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�� Oboznaqeni�

�� Zapis� �x��x�� � � � � xs� oznaqaet cepnu� drob�

x� �
�

x� � � � � � �
xs

dliny s s formal�nymi peremennymi x�� x�� � � � � xs�
�� Dl� racional�nogo r predstavlenie r � �t�� t�� � � � � ts� est�

kanoniqeskoe �esli ne sdelano dopolnitel�nyh ogovorok� razlo	

enie r v cepnu� drob�� gde t� � �r� �cela� qast� r�� t�� � � � � ts �
natural�nye i ts � � pri s � ��
�� Dl� x � ��� �� i racional�nogo r � �t�� t�� � � � � ts�� sx�r	 est�

koliqestvo nomerov j � f�� � � � � sg� dl� kotoryh ��� tj� � � � � ts� � x�
V qastnosti� dlina cepno
 drobi s � s�r	 � s��r	�
�� Oboznaqenie Kn�x�� � � � � xn	 ispol�zuets� dl� kontinuantov�

kotorye opredel��ts� naqal�nymi uslovi�mi

K��	 � �� K��x�	 � x�

i rekurrentnym sootnoxeniem

Kn�x�� � � � � xn	 � xnKn�x�� � � � � xn��	 �Kn�x�� � � � � xn��	 �n � �	�

Pri �tom vsegda vypoln�ets� ravenstvo

�x��x�� � � � � xs� �
Ks���x�� x�� � � � � xs	

Ks�x�� � � � � xs	
�

�� Znak zvezdoqki v dvo
nyh summah vidaX
n

X�

m

� � �
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oznaqaet� qto peremennye� po kotorym provodits� summirova	
nie� sv�zany dopolnitel�nym usloviem �m�n	 � ��
�� Esli A � nekotoroe utver
denie� to �A� oznaqaet �� esli A

istinno� i � v protivnom sluqae�
�� Dl� natural�nogo q qerez �q�a	 budem oboznaqat� harakte	

ristiqesku� funkci� delimosti na q�

�q�a	 � �a � � �mod p	� �

�
�� esli a � � �mod q	�

�� esli a �� � �mod q	�

�� Koneqnye raznosti funkcii a�u� v	�


���a�u� v	 � a�u� �� v	� a�u� v	� 
���a�u� v	 � a�u� v � �	� a�u� v	�


���a�u� v	 � 
����
���a�u� v		 � 
����
���a�u� v		�

�� Summa stepene
 delitele


���q	 �
X
djq

d��

��� Dilogarifm �
lera

Li��z	 �
�X
k��

zk

k�
� �

zZ
�

log��� z	

z
dz�

��� Konstanta Katalana

C �
�X
k��

���	k
��k � �	�

�
�

�i
�Li��i	 � Li���i	� � ���

�� Vvedenie

V metriqesko
 teorii qisel r�d zadaq posv�wen statistiqe	
skim svo
stvam cepnyh drobe
� Dl� poqti vseh de
stvitel�nyh
qisel � udaets� opisat� tipiqnoe povedenie nepolnyh qastnyh
v predstavlenii

� � �t�� t�� � � � � ts� � � � �

�sm� obzor v �����
Pri detal�nom issledovanii algoritma Evklida �sm� ����

razd� ������ voznikaet neobhodimost� izuqat� statistiqeskie
svo
stva koneqnyh cepnyh drobe


a�b � �t�� t�� � � � � ts��
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kogda qisla a i b udovletvor��t nekotorym dopolnitel�nym
uslovi�m� �tot vopros byl vpervye izuqen He
l�bronnom ���
i Diksonom ���� He
l�bronnu udalos� vydelit� glavny
 qlen v
asimptotiqesko
 formule

�

��b	

X
��a�b
�a�b���

s�a�b	 �
�� log�

��
log b�O��	�

Dikson pokazal� qto dl� l�bogo polo
itel�nogo � na
d�ts� ta	
ka� konstanta c� 	 �� qto����s�a�b	� �� log�

��
log b

���� 
 �log b	�����

dl� vseh par qisel �a� b	 le
awih v oblasti � � a � b � R� za
iskl�qeniem byt� mo
et R� exp��c��logR	���	 par�
Pozdnee Porter ���� poluqil ew� bolee toqny
 rezul�tat� On

pokazal� qto

�

��b	

X
��a�b
�a�b���

s�a�b	 �
�� log�

��
log b�CP �O�b������	�

gde

CP �
� log�

��

�
� log� � 
� � �


����	

��
� �

�
� �

�

� konstanta� poluqivxa� nazvanie konstanty Portera �e� okon	
qatel�ny
 vid byl na
den Renqem� sm� ������
V knige ��� �zadaqa �������� byla postavlena zadaqa o sta	

tistiqeskih svo
stvah �lementov cepnyh drobe
 dl� qisel a�b�
kogda a� b 	 �� a� � b� � R�� Bolee obwim �vl�ets� vopros ob
asimptotiqeskom povedenii summy

Nx�R	 �
X

a��b��R�

a�b�N

sx�a�b	

pri R � �� Otvet na nego byl vpervye poluqen v rabote ����
Zatem v stat�e ��� byla dokazana bolee toqna� asimptotiqeska�
formula

