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For real 

 

α

 

, the canonical continued fraction expan-
sion is denoted by square brackets:
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, we denote the convergents of 
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.

Assume that 
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 > 1 is an increasing parameter and
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1

 

 is an integer such that 

 

q

 

s
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1

 

 

 

≤

 

 

 

R

 

 < 

 

q

 

s

 

. In various
problems in the theory of dynamical systems and num-
ber theory, it is necessary to know the joint limiting dis-

tribution of 

 

, , 
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s
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, …, 
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+

 

 

 

K

 

 (

 

K

 

 is a constant)

when 

 

α

 

 is a random number in the interval (0, 1) (see
[1, 4, 5]). The existence of this distribution was proved
by ergodic theory methods in [4]. It is also important to
know that this distribution is also obtained when 

 

α

 

 is a

random rational number of the form , where 
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≤ 

 

a

 

 

 

≤

 

b

 

 

 

≤ 

 

R

 

2

 

 and (

 

a

 

, 

 

b

 

) = 1 (see [1]).

In this paper, this distribution is written explicitly
and we prove that it has the same form in the continu-
ous and discrete cases.
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Let 

 

α ∈

 

 (0, 1) be a real number. Then the rational

numbers 

 

 

 

and  for which 

 

S

 

 =  

 

∈ 

 

M

 

 are

successive convergents of 

 

α

 

 (other than 

 

α

 

) if and only if

(see [3, Lemma 1]). Moreover, if 
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1
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2

 

, …]

 

,
then, for some 
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 ≥ 

 

1

 

,

 

(1)

 

Therefore, the incomplete quotients 

 

a

 

s
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, …, 
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K

 

 are
described by the Gauss–Kuzmin distributions of the

fractions  and .

For real 
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2

 

 ∈ (0, 1), we denote by
(α, R) the number of solutions to the system

of inequalities

(2)

in which the unknowns are the coefficients of the

matrix S =  ∈ M. Define
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and

where Li2(·) is the Euler dilogarithm:

Theorem 1. Let R ≥ 2. Then

Proof. By using (1), each number α = [0; a1, a2, …]
is associated with a matrix S ∈ M for which Q ≤ R < Q'.
Moreover, the inequalities 0 < S–1(α) ≤ x1 specify an
interval (S) inside (0, 1) of length

Therefore,

where χI(·) is the characteristic function of the interval I.
The (second) row (Q, Q') can be supplemented to be a
matrix from M in exactly two ways. Therefore,

(3)

Consider the case of x2 ≤ y1y2. By the Möbius inversion
formula,
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which yields the required equality. The case of x2 > y1y2
is treated similarly.

Consider the sum

Theorem 2. Let R ≥ 2. Then

Proof. Given a number  and a solution to system (2),

the integers m and n are defined by the equalities
mP + nP' = a and mQ + nQ' = b. Then system (2) can be
rewritten as

Summing its solutions over a and b, we find that the
sum L(R) is equal to the number of solutions to the sys-
tem

where  ∈ M, 0 ≤ m ≤ n, and (m, n) = 1. Again,

given Q and Q', the values P and P' can be found in
exactly two ways. Moreover, the number of solutions to
the resulting system with respect to m and n is (see [2,
Ch. 2, Ex. 21, 22]

Thus, we obtain a sum similar to (3):
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Therefore,

and Theorem 2 follows from Theorem 1.
Remark. When x2 = y1 = y2 = 1, we obtain the dis-

tribution function

which differs from the Gauss–Kuzmin distribution
. Moreover, F(x) (together with the remain-

ders in Theorems 1 and 2) decreases linearly as x → 0:

F(x) ~ . Therefore, the expectation of the incomplete

quotient as (defined by the conditions qs − 1 ≤ R < qs) is
infinite.
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