Sbornik: Mathematics 198:6 887-907 © 2007 RAS(DoM) and LMS

Matematicheskit Sbornik 198:6 139-158 DOI 10.1070/SM2007v198n06 ABEH003865

Calculation of the variance in a problem
in the theory of continued fractions

A.V. Ustinov

Abstract. We study the random variable N(a, R)=#{j>1: Q;(a) < R},
where a € [0;1) and P;(«)/Q;(«) is the jth convergent of the continued
fraction expansion of the number o = [0; ¢1, t2,...]. For the mean value

N(R) = /1N(a,R)da
and variance .
D(R) = /0 (N(a, R) — N(R))® da

of the random variable N(«, R), we prove the asymptotic formulae with
two significant terms

N(R) = N1log R+ No+O(R™ %), D(R) = Dy log R+ Do+O(R™'/3%).

Bibliography: 13 titles.

8§1. Notation

1. We write [xo;x1,...,xs] to denote the continued fraction
. 1
T
0 . 1
T+ -+ —
Ts
of length s with formal variables xg, x1, ..., Zs.
2. For a rational number 7, the representation r = [to;t1,...,ts] is the canon-
ical (unless additional stipulations are made) expansion of r into a continued
fraction, where ¢ty = [r] (the integer part of r), ¢i,...,ts are positive integers,

and ty > 2 for s > 1. In certain cases the same number r is written in the form
r = [to;tl,...,ts — 1,1]

3. The notation K, (z1,...,x,) (see [1]) is used for the continuants, which are
defined by the initial conditions

Ko() =1, Ki(z1) =3
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and the recurrence relation

WV
o

K’I’L(m17 R 7xn) = -'I;nanl(fEla e 7xn71) + Kn72($1, R 7',1:7’7,72)7 n
Here we always have the equality

Ks-i-l(x()axla s 73:8)
Ky(zq,...,z5)

[To; 21, .., xs] =

The lower index, which is equal to the number of arguments of a continuant, will
be omitted in what follows.
4. The sign “x” in double sums of the form

means that the variables over which the summation is carried out are connected by
the additional condition (m,n) = 1.

5. If A is some assertion, then [A] means 1 if A is true, and 0 otherwise.

6. For a positive integer ¢ we denote by d,(a) the characteristic function of
divisibility by ¢:
1 ifa=0(mod q),

84(a) = [a = 0(mod p)] = {0 if a 7 0 (mod g).

7. The dash in sums of the form

S Gabmt1)- ..

b, m=1

means that for n = 1 ‘minus’ is chosen of the two signs in the symbol +, and
for n > 1 both signs are taken independently.
8. Finite differences of functions of one and two variables are denoted as follows:

Aa(u) = a(u+ 1) — a(u),
Ay pa(u,v) = a(u+1,v) — alu,v), Agra(u,v) = a(u,v+1) — a(u,v),
Al 1a u, U Ao 1(A1 Oa u, v ) = AL()(AOJCL(U,’U)).

9. The sum of powers of divisors is denoted as

q) =) d.
dlq

8 2. Introduction

We denote by s(a/b) the length of the continued fraction for a rational number
a/b = [to;th v ,ts].
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In 1968 Heilbronn [2] proved the asymptotic formula for the mean value of the
quantity s(a/b)

1 a 2log?2
— sl—) = log b+ O(log* log b).
ww@%bg) @) (

(a,b)=1

Later Porter (see [3]) obtained for the same sum the asymptotic formula with two
significant terms

a) _ 2log2 - —1/64¢
S(b>— O] logb+Cp —1+0(b ),

where

_ log2 ¢'(2) 1
Cp = O (310g2+4’y—4<(2) —2> ~3

is a constant, which became known as Porter’s constant (the final form of it was
found by Wrench; see [4]).

For the variance of the quantity s(a/b) (for a fixed value of b) only the following
estimate is known, which is correct in order of magnitude and is due to Bykovskii [5]:

bz< (“) QI?g) lo b) < logh.