Nx�R	 �
�

�
log�� � x	R� logR� O�R�	�
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v kotoro
 ostatoqny
 qlen na
p
logR luqxe� qem v ���� V na	

sto�we
 rabote dl� veliqiny Nx�R	 poluqena asimptotiqeska�
formula s dvum� znaqawimi qlenami

Nx�R	 �
�

�
R� �log�� � x	 logR� C�x	� � O�R���� log�R	�

s funkcie
 C�x	� kotora� budet opredelena pozdnee�
Avtor vyra
aet blagodarnost� V� A� Bykovskomu za posta	

novku zadaqi i poleznye sovety�

�� Formalizaci� zadaqi

Sledu�wee utver
denie �vl�ets� vidoizmeneniem odno
 iz	
vestno
 teoremy o cepnyh drob�h �sm� ���� x ��� teorema ���
Lemma �� Pust� P � celoe neotricatel�noe qislo� P �� Q� Q� �
natural�nye i Q � Q�� Predpolo�im tak�e� qto � � de�stvi�
tel�noe qislo iz intervala ��� �	� Togda sledu�wie dva uslovi�
	kvivalentny


�I	 P�Q i P ��Q� � posledovatel�nye podhod�wie drobi k qi�
slu �� otliqnye ot �� priqem drob� P ��Q� imeet bol�xi�
nomer�

�II	 PQ� � P �Q � �� i � 

Q��� P �

�Q�� P

 ��

Dokazatel�stvo� Predpolo
im� qto vypolneno pervoe uslovie�
Sootnoxenie PQ� � P �Q � �� srazu vytekaet iz svo
stv cepnyh
drobe
� Dalee� tak kak � nahodits� me
du P�Q i P ��Q�� to dl�
nekotoryh natural�nyh t�� � � � � ts �s � �� i de
stvitel�nogo ts 

�� 
 ts � �

P

Q
� ��� t�� � � � � ts����

P �

Q�
� ��� t�� � � � � ts��

� � ��� t�� � � � � ts��� �
��� ���

Vtoroe iz uslovi
 �II	 sleduet iz ravenstva

Q��� P �

�Q�� P
� �� � ts�

Doka
em utver
denie lemmy v drugu� storonu� Iz uslovi

lemmy i predpolo
eni� jPQ�� P �Qj � � vytekaet� qto dl� neko	
toryh natural�nyh t�� � � � � ts �s � �	 vypoln��ts� ravenstva ����
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Tak kak

� 

Q��� P �

�Q�� P
�

to � nahodits� me
du P�Q i P ��Q�� znaqit� dl� nekotorogo ��

� � ��� t�� � � � � ts��� �
�� �

��� � ts	P � P �

��� � ts	Q� Q�
�

Podstavl�� �to ravenstvo v uslovie � 

Q��� P �

�Q�� P

 �� poluqa	

em� qto � 
 �� � ts 
 �� Znaqit� ts � ����� i ka
da� iz drobe
 P�Q
i P ��Q� budet podhod�we
 k qislu ��

Zameqanie� Analogiqno prover�ets�� qto esli P � �� P �� Q�
Q� � � i Q � Q�� to uslovi�

PQ� � P �Q � ��� Q��� P �

�Q�� P
� �

ravnosil�ny tomu� qto drobi P�Q i P ��Q� �vl��ts� podhod�	

wimi drob�mi vida ��� k qislu � � P�P �

Q�Q� � zapisannomu v vide

nestandartno
 cepno
 drobi

� � ��� t�� � � � � ts��� ts� �� �s � �	�

Lemma �� Pust� R � � i na ploskosti Omn zadana oblast� ��R	�
soder�awa�s� vnutri kvadrata � 
 m�n � R� Predpolo�im tak�
�e� qto ��R	 imeet kusoqno�gladku� granicu� dlina kotoro� est�
O�R	� Oboznaqim qerez M �R	 qislo celyh toqek v oblasti ��R	�
a qerez M��R	 � qislo primitivnyh toqek �to est� takih� qto
�m�n	 � �
� Togda spravedlivo ravenstvo

M��R	 �
�

���	
M �R	 �O�R logR	�

Dokazatel�stvo� Pust� ��R�d	 � oblast�� poluqenna� iz ��R	
gomotetie
 s centrom v naqale koordinat i ko�fficientom ��d�
Budem oboznaqat� qerezM �R�d	 iM��R�d	 sootvetstvenno qislo
celyh i primitivnyh toqek v oblasti ��R�d	� a qerez V �R�d	 �
plowad� �to
 oblasti� Iz ravenstva

M �R	 �
X
d�R

M��R�d	
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po formule obraweni� M�biusa �sm�� naprimer� ���� teorema ����

M��R	 �
X
d�R


�d	M �R�d	�

Dalee� tak kak M �R�d	 � V �R�d	 � O�R�d	 i V �R�d	 � V �R	�d��
to

M��R	 �
X
d�R


�d	

�
V �R	

d�
�O

�
R

d

��
�

�

���	
M �R	 �O�R logR	�

Lemma dokazana�

Oboznaqim qerez T �x �R	 qislo rexeni
 sistemy�����
����

PQ� � P �Q � ���
mP � nP � � a�

mQ� nQ� � b�

a� � b� � R��

���

v kotoro


� � Q � Q�� � � P � � Q�� � � P � Q� � � m � xn� �m�n	 � ��
���

Lemma �� Dl� l�bogo R � � i x � ��� �� spravedlivo ravenstvo

N�
x �R	 � �T �x �R	 �

�

����	
R� arctg x � ��� ��x � ��	 �O �R logR	 � ���

Dokazatel�stvo� Pust� �a� b	 � � i a�b � nekotoroe fiksiro	
vannoe racional�noe qislo iz intervala ��� �	� Razlo
im ego v
cepnu� drob��

