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The solution of Arnold’s problem on the weak
asymptotics of Frobenius numbers with three arguments

A.V. Ustinov

Abstract. It is shown that on the average the Frobenius numbers f(a, b, ¢)
behave like %\/ abc.
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§1. Introduction

Let ai,...,a, be jointly coprime positive integers, which means that their
greatest common divisor (ay,...,a,) is 1. The Frobenius number g(ay,...,a,) of
ai,...,ay is the largest integer m that cannot be represented as

T1a1 + -+ Tpan =m, (1)

where x1, ..., 2, are non-negative integers. Often it is more convenient to consider
the function

flay,...;an) =glar,...;an) +ar + -+ ap,

which is equal to the largest integer m that cannot be represented in the form (1)
with positive integer coefficients z1, ..., x, (see, for example, Johnson’s identity in
the proof of Lemma 3). The problem of finding g(a1,...,a,) is called Frobenius’s
problem. The most comprehensive review of problems and results in this area is
presented in [1].

For n = 2 we have Sylvester’s formula f(a,b) = ab (see [2]). If n = 3, then the
problem of finding f(a, b, ¢) reduces to the case of pairwise coprime arguments, and
for b = lc (moda), 1 < I < a, the value of f(a,b,c) can be expressed in terms of
the partial quotients of the continued fraction for I/a (see the results due to Selmer
and Beyer, and Redseth in [3] and [4]; as concerns other formulae for calculating
f(a,b,¢), see [1], Ch.2 and [5], [6]). For n > 4 no formulae for f(ai,...,a,)
are known. It has been proved that for fixed n the Frobenius number can be
calculated in polynomial time (see [7]), while finding f(a1,...,a,) for arbitrary n
is an N P-complete problem (see [8]).

In the case (a,b,c¢) = 1 Davison [9] proved the estimate f(a,b,c¢) > /3abc;
the constant v/3 here is sharp. He also conjectured in the same paper that for
a ‘random’ set (a,b,c) the function f(a,b,c) has order vabc. This was stated as
two conjectures. Consider the set Xy = {(a, b,c):1<a,b,c<N, (a,b,c) = 1}.
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Conjecture 1. The following inequality holds:

f(G’?b) C)
Z 7\/@ < o0

(a,b,c)EX N

sup
N | XN

Conjecture 2. There exists a finite limit

Arnold formulated a stronger conjecture (see [10], problems 1999-8, 2003-5; see
also [11]).

Conjecture 3. For each n > 2 the distribution of the values of f(ai,...,a,) is
determined by a density proportional to "-Yaj - -a, . In other words, if

QN,T = QN,r(a17~ . -aan)
= {(al,...,an): 4 _

N
then for some constant ¢, as N — oo and r = r(IN) — 0, the normalized sum

L Z flag,...,an),

@ (@100 ) EQN

@

<r,j=1,....,n, (al,...7an):1},

behaves asymptotically like

e NV o,

The results of the corresponding numerical experiments were presented in
[11]-[13].

Burgain and Sinai [14] investigated the limiting behaviour of the quantities
f(a,b,c)N_3/2 for 1 < a,b,c < N. Imposing a natural assumption, which was
subsequently justified in [15], they proved by probabilistic methods the existence
of a limiting distribution for f(a,b,c)N—3/2,

It turns out that for n = 3 the required density can be obtained by averaging
with respect to two (of the three) parameters, and it can be explicitly described.
The constant ¢3 = 8/7 = 2.546. .. is important in this analysis.

Consider the set

My(z1,22) = {(b,c) : 1 < b< x1a, 1 < e < 220, (a,b,¢) =1},

Theorem 1. Let a be a positive integer and x1, x2 and € be positive real numbers.
Then

1 Z f(@bﬁ)—i\/%) = O (R:(a;z1,22)),

@2\ Mo(er, x| (o S

where
R.(a;x1,x9) = (a_l/ﬁ(xl + z2) + a_1/4(ac§'/2 + wg/2)(x1x2)_1/4 + a_l/Q)a5

Loy 0 /OFE
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The proof of this theorem is based on Rgdseth’s formula for Frobenius numbers
in [3], continued fraction theory and estimates for Kloosterman sums. It also uses
ideas that we used earlier to investigate the statistical properties of continued frac-
tions (see [16]-[18]).

The square

b c
a a
in the (b,c¢)-plane can be expressed as combinations of rectangles of the form

[0,21a] x [0,z2a], where 1 = B+ r, 22 = v £ r. Hence from Theorem 1 we
obtain a stronger form of Arnold’s conjecture for n = 3 with constant ¢ = 8/m: if

Q=50 ={ (@) a =N fv—ﬁ]w, ]‘;—v\@ @ha=1},
then
1
o] 2 f(a,bm):%\/OFVNS/Q(l+Oa,gme(r*2N*1/6+€+7~)),
N,r

(a,b,0)€EQY .

This is a nontrivial result for N~1/12+¢ « r « N—¢.
It also follows from Theorem 1 that Conjecture 2 holds in a stronger form.

Theorem 2. Let Yy = {(a,b,c) ca=N,1<bc<N,(abc) = 1}. The for
each € > 0,

1 fla,b,c) 8 —1/12
Y e = = 0NV,
Y] Vabe ™ 3 )

(a,b,c)EYN

The author is grateful to the referee for some valuable observations pertaining
to the original version of this paper.

§ 2. Continuants

Let a, b and ¢ be positive integers, (a,b) = (a,c¢) = (b,c¢) = 1, and let [ be an
integer such that bl = ¢ (moda), 1 <1 < a. Redseth’s formula for f(a, b, ¢) is based
on the expansion of a/l in a reduced regular continued fraction (see [19], §§ 42, 43):

a 1
— = (bo;b1,...,by) =bg — ———, 2
I < 0, Y1, ) > 0 bl_ L i ( )
T
where by = [a/l] = —|—a/l] (the integer closest from above) and by,...,b, = 2.

We denote by m = m(a/l) the length of the fraction (2). To work with such
fractions it is convenient to modify the standard definition of continuants as follows
(see [20], §6.7):

Ko()=1,  Ki(z1)=m1,

Kn(mla s 7$n) = mnanl(:El; s axnfl) - Kn72(m1a v 7$n72)7 n

WV
N
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It is also natural to set K_; = 0. Due to the recurrence relations for the numerators
and denominators of continued fractions, for m > 0 we have

. - Km+1(l'0,.’1,‘17...,l‘m)
(w021, s ¥m) = Ko (21, ..., 2m)
We reformulate Euler’s rule (see [20]): the polynomial K, (z1,...,z,) can be

obtained by starting from the product z - - - z,,, removing pairs of the form zpxy 1
from it in all possible ways, and adding all the results together, taking the coef-
ficients to be (—1)7, where j is the total number of pairs deleted. For example,

K4(CU17332>$3, $4) = T1X2T3T4 — BrH2XL3T4 — T1B2HB3T4 — T1T2B3% + BrHaX34
= T1ToX3Ly — T3T4 — T1T4 — T122 + 1.

