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For real o, the canonical continued fraction expan-
sion is denoted by square brackets:

o=[ay; a,a, ..., a, ...]

1
= ay+ ,
0 a; + . 1
-
a+ ...
where a, =[a] (the integer part of o) and a,, ay, ..., q,, ...
pil

are incomplete quotients (positive integers). By —

n

lag; a;, ay, ..., a,], we denote the convergents of o.

Assume that R > 1 is an increasing parameter and
s 21 is an integer such that g;_; < R < ¢,. In various
problems in the theory of dynamical systems and num-
ber theory, it is necessary to know the joint limiting dis-
o -1 R
tribution of q}? L= ay_ g -
s
when o is a random number in the interval (0, 1) (see
[1, 4, 5]). The existence of this distribution was proved
by ergodic theory methods in [4]. It is also important to
know that this distribution is also obtained when o is a

., d,, g (K is a constant)

. a
random rational number of the form b where 1 <a <

b<R?and (a, b) =1 (see [1]).

In this paper, this distribution is written explicitly
and we prove that it has the same form in the continu-
ous and discrete cases.

P P

o

0<Q,0<P<Q,and1<P<Q.

Denote by M the set of all integer matrices S =

J with the determinant detS = %1 such that 1 <
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Let o € (0, 1) be a real number. Then the rational
Pl PP
¢ ¢ 00

successive convergents of ¢ (other than o) if and only if

numbers and for which S = ( ] € M are

Qoa-P i
0<——ro+P_S (<1

1,

(see [3, Lemma 1]). Moreover, if o = [0; @, a,, ...
then, for some s > 1,

P
é = [O’ ag, a, ...,as_l],
E' = [Oa ag, ap, ...,as],
Q
0 )
a = [0’ g dg_ 1 '--aal],
'‘o— P
—QQOC—'FP = [0 1> Q12 .
Therefore, the incomplete quotients a,_g, ..., d, g are

described by the Gauss—Kuzmin distributions of the
Q g Lo-P
o' -Quo + P’
For real o, x;, x5, y;, ¥, € (0, 1), we denote by
(o, R) the number of solutions to the system

fractions and

N

X1s X0, Y1 Yo

of inequalities

0<S (o) <x,

QSy]R’

Q<x,0,
R< 0,

)

in which the unknowns are the coefficients of the

P P

matrix S = (
0N

] € M. Define
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1

lesxzy,"]»yz(R) = J‘le’xzs,"lv)'z(oc’ R)dOC

0

N(R) =

and
F(xy, X3, 15 ¥2)

(2)(111(1 + xlxz)lnyl—yz ~Liy(- xlxz))

X2

if x,<yy,

(2)L12( 'xlylyZ) lf

X2 > Y1Y2,
where Liy(+) is the Euler dilogarithm:

S (-0
Z;—z = —J.fdt.

k=1 0
Theorem 1. Let R > 2. Then

Liy(z) =

X, ¥,InR
NR) = F(xy ) + 02200 ),
Proof. By using (1), each number o = [0; ay, as, ...]

is associated with a matrix S € M for which Q<R < Q.
Moreover, the inequalities 0 < S'(ot) < x; specify an
interval IXI(S) inside (0, 1) of length

P +x,P P X
1S = 5750 0| - g0+
Therefore,
NR) = Y %Koo @iy xi(Q)
P P
(0 )m
Xq
I E)

where 7,(+) is the characteristic function of the interval /.
The (second) row (Q, Q") can be supplemented to be a
matrix from M in exactly two ways. Therefore,

NR) =2 Y Xowe(Q)

Q'2R/y,(0.0) =1

Xio,y,r1(Q) 3)

Q'(Q' +X1Q)

Consider the case of x, < y,y,. By the Mobius inversion

formula,
N(R)

NI R

d<R d’ Rl(y,d)< Q' <\,R/(x,d)Q<xQQ(Q +x,0)

u(d) X
Y & Q>V%(de)Q<yZR/dQ'(Q'+x1Q)

d<R
J‘ In (1 . l)dt
t)t

XX

xlyzlnR)
+0( R ,

In(1 + xlxz)ln}jz—z +

(2)

which yields the required equality. The case of x, > y,y,
is treated similarly.

Consider the sum

LR =L, ., (R
a
b<R (a”b) 21

Theorem 2. Let R > 2. Then

(O, + )’2)1112R)

2¢c(2
€(4 )L(R) = F(xy, X5, Y1, 5) + 0()61 7
R

Proof. Given a number ;—; and a solution to system (2),

the integers m and n are defined by the equalities
mP + nP'=a and mQ + nQ' = b. Then system (2) can be
rewritten as

mP+nP' =a, mQ+nQ' = b, 0<%1SR2,

0< -g—, < x,,
Summing its solutions over a and b, we find that the
sum L(R) is equal to the number of solutions to the sys-
tem

Q<y R, R=y0.

mQ+nQ'SR2, O<%1Sx1,
0<2<x, 0<R<Q
Qv_ 2 - >

where ( PP ] € M,0<m<n,and (m,n) = 1. Again,
00

given Q and Q' the values P and P' can be found in

exactly two ways. Moreover, the number of solutions to

the resulting system with respect to m and n is (see [2,
Ch. 2, Ex. 21, 22]
R X, .\ (lezlnR)
2¢(2)0'(Q"+x,0) o /)

Thus, we obtain a sum similar to (3):
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R Xy
L(R) = —— S —
B=5,2 2 F@n0
ESQ'SR Tooy=17 R
+0(x,y,R’In’R).
Therefore,
L(R) = R—4N(R) +0(x,y,R’In’R)
¢(2) e

and Theorem 2 follows from Theorem 1.

Remark. When x, = y, = y, = 1, we obtain the dis-
tribution function

2 .
F(x) = F(x,1,1,1) = —@le(—x),

which differs from the Gauss—Kuzmin distribution
log,(1 + x). Moreover, F(x) (together with the remain-
ders in Theorems 1 and 2) decreases linearly as x — O:

2x
F(_x ~—_—
) S

2 Therefore, the expectation of the incomplete

DOKLADY MATHEMATICS Vol. 79 No. 1 2009

quotient a, (defined by the conditions ¢,_; < R < ¢,) is
infinite.
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