a�b � ��� t�� t�� � � � � ts��� ts� �s � �	�

Nas budet interesovat� veliqina sx�a�b	� kotora� opredel�ets�
kak qislo nomerov j � f�� �� � � � � sg takih� qto ��� tj� � � � � ts� � x� gde
x � fiksirovannoe de
stvitel�noe qislo iz otrezka ��� ���
Esli s � � i P�Q� P ��Q� � para posledovatel�nyh podhod�wih

drobe
 k qislu a�b �P ��Q� � drob� s b�ol�xim nomerom�� otliqnyh
ot �togo qisla� to dl� nekotorogo nomera j � f�� �� � � � � s� �g

P � Kj���t�� � � � � tj��	� P � � Kj���t�� � � � � tj	�

Q � Kj���t�� � � � � tj��	� Q� � Kj�t�� � � � � tj	
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�v qastnosti� pri j � � budem imet� P � �� Q � P � � K�	 � �� Q� �
t��� Tak kak PQ� � P �Q � ��� to� po pare qisel a i b odnoznaqno
nahod�ts� m i n takie� qto

mP � nP � � a�

mQ � nQ� � b�

Iz svo
stv kontinuantov �sm�� napr�� ���� sleduet� qto takimi
qislami �vl��ts�

m � Ks�j���tj��� � � � � ts	�

n � Ks�j�tj��� � � � � ts	�

i� krome togo� m�n � ��� tj��� � � � � ts��
Po lemme ���

sx�a�b	 � �a�b � x� � lx�a� b	�

gde lx�a� b	 � qislo rexeni
 sistemy�������
������

PQ� � P �Q � ���
� 


aQ� � bP �

�aQ� bP

 ��

mP � nP � � a�

mQ � nQ� � b�

���

� � Q � Q�� � � P �
� Q�� � � P � Q� m�n � x�

Dalee� tak kak
aQ� � bP �

�aQ� bP
�

m

n
�

to sistemu ��� mo
no perepisat� v vide���
��

PQ� � P �Q � ���
mP � nP � � a�

mQ� nQ� � b�

� � Q � Q�� � � P � � Q�� � � P � Q� m�n � x� � 
 m 
 n�

Poskol�ku b�a � �t�� t�� � � � � ts��� ts�� to

sx�b�a	 � sx�a�b	� �a�b � x� � lx�a� b	�

sx�b�a	 � sx�a�b	 � �lx�a� b	 � �a�b � x�� ���
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Summirovanie formuly ��� po primitivnym toqkam �a� b	� le
a	
wim v sektore

f�a� b	 � � � a � b� a� � b� � R�g�
privodit k ravenstvu

N�
x �R	 � �L�x�R	 �

�

����	
R� arctg x�O �R logR	 � ���

gde L�x�R	 � qislo rexeni
 sistemy ���� v kotoro


� � Q � Q�� � � P �
� Q�� � � P � Q�

� 
 m 
 n� m�n � x� �m�n	 � ��

Esli x 
 � ili n � �� to uslovie m 
 n mo
no otbrosit�� V
�tom sluqae L�x�R	 � T �x �R	 i utver
denie lemmy dokazano� Esli

e x � � i m � n � �� to pri otbrasyvanii uslovi� m 
 n qislo
rexeni
 sistemy ��� uveliqivaets�� Takim obrazom

L�x�R	 � T �x �R	� T�� ���

gde T� � qislo rexeni
 sistemy�����
����

PQ� � P �Q � ���
P � P � � a�

Q�Q� � b�

a� � b� � R��

����

� � Q � Q�� � � P �
� Q�� � � P � Q�

Soglasno zameqani� k lemme �� dl� ka
do
 primitivno
 toqki
�a� b	 tako
� qto � � a 
 b� sistema ���� budet imet� rovno odno
rexenie� Sledovatel�no� po lemme ��

T� �
�

����	
R� arctg � � O �R logR	 � ����

Ob�edin�� formuly ���� ��� i ����� prihodim k utver
deni�
lemmy�
Dl� dal�ne
xego issledovani� veliqiny T �x �R	 vvedem para	

metr U � le
awi
 v predelah � � U � R� Qerez T� oboznaqim
qislo rexeni
 sistemy ��� s ograniqeni�mi ���� kotorye udo	
vletvor��t dopolnitel�nomu uslovi� Q� � U � Qislo rexeni
�
dl� kotoryh Q� 	 U oboznaqim qerez T�� Togda

T �x �R	 � T� � T��

Ka
du� iz veliqin T� i T� issleduem otdel�no�
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�� Vyqislenie veliqiny T�

Lemma �� Pust� q � � � natural�noe� Q�� Q�� P�� P� � vewestven�
nye i � � P�� P� � q� Togda dl� veliqiny

�q�Q�� Q��P�� P�	 �
X

Q��u�Q��P�
Q��v�Q��P�

�q�uv � �	

spravedliva asimptotiqeska� formula

�q�Q�� Q��P�� P�	 �
��q	

q�
P�P� �O ���q	

p
q	 �

gde ��q	 � ���q	������q	 log
��q � �	�

Dokazatel�stvo sm� v ����

Lemma �� Pust� q � � � celoe i funkci� a�u� v	 zadana v celyh
toqkah �u� v	� gde � � u� v � q� Predpolo�im tak�e� qto 	ta funk�
ci� udovletvor�et neravenstvam

a�u� v	 � �� 
���a�u� v	 � �� 
���a�u� v	 � �� 
���a�u� v	 � �
����

vo vseh toqkah� gde 	ti uslovi� opredeleny� Togda dl� summy

W �

qX
u�v��

�q�uv � �	a�u� v	

spravedliva asimptotiqeska� formula

W �
��q	

q�

qX
u�v��

a�u� v	 � O �A��q	
p
q	 �

gde ��q	 � funkci�� opredelenna� v Lemme �� i A � a��� �	 � nai�
bol�xee znaqenie funkcii a�u� v	�

Dokazatel�stvo� Doopredelim funkci� a�u� v	 s pomow�� uslo	
vi


a�u� q� �	 � a�q � �� v	 � � �� � u� v � q � �	�

Togda iz neravenstv ���� sleduet� qto 
���a�u� v	 � � dl� vseh
celyh u i v v predelah � � u� v � q�
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Primenim k summe W preobrazovanie Abel�

qX
n��

f�n	g�n	 � g�q � �	

qX
n��

f�n	 �
qX

k��

�
kX

n��

f�n	

	
�g�k � �	 � g�k		

posledovatel�no po peremennym u i v� Polaga� snaqala f�u	 �

�q�uv � �	� g�u	 � a�u� v	� a zatem f�v	 �
kP

u��
�q�uv � �	� g�u	 �


���a�u� v	� nahodim

W �

qX
k�l��


���a�k� l	
kX

u��

lX
v��

�q�uv � �	�

Soglasno lemme �� dl� vnutrenne
 dvo
no
 summy spravedliva
asimptotiqeska� formula

kX
u��

lX
v��

�q�uv � �	 �
��q	

q�
kl �O ���q	

p
q	 �

Sledovatel�no�

W �
��q	

q�

qX
k�l��


���a�k� l	 kl � O



���q	pq qX

k�l��

j
���a�k� l	j
�
A �

Tak kak vsegda j
���a�k� l	j � 
���a�k� l	� to

W �
��q	

q�

qX
k�l��


���a�k� l	
kX

u��

lX
v��

� �O �A��q	
p
q	 �

Dela� summirovanie po u i v vnexnim i summiru� po k i l�
prihodim k utver
deni� lemmy�

Lemma �� Pust� q � � � natural�noe i x � ��� ��� Togda dl� summy

W��q	 �

qX
u�v��

�q�uv � �	



arctg

u

q
� arctg

�
u

q
� x

q�q � vx	

��

spravedliva asimptotiqeska� formula

W��q	 �
�



log�� � x	

��q	

q�
� O

�
��q	

q���

�
�
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Dokazatel�stvo� Po teoreme Lagran
a o koneqnom prirawenii
prover�ets�� qto funkci�

a�u� v	 � arctg
u

q
� arctg

�
u

q
� x

q�q � vx	

�

udovletvor�et uslovi�m ����� Sledovatel�no� po lemme �

W��q	 �
��q	

q�

qX
u�v��



arctg

u

q
� arctg

�
u

q
� x

q�q � vx	

��
�O

�
��q	

p
q

q�

�
�

Snova primen�� teoremu Lagran
a� nahodim

arctg
u

q
� arctg

�
u

q
� x

q�q � vx	

�
�

x

q�q � vx	
� �

� � u�

q�

�
� �O

�
�

q�

��
�

x

q � vx
� log�q � vx	 � log�q � �v � �	x	 � O

�
�

q�

�
�

�

q
�
� � u�

q�

� � arctg
u

q
� arctg

u� �

q
�O

�
�

q�

�
�

Po�tomu

W��q	 �
��q	

q�

qX
u��

�
arctg

u

q
� arctg

u� �

q

�
qX

v��

� log�q � vx	� log�q � �v � �	x	�

�O

�
��q	

q���

�
�
�



log�� � x	

��q	

q�
� O

�
��q	

q���

�
�

Sledstvie �� Pri N � � dl� summy

W� �
X
q�N

W��q	

spravedliva asimptotiqeska� formula

W� �
�



� log�� � x	

���	

�
logN � � � ����	

���	

�
� f�x	 � O

�
log	�N � �	p

N

�
�

����
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gde f�x	 � funkci�� zadavaema� r�dom

f�x	 �
�X
q��

�
W��q	� �



log�� � x	

��q	

q�

�
� ����

Dokazatel�stvo� Pol�zu�s� ocenko
 ��q	 � ����q	 log
��q � �	 i

preobrazovaniem Abel�� poluqim

X
q�N

��q	

q���
� O

�
log	�N � �	p

N

�
�

Sledovatel�no�

X
q�N

�
W��q	� �



log�� � x	

��q	

q�

�
� f�x	 � O

�
log	�N � �	p

N

�
�

W� �
�



� log�� � x	

X
q�N

��q	

q�
� f�x	 �O

�
log	�N � �	p

N

�
� ����

Raspisyva� ��q	 qerez funkci� M�biusa� nahodim

X
q�N

��q	

q�
�
X
q�N

�

q

X
djq


�d	

d
�
X
d�N


�d	

d�

X
q�N�d

�

q

�
X
d�N


�d	

d�

�
logN � log d� � � O

�
d

N

��
�

Poskol�ku

X
d�N


�d	

d�
�

�

���	
�O

�
�

N

�
�

X
d�N


�d	

d�
log d �

����	

����	
�O

�
log�N � �	

N

�
�

to X
q�N

��q	

q�
�

�

���	

�
logN � � � � ���	

���	

�
�O

�
log�N � �	

N

�
�

Podstavl�� posledn�� formulu v ravenstvo ����� prihodim k
utver
deni� sledstvi��
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Zameqanie� Analogiqno dl� summy