From Euler’s rule we obtain the symmetry
Kn(l'la cee axn) = Kn(xvu cee 7$1)7

the left-hand recurrence relation

WV
N

Kp(z1, ..., xn) =01 Kn_1(22, .. xn) — Kn_o(x3,...,2p), n
and the more general formula

Kern(xly sy Iy Tn4-1,5 - - - 7xm+n) = Km(.%'l, sy (Em)Kn(merl, sy xm+n)

— m_l(lL'l,...,$m_1)Kn_1(Im+2,...,xm+n)

(this corresponds to (6.133) in [20]). All these relations are special cases of Euler’s
identity

Km+n(ll'1, e ,Im+n)Kl(l’7n+1, e a$m+l)
- m+l(x1a-'-axm-i-l)Kn(xm-‘rla-'-axm-i-n)
+ Kmfl(xly v ;mmfl)anl71($m+l+27 oo amern) =0

(m>1,1>0,n>10+1), which can be interpreted as the vanishing Pfaffian of
a singular 4 x 4 matrix (see [21]).

Below we use the simple notation K (x1,...,z,) without subscripts because the
number of arguments of a continuant will always be clear from the context.

§ 3. The Rgdseth function

Let I be a fixed integer, 1 < I < a, (l,a) = 1, and let [ be the solution of
the congruence [ -1 =1 (moda), 1 <1 < a. In accordance with [3] consider the

expansion of a/l as a continued fraction ‘with minus signs’
a
7= (ar; ... am)

and consider the sequences {s;} and {¢;}, —1 < j < m, defined by the equalities

Sj:K(aj+2,...,am), qj:K(al,...,aj).
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The following properties of {s;} and {g;} are easy to prove.
1°. The sequences {s; } and {g;} are uniquely determined by the initial conditions

Sm =0, spm-1=1, g-1=0, g=1

and the recurrence relations

5j_1 = j415; — Sj41, Qj+1 = Qj41q5 — Gj—1, 0<js<m-—1
Furthermore,
S_1=¢qm=K(a1,...,am) = a, so = Klag,...,am) =1,

m—-1 = K(ai,...,am—1) =1.

2°. The sequence {s;} is monotonically decreasing and {g¢;} is monotonically
increasing, and we have
s Sm— S_
0= om m—1 1

S
=" < << Dol
qm dm—1 qo qd-1

3°. For each n, 0 < n < m, the vectors e, = (¢n,Sn) and €,_1 = (Gn—1,5n—1)
form a basis of the lattice

Ay ={(z,y) €Z* 2l =y (moda)}.

Furthermore,
qn Sn

=detA; = a.
qn—1 Sn—1

4°. The points (gn, $n), —1 < n < m, are the vertices of the convex hull of the
points in A; distinct from the origin that lie in the first quadrant.

5°. For 1 <l < a, (I,a) =1 the quadruples (¢, Sn—1,qn—1,51), 0 <n < m(l/a),
are in one-to-one correspondence with the solutions (u1, ua, v1,v2) of the equation

UiUg — V102 =
such that
0<v <u; <a, (u,v1)=1, 0< v <ug <a, (ug,vy)=1.

6°. For 0 <n < m,

a q
5n71_8n<77 Qn_anlg .
Adn Sn—1

Properties 1° and 2° are an immediate consequence of the definitions.
To prove 3° we observe that the vector pairs (e,_1, e,) and (e, e,11) are related
by means of a unimodular transformation:

en 0 1 en+1
= , 1<n<m.
<€"—1> <_1 a"+1) < €n ) b
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Furthermore, e_; = (0,a) and eg = (1,1) form a basis of A;, and we have

q0 S0
0 a

qg-1 S-1

HE

Property 4° follows from the monotonicity of the sequences {s;}, {¢;} and prop-
erty 3°.

Now we prove 5°. By property 3° each quadruple (¢, Sn—1, Gn—1, Sn) satisfies the
equation uyus —v1v2 = a. To construct the inverse map we consider the expansions

Uy U2

E:<an;-~'aal>a g:<an+l;'~'va7n>

and take | = K(ag,...,am).
Property 6° holds because the equality ¢.s,—1 — ¢-—18, = a (see property 3°)
can be written as

qn(Sn—1—50) +80(@n —qn-1) =a or (¢n —qn-1)8n—1+ qn-1(5n-1 — 8n) = a.

Hence Sn—1 — Sn < G/Qn and qn — 4n-1 < a/sn—l-
Consider the Rodseth function pyq(t1,t2) that is defined by the equality

pra(ti,t2) = t1Sn—1 + tagy — min{tisy,, tagn_1} (3)
for t1 > 0 and ty > 0 such that

S t Sp—
7"<72< n—1

dn = tl qn—1

(in view of property 2°, in this way p; . (t1,%2) is well defined for all t; > 0 and
ts > 0). Then it was shown in [3] that for (b,a) = 1 and ¢ = bl (moda) the
Frobenius number can be found by the formula

f(aa b, C) - pl,a(bv C)' (4)
Remark 1. The function p; 4 (t1,t2) is continuous and satisfies equality (3) for

s t Sp—
i<£§ n-1

qn = tl qn—1 '

8§ 4. Integer points in domains

Let Q be a simply connected plane domain with rectifiable boundary. Let V' be
the area of ), P its perimeter, and N the number of points in the lattice Z? lying
in the interior of €. For convex domains we have Jarnik’s inequality

V-N|<P+1
(see [22]). However, we also need to use the estimate
V-N=0F+1)

in a more general situation (see [23]).
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Lemma 1. For a simply-connected plane domain with rectifiable boundary
[V —N|<4(P+1).

Proof. Let N be the number of squares of the form [a,a + 1) x [b,b+ 1), a,b € Z,
in the interior of Q and N the number of squares intersecting 0 (maybe in just
a single point). Then

N1 <V,N < Ny,

so that |V — N| < M = Ny — Ny, where M is the number of squares intersecting
the boundary of €. In each of these squares we pick a point Ay from the boundary
of Q, 0 < k < M (we number these points in accordance with their order on the
boundary). From any system of five squares intersecting the boundary of Q we
can select two with disjoint closures. Hence for each k the piece of the boundary
between Ay and A4 has length [(Ay, Ag+a) > 1. Consequently,

M M
P >1(Ag, Ay) +1(Ag, Ag) + -+ + Z(A4LM/4J—47A4\_M/4J) > L4J > s 1.

Hence M < 4(P+1) and |V — N| < 4(P +1).

