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By continuants we mean the polynomials Kn(x1 , . . . , xn) defined by the initial conditions

K0( ) = 1, K1(x1) = x1

and the recurrence relation

Kn(x1 , . . . , xn) = xnKn(x1 , . . . , xn−1) + Kn(x1 , . . . , xn−2), n ≥ 2

(it is also convenient to assume that K−1 = 0). They arise in the solution of problems related to
continued fractions and Euclid’s algorithm. Continuants satisfy various relations; the most general
among them is Euler’s identity

Km+n(x1 , . . . , xm+n)Kl(xm+1 , . . . , xm+l) − Km+l(x1 , . . . , xm+l)Kn(xm+1 , . . . , xm+n)

= (−1)nKm−1(x1 , . . . , xm−1)Kn−l−1(xm+l+2 , . . . , xm+n), m ≥ 1, l ≥ 0, n ≥ l + 1.
(1)

It is usually verified by induction on two out of the three parameters l , m, n . The proof given in
the present paper is based on the fact that the determinant of a skew-symmetric 4×4 matrix (just
as of any matrix of even order) is the square of some polynomial (the Pfaffian of the matrix):

det

⎛
⎜⎝

0 a b c
−a 0 d e
−b −d 0 f
−c −e −f 0

⎞
⎟⎠ = (af + cd − be)2.

The arguments are given for the polynomials kn(x1 , . . . , xn) defined by the initial conditions

k0( ) = 1, k1(x1) = x1

and the recurrence relation

kn(x1 , . . . , xn) = xnkn(x1 , . . . , xn−1) − kn(x1 , . . . , xn−2), n ≥ 2. (2)

These polynomials occur as the numerators and denominators of a continued fraction of the form

x1 − 1
x2 − . . . − 1

xn

and are related to the polynomials Kn(x1 , . . . , xn) by

kn(x1 , . . . , xn) = i−nKn(ix1 , . . . , ixn), where i =
√−1. (3)
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Theorem. Suppose that m ≥ 1 , l ≥ 0 , and n ≥ l + 1 . Then

km+n(x1 , . . . , xm+n)kl(xm+1 , . . . , xm+l) − km+l(x1 , . . . , xm+l)kn(xm+1 , . . . , xm+n)

+ km−1(x1 , . . . , xm−1)kn−l−1(xm+l+2 , . . . , xm+n) = 0. (4)

Proof. Consider the skew-symmetric matrix A = (au,v)m+n+2
u,v=1 whose elements, for 1 ≤ u < v ≤

m + n + 2, are the quantities
au,v = kv−u−1(xu , . . . , xv−2).

For example, for m = n = 1, we have

A =

⎛
⎜⎝

0 1 x1 x1x2 − 1
−1 0 1 x2

−x1 −1 0 1
1 − x1x2 −x2 −1 0

⎞
⎟⎠ .

It follows from the recurrence relations (2) that each column of the matrix A is the linear
combination of the two previous ones (if such exist). Hence any minor of order 3 of the matrix A
is either greater than zero or equal to zero. Considering one of the principal minors, we obtain

det

⎛
⎜⎝

0 a1,m+1 a1,m+l+2 a1,m+n+2

−a1,m+1 0 am+1,m+l+2 am+1,m+n+2

−a1,m+l+2 −am+1,m+l+2 0 am+l+2,m+n+2

−a1,m+n+2 −am+1,m+n+2 −am+l+2,m+n+2 0

⎞
⎟⎠

= (a1,m+1am+l+2,m+n+2 + a1,m+n+2am+1,m+l+2 − a1,m+l+2am+1,m+n+2)2 = 0,

which is equivalent to relation (4). The theorem is now proved. �
Euler’s identity (1) can be obtained from (4) by applying relation (3).

ACKNOWLEDGMENTS

This research was supported by INTAS under grant no. 03-51-5070.

M. V. Lomonosov Moscow State University
E-mail : ustinov@mech.math.msu.su

MATHEMATICAL NOTES Vol. 79 No. 1 2006



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