W��q	 �

qX
u�v��

�q�uv � �	



arctg

�
u

q
�

x

q�q � vx	

�
� arctg

u

q

�

prover�ets� asimptotiqeska� formula

W��q	 �
�



log�� � x	

��q	

q�
� O

�
��q	

q���

�
�

i sootvetstvenno dl� summy

W
 �
X
q�N

W��q	

pri N � � poluqaets� predstavlenie

W
 �
�



� log�� � x	

���	

�
logN � � � ����	

���	

�
� g�x	 � O

�
log	�N � �	p

N

�
�

����
gde g�x	 � funkci�� zadavaema� r�dom

g�x	 �
�X
q��

�
W��q	 � �



log�� � x	

��q	

q�

�
� ����

Teorema �� Pust� � � U � R� Togda dl� veliqiny T�� ravno� qislu
rexeni� sistemy ���� ��� s dopolnitel�nym ograniqeniem Q� � U �
spravedliva asimptotiqeska� formula

T� �
�



� R�

����	



log�x� �	

�
logU � � � ����	

���	

�
�C��x	

�

�O
�
R�U���� log	R

�
�O �RU logR	 �

gde

C��x	 �
�

�

�
f�x	 � g�x	 � arctg

x

� � �x

�
� ����

a funkcii f�x	 i g�x	 opredeleny ravenstvami ���� i �����

Dokazatel�stvo� Pri fiksirovannyh znaqeni�h parametrov P �
P �� Q i Q� qislo rexeni
 sistemy ��� otnositel�no neizvest	
nyh m i n ravno qislu primitivnyh toqek �m�n	 v oblasti
� � ��P� P �� Q�Q�	 zadavaemo
 uslovi�mi

�mP � nP �	� � �mQ � nQ�	� � R�� � � m � nx�
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�ta oblast� soder
its� vnutri kvadrata � 
 m�n � R�Q� i ime	
et kusoqno	gladku� granicu� dlina kotoro
 est� O�R�Q�	� Po
lemme � qislo takih toqek ravno

�

���	
V ��	 �O

�
R

Q�
logR

�
�

Ots�da

T� �
�

���	

X
PQ��P �Q���

V ��	 � O �RU logR	 �

gde summirovanie vedets� po naboram �P� P �� Q�Q�	� udovletvor�	
�wim ograniqeni�m ��� i uslovi� Q� � U � Zamen�� peremennye
m i n na ishodnye parametry a i b

m � ��aQ� � bP �	� n � ��bP � aQ	�

nahodim� qto veliqina V ��	 sovpadaet s plowad�� sektora

aQ� � bP �

bP � aQ
� x� ��aQ� � bP �	 	 �� a� � b� � R�

na ploskosti Oab� Znaqit�

V ��	 � �R
�

�

�
arctg

P � � Px

Q� �Qx
� arctg

P �

Q�

�
�

gde znak pered skobko
 sovpadaet so znakom� sto�wim v pravo

qasti ravenstva PQ� � P �Q � ��� Pri fiksirovannom znaqenii
parametra Q� � q peremennye P � i Q dol
ny udovletvor�t�
sravneni� P �Q � � � � �mod q	� Esli P � � u� Q � v � rexenie
takogo sravneni�� to znaqenie parametra P nahodits� odnoznaq	
no� P � �uv � �	�q� Plowad� sektora� v zavisimosti ot vybora
znaka� budet ravna

R�

�



arctg

u

q
� arctg

�
u

q
� x

q�q � vx	

��

ili
R�

�



arctg

�
u

q
�

x

q�q � vx	

�
� arctg

u

q

�
�
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Znaqenie parametra P budet popadat� v nu
nye granicy � �
P � Q � v vsegda za iskl�qeniem sluqa�� kogda q � u � v � ��
P � �� Sledovatel�no�

T� �
R�

����	

X
q�U

qX
u�v��

�q�uv � �	



arctg

u

q
� arctg

�
u

q
� x

q�q � vx	

��

�
R�

����	

X
q�U

qX
u�v��

�q�uv � �	



arctg

�
u

q
�

x

q�q � vx	

�
� arctg

u

q

�

� R�

����	



arctg

�
� �

x

x� �

�
� arctg �

�
�O �RU logR	 �

Podstavl�� s�da asimptotiqeskie formuly ���� i ����� dl�
summ W� i W
 i zameqa�� qto

arctg

�
� �

x

x� �

�
� arctg � � arctg

x

� � �x
�

poluqaem utver
denie teoremy�

�� Vyqislenie veliqiny T�

Lemma 	� Pust� q � � i f�u	 � neotricatel�na�� nevozrasta�wa�
funkci� na otrezke ��� q�� priqem f��	 � q� Togda

qX
u��

X
��v�f�u�

�q�uv � �	 �
��q	

q�
V ��	 � O

�
q��
���q	 log�q � �	

�
�

gde � � oblast� na ploskosti Ouv� zadavaema� uslovi�mi � � u � q�
� � v � f�u	�

Dokazatel�stvo� Razob��m otrezok summirovani� po peremen	
no
 u na k qaste
 �� � k � q��

� � u� 
 u � u�� � � � � uk�� 
 u � uk � q�

gde uj � jq�k� Polo
im

S �
kX

j��

Sj � Sj �
X

uj���u�uj

X
��v�f�u�

�q�uv � �	�
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Togda� v silu monotonnosti funkcii f�u	�X
uj���u�uj

X
��v�f�uj�

�q�uv � �	 � Sj �
X

uj���u�uj

X
��v�f�uj���

�q�uv � �	�

Primen�� k summam� sto�wim v posledne
 formule lemmu �� po	
luqaem neravenstva

��q	

q�
� q
k
f�uj	�O �

p
q��q		 � Sj �

��q	

q�
� q
k
f�uj��	�O �

p
q��q		 � ����

Tak kak

q

k

kX
j��

f�uj	 �

qZ
�

f�u	 du� O
� q
k
f��	

�
�

q

k

k��X
j��

f�uj	 �

qZ
�

f�u	 du �O
� q
k
f��	

�
�

i f��	 � q� to posle summirovani� po j ocenok ����� poluqim
asimptotiqesku� formulu

S �
��q	

q�

qZ
�

f�u	 du� O
� q
k

�
�O �k

p
q��q		 �

Polaga�
k � q��
����q	 log�q � �		���

prihodim k utver
deni� lemmy�

Lemma 
� Pust� � � U 
 R i R� � R�U � Togda dl� veliqiny T��
ravno� qislu rexeni� sistemy ���� ��� s dopolnitel�nym ograni�
qeniem Q� 	 U � spravedliva asimptotiqeska� formula

T� � �
X
n�R�

X�

m�nx

X
U�q�R

��q	

q�
V �m�n� q	 �O

�
R�U���
 log�R

�
�

gde V �m�n� q	 � plowad� oblasti ��m�n� q	 na ploskosti Ouv� za�
davaemo� uslovi�mi

� � u� v � q�

�
u�

q�
� �

�
�mv � nq	� � R��
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Dokazatel�stvo� Soglasno opredeleni� veliqiny T��

T� �
X

��n�R�

X�

m�nx

X
U�q�R�n

qX
u�v��

�q�uv � �	

��
m
uv � �

q
� nu

��

� �mv � nq	�� R�

�
�

Po lemme ��

T� �
X

��n�R�

X�

m�nx

X
U�q�R�n

�
��q	

q�
V��m�n� q	 �O

�
q��
���q	 log q

��
�

gde V��m�n� q	 � plowad� oblasti ���m�n� q	 na ploskosti Ouv�
zadavaemo
 uslovi�mi

� � u� v � q�

�
m
uv � �

q
� nu

��

� �mv � nq	� � R��

Tak kak
���m�n� q	 � ��m�n� q	 � ���m�n� q	�

to pri zamene V��m�n� q	 na V �m�n� q	 vozniknet pogrexnost�� ne
prevoshod�wa� raznosti V��m�n� q	 � V��m�n� q	� No pri fiksi	
rovannom u raznost� me
du veliqinami v� i v� takimi� qto�

m
uv� � �

q
� nu

��

� �mv� � nq	� � R�

est� O�u�q�	� Sledovatel�no� V��m�n� q	� V��m�n� q	 � O��	 i

T� � �
X
n�R�

X�

m�nx

X
U�q�R�n



��q	

q�
V �m�n� q	 �O

�
q��
���q	 log q

��
�

Posle summirovani� ostatka nahodim�

T� � �
X
n�R�

X�

m�nx

X
U�q�R�n

��q	

q�
V �m�n� q	 � O

�
R�U���
 log�R

�
�

Ostaets� zametit�� qto uslovie q � R�n mo
no zamenit� bolee
prostym q 
 R� tak kak pri nq 	 R oblast� ��m�n� q	 pusta i
V �m�n� q	 � ��
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Lemma �� Pust� � � U � R� R� � R�U � Togda dl� summy

W	 �
X
n�R�

X�

m�nx

X
U�q�R

��q	

q�
V �m�n� q	

spravedliva asimptotiqeska� formula

W	 �
U�

���	

�Z
�

dt

R��t�Z
�

� F ���	 d� �O�R�U�� logR	�

gde R��t	 � R��
p
t� � � i

F ���	 �
X
n��

X�

m�nx

�

m

�
�

n
� �

m � n

�
�� � m � n�

�
X
n��

X�

m�nx

�

m

�
�

n
� �

�

�
�� 
 m � n��

Dokazatel�stvo� Na
dem snaqala pribli
ennoe znaqenie dl�
summy X

U�q�R

��q	

q�
V �m�n� q	�

Zapixem veliqinu V �m�n� q	 v vide integrala

V �m�n� q	 �

qZ
�

du

qZ
�

dv
hp

u��q� � ��mv � nq	 � R
i
�

Vvod� peremennye t � u�q� w � mv � nq i funkci� R�t	 �

R�
p
t� � �� nahodim

V �m�n� q	 �
q

m

�Z
�

dt

R�t�Z
�

dw



w

m� n

 q �

w

n

�
�

Dalee X
U�q�R

��q	

q�
V �m�n� q	 �

X
�


��	

��

X
U
�
�q�R

�

V �m�n� �q	

q
�
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Na
dem vnutrenn�� summu�

X
U
�
�q�R

�

V �m�n� �q	

q
�

�

m

�Z
�

dt

R�t�Z
�

dw
X

U
�
�q�R

�



w

m � n

 q �

w

n

�

�
�

m

�Z
�

dt

R�t�Z
�

dw

�
w

n�
�max

�
w

�m � n	�
�
U

�

�
�O��	

�
�w � nU �

�
�

m

�Z
�

dt

R�t�Z
�

dw

�
w

n
�max

�
w

m � n
� U

��
�w � nU � �O

�
�R

m

�
�

Vvod� peremennu� � � w�U

X
U
�
�q�R

�

��q	

q�
V �m�n� q	

�
U�

m

�Z
�

dt

R��t�Z
�

d�

�
�

n
�max

�
�

m � n
� �

��
�� � n� �O

�
�R

m

�
�

Sledovatel�no� X
U�q�R

��q	

q�
V �m�n� q	

�
U�

m���	

�Z
�

dt

R��t�Z
�

d�

�
�

n
�max

�
�

m � n
� �

��
�� � n� �O

�
R

m
logR

�

�
U�

m���	

�Z
�

dt

R��t�Z
�

d�

�
�

n
� �

m� n

�
�� � m � n�

�
U�

m���	

�Z
�

dt

R��t�Z
�

d�

�
�

n
� �

�
�n � � � m � n� � O

�
R

m
logR

�
�

Summiru� poslednee ravenstvo po n i m prihodim k utver
de	
ni� lemmy�
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Sledstvi �� Pust� � � U � R� R� � R�U i R��t	 � R��
p
t� � ��

Togda dl� veliqiny T� spravedliva asimptotiqeska� formula

T� � �
U�

���	

�Z
�

dt

R��t�Z
�

� F ���	 d� � O�R�U���
 log�R	�

Dokazatel�stvo vytekaet iz lemm � i ��

Lemma ��� Pri N 	 � dl� summy

F ��N 	 �
X
n�N

X�

m�nx

�

m

�
�

n
� �

m � n

�
�
X
n�N

X�

m�nx
m�n�N

�

m

�
�

N
� �

m� n

�

spravedliva asimptotiqeska� formula

F ��N 	 �
log�x� �	

���	
logN �

H�x	

���	
�O

�
log��N � �	

N

�
�

gde

H�x	 � log�x� �	

�
logx� ����	

���	
� �

�
log�x� �	 � � � �

�
� h�x	�

i

h�x	 �
�X

m��

� X
m
x
�n�m

x
�m

�

n
� log�x� �	

	
� ����

Dokazatel�stvo� Rassmotrim snaqala summu F �N 	� v kotoro

otsutstvuet uslovie vzaimno
 prostoty qisel m i n� Polo
im
F �N 	 � F��N 	 � F��N 	� gde

F��N 	 �
X
n�N

X
m�nx

�

m

�
�

n
� �

m � n

�
�

F��N 	 �
X
n�N

X
m�nx
m�n�N

�

m

�
�

N
� �

m� n

�
�

Ispol�zu� vvedennu� funkci� h�x	� nahodim

F��N 	 �
X

m�xN

�

m

� X
m
x
�n�m

x
�m

�

n
�

X
N�n�N�m

�

n
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� h�x	 � log�x� �	
X

m�xN

�

m
�

X
m�xN

�

m

X
N�n�N�m

�

n
� O

�
�

N

�

� h�x	 � �log�x� �	 � logN 	 �logxN � �	 � � �O

�
log�N � �	

N

�
�

gde

� �
X

m�xN

log�N �m	

m
� ����

Veliqinu F��N 	 predstavim v vide F��N 	 � F��N 	� F
�N 	� gde

F��N 	 �
�

N

X
n�N

X
m�nx
m�n�N

�

m
�

F
�N 	 �
X
n�N

X
m�nx
m�n�N

�

m
� �

m � n
�

Posle peremeny por�dka summirovani� v summe F��N 	 nahodim

F��N 	 �
�

N

X
m� xN

x��

�

m

X
N�m�n�N

� �
�

N

X
xN
x���m�xN

�

m

X
m
x
�n�N

�

� log�x� �	 �O

�
log�N � �	

N

�
�

Analogiqno�

F
�N 	 �
X

m� xN
x��

�

m

X
N�m�n�N

�

m � n
�

X
xN
x���m�xN

�

m

X
m
x
�n�N

�

m� n

� � � logN �logxN � �	 � �

�
log��x� �	 �O

�
log�N � �	

N

�
�

gde veliqina � opredelena ravenstvom ����� Znaqit�

F��N 	 � logN �logxN � �	 �
log��x� �	

�

� log�x� �	� � � O

�
log�N � �	

N

�
�
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F �N 	 � log�x� �	

�
logNx� log�x� �	

�
� � � �

�

�h�x	 � O

�
log�N � �	

N

�
�

Po formule obraweni� M�biusa

F ��N 	 �
X
d�N


�d	

d�
F �N�d	

�
log�x� �	

���	

�
logNx� ����	

���	
� log�x� �	

�
� � � �

�

�
h�x	

���	
�O

�
log��N � �	

N

�
�

Lemma ��� Pust� X 	 � i X�t	 � X�
p
t� � �� Togda

�Z
�

dt

X�t�Z
�

� d� �
�

�
X��

�Z
�

dt

X�t�Z
�

� log � d� �
�

�
X�

�
log

X

�
� �

C

�
� �

�

�
�

C � konstanta Katalana� zadavaema� ravenstvami ����

Dokazatel�stvo� Oboznaqim qerez I�� I� integraly� figuriru	
�wie v uslovii lemmy�
V pervom integrale posle zameny peremenno
 y � �� poluqaem