We introduce the following notation (see [20]): if A is a proposition, then [A] =1
if A is true and [A] = 0 otherwise.

Corollary 1. Let G(x,y) be a continuous real function defined in the interior of
a simply connected domain Q with perimeter P > 1 and such that 0 < G(x,y) < B,
(z,y) € Q. Assume further that G(x,y) is monotonic in each argument and for
every z € [0, B] the inequality G(x,y) < z defines a simply connected domain of
perimeter O(P) in Q. Then

Z G(z,y) = //Q G(z,y)drdy + O(BP).

(z,y)eQNZ2
Proof. 1t is sufficient to approximate G(z,y) by a linear combination of the func-
tions L
Gula) = [Ge) < 2B 0<ken,
n

to apply Lemma 1 to each of them and to pass to the limit as n — oo.

Remark 2. Let A be a sublattice of Z? of index d. Let N(A) be the number of
points in A lying in . Then

IV — dN(A)| < 4d(P +1).

To prove this inequality we can repeat the arguments in the proof of Lemma 1,
replacing the unit squares by fundamental parallelograms of A spanned by the
reduced basis.

As a consequence of this inequality (under the same constraints as Corollary 1
and in a similar way), we obtain

1
S Glay) = E//Q G(z,y) dx dy + O(BP). (5)

(z,y)€QNA
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8 5. Distinguishing the density

For rational » we denote by square brackets the canonical expansion of r in
a continued fraction of length s = s(r),

1
r=|ap;a1,...,0s] = ap + ————,
lao; a1 ] ot T 1
4=
Qs
where ag = |r] (the integer part of r), ay,...,as, which are positive integers, are

the partial quotients, as > 2, s > 1. We denote by s;(r) the sum of partial quotients
of r: s1(r) = ap+a1+- - -+as. For a positive integer ¢ let d,(a) be the characteristic
function of divisibility by ¢:

1 if a=0 (modg),

dq(a) = [a =0 (modq)] = {0 if a 20 (mod gq).

Lemma 2. Assume that 1 <1< a, (I,a) =1, let §;, d2 be positive integers and let
1, T be positive real numbers. Then the sum

St,a(01,02; 21, 22) = Z Z da( c)pi,a(b, c)
b<zia c<Lz20

61“7 52|C

has the asymptotic representation

a,01,02) l
St,a(01,02; 21, 22) = az(d#/ / Pra(ty,ta) dty dts + O<~T1$2a251< )>
102 a

Proof. Consider the lattice
Ai(61,02) = {(z,y) € Ay : 01|z, 02|y}

Any point (z,y) in A; has the form (z,y) = ue_1 +vep, where u and v are integers,
e_1 = (0,a), eg = (1,1) (see property 3°). This point belongs to the sublattice
A;(01,62) only when

v =0 (mod dy), au ~+ v =0 (mod d3).

Hence A;(d1,92) is a sublattice of A; of index §162/(a, d1,02).
Consider the sum

Sn :Slan(61362;x17$2)
Sn € _ Sn-1
Z Z {bc )€ Ag( 51,52) — 5 Pra(bsc).

b<zia cLz20 In—1
61]b d2le

As the sequences {s;} and {¢;} satisfy property 3°, all solutions of the congruence
bl = ¢ (mod a) for which s,,/¢, < ¢/b < $,—1/¢n—1 have the form

b(u, 7]) = UQGn + VGn—1, c(u, U) = USp +VSp—1
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with integer u > 0 and v > 0. Hence

Z Z (u,v) < 1@, 81 |b(u,v), c(u,v) < z2a, 2 |c(u,v)] by q(u,v),

u>0 v=0

where hy o (u,v) = pro(UGn + Vqn—1,USp + VSp_1).
Consider r = r(l,a) defined by the inequalities

Sy T2 Sr—1
<

& T @1

For n > r only the first of the constraints b < x1a and ¢ < xqa is essential.
Hence

=3 [ugn + vgn-1 < 210, 81 [ugn + Vn_1, 62 | sy + v5p_1]ha(u,v).
u>0 v>=0

The variables u and v range over a domain with perimeter O(x1a/q,—1). It follows
from the estimate

Pra(tiste) < tisn—1 + tagn (6)

that the maximum of h;(u,v) it this domain does not exceed 2x1aS,—1Gn/qn—1-
Moreover, as we pointed out above, A;(d1,02) is a sublattice of A; of index
9192/ (a, 01, 62). Hence from (5) we obtain

a,d1,02) x3a?
S, = (6#/ / UGy + VGn—1 < x1a]hy o (U, v) dudo + O( 5 8n—1qn>
102 An—1
61,02) e % n
(2,91, / / { 5 1]pl,a(b,c)dbdc+0<x1x2a g )
a5152 (J7L—1 dn—1
Observing now that
An K(ala---7a'n)
= =(ap;An_1,...,01) < Gn,
dn—1 K(a17"',an—l) < ! 1>
we see that
01,02) n "
S, = a51152 2 / / [8 t Z _1 pl,a(tlatQ) dty dto + O<$1$2a2an).

(7)
In a similar way, if n < r, then from the constraints b < x1a and ¢ < z2a only
the second remains. Taking account of the relations

Sp—1 K(an-‘rla ceey am)
= = (Ant1}---50m) < An+1,
Sn K(an+23"'7am) < i m> S
we arrive at the equality
(a,o ,(5 s Sn_
Sy = L2 / / [ = n-l p[7a(t1,t2) dtq dts +O(x1x2a2an+1).
X tl Gn—1

(8)
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On the other hand, if n = r, then the line ¢/b = x5/ in the plane Obc
partitions the sector s, /g, < ¢/b < $p_1/qn—1 into two parts; in the first (where
Sn/qn < ¢/b < x9/x1) we must bear in mind that b < zja, while in the second
(where zo /21 < ¢/b < $5,—-1/¢n—-1) we have ¢ < zoa. Hence

Sn = Z Z u,v) < z1a, T2b(u,v) > z1c(u,v), 61|b(u,v), 2 |c(u, v)]hyq(u, v)

u>0 v>0

—1—2 Z c(u,v) < zaa, ab(u,v) < z1¢(u,v), d1|b(u,v), 52|c(u7v)]hl,a(u,v).

u>0 v>0

The variables u and v range over a domain whose perimeter is

ria ToQ xri1a Ta2a
O( ! + 2 +-r1(57'—1_57‘)+$2(QT_QT'—1)> :O( : + 2 )

qr Sr—1 qr Sr—1

(see property 6°). The maximum of hyq(u,v), in accordance with (6), is
O(ax18,—1 + axaq,). Furthermore,

Tri1a ToQ
( + )(azlsr—l + ax2q,) K I1I202(ar +ary1).
qr Sr—1

Hence from Remark 2 we obtain

(a,01,62) / / [ o S ]
S, = a(t1,to) dty dt
6162 a0 t1 a1 pr, (1 2) 1 alg

+ O(z1220%(ar + ary1)). 9)

Thus, in view of (7)—(9), for the sum
Sl,a((sl; 527 X, 1'2) = Z Sna

we can deduce the asymptotic formula

1, 02)
S1,a(01,02; 21, 22) = (a,01,%2) / / pra(ti,t2) dty dto
+ O(z1220% (a1 + -+ - + am))

The continued fraction ‘with minus signs’ a/l = (ay;as,...,a;) can be obtained
from an ordinary continued fraction a/l = [by; b, ..., bs] by transforming the partial
quotients with even indices as follows:

[toj—13taj, tojpr +of = (toj_1 + 15 2,...,2, toj 1 +1+4a).
———
taj—1 terms
However, the last partial quotient (if it has even index) is transformed by the
formula
[toj_1ita;] = (taj_1 +1; 2,...,2).
W—’

tzj—1 terms
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Thus,

I
a1+~-~+am<2(b1+--~+bs)=2s1(a),

which yields the required asymptotic formula.

In what follows, an asterisk on a summation sign of the form
a . a—l*
=1 =0

means that the variable of summation z is coprime with a: (a,z) = 1.

Corollary 2. Under the assumptions of Lemma 2 the sum

Sa(01,02; 21, 22) = Z St,a(01,02; 21, 22)
=1

has the asymptotic representation

(a7 517 52)

. 9
Sa(61,62;01,22) = a 5165

T xro
/ / pa(ti,ta) dty dty + O(z1200> log? a),
o Jo

where

tl,tQ Z Pl,a tl;t2

Proof. 1t is sufficient to sum all the equalities in Lemma 2 and to use the estimate
q

Zsl( ) < qlog*(q +1)

p=1

(see [24]).

Lemma 3. Let x1 and xo be positive real numbers. Then the sum

Fo(x1,20) = Z fla,b,c)

(b,e)eM(z1,22)
has the following asymptotic representation:

Fo(21,22) = a® Z Z M51 Z M(SQ (a,01,02)

didz|a 51|d2a1 d2|diay
(d1,d2)=1

a:1d2 a:2d1
X / / Pa,y (tl,tg)dtl dtg +O(IE1IL‘2Q3+E),
0 0

where a; = a/(d1ds).



608 A.V. Ustinov

Proof. To find the sum F,(x1,22) we introduce the parameters diy = (a,b),
dy = (a,c¢) and set by = b/dy, ¢1 = ¢/ds, a1 = a/(dids). For terms distinct
from zero (dy,ds) = 1. Hence

Fo(xy,m2) = Z Z Zfabc

didala b<z1a c<z20
(dy,d2)=1 (b,a)=d1 (c,a)=d2

Z Z Z f(didaay, dyby, dacy).

didsla  bi<zidaar ci1<wadia
(dy,d2)=1 (b1,d2a1)=1 (c1,dra1)=1

From Johnson’s identity

f(abc)—df(z b )
(see [25]) we obtain

Fo(zy,m2) = > didy Y > flar,bi,e).

dida|a bi<zid2a1 ci1<za2dia
(d1,d2)=1 (b1,d2a1)=1 (c1,d1a1)=1

Now we can express the Frobenius number in terms of the Rgdseth function by
formula (4). Hence

(w1, 72) Z dldQZ Z Z day (b1l = c1)pra, (b1, c1)

dids|a =1 bi1<z1d2a1 ci1<zadiay
(dy,d2)=1 (b1,d2a1)=1 (c1,d1a1)=1
ay
%
E dyds E 1) E 1(02) E E E Oay (bil = c1)pia, (b1, c1).
dldg\a 51\d2a1 52‘(11&1 =1 bi<zid2a; c1<wadia
(dy,d2)=1 d1]b1 dz2lct

Next by Corollary 2,

Fuwiw)=d® Y, —— > “51 3 “giQ)(a,al,ag)

1
dldg‘a 51|d2a1 52|d1a1
(d1,d2)=1

IldQ mgdl
X / / Pas (tl,tg)dtl dtQ +O(m1x2a3+5).
0 0

Remark 3. Applying the same arguments to the sum

Ga($1,$2) = Z \/%

(b,c)eMa(z1,22)

we obtain the formula

Gulorag) = 3 o Y0 M S M s aptanal”

didz|a §1|d2a1 dz2|dray
(d1,d2)=1

:Eld2 :L‘le
X / ity dty dty + O($1$2a3+5).
0 0
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Remark 4. By homogeneity
t
pra(tiste) =tipia <2),
tq
where

pl,a(f) =Sp-1+ §Qn - min{3n7€Qn—1}

for s, /qn < & < $p—1/qn—1. Hence if we know the function

a
pa(é-) = Z pl,a(é-)a
1=1
then it is easy to find the required density

palti,t2) = t1pa (j) (10)

8§ 6. The density transformation

In accordance with property 5° of the sequences {s;} and {g¢;},

a ui—1 a us—1

p:(ﬁ) = Z Z Z Z |:U1’Z,L2 — V12 = a, i < 5 < Uf:| h’(u17u27v17v2;£)7

u1=1 v1=0 wuz=1 va=0

where
h(u, ug,vi,v2; &) = ug + up — minfvg, vy }.

Considering the cases vo > &v; and vy < vy separately, we express the required
density in the following form:

pa(&) = A" (a;€) + 1" (a;€),

where

a ui—1 a u2—1
V2 V2

Mag =3 SN 3T {uwQ —uwr=a, = <6< UJ ha(ur, uz, v1,v2; ),

U1:1 ’Ul:O u2:1 ’U2:O

a ui—1 a u2—1
V2

* * U
@) => > > > |:U1U2 —owz=a, <€< vﬂ ha(u1, uz, v1,v2; ),

u1:1 ’1)1:0 u2:1 1)2:0
hy(uy, ug,v1,v2;€) = up + &(ur — v1), ha(uy, ug,v1,v2;€) = up — v + Euy.
In view of Remark 1, the change of variables u; < us and v; < vy leads to the

equality n*(a; &) = EX*(a;1/€). Hence

p(E) = X*(a5 ) + EX° ( 2) (11)

To calculate A\*(a; &) we write the equation ujug — v1ve = a as

uy(ug — vg) +va(ug —v1) =a
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and introduce the variables x = uy, ¥y = us — vo, 2 = u; — v1, w = vo. Then we can
write the sum A*(a;€) in the following form:

a a

N o S S ayrwe=a e yruten)

rz=1 2z=1 y=1 w=0

Eliminating the conditions on being coprime we obtain

a i€
N(a; &) = d da)da ) 12
0= 3 sk (25 55). (12)
where
Ma; &) = [my+wz:a,w §<w}(y+w+£z)
z>1 z=1 y>1 w>0 v

Taking into account the terms in the last pair of parentheses we express \(a; &) as

AMa;§) =Y (a;€) + W(a;§) + £Z(a;§) (13)

and find each of the three sums separately.

8§ 7. Using estimates for Kloosterman sums

Let ¢ be a positive integer, a an integer, and f a non-negative function. Let
T[f] be the number of solutions of the congruence xy = a (modq) in the domain
P1<1'<P2,0<y<f(£ﬂ)i

Tif]= Y Y dyley —a).

Pi<z<P2 0<y<f(x)

Bykovskii [26] showed that calculating T[f] reduces to finding the sum

S =2 S pgale) (),

q Py <z< Py

where piq () is the number of solutions of the congruence zy = a (modgq) with
respect to y in the interval 1 <y < q.

Now we present a simplified version of a result from [18], which refines the cor-
responding theorem in [26]. It is based on estimates for the Kloosterman sums

q
K,(l,m,n) = Z dg(zy — 1) exp <2m_qu+ny) (14)

z,y=1

and van der Corput’s method for estimating trigonometric sums. The proof uses
the inequality

|Kq(l7 m, TL)| g UO(Q)UO((Z7 m,n, Q))(lm7 Z’I’L, mn, Q)1/2q1/27
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which generalizes the following result due to Estermann [27]:
|Ky(£1,m,n)| < 00(q)(m,n,q) ¢/,

oalq) = Z d”

dlq

Here and in what follows

is the sum of powers of the divisors of the positive integer q. Throughout, € > 0
will be arbitrarily small. We shall replace 2¢ by ¢ in exponents.

Lemma 4. Let P and Py be real numbers, P = P, — Py > 2, and assume that
a real function f(x) = 0 has two continuous derivatives on [Py, Ps] and that for
some A >0 and w > 1,

Sl

Then the asymptotic formula

holds, where
R[f] €we (PATP 4 AY2D 1+ ¢"2)P5, D= (a,q).

Remark 5. It follows from Lemma 4 that the asymptotic formula for T'[f] does not
change if the inequality y < f(z) is replaced by the strict inequality y < f(x) in
the definition of T'[f].

Lemma 5. Let P, and Py be real numbers, P = P, — Py > 0, and let f(x) >0 be
a real function that is constant on [Py, Ps]. Then

T[f] = S[f] +O(<q1/2 + (1; +1>D>q5)7

Proof. By the definition of y (), for any Y we have

Yoo D Gly-a)= Y (). (15)

Pi<az<P; Y<ysY+q Pi<z<Ps

where D = (a, q).

Next (see [18], Remark 2) for any X and 0 <Y < ¢ we have the estimate
Y g
Z Z 5q(£y—a)=—Kq(a,0,0)+O(Dq )7 (16)
X<r<X+q 0<yY q
where K, (I, m,n) is defined by (14). Moreover, for Xo—X; = X < gand Y —-Y; =

Y < ¢ we have

> > 6q<xy—a>=%qu,o,owo«qlﬂw)qﬂ (17)

Xi<x<X2 Yi<y<Ya
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(see [18], Lemma 3). Bearing in mind the relations

Yo mwal@)= DYk Y] 1:Zk<21/]f)k+o< <Z‘)>>

X <z<Xo kl(a,q) Xi1<a<Xs k|(a,q)
(z,9)=Fk
X
- Z ke O(Dg) = - Ky(4,0,0) + O(Dg")
k| a,q)

and asymptotic formulae (15)—(17) we arrive at the statement of the lemma.

Lemma 6. Let f be a decreasing function on [Py, Py] and let f(Py) — f(P2) = Q.
Then

Py
Slfl=v(a,q) | fz)dz+0O(DQq™ '),

Py
where
DI L 18)
’f\(a q) Sla/k

Proof. In fact, fig,q(x) = kdi(a), where k = (¢,x). Hence

1
= Y kéila Z koY f(kx)
q Pi<x<P> qk|(a,q) Py /k<a<P2/k
(w,q/k)=1
== Z > > f(kéx).
T ki) olask P1/<k6><z<P2/<k6>

Replacing the inner sum by an integral we arrive at the required asymptotic formula:

Sl =7 30 kSl (,35 /jf(x)dxw(cz))

kl(a q) dlg/k

- Z Z f(z)dr +O(DQq*9).

4 ki) sla/k Py

Lemma 7. Assume that the function I(r)/r € C[0,1] has finitely many intervals
of monotonicity and that |I(r)/r| < B for all r € [0,1], let ¢(a,q) be defined by
equality (18), and assume that 1 <U < a and 0 < 0 < 1. Then

a 0 T
> ¢(a,q)1<g) = 05(12())/0 @dHO(BU*aE).

q<oU

Proof. From the definition of ¢ (a,q) we obtain

> (g - X 4y M0

q<o0U kla §<U/k q<oU
ok|q
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Replacing the inner sum by an integral we obtain the desired result:

2 M“"”(é) =2 2 ME;S)(;,C /j@dw()(BUl))

q<OU kla 6<U/k

= %:}C(Cé) +0(5>> /Oel(r”dHO(BUlas)

0
:”gé;l)/o @drju()(BU*laE).

§ 8. Calculating three auxiliary sums

To calculate the sums Y (a;§), W(a; &) and Z(a;&) we introduce the param-
eters Uy < v/af and Uy = aU; ' =< \/a/¢é. We shall assume that a > 9 and
9/a < £ < a/9, since otherwise the results that follow are trivial. For & > 1 we set
n=|va&] —2 > 1. Then for U; € [n+ 1/4,n + 3/4] the parameter Us = a/U;
ranges over the interval [#3/4, #1/4], which has length greater than 1/2. Hence
we can select Uy and Uy > 1 such that

1 1 a a
a=a LG > VE<ti<VaE \[f<t<izfE

(||| is the distance from the real number x to the closest integer). For £ > 1 we
set n = [y/a/§ | —2 > 1. Looking at Us over [n+ 1/4,n + 3/4] we see in a similar
way that we can select Uy, Us > 1 so that

1 1 Ja a
b =a G VeE<Ti<ivaE gfe<tiefE

Lemma 8. The sum

x

V() => > [xy+wza,Z<§< - ]y

r—z
z>21 z=1 y>1 w>1

has the asymptotic representation

Viai6) = 25 o 1()a¥ 62 + O(R(a. ).
where
R(,€) = (a*5(1 +€) + a4 (€ +€74)ac. (19)

Proof. We can write Y (a; &) in the form

a

Y(a;6) =Y Y(a,1¢),

t=1

where

T

w
Y(a,t;g)zz Z [azy+wz:a,x<§<

z>1 z=1 y>t w>1

w

z—z|
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We split Y'(a,t; &) into two sums:
Y(a,t;§) = Yi(a,t;:€) + Ya(a, 1;§),
where the first sum contains the terms for which w < U, and the second sum
contains all other terms. For this decomposition, in the second sum we always have

z < U2.
In the sum

Yi(a,t;€) = ZZ [my+wz-ai\£<xwz,

wUp 21 y>t 2=1

for fixed w > 1 the variables x and y are related by xy = a (modw). If w, x and y
are known, then we find z is unique:

a—xy
z= .

w

Hence, in view of the constraint z < x, we can express the sum Y7 (a,t;€) in the
following form:

Yia,t56) = Y > > duley—a)[yi(@) <y < y2(2)]

w<U1 w/é<z<a y=>t

Z ZZJ zy —a)[z1(y) <z < 22(y)]

w<U; y>2t x2>1

> Y b -a,

w<Uy (z,y)€N

where
(1)=2—w (@)= ws s (20)
Y1 - z 3 Y2 - T fx ;
a 1 w?
€T — s = — a + —_— 5 21
)= )= o (o ) @1
and the domain € is defined by
w
vz, >0 y1(z) <y <wa(x)
or by the equivalent conditions
w
x}z, y >0, z1(y) < x < 22(y).

We take U = \/a + w? /€ and represent (2 as

Q= (21 \ Q) U (Q3\ (2 UQ5)),
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where

=
[

(x,y)tSySU—w,

<z < xg(y)},

2
V)
I

(r,y) : t <y <U—w,

<z < ml(y)},

(z,y) : <:v<U,t<y<y2(x)},

)
w
|
— N

Q4

w
¢
(,9) %

a
<x<ﬁ,t<y<y1(:ﬂ) )

Q5—{(9:,y) Inax{g U}<z<U,t§Uw}.

Thus, the line y = U — w partitions Q into two pieces Q; \ Q2 and Q3 \ (24 U Q5),
where €27, Qs, Q3, and €4 are curvilinear trapezia and {25 is a rectangle.

In ©Q; and Qs we apply Lemmas 4 and 6 to the functions z(y) and x2(y). To
this end we partition the range of y into intervals of the form (Y,2Y] = (Py, P,
where Y = (U —w)/2,(U —w)/4,(U—w)/8,...; on each of these intervals we have

) =) = g A= Ll
Bearing in mind that
w?
Slza] = Slra] = Slwa — 1], wa(y) —2(y) < MZQ,
after integrating over these intervals we obtain the leading term
D,wa®
Y(a,w //Q \92 t]dz dy + O (6w (a )U[th])JrO(f(wH)),

where D,, = (a,w), and also the remainder
O((a1/3 +a'/*D, + wl/Q)aE). (22)

(We have added the condition ¢ < U because for ¢ > U the domain 4 \ Qs is
empty.)

In a similar way, in Q3 and Q4 we apply Lemmas 4 and 6 to the functions y; (x)
and yz(z). Then for z € (X,2X] we obtain

[\

a
Yy () <y (z) < w0 @) -un@) <

N

Hence after integrating over intervals of the form (X,2X], where X = U/2,U/4,
U/8, ..., we obtain the leading term

(a,w //93\94 da:dy+0<§w( )min{U,wj_t}> + O(Dya%)

and remainder (22).
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Using Lemmas 5 and 6 in the domain €25 we obtain

Du e 1/2 .
(a,w //Q5 dxdy—i—O( mln{Uw+t}>+O((w + Dy,)a®).

Combining the above, the sum Yj(a,t; §) has the estimate
Yi(a,t;€) = ( a,w / dx/ yi(z) <y < yg(:c)] dy + O(Rl(a,t,w;f))>,
w<Uy w/§ t

where

D,wa®

Ri(a,t,w;§) = <a1/3 +a'/* Dy + w'/? + )

+8u(a) min{U,“}.

)as + 6, (a)Ut

N

U]

w+t
The terms in Y;(a,t;€) are distinct from zero only for tw < a. Hence from the

inequalities
Z D Z Z 1 < Nog(a

w<N Dla w<N
D\w

we obtain the following estimate for the remainder term:
> Ri(a,t,w;€) < Ri(a,€),
tw<al

ngl

where
Ri(a,€) = (a*/3¢ + a®*(* + &) + a)a®

Thus, for the sum
§)=> Yi(a,t€)
t=1

we have the formula

H@o) =Y 3 vlaw) / dx/a[y1<x><y<y2<xﬂ dy+ O(R (a:€))

t=1 w<<U;

Z P(a,w //gdx/f y1(z) <y < y2(2)|ydy + O(Ri(a;§))

w<U;
a/wtw/& a/w
=3 wglw(%w) ( / o @ / e dw) + O(R; (a:6).

The integrals in it can be calculated directly, so we obtain

3/251/2

Via:6) = > wlaun(gr) + O

1<w<<U;
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where
Ii(r) =r® —2r® log(l + :2> +2r — 2rlog(1 + 7?).
By Lemma 7,
3/2¢1/2 1
Hias) = e [ 2 dr s o)
3/2¢1/2
— Otf((;)_l(a) (Z - % — §10g2> + O(R1(a;€)). (23)

Now consider the sum

Yol :6 = 3 % [$y+wz:af;<g< xu.

z21 2z y>t w>U;

For fixed z > 1 the variables x and y satisfy the relation zy = a (mod z), and if z,
x and y are known, then w is determined uniquely:

a—xy

z

The constraint w > U; means that z < a/U; = Us, therefore we can express the
sum Ys(a,t; ) in the following form:

Va(a,t;6) = D> Y > du(ay —a)[ys(x) <y < ya()]

2<Us 22Uy y>t

Z Z 26 vy —a)|x3(y) <z < z4(y)],

2<Uy y2t ©v>2Us

where
_U 2
w0 =2 ml)—mnf =05 ey S
_a . Ja-Uz a+ &2
nl) =g ) —min{ S5 ST (29

Now we select U = \/a + £22. As in the case of the sum Y;(a,t;§), for y < U
we apply Lemmas 4 and 6 to the functions x3(y) and x4(y) and for y > U we apply
them to the functions ys(z) and y4(x). Partitioning the ranges of the variables x
and y in a similar fashion, into intervals of the form (X, 2X] and (Y, 2Y], we obtain

Ya(a,t;:€) = ( a,z / dx/ ys(x) <y < ya(z)] dy+O(Rz(a,t7Z;€))),
z2<U>

where

Ro(a,t, z;6) = (a*? + a**D, + 2'/?)a® + 6. (a) (U[t <Ul+ j)

a3/4
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In the sum Ys(a,t;€) the terms are distinct from zero only for ¢ < Uj.
taking account of the estimate