More exact results are obtained for averaging over both parameters a and b. For
example, for the mean value of the quantity s(a/b) the methods in [6], [7] yield the
asymptotic formula

RQZZ () 21°g)2 ogh+ B+ O(b~1/2+e),

b<R a<b

where

_2log2 (1 ((2) 3
B=" <2+qm>+@’2'

An asymptotic formula with two significant terms is also known for the variance
(see [8]):

QZZ< (a) 21?5)21gb—B)zzéllogRJr(SoJrO(R‘”), (1)

b<R a<b

where 91, dp, and v > 0 are absolute constants.
In the case of an irrational number «, as an analogue of the quantity s(a) one
can consider

N(a, R) = #{j 2 1: Qj(a) < R},
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where Q;(a) is the denominator of the jth convergent of the continued fraction
expansion of a. In the present paper we verify an asymptotic formula with two
significant terms for the mean value of N(a, R)

N(R) :/0 N(a, R) dao.
For the variance
D(R) :/0 (N(a, R) — N(R))? da :/0 N2(o, R) do — N%(R),

we prove the asymptotic formula
D(R) = Dylog R+ Doy + O(R™'/?10g” R)

with absolute constants D1, Dg.
The methods of the present paper also enable us to prove formula (1) with
any v > —1/4. The author plans to expound this result in a forthcoming paper.
The author is grateful to V. A. Bykovskii for posing the problem and for useful
advice.

§ 3. On continued fractions

The following assertion is a modification of a well-known theorem (see [9], § 50,
Theorem 1). This assertion is a basis for all the subsequent arguments.

Lemma 1. Suppose that P is a non-negative integer, P', Q, Q' are positive inte-
gers, and Q < Q’. Suppose also that « is a real number in the interval (0,1). Then
the following two conditions are equivalent:
(I) P/Q and P'/Q’" are consecutive convergents of the continued fraction expan-
sion of « that are distinct from «, and the convergent P/Q precedes P'/Q';
Q'Oz _p
Iy PQ'— P'Q =+1 d 0< — < 1.
iI) PQ Q and 0< =5 =%
See the proof of Lemma 1 in [6].
Following [5] we denote by .# the set of all integer-valued matrices

. (P P’> _ (P(S) P’(S))
S \Q Q) \Q(S) Q'(S)
with determinant det.S = +1 such that

1<Q<Q, 0<P<Q 1<P<Q.

For real R > 0 we denote by .#(R) the finite subset of .# consisting of all the
matrices S with the additional condition Q' < R.

As noted in [5], Lemma 1 implies the following properties of the set .Z.

1°. The correspondence

(ql,...,ql)_>5:5(q1,...,ql):(g g) 2)
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where
T-p L =D |
= = Yq,---,4q1-1], - = Yiq1,.-., 4,
Q Q'
defines a bijection of the set of all finite tuples of positive integers onto the set .Z. In
particular, it follows that the set .Z is a semigroup with respect to multiplication.
2°. For real a € (0,1) the inequality

holds if and only if for some j > 1

G )

and j < s(r) — 2 for rational o = 7.
3°. For every matrix S € .# the inequality 0 < S™!(a) < 1 defines the interval

(P’ P+P’> )
=7 A A7 lfdetSZI,
i) = \T @@

(Z2F 7Y aas-
of length

1
1 =——.
= g@ra)

4°. Let q1,...,q be positive integers and let S = S(q1,...,q) in accordance
with (2). Then a number « belongs to the interval I(.S) if and only if s(a) > [ and
in the canonical expansion « = [to;t1,..., ;. ..]

t0:07 t1:q17"'7tl:ql-

5°. The intersection I(S)NI(S’) is non-empty if and only if one of the intervals
is contained in the other. Here, if I(S) ¢ I(S’) and S" = S’(q1,...,qr), then for
some | > I’ and positive integers q;r11, ..., ¢ we have the equality

S — S/SH,

where S = S"(qir41,...,q) and S = S(q1,...,q)-
6°. Q' >2, 1<Q<Q,and (Q,Q") =1, then there are exactly two pairs

(P,P') and (Q—-PQ —P)

that can be the first row complementing the second row (Q,Q’) with respect to
a matrix in .#. In addition, if

Q
@Z[O;qs,-n,ql]=[0;qs,~--,q1—1,1], @ =2,
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then the corresponding matrices have the form
(0 1>”_(0 1>:(K(q2,...,q5_1) K(qg,...,qs)>:(P p/)
I a 1 g K(q,..-,qs-1) Kl(ai,-.-.4s) Q Q)

0 1\ /0 1 0 1y [0 1

1 1 1 q1 — 1 1 q2 1 ds

_ K(ql_laq27"'7q571> K(ql_lana"'aqS>
K(17q1_17QQa"'aQS—1) K(laQ1_1an7"'7qs)

€ %"
S\ @ Q )

For Q = @' = 1 there exists only one matrix S = (

0 1) that belongs to the
set A .

11

8§ 4. Auxiliary assertions
Lemma 2. Let R > 2. Then

(2 log R
QD <logR+’yC(2)>+O<O§z >, (3)
2 @) (@)
p(n) Lo <log2 R)
logn = log" R+ Cy+ O ,
=, 2((2) 0 R
e C@) L1 2AC) -
Co =7 + — -
EERREIC)RRTP) 2¢3(2)
and 1 1s the Stieltjes constant (see [10], part 2.21), which is defined by the equality
logn  log*T log T’
= T>2. 4
DI R o £1). (1

Proof. To prove equality (3) we express ¢(q) using the Mobius function:

IECED B IR BN

n<R n<R  dn d<R n<R/d

o

d) <logR—logd+7+O<g)).

Since

)
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We transform the second sum by the same method:

5 = 5 D5 D S L

n<R n<R d|n d<R n<R/d

Using equality (4) we find

n d) (log? R log®d log? R
E LPTEQ) logn = MCEQ) ( 5 T o +v +vlogd )| + O i .
n<R d<R

The second formula of the lemma now follows from (5) and the equality

pld) | o AC@)T-CRR) (o R
o @ T (M)

Lemma 3. For R > 2 the sum

satisfies the asymptotic formula

. _ log2 ¢'(2) 1 log R
=) (longgQﬂ_ <<2>>‘2+O( R )

Proof. First we find an asymptotic formula for the sum

1
PR =2 2 Gaia)

Q'SR Q<LQ’

in which the summation variables Q and @’ are not connected by the coprimeness
condition. We express ®(R) in the form

®(R) =log2 » % +00+O(;>a

Q'<R

where

> 5 S 2) )

oo = — —— —log2|.

Za\&ZarQ

The sum oy is known (see [4]) to have the exact value
2
g0 :10g22— %; (8)

therefore,

®(R) =log2 (log R+ log2 + ) — @ +O(]1%>.
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Next, applying the formulae

b0 (R u) (@)
=37 e(5) ;T = e

S<R

we arrive at the assertion of the lemma.

Lemma 4. Let g be a positive integer, and a(n) a function defined for integer n
satisfying 1 < n < q. Suppose also that this function satisfies the inequalities

a(n) 20, 1<n<g, Aa(n) <0, 1<n<qg-1.
Then
q 90 q
> am) TZ n) + O(Aoo(q)),
n=1 n=1
(n,q)=1

where A = a(1) is the greatest value of the function a(n).

Proof. We apply the Abel transformation to this sum:

7&MQ
MQ
§
s
P
[
-~

(see [11], Ch. II, Problem 19) we find

Z Jalg) - 22 ™ (a(k + 1) — a(k))k + O(Aco(q))
:1 k=1
o —ﬁfj (n) + O(Ao(q))
=, :1(1 n oo(q

The following assertion, which was proved in special cases in [12], is based on
the estimates of Kloosterman’s sums that belong to Estermann [13].

Lemma 5. Let g > 1 be a positive integer, and a(u,v) a function defined at integer
points (u,v), where 1 < u,v < q. Suppose also that this function satisfies the
inequalities

a(u,v) =0, Ay palu,v) <0, Apa(u,v) <0, Aqa(u,v) 20
at all the points, where these conditions are defined. Then the sum

W = Z dg(uv £ 1)a(u,v)

w,v=1
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(for any choice of sign in the symbol ) satisfies the asymptotic formula

W = @(3) Z a(u,v) + O(AY(9)v/q),

where Y(q) = 0o(q)o—1/2(q) log?(q +1) and A = a(1,1) is the greatest value of the
Junction a(u,v).

See the proof of Lemma 5 in [6].

§5. On the quantities N(R) and D(R)
Lemma 6. For R > 1 the quantity

1
N(R):/O N(a, R) do

can be represented in the form

N(R) = 28°(R) - 9)

where the function ®*(R) is defined by the series (6).
In addition, N(R) satisfies the asymptotic formula

~ 2log2 o 2log2 o d@)) 3 log(R+1)
= R T <lg2” <<2>) 2“)( R ) (10)

Proof. By Lemma 1, for irrational o € (0,1) the quantity N(a, R) coincides with
the number of solutions of the system

{PQ’ ~PIQ=+1,

N(R)

0< S a)<1
with respect to the unknowns P, P’, @, and @’ that are connected by the inequal-
ities
1SQ<KQ KR, 0<P<Q, 1<P<Q.

Hence,
N,R)= > [0<SHa)<ll= > ¥ a) (11)
Se.#(R) Se.#(R)
W= > [ro@i= ¥ gl 12)
N R = XI s « o = A AN 12
sc.#(R)”O ! Se.#(R) Q@+

where x, g () is the characteristic function of the interval I(S).

Suppose that Q' > 2, 1< Q < @', and (Q,Q’) = 1. Then by property 6° of the
set . the fraction 1/(@’(@ —+ Q’)) appears in the sum (12) exactly two times. For
the pair (Q',Q) = (1,1) the corresponding fraction appears once. Consequently,
equality (9) holds. Applying Lemma 3 to (9) we arrive at the asymptotic formula
for N(R).
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Lemma 7. For R > 1 the quantity
1 1
D(R) :/ (N(a, R) = N(R))? da :/ N2%(a, R) da — N*(R)
0 0

satisfies the representation

D(R) = 40(R) — N*(R) + % : (13)
where
o(R) = : [m@Q +nQ" < R
" QgR Q<Q’ (g Z?Z)e//z (mQ +nQ)((a+m)Q+ (b+n)Q")

Proof. By formulae (11) and (12) we have

/01N2(a,R)da:/Ol< 3 XI(S)(a))Qda

Se.#(R)

= > H®I+2 Y HES)I=N®+2 Y S
Se.#(R) S8’ e (R) S,S"e. (R)
I(8)GI(S") I(S)GI(S")

Using property 5° we express the matrices S and S’ in the form

, (P P (P P\ [(a m
S = <Q Q/) ) S = (Q Q/ b n)’
where the matrix (a 7:) also belongs to the set .#. Therefore,

b
/1 N?*(a, R)da = N(R)
0

[mQ + nQ’ < R]
2 Z Z )
- m@Q +nQ")((a+m)Q + (b+n)Q’

Considering separately the case Q = Q' = 1 and using property 6° we find

[m+n < R]
(m+n)a+b+m+mn)’

/1 N*(a,R)do = N(R) + 40(R) =2 Y
0

(§7)en

GG ™M=(0 )

and property 6° imply that each pair of numbers (g, ¢’) such that 1 < ¢ < ¢’ and

The equality

. . b .
(¢,q") = 1 is the second row of the matrix ( " ) for exactly one matrix

at+b m+n
(a m)wz.
b n



Calculation of the variance in a problem in the theory of continued fractions 897

Therefore, in view of equality (9), we have

[m+n§R] B . 1 B _1
? Z (m+n)(a—|—b-|-m_~_n)_2<‘I> (R)—2>—N(R) 5
(b n)e‘/ﬂ
/ N2(a7R)da:4U(R)+%7 (14)
0

which proves Lemma 7.
Remark 1. The sum o(R) has another representation:
- 3> Y e 19
2<Q'<R Q<Q’

Indeed, if S = S(q1,--.,qn), then a matrix S’ € .# such that I(S) ¢ I(S’) can be
chosen in n — 1 ways. Therefore,

! 9 . n—1
/0 N(o R)da= N(R) +2 Y oo

By property 5° of the set .#, for fixed @ and Q" such that 1 < Q < Q' and
(Q, Q") = 1, the parameter n can take two values: s(Q/Q’) and s(Q/Q’)+ 1. Thus,

1 * 25(Q/Q) -1
) B Yoy ERE) o
/0 Nl o= U = 22<Q/<R 5o QR+Q)

5(Q/Q) |1
_42<Z: Z,Q’Q-I—Q’ +7
Q'SR QLQ
which, in view of equality (14), proves formula (15).

To find D(R) we introduce a parameter U satisfying 2 < U < R. We represent
the sum o(R) in the form
o(R) =01 — 02 + 03,

where
Q<R (a g)z;%w Qé(;’ (mQ +nQ")((a +1m)Q +(b+n)Q)’ (16)
o (4 ?’Z’)ZE:%(ID Q'<R Q<(;’ (m@ + ”Cg?ﬁ:ﬁgl;;f](b +n)Q")’ (17)
v QZ:R st:c:' (2 mz):e% (mQ + ng)l(éi;f%;f](b Q) (18)
nSU

We analyse separately each of the quantities o1, o2, and o3.
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§ 6. Calculating the sum o

For a matrix S = (Z T:) € M , we denote by fs(£) the function

1
(m& +n)((a+m)é+ (b+n))

fs(§) =

)

and by Ji(a,b,m,n) the integral

1
Jy(a,b,m,n) = /0 f5(€) de

Lemma 8. Let n be a positive integer. Then the sum

wi(n) = Z/ On(bm £ 1)J1(a,b,m,n)

bm=1

(henceforth, a = (bm &+ 1)/n) satisfies the asymptotic formula

(55%)

where (n) is the function defined in the hypothesis of Lemma 5.

910822 w(g)
n

wy(n) =

Proof. The assertion of the lemma is obvious for n = 1. Therefore we assume that
n > 2. Since

1 1 1
mED)/m+m)+(b+n) Ebm/ntm)+(b+n) O(ﬂg>’ (19)

the sum wq(n) has a simpler representation:

= En: (Sn(bmjzl)/1 (b/n+1;ifm§+n)2+0<;>.

bm=1 0

By Lemma 5,

nd§ P(n)
(m& +n)? O(n3/2>'

Substituting into the last equality the asymptotic formulae
1 1
—— =log2+ 0| — 20
Z btn P * <n> ’ (20)
ndf 1
=log2+4+ 0| —
Z / (me+npp BT <n>

we arrive at the assertion of the lemma.

b+n
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Corollary 1. For any real U = 2 the sum

Wi(U)= > Jila,bm,n) (21)
(57 )enw

satisfies the asymptotic formula

I 2 ! 1 5
VVl(U)ZQCOé)2 (10gU+’YCC((22))>+01+O<(§1/§]>, (22)
where .
Cy = Z( Z/ 8n(bm + 1).Jy(a,b,m,n) — 2log? 2 @75721)> (23)
n=1 “b,m=1

Proof. We express the sum W1(U) in the form

Wy (U) = Z ZI On(bm £ 1)J1(a,b,m,n).

n<U b,m=1
By Lemma 8§,
IAEDY zn:'a(b 1) J1(a, bm,n) — 2log?2 20 +21022Z‘p(”)
1 _n<U bm=1 e nemme © n’ © n<U n’

1 5
=2log®2 ) SQ(Z) +01+O< o8 U).

1/2
< n Ut/
Substituting formula (3) into the last equality we arrive at the assertion of the
corollary.

Remark 2. One can verify in similar fashion the equalities

n

' 1 _ ¢(n) ¥(n)
b%:ZI(Sn(bmil) R R =log2 =3 +O<n3/2>,
~ Loy 2log2 p(n)  ((n)
b%:d(sn(bmﬂ)fs(g)_—(gﬂ)z — +0(n3/2>.
For the sums
1 !
(¢m)caw) (§7)enw
this yields the asymptotic formulae
1 ' log®
A(U) = C‘_’é? <1ogU+7—<C((22))) +02+0<2f51/f>, (24)
2log 2 (2 log” R
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where

RV S (bm £ 1) e
Cz—Z(bZ_l mrna+brmn 87w )

(S s b 1 e v 21082 o(n)
Ca(e) = ;(bg_l(mb £+ g ). (26)
Lemma 9. Let p(z) =1/2 — {z} and
) =32 (;f) (27)
Then (@) @)
Yoz o (2
/0 (x+1)2d:ﬂ—log Q—T.

Proof. The assertion of the lemma follows from the definition of the function p(z)
and formula (8):

1 s =l r(at1)/q
h(z) B 1 1 dx
/ <x+1>2dx‘q§_:q22/ (3+e-u) G

=1 a:Oa/q
o
1 1 1
=N o — 4+ —log2+ —
;q<q+1 2 ® 4)
¢(2) 2, C(2)
= 22 pg?2 — 2L
oo + 1 1

Theorem 1. Let 2 < U < R. Then the sum

x 1
m=2 22 (mQ +nQ")((a+m)Q + (b+n)Q")

Q'SR (tg TT'LL)E//Z(U) Q<Q’
satisfies the asymptotic formula

21log? 2 1 [2log?2 (2
aloglogRlogUJr( o8 (’yc())+Cl>logR

¢*(2) @\ <@ )
21og? 2 ¢'(2) ¢(2) ) log® R
+ 2(2) (7 D)) +log2 — 210g2> logU + C] +O<U1/2>’

where the constant Cy is defined by the series (23) and

=) (22320;2 (7= o 82 315) * )

I Cy 3 log?2
-G | MG+ G+ T (28)
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Proof. The summation formula
q 1 q ,
> g@)= [ g@)de+ 5(a0) - 90) ~ [ o) (x)da
0<2<q 0 0
applied to the function

1 1 x
90 = e ) (@t myz + ¥ ma) q?fs(>’

results in the equality

1 1 1 !
> gla) = g H@bmn) 5 ((m+n)(a+b+m+n) - n(m+”))

—*/ (g€) fs(&

Hence,

? 1
2 2 (mz + ng)((a +m)z + (b+n)q)

(§m)eaw ==

1 1

1 1
= SWA(O) + 55 (A0) = N©) - 5 [ e BO.O . (29)

We apply this formula for calculating . For that we preliminarily transform the
sum o7q:

QI

1
)
Q;R (% é)zwz(u Qzl (mQ + @) ((a+m)Q+ (b+n)Q') 6(%’)M( )
) 4() Q' /s )
B QgR %/ " (4 m)zjzw) = (ma +nQ/0)((a+m)z+ (b+n)Q'/d)
bn)E
By formula (29) we have
(0 6
—5 nz (AU) = N(U)
z z # (") + g )
L s
—wiw) X A8 (a0 - Nw)
Q'<R
- [, MoBw. a0 BT,

where the function h(z) is defined by equality (27).
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Substituting the asymptotic formulae (22), (24), (10), (25) for the quantities
involved in the last equality and applying Lemma 9 we obtain the assertion of
Theorem 1.

§ 7. Calculating the sum o5

a m

For a matrix S = (b

) € M we denote by Jo(a,b,m,n) the integral

Wb o) = ! log(mé& + n)d¢
hasbnm = | (mE+m)((a+m)E+(brm)

Lemma 10. Let n be a positive integer. Then the sum

- +1
wy(n) = ¥ 6n(bmj:1)J2<bmn ,b,m,n)

bm=1
satisfies the asymptotic formula

I
wo(n) = 2 log2 27¢(n7)120gn

+1og22<2+10g2_ <<2>> p(n >+O<w<n>log<n+1>>7

log2 ) n? n3/2
where (n) is the function defined in the hypothesis of Lemma 5.

