Tzvestiya: Mathematics 74:5 1023-1049 © 2010 RAS(DoM) and LMS

Tzvestiya RAN: Ser. Mat. 74:5 145-170 DOI 10.1070/IM2010v074n05ABEH002514

On the distribution of Frobenius numbers
with three arguments

A. V. Ustinov

Abstract. We prove the existence of the limit density distribution for
normalized Frobenius numbers with three arguments. The density is found
explicitly.
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Let A be a proposition. Then [A] =1 if A is true and [A] = 0 otherwise.

For a positive integer ¢ we denote by d,(a) the characteristic function of divisi-
bility by q:
1 if a=0 (modg),

dq(a) = la =0 (modp)| = 0 if a# 0 (modgq).

The symbol * in sums of the form """ | ... means that the summation is carried
out over the reduced system of residues.
The sum of powers of the divisors of a positive integer ¢ is given by the formula

oalg) = d*.

dlq

1. Introduction

The Frobenius number g(ai, . .. ,ay) of jointly coprime positive integers aq, . . ., ay
is the largest positive integer m which is not representable in the form

Tia1 4+ Tpan =m, (1)

where z1,...,x, are non-negative integers. In the majority of problems related
to Frobenius numbers, it is more convenient to consider the function

flay,...,an) =glay,...,an) + a1 + -+ an,

which gives the largest positive integer m which is not representable in the form (1)
with positive integer coefficients =1, ..., z,.
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For n = 2 there is a known formula attributed to Sylvester (see [1]; see also [2] for
a discussion of the history of the problem), namely, f(a,b)=ab. When n=23, the
problem of finding f(a,b,c) reduces to the consideration of the case in which
the arguments are pairwise coprime, and when

(a,b) = (a,c) = (b,c) =1, b=lc (moda), 1<I<a,

the value of f(a,b,c) can be expressed using the terms of the continued fraction
for the number [/a (see the results in [3] and [4] and also the formulae (5) and (6)
below). When n > 4, there are no known formulae for f(aq,...,a,). It has been
proved that for a fixed n one can evaluate the Frobenius number in polynomial
time (see [5]), while for an arbitrary n, finding f(ay,...,a,) becomes an NP-hard
problem (see [6]).

Problems concerning the behaviour of Frobenius numbers in the mean have been
posed by Davison and Arnold (see [7], and [8], Problems 1999-8, 2003-5). A natural
assumption (which was later confirmed in [10]; see also [11]) was used in [9] to prove
the existence of the limit distribution as N — oo for the quantity f(a,b,c)N 3/
with 1 < a,b,¢ < N. For an arbitrary n > 4, it was also proved in [9] that (under
an additional technical assumption) for any € > 0 there is a D = D(g) such that

Pyo{f(ar,...,a,)N"1"51 <D} > 1 ¢,

where Py, stands for the probability corresponding to the uniform distribution
on the set

{(al,...,an):aN<a1, coey Gn <N, (al,...,an)zl}, O0<a<l.

A more precise result was obtained in [12] (see also [13]) by methods of the geometry
of numbers, namely,

Pyo{f(ar,...,an) N\ 77 >t} <172,

It was also proved there that the numbers f(aq,...,a,) behave in the mean as
Nt although the ratio f(aq,..., an)/NHﬁ can be unboundedly large.

The existence of a limit distribution function for the normalized Frobenius num-

f(as,..., an)
(@1--an) /(-1

Arnold’s problem on the existence of weak asymptotic behaviour for the numbers
f(a,b,c) was solved in [15]. It was proved that, in the mean over the set

bers was proved for any n > 3 in [14] using methods of ergodic theory.

M, (x1,22) = {(a,b,c): 1<b< za, 1 <c<aoa, (a,bc) = 1}

for any 1,z > 0, the Frobenius numbers behave as £+v/abc:

. S fabo

|Ma($1a 332)| (a,b,¢)EMg (z1,22)

1
E §\/abc—!— Ox17x276(a4/3+8). (2)
s

‘Ma($1,$2)| (a,b,c)EMy(z1,22)
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As a consequence, Davison’s conjectures [7] were proved in a stronger form, namely,

1 fla,b,c 8 —1/124¢
AT ﬁ)zﬁo*“ 7). ®)

(a,b,c)eEMy(1,1)

It turns out that the limit density for the distribution of normalized Frobenius

numbers f(a#/%f) with three arguments can be found explicitly. As in [15], this

density is obtained by averaging the three arguments over two of them, and one
obtains an explicit polynomial reduction in the remainder term.

Theorem. Let a be a positive integer and let x1, x2, € be positive real numbers.

Then
1
_ a,b,c) < TVabe
e, 2 be <]
(a,b,c)EMy(z1,22)
_ / p(t) dt + O-(R(a; 21, w2 7)as),
0
where
R(a; T1,T2; T) <<x1,x2,'r a_1/67
and the density p(t) is given by the equations
0 if te[0,v3l,

() = 1:(\/3—\/4—%) if te V3,2,

z(t\/?:arcco ijf \/t2 4log 3) if te€[2,4+00).

