid for k ≥ 2[n2(lnn+ ln lnn+ 6)] .

The proof of the theorem is similar to that of Theorem 1 from [1, Chap. 6] with the substitution of (27)
for (1) in estimating the integral over the region of the second class.

The author wishes to thank N. M. Korobov for setting the problem and supervising his work.
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