I� �
�

�

�Z
�

dt

X��t�Z
�

dy �
X�

�

�Z
�

dt

t� � �
�

X�

�
arctg t

����
�

t��

�
�

�
X��

Dl� dokazatel�stva vtorogo ravenstva na
d�m snaqala znaqe	
nie integrala

I� �

�Z
�

log�t� � �	

t� � �
dt�
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Rassmotrim glavnu� vetv� logarifma log z� dl� kotoro

j arg zj 
 �� Formula

Li��z	 � �
zZ

�

log��� t	

t
dt

zada�t glavnu� vetv� dilogarifma� opredel�nnu� na vse
 kom	
pleksno
 ploskosti za iskl�qeniem luqa ��� ��	� Dl� funkcii�
sto�we
 v integrale I�� pervoobraznu� mo
no ukazat� �vno�

Z
log�t� � �	

t� � �
dt �

arctg t

�
�log�t� � �	

�� log �� �
i

�



Li�

�
� � it

�

�
� Li�

�
�� it

�

��
�

Znaqit�

I� �

�Z
�

log�t� � �	

t� � �
dt �

��

�
log � �

i

�



Li�

�
� � i

�

�
� Li�

�
�� i

�

��
�

Primen�� to
destvo �sm� �����

Li�

�
z

z � �

�
� �Li��z	� �

�
log���� z	� z �� ��� ��	�

pri z � ��i
� � nahodim

i

�



Li�

�
� � i

�

�
� Li�

�
�� i

�

��
�

i

�
�Li� �i	 � Li� ��i	� � �

�
log �

� �C �
�

�
log��

Sledovatel�no�

I� � �C �
�

�
log ��

Posle zameny y � �� vo vtorom integrale� poluqim

I� �
�




�Z
�

dt

X��t�Z
�

log y dy �
�




�Z
�

dt�y logy � y	

����
X��t�

y��
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�
X�




�Z
�

dt

t� � �

�
log

X�

t� � �
� �

�
�

�

��
X��� logX � �	� X�



I��

Podstavl�� v posledn�� formulu znaqenie integrala I�� pri	
hodim k nu
nomu ravenstvu�

Teorema �� Pust� � � U � R� R� � R�U � Togda dl� veliqiny T��
ravno� qislu rexeni� sistemy ��� s dopolnitel�nym ograniqeni�
em Q� 	 U � spravedliva asimptotiqeska� formula

T� �
�



� R�

����	
�log�x� �	 logR� �C��x	� � O�R�U���
 log�R	

�O�RU� log�R	�

gde

C��x	 � log�x� �	

�
�
C

�
� ����	

���	
� � � �

�
log�x� �	 � log

x

�
� �

�

�
�h�x	� ����

a funkci� h�x	 opredelena ravenstvom �����

Dokazatel�stvo sleduet podstanovko
 rezul�tatov lemm �����
v sledstvie ��

�� Osnovno� rezul	tat

Teorema �� Pust� R � �� Togda dl� veliqiny Nx�R	 spravedliva
asimptotiqeska� formula

Nx�R	 �
�

�
R� �log�x � �	 logR� C�x	� � O�R���� log�R	�

gde

C�x	 � C��x	 � C��x	 � log�x � �	
����	

���	
� ���	 arctg x��� ��x � ��	�

a veliqiny C��x	 i C��x	 opredeleny ravenstvami ���� i �����

Dokazatel�stvo� Iz teorem � i � vytekaet ravenstvo

T �x �R	 � T� � T� �
�



� R�

����	
�log�x� �	 logR �C��x	 �C��x	�
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�O�R�U���� log	R	 � O�R�U���
 log�R	 � O�RU� log�R	�

Vybira� U � R
�� i podstavl�� rezul�tat v formulu ���� polu	
qaem

N�
x �R	 �

�

�
� R�

����	
�log�x� �	 logR� C��x	� �O�R���� log�R	�

gde
C��x	 � C��x	 �C��x	 � ���	 arctg x��� ��x � ��	�

Nakonec� primen�� ravenstvo

Nx�R	 �
X
d�R

N�
x�R�d	�

prihodim k utver
deni� teoremy�

Zameqanie� Dl� konstanty C�x	 v itoge poluqaets� predstavle	
nie

C�x	 � log�x � �	

�
�
C

�
� � � log�x� �	

�
� log

x

�
� �

�

�

�h�x	 �
�

�

�
f�x	 � g�x	� arctg

x

� � �x

�
�

gde funkcii f�x	� g�x	� h�x	 opredeleny ravenstvami ����� �����
���� i� po	vidimomu� ne mogut byt� posqitany �vno�
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