One can prove the equation

o 8
/0 () d =

for the function p(t), and this agrees with the formulae (2) and (3). It follows from
this theorem that the Frobenius numbers f(a,b,c) are of the order of vabc for
almost all number triples (a,b,c) € M,(1,1). Using properties of the density, we
can describe the cardinality of the exceptional set:

1 9 )
D 2 Wb >V = o 0(74)
v (a,b,c)eM,(1,1)

34+e

fora>r1

The proof of the theorem (as well as that of the result of [15]) uses Rodseth’s
formula for the Frobenius numbers. This formula contains the most natural inter-
pretation in terms of lattices in the geometric theory of continued fractions (§2).
The largest remainder terms arising in the proof are evaluated using van der
Corput’s approach and estimates for Kloosterman sums (§3). The problem of
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the distribution of the normalized Frobenius numbers is first reduced to that of the
distribution of the values of the Rédseth function. This involves an averaging over
lattices formed by solutions of linear congruences (§4). After auxiliary transfor-
mations using the symmetry of the Rodseth function (§5), the sum over lattices
is replaced by a corresponding integral (§6). The triple integral expressing the
distribution function is differentiated with respect to a parameter, and this leads
to the representation of the desired density in the form of a double integral (§7).
This integral is then evaluated explicitly (§8).

The author is grateful to the referee for pointing out deficiencies in the original
version of this paper and to O. Rodseth for suggesting apposite references.

2. The Rdédseth function

Let I be a fixed integer, 1 < I < a, (l,a) = 1, and let [ be a solution of the
congruence [l = 1 (mod a), where 1 < I < a. In accordance with [3], we consider
the continued fraction expansion of a/l with minus signs,

=ay — ) ala-“aa?n>2a
az — .. 1

a 1

l
of length m = m(a/l). We introduce the sequences {s;}, {¢;}, -1 < j < m, by
the conditions

Sm = 07 Sm—1 =1, qd—1 = Oa qo = ]-7
(4)

Sj—1 = @j4+15; — Sj+1, j+1 = Gj+145 — ¢j—1, 0<j<m—-1

One can readily prove the following properties of the numbers {s;} and {g;}
(see [3] and [15]).

1°)sc1=gm=a, so=1, gm-1=1.

2°) The sequence {s;} is monotone decreasing, the sequence {g;} is monotone
increasing, and the following inequalities hold:
S—1

S
<< 2o
dm qm—1 qo0 q-1

Ozsﬂ<5m_1

3°) For any n, 0 < n < m, the vectors e, = (qn, $n) and e,—1 = (Gn-1, Sn—1)
form a basis of the lattice

A= {(z,y) € 72 xl=y (moda)},

and here |7, " | = det A; = a.

4°) The points (gn, Sn), —1 < n < m, are the vertices of the convex hull of the
non-zero points of the lattice A; that belong to the first coordinate quadrant.

5°) The quadruples (¢n, Sn—1,Gn-1,5») with 1 <l < a, (l,a) =1,and 0 < n <
m(l/a) are in one-to-one correspondence with the solutions (uj,us,v1,vs) of the
equation ujug —v1vy = a for which 0 < v; < uy < a, (u1,v1) =1, 0 < v2 < uz < a,
and (ug,v9) = 1.

6°) The inequalities s,,—1—8, < a/q, and ¢, —¢n—1 < a/Sp—1 hold for 0 < n < m.
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We introduce the Rédseth function p; ,(t1,t2), which is defined for non-negative

reals tq, ty such that
Sl < tﬁ < Sn—1

dn tl dn—1 ’

by the equation
Pra(t1,ta) = t1Sp—1 + togy, — min{t18,, tagn_1}. (5)

Then it was proved in [3] that for (b,a) = 1 and ¢ = bl (mod a), the Frobenius
number can be evaluated using the formula

f(a7 b, C) = pl,a<ba C). (6)

Remark 1. The function p; 4 (f1,t2) is continuous and the equation (5) holds when

Bn T2 Bnm1

dn tl dn—1

3. An application of estimates for Kloosterman sums

Let ¢ be a positive integer, a an integer, and f a non-negative function. Let T'[f]
denote the number of solutions of the congruence zy = a (mod ¢) belonging to the
domain P; <z < Po, 0 <y < f(x):

= 2. ) Hlw-a)

P <z<Py O<y<f(z)
It was proved in [16] that the evaluation of T'[f] reduces to finding the sum
1
Sifl== Y. heal@)f(@),

q Py <x<P;

where p14 o() stands for the number of solutions of the congruence zy = a (mod q)
when the variable y belongs to the interval [1, ¢].

We now give a simplified version of the result in [17] which refines the corre-
sponding theorem in [16]. This result uses bounds for the Kloosterman sums

q
K,(,m,n) = Z 0g(zy — l)exp{2ﬂ'iqu+ny}
z,y=1

and van der Corput’s approach to estimating trigonometric sums. The proof uses

the inequality
|Kq(l7 m, TL)| < UO(q)UO((l7 m,n, Q))(lm7 lna mn, Q)1/2q1/27
which generalizes Estermann’s result [18],

‘Kq(ila m, n)' < UO(q)(ma n, q)1/2q1/2'
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Lemma 1. Let Py and Py be real numbers such that P = P, — Py > 2, let f(x) be
a real non-negative function twice continuously differentiable on the entire interval

[Py, P5], and suppose that
1 w

L <@

for some A >0 and w > 1. Then the following asymptotic formula holds:

T(f] = SI7] ~ 5 64(a) + RIS,

where
R[f] Kwe (PATY3 4+ AY2D 4 ¢4/%) P, D = (a,q).

Remark 2. It follows from the trivial formula
> Y
Z 5q(zy — a) = —pg.a(z) + O(1)
y=1 4

that, in the notation of Lemma 1,
T[f] = Slf]+ O(P).

Lemma 2 ([15], Lemma 5). Let P; and P, be real numbers such that P =
P, — Py > 0 and suppose that a real non-negative function f(x) is constant on
the interval [Py, P2]. Then

TIf] = Sif] + 0((q1/2 " (1; n 1)0) qa),

where D = (a, q).
In turn, the sum S[f] is also regular, and finding it can be reduced to the
evