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The classical Euclidean algorithm, in which the minimal nonnegative remainders

a

a=bq+r, qz[b

], 0<r<gq

of division are taken, corresponds to the decomposition of a given number in a standard continued
fraction of the form

Y=o+
b 0T 1
o
ls
of length s = s(a/b), in which ¢ is an integer, ¢4, ..., ts are positive integers, and t; > 2 for s > 1. The
Euclidean algorithm in which the remainders
a 1 q q
a q+ T, q [b+2]’ 2_r<2
with least absolute values are chosen leads to the decomposition in a fraction
o+ °1 - (1)
b t + ?
ta+ .. 4o
t
of length I = I(a/b), where to is an integer, t1, . .., t; are positive integers, and

e = £1, ty>2, k=1,...,1, th +ep1>2, k=1,...,1—1.
There exists a simple algorithm transforming an ordinary continued fraction into a fraction of the
form (1) (see[1, Sec. 39]). To the first partial quotient ¢; (j > 1) equal to 1 the identity

1

1
tj—1 1 :tj‘1+1_tj+1+1+._

1+
bjt1+ -

is applied. Thus, the first 1 in the decomposition is deleted, the neighboring partial quotients are
increased by 1, and the negative sign between them is inserted. Then, the next 1 is found, and
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the procedure is repeated. If the decomposition contains a chain of consecutive ones, then the
transformation is applied to those occupying odd positions in this chain. For example,

1
[0;2,1,3,1,1,6] =
2+

For the mean number of steps in the Euclidean algorithm, the following estimates are known
(see[2],[3]):

1 a 2log 2 _1/6
sl )= log b+ Cy + O-(b~1/0%%), (2)
o (b) Zb <b> ¢(2) :
(a.b)=1
2log 2
Z Y s < > Og log R+ Cy + O(R  log(R + 1)), (3)
b<R a<b )

where the absolute constants are

_ 2log2 (3log2 ¢'(2) 3 B 2log2 (¢'(2) 1Y\
A= ( 2 “”‘2«2)‘1)‘2’ =0t <<<2>‘2>’

~v is the Euler constant. At the same time, for the mean number of steps in the Euclidean algorithm with
the choice of least absolute value remainders, the only known estimate is

DD < > 210” Jog R+ Cy + O(R™),
b<Ra<b

where ¢ = (1 ++/5)/2 is the golden ratio, C3 is an absolute constant, and 3 > 0 (see [4]). It turns out
that estimates similar to (2) and (3) are also valid for [(a/b).

Given z € (0,1] and a rational number r = [to;t1,...,ts], let sz(r) denote the Gauss—Kuz’'min
statistics

so(r)=#{j=1,...,5:[0;¢t),... ,ts] < x}.

In particular, s1(r) = s(r) is the length of the continued fraction for r.

()=o)

Proof. Leta/b = [to;t1,...,ts], and let s'(a/b) denote the number of remainders
rj = [0;t5,...,ts], where 1< j <s,

Lemma. For any rational number a/b,

whose decompositions begin with an odd number of ones. Accordingly, let s”(a/b) denote the number
of remainders beginning with an even (possibly, zero) number of ones. Obviously, we have

() =<C) ()

According to the algorithm described above, when an ordinary continued fraction is transformed into
a fraction of the form (1), each sequence of k ones is replaced by [k/2] partial quotients. Thus, precisely
s'(a/b) partial quotients disappear:

G)=() () =)

But the continued fraction for » € (0, 1) begins with an even number of ones if and only if € (0, — 1).
Therefore, s”(a/b) = s,—1(a/b).
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144 USTINOV

Estimates (2) and (3) can be generalized to the case of Gauss—Kuz’'min statistics (see [3], [5]). The
bound for the remainder term in (7) is uniform in « provided that z € [z, 1] for some fixed 29 > 0.
Substituting these estimates into the relation in the lemma, we obtain the following result.

Theorem 1. ForanyR> 2,
210g90 —1y. 4
R+1 E g l< > @) -logR+ C3+ O(R " log” R).

b<R a<b

Proof. Estimate (3) is generalized to Gauss—Kuz’min statistics as (see [3])

Z > s ( > )(log(1+x)logR+Cz( z)) + O(R t1og* R).

b<R a<b

Substituting the equality from the lemma into this relation, we obtain the required estimate with the
constant

2 2log ¢ < ¢'(2) 3 3> 2 1
C3 = C = — — _logy — + h +h + .,
where the functions hj(x) and ho(x) are defined as the absolutely convergent series
Sl T
() _;n<,;n+m ~log(1+0)) 4)

(e}

> ( > ;—log(l—l—x)). (5)

n=1 n/z<m<n/z+n

Theorem 2. Foranyb > 2,

1 a\ _ 2logy ) 5/61 . 7/6+¢
o(0) sz<b>_ ” log b+ Cy + O (b°/% log b). (6)
1

(a,b)=

Proof. Substituting the equality from the lemma into the generalization

go(lb) Z Sz (Z) = 4(22) (log(z + 1)logb+ Cy(x)) + Om(br)/ﬁ lOg7/6+5 b) 7)
1<a<b
(a’7b):1

of Porter’s estimate (2) (see [5]), we obtain the required relation with the constant

2 2log ¢ < ¢'(2) 3 > 2 1
Cy = C = 2y —2 — _logep—1)+ h +h - .,
where hy(x) and hy(z) are given by (4) and (D).

Remark. Consider the variance of l(a/b) which is

o0 e EE(() 500)’

d<R c<d

where Ej(R) is the expectation on the left-hand side of (3). One of the results of [4] is the asymptotic
formula

Dy(R) = Dy -log R+ Dy + O(R™7),

where Dy and Dy are absolute constants and > 0. The variance D4(R) of s(a/b), which is defined in a
similar way, satisfies the more accurate relation (see [3])

D(R) = D} -log R + D}y + O(R™Y/4+5).

The proof of this estimate remains valid when the length of the continued fraction s(a/b) is replaced by
the Gauss—Kuz'min statistics. This, together with the lemma, implies (8) for any g < 1/4.
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