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By continuants we mean the polynomials K, (x1, ..., z,) defined by the initial conditions
Ko()=1, Ki(z1) = 1
and the recurrence relation
Knp(zy,...,2n) =2 Kp(x1, ..oy 2p—1) + Kp(z1, ..o, Tnea), n>2

(it is also convenient to assume that K_; = 0). They arise in the solution of problems related to
continued fractions and Fuclid’s algorithm. Continuants satisfy various relations; the most general
among them is Euler’s identity

Kopin(z1, ooy o) Kl (@t 1y - ooy Timgt) — Kot (21, + oy Tt ) K (Timg1s -+ -y Tonkn)
=(—1)"Km—1(x1, s Tm-1)Kn—1-1(Tmai42, - -+ s Tmtn), m>1, >0, n>I1+1.
(1)
It is usually verified by induction on two out of the three parameters [, m,n. The proof given in

the present paper is based on the fact that the determinant of a skew-symmetric 4 x 4 matrix (just
as of any matrix of even order) is the square of some polynomial (the Pfaffian of the matrix):

0 a b ¢

-a 0 d e]| _ 2
det b o—d 0 f = (af + cd — be)“.
—c —e —f O
The arguments are given for the polynomials k,(x1, ..., z,) defined by the initial conditions

ko()=1, ki(x1)=m
and the recurrence relation
kn(z1, ..., 2n) = xpkn(T1, ..., Tp—1) — kn(x1, ..., Tpn_2), n > 2. (2)

These polynomials occur as the numerators and denominators of a continued fraction of the form

1
e
T2 — . 1
Tn
and are related to the polynomials K, (z1,...,z,) by
kn(zy, ... 20) =1 "Ky(iz1, ..., i25), where ¢ =+v—1. (3)

146 0001-4346/2006/7912-0146  (©2006 Springer Science+Business Media, Inc.



PROOF OF EULER’S IDENTITY FOR CONTINUANTS 147
Theorem. Suppose that m>1,1>0, and n>1+1. Then

km+n($l, L) $m+n)kl(l‘m+lv sy merl) - karl(xlu ) xm+l)kn(xm+17 sy mern)
=+ k‘m_l(iCl, cey $m_1)kn_l_1(xm+l+2, cey $m+n> = 0. (4)

m+n+2

w o1 whose elements, for 1 <u <v <

Proof. Consider the skew-symmetric matrix A = (ay, )
m +n + 2, are the quantities

Ay v = kv—u—l(l‘ua o 7:’61)—2)'

For example, for m =n = 1, we have

0 1 X1 1T — 1
o -1 0 1 T
4= —X1 —1 0 1
1—2129 —20 -1 0

It follows from the recurrence relations (2) that each column of the matrix A is the linear
combination of the two previous ones (if such exist). Hence any minor of order 3 of the matrix A
is either greater than zero or equal to zero. Considering one of the principal minors, we obtain

0 a1, m+1 A1, m142 a1, m+n+2
det | —@mt 0 A1, m+142 Am41,mtnt+2
—A1,m+1+2 T Am41,m+i+2 0 Am 4142, m+n+2
—01,m4n+2  —Omt1l,m4+n+2 —Omtl4+2,mtn42 0

= (al,m+1am+l+2,m+n+2 + 01, mant20mil, miid2 — al,m+l+2am+1,m+n+2)2 =0,
which is equivalent to relation (4). The theorem is now proved. [
Euler’s identity (1) can be obtained from (4) by applying relation (3).
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