Proof. The assertion of the lemma is obvious for n = 1. Therefore we assume that
n > 2. It follows from equality (19) that

B ! - - log(mé& + n) log(n+ 1)
wst = [ & 2 Snlbm ) g+ *O( 3 )

Applying Lemma 5 we obtain
_ w( log(m¢ +n) P(n)log(n + 1)
wy(n) =2 / deHb/nE:: (mE £ +0( e )

logn + 1og(z§ +1) ¥(n)log(n + 1)
[ s o)

To complete the proof it remains to use the equalities

_dfdz log(z€ + 1) dfdz_logZ ¢(2)
// EERR // CE+12 2 (“bg ‘1og2>'

Similarly to Corollary 1, the following assertion is a consequence of Lemmas 2
and 10.
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Corollary 2. For any real U = 2 the sum

Wy(U) = Z Ja(a,b,m,n)
(57 )eaw

satisfies the asymptotic formula

B log?2 . log? 2 ¢(2) log® U
Wy (U) = 0] log” U + O 2 +log “log2 logU + Cs+ O Tz )

. 10g22 ¢(2) ¢(2) , /
Cy = ©) <2+10g2—10g2> ('Y— C(2)>-i-210g 2Cy + O, (30)

Cy is the constant in Lemma 2, and C) is the sum of the series

i:z::(w? ~210g” 221 )<10gn+2+log2—fo(g2;>).

Theorem 2. Let 2 < U < R. Then the sum oy defined by equality (17) satisfies
the asymptotic formula

log22 2 0g?2 ¢(2) Cy
2@ "° U 0] (2“°g2‘ 1g2> el g

log® R Ulog R
+0<UU2)+0( o )

where Cy is the constant in Corollary 2.

09 =

Proof. Applying Lemma 4 to the inner sum over the variable Q we obtain

- (m@Q 4+ nQ" > R|
= Y Y (mQ+nQ")((a+m)Q+ (b+n)Q’)

(5 1) 4R 050

_ P(Q (m@Q 4+ nQ" > R|
= 2 2 Q' Z(m@+n@/)(<a+m)@+<b+n)62’)

(3 1)eaw 950 7 o

Ulog R
0 .
o5
Replacing the sum over the variable @) by the integral and performing the change
of variables @ = £Q’ we obtain

oy — p(Q [m& +n > R/Q'|d§ Ulog R
’ (am)z: o )Q;R ) / m§+n)((a+m)§+b+n)+0( R )
b
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Next, since

(@) [m£+n Sk } Z M Z [mé+n>R/(6Q)]

Q'<R (@) S<R Q'<R/§ Q'
(0) nd\\  log(mé+n) nlog R
*5; 57 (tostme £ +0( 7 ) ) = PG w0 )
we have
1 ! log(m& + n) d¢ (JbgR)
T / (m£+n)((a+m>£+(b+n))+0< R )

(gm)eaw)

Applying Corollary 2 we arrive at the assertion of Theorem 2.

§ 8. Calculating the sum o3
Lemma 11. For N > 2 the sum

ZZ*1<nm+n) Z Z ( mi—n)

n<N m<n n<N m<n

m+n>N
satisfies the asymptotic formula
log 2 <10g2 N)
F*(N)=—-(logN+H)+ O , 31
(V)= )+ 0% (31)
where (o los2
Henyo S2) log2 (32)

2 2
Proof. The substitution of x = 1 into Lemma 10 in [6] results in equality (31) with
the constant 0@ log? ) (@)
og
= _—_— — — — 1 _— _—
T 2 +log2<"°+ 2 )

where 0g is defined by the series (7). Substituting the value of o in (8) into the
last formula we arrive at the assertion of Lemma 11.

Theorem 3. Let 2 < U < R. Then the sum o3 given by equality (18) satisfies the
asymptotic formula

log? 2 R R log” R
03 = <2(>1 <1ogU+2H>+O(U1/2>,

where the constant H is given by equality (32).

Proof. Since for any matrix (Z ZL) € M/ we have

1 1 1
@+ mQ+b+mQ  bmntmQ+ b+mQ < wQ
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and

* 1 log R
DD DD DRSS L)
Q'SR QLQ’ (tg 777;)6//{
n>U
the sum o3 can be rewritten in the form

[mQ + nQ’ < RJ log R
o3= Y Z > Z On(bm £ 1) b/n+1)(mQ+nQ,)2+o< = >

Q'<R Q<Q’ n>U bm=1

Applying Lemma 5 we obtain

* on) < 1 " mQ +nQ' < R] log® R
me2 ST S NS S e (T )

Q'<R QKQ' n>U m=1

Next, by formula (20) we have

log® R
o3 = 2log 204 + O<(£]gl/2>7 (33)
where
* n) w [mQ +nQ <R
S
Q'<R Q<KQ’' n>U m=1

_ * p(n) zn: 1

1\2

Q'SR QLQ U<n<R/(Q+Q") m=1 (mQ +ne )

+

- e(n) !
2. 2 2 i@y

Q'SR Q<Q" max{U, R/(Q+Q")}<n<R/Q’ " m<(R—nQ")/Q

Replacing the inner sums over the variable m by the corresponding integrals we

obtain
B * pn) 1/ 1 1
D WD VI L
Q'<R Q<LQ' U<n<R/(Q+Q")
n @(n) 1 1 1
Py Y 5 2 (5 %)
Q<R QLKQ’ max{U, R/(Q+Q’)}<H<R/Q’

By making the summation over n the outer one we arrive at the equality

B on) (R log R log R
= Y e F<n)+0( =)ol ).
U<n<R

where
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By Lemma 11,
log 2 o(n) ( R > <10g3 R)
o4 = log—+H)+0 .
) U;gR n? " U

Next, by using the formulae of Lemma 2 we obtain the following asymptotic formula

for the sum oy:
log 2 R R log® R
=_—"_log—(log = +2H .
= 52() OgU(‘)gU+ >+O< U )

Substituting it into equality (33) we arrive at the assertion of Theorem 3.
§9. Main result
Theorem 4. For R > 2 we have
D(R) = Dylog R+ Dy + O(R™'/?10g” R),

where

¢2(2)

mo=4(ct- ) - (G (- +oe2) - 3) 3

while the constants Cy, C1, and Cy are defined by equalities (23), (28), and (30),
respectively.

log? 2 "(2)  log?2 4 log 2
D1:80g<7_<(>_0g_1)+(01+3<%),
€(2)
+

Proof. Combining the results of Theorems 1-3, for the sum o(R) = 01 — 02 + 03
we obtain the asymptotic formula

Clog’2 . log R [ 2log?2 ¢'(2)  log2
) = ) e Y ) ( (@ (2”‘%(2) T ‘1)+Cl>
, C UlogR log® R
+cl—<(§)+0< ORg >+o<‘§1/2). (34)

Choosing U = R?/3 log4 R and applying Lemmas 6, 7 we arrive at the assertion of
Theorem 4.

Remark 3. Computer calculations give the following approximate value of the con-
stant Dq:
D, =0.51606... .

Remark 4. Equality (34) in the proof of Theorem 4 gives an asymptotic formula
with three significant terms for the sum in (15).

Remark 5. The constant C; defined by equality (23) also appears in the averaging
of N(a, R) with respect to the Gaussian measure

1 do

dple) = log2 14+ o
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Indeed, straightforward calculations based on the representation (11) lead to the

lit
equality ) X N 1
N(a,R) —— = — W (R
10g2/0 (o )1—|—a log 2 1(R),

where Wi (R) is the sum defined by formula (21). Therefore, according to the
corollary of Lemma 8 we have

1 ! da 2log2 ¢'(2) Ch —1/24¢
g2/o N ) 773 = <@ (logR+7_C(2)>+log2+O(R )

lo
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