3/4

a 5/4+e
E <a
1/2 1/2 Z _ 1/2 ’
tz<§Ua ( Ulz z<U2 U2 Z
z2x U2

we find the remainder term

5) = Z RQ(aatvz;E)
tz<a
2<Us

satisfies
Ra(a,€) < (a*® + a4 + af)a®

a;:€) =Y Ya(a,t;¢)
t=1

Hence the sum

satisfies the relations

(a;€) = Z Z ¥(a,z / d:z:/ y3(z) <y < ya(z)] dy + O(R2(a;€))

t=1 2<Us

= ¥(a,z / dw/ y3(z) <y < yal@)]y dy + O(Ra(a; €))

z2<Us

Therefore,

1 wea( [ e >dx/a/(€z) (@) do ) + Olafas ).

z<U2 Uz

Calculating the integrals we arrive at the equality

3/251/2
Y (a;€) = Z 1/)@2’]2( )+O(R2(af))
1<z2<U2
where 2
I(r) =2r <r2 logr — (1+17)log 111: >
By Lemma 7,
o_1(a) ['Ix(r) 14e

3 vean(5,) = | B owo

z2<U>
Hence 3/201/2

) = TS (L fos2) + O(u(ai )

Substituting equalities (23) and (26) into the formula
Y(a;§) = Yi(a;€) + Ya(a; §)

we obtain the required result.

(26)
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Lemma 9. The sum

W(a;f)zzzm: {xy+wz—a,w<£< Y lw

z>1 z=1 y>21 w

WV
o

has the asymptotic representation

2(r—2)
3¢(2)
with its remainder term R(a,&) defined by equality (19).

W (a;€) = o_1(a)a®?¢? + O(R(a,¢))

Proof. We write the sum under consideration as

=Y W(at¢),
t=1
where

W(a,t;§) = Wi(a,t; &) + Wa(a, t;§),

Wi(a, t;§) = Z Z Z{xy—t—wz—a x\£<x—z}

t<w<Uy z,y>1l z=1

Wa(a,t; &) = Z Z Z [wy+wz:a,x<§<xwz}.

2<Us z,y>1 w>max{t,U;}

g

In Wi(a,t;€) we pass from the equality zy + wz = a to the congruence zy =
a (modw). The constraints on the variables z < z, w < &z, and {(v — z) < w are
the same as in the sum Yj(a,t;&). Hence

Wi(a,t;€) = Z Z Zé (zy — a) xl(y) x<x2(y)]

t<w<Ur z2w/€ y=>1

o3 Y duley-a)n) <y < @),

t<w<Uy y>1 a>w/€
where x1(y), z2(y), y1(x) and ya(x) are defined by equalities (20) and (21). Lem-
mas 4 and 6 lead to the asymptotic formula
Wiet:) = 3 (vaw) [ ao [ < <] dr+0ata i)
w<LUy w/g
where
Rs(a,t,w;€) = (a"/* + /Dy + w'/?)a® + 6, (a)U + Dy

As for the sum Yi(q; &), we have here

Z Z R3(a,t,w;§) < Ri(a;§).

t<a t<w<Uy
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Hence
Wi(as6) = 3 wila) / ; de / ") <y < pa(e)] dy + O(R: (a:0))
—a Y wila,w)( = ) +O(Ri(a;8)),
wgzUl 3 (Ul) !
where

I3(r) = (1 +r*)log(1 +r?) — r?logr — r2. (27)
By Lemma 7 we obtain

a3/261 /25

—,1(a) 1 r)dr a;
o [ B+ O @:6)

a3/2¢2q 1(a)

= C(2)_<§+g+§log2) + O(R1(a;8)). (28)

In Wh(a,t;€) we pass from the equality zy + wz = a to the congruence zy =
a (mod z). Then

Wala,t;6) = D> D> > d.(ey—a)[ys(a) <y < ya(w,1)]

2<Uy 22U y>0

=3 > > sy —a)[rsly) <@ < waly,1)],

2<Us 22Us y>0

Wi(a;§) =

where the functions x3(y) and y3(x) are defined in (24) and (25),

— t 2
ya(x, t) = min{a max{Uy, )2 , % —&z+ ﬁ;}

T

and

— 2
w4<y,t>=mm{a max{Uy. )z a+ & }
Yy &z 4y

Applying Lemmas 4 and 6 to the functions x3(y), x4(y,t), ys(z) and ys(z,t) we
arrive at the equality

Wa(a,t;€) = ( a,z /U d:z:/ ys3(z) <y < ya(w,t)] dy + O(Ry(a, t z,g))>
2<Us 2

where

R3(G7t,z;§) = (a1/3 + a1/4DZ + 21/2)@5 + 6z(a) min{U1, af}

43/4

1 —_—.
+D.(1+&)+ D, (a— 2U1)1/2



The solution of Arnold’s problem on the weak asymptotics 621
Here the terms will be distinct from zero only for tz < a and
a
Z Z R4(a7t72;£) < RQ(a7 5)
t=1 z<min{Usz,a/t}

Thus,

W)= Y 3 i) [ do [ i) <y < mio)] dy

thl ngz

+ > a2 /U(: dx /0“ [ys(2) <y < ya(a,t)] dy + O(R2(a;€)).

Ui<t<a z<a/t

The double integrals are straightforward to calculate:

/(]de/oa[y3(x)<y<y4(x)] dy:a]4(;2>’
/UdeAa[ys(CC)<y<y4(m,t)]dy:a14<;2’ Utl>

where I,(r) = I4(r,1) and

Iy(r,7)= (14 r2) log(1 + 7‘2) —7r2logr 4+ rrlogT — r(r+7)log(r + 7). (29)

Hence by Lemma 7,

Wa(as) = 226 0ma(a) ( A 1 L) g /1 Z /O o hlr7) dr) O(Ra(a:))

(2)
_ a2 %0 _1(a) (1 7w 4 |
@ (3 T35 2) + O(Ra(@:9)). (30)

Adding (28) and (30) together we obtain the required result.

Lemma 10. The sum

- w w
(a;€) ZZZ [;vy—l—wz a,x\§<x_2z
x>1 z=1 y>1 w>0
has the asymptotic representation
2(mr —2 379 . _
21€) = 2 o @)a €2 4 06 Rla. ),

where the remainder term R(a,§) is defined in (19).

Proof. We split Z(a; &) into four sums:

Z(a; &) = Z1(a; ) + Z2(a; ) + Z3(a; §) + Za(a; §), (31)
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where
w w
Z1(a; &) = [wy+wz:a,<§< ],
T T—z
t<U2 w<ét z,y>1 t<z<z
w w
Zo(as) = S forrus—a Leec ],
t<Us Et<w<lU; z,y>1 t<z<a

The condition z >

t holds automatically for the nonzero terms of the sum Z; (q;§),
therefore

=2 > > dulay—a)|nl) <y<p@).

t<Uz w<ét z,y>1
We can single out the leading terms as in Yj(a;&); namely,

Zi(a;6) =) Zwaw(/ dm/ yi(x y<y2<:c)}dy+0<R5(a,t7w;s>>)

t<Us w<Et

—a Y Y blaw) <14(U U)+O(R5(atw,£)))

t<Us w<ét
where I4(r, 7) is defined by equality (29) and
D a3/4
ey (173 174 1/2 w c
Rs(a,t,w; ) = <a P+ a' Dy +w!/ +(a_wt)1/2)a

+ dw(a) min{U, j} + Dy, (1+&71).

To estimate the remainder we observe that

a®/4 3/4+ ~ 1 5/4+
E < a € E < a e,
_ 1/2
ot (a —wt)t/ — NG

The other terms in Rs(a,t,w;&) are estimated as in Lemma 8. Hence

> Rs(a,t,wi€) < (a*® 4+ a4V + ag™))a® < Ra(a; )¢

t<Us w<Et

By Lemma 7,
3/2 1/2 1 -
Biiast) = 54(20 : /0 dT/O LT) 4y OBy (@06
a3/26-1/24 -
_w@ 37 % . )+O<R1<a;g>5-1>.
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We calculate Z3(a;€) in a similar way:

Zy(@:&) =y > waw(/ d:v/ yi(x) <y <ya(e )]dy+O(R5(atw£))>

t>Uz w<a/t
_az Zl/]awfz;(U U>+O(R1(a§)f )
t>Us w<a/t
R o) (%, () o
GE) /1 dT/O S dr+ O(Ra(a; )67
. a3/25—1/2071(a) 1 = C(Q) 1 . -
B <<2>(‘6 HERT 31°g2) +O(R(@: )¢,

Analogous transformations lead to the following representation for the sum

ZQ(CL'S):

2@ =% 3 vlaw) (/ o [ o) < <o) dy+ s (et wi)))

t<Us et<w<U,
t _
—o> X wewts(f ) + O os),
t<Us €t<w<U;

where

Is(r,7) = (14 7“2) log(1 + r2) —r(r+7)log(r+7)—r(r —r)logr+r(r —r).

By Lemma 7,
e S (O ' I5(r,7) pap
Z2(a/7 é-) - W/Ov dT‘/T T d?“ + O(Rl(a’g)g )
- a3/2£71/20_1(a) 5 w1 2 . B
R <<2>(4 37 310g2) +O(Ri(a;)¢7").

The sum Z,(a; &) is calculated similarly to Wa(a;€) (using Lemmas 4 and 6):

:Z Z ( az/dx/ ys(x) <y < ya(z,t)] dy

t<Us t<2z<Usz
+ O(R4(G,, t7 <3 5))) .

Here we have

> > Rala,t,2:6) < R(a; )¢

t<Us z2<Us

Finding the leading term reduces to integrating the function I3(r) defined by equal-
ity (27):

a3/2¢126_(a) [ UL(rr »
Ziai§) == [ [ #drw(ma;e)e )

a3/2¢7126_4(a)

- (- 5 ) otRiw o
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Substituting the values of the sums Z;(a;€), Z2(a;€), Z3(a; &) and Zy(a; &) which
we have obtained into (31) we arrive at the conclusion of the lemma.

§9. The proof of the main result

Corollary 3. Let xy, x4 € [0,1]. Then the density p,(§) has the asymptotic expres-
sion

pal€) = = p(@al €2 + O (P (1 + ) + 0¥ (EN +£71)a).

Proof. Substituting the expressions from Lemmas 8-10 into equality (13) we obtain
Mas€) = % 0-1(a)a®?6"% + O((a"P(1+€) + a1 (€1 +£71/1)a%).
Hence formula (12) yields
N (056) = = pla)a /€12 + O((@V3(1 +) + a¥ (e + €/ )a),

Substituting this expression into (11) we arrive at the required result.

Proof of Theorem 1. From formula (10), on the basis of Corollary 3 we obtain

8 _ _
paltrtz) = — p(a)virtaa + O((a"? (11 + t2) + a®/ (7 ;M 4 17165 )ad).

Substituting this into the asymptotic formula from Lemma 3 and taking Remark 3
into account we arrive at the result of the theorem with the remainder term as
required.

To prove Theorem 2 we can partition the square [1, N]? containing the pairs
(b, ¢) into smaller squares with side length N 11/12 and can use Theorem 1 in each
of these squares.

Remark 6. The ideas underlying the approach used in the proof of Theorem 1
are close to Porter’s approach in [28] (see also [18]). In it the following asymptotic
formula for the mean value of the length of continued fractions for rational numbers
with equal denominators was obtained:

1 c 2log 2 1/6
— sl=) = logd+ Cp — 1+ O.(d™1/6%%),
o(d) 1;:@ (d> ¢(2)

(e,d)=1

where the constant

_ 2log?2 (3log?2 c(2) 1
Cr = <<2>< 2 *2”‘2«2)‘1)‘2

is now known as the Porter constant. The key point in both cases is root estimates
for Kloosterman sums and van der Corput’s method, which explains why there is
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the same decrease of the exponent in the remainder terms. A more precise result
was obtained in [17] for averaging over the numerators and denominators:

E(R) = R+1 DI ( ) 21°g)2 og R+ Cl + O(R"'log* R)

d<R c<d

with absolute constant C%. Hence in the case when f(a,b,c) is averaged over all
the three arguments we can conjecture the following result.

Conjecture 4. The estimate

8 — 71/2+5
$1$23§3N9/2 Z Z Z < a,b,¢) = ’]T\/@) = Oca102,05 (N )

a<zi N b<zoN c<Lz3N
(a,b,c)=1

holds.

Remark 7. The method used in the proof of Theorem 1 also enables us to describe
the distribution density of f(a,b,c)/vabe. Tt turns out that

1

m Z [f(a,b, €) < T@} - /OT p(t) dt+O0(R(a; x1,x2;7)ac),

(a,b,e)€M(z1,22)

where

—1/6
R(aa 3717372’7-) <<a:1,:r27‘r a /

and the density p(t) is defined by

for t € [0,/3];
f(t%1ﬂ> for t € [V3,2];

p(t) = V3
% <t\/§arccos ! Z\?}% 4 % V2 — 4 log g) for ¢ € [2, +00).
plt) (22 v3)
5 -

Figure 1. The graph of the density p(t)



626

A.V. Ustinov

This density has the following properties:

1) the function p(t) increases on [v/3,2] and decreases on the semi-infinite inter-

val [2,400), lim;_o_op'(t) = 400 and lim; 940 p'(t) = —o0;
18 1

3) /Omp@)dt:l;
4) /Oootp(t)dt_i.

The author is going to present the proof in a forthcoming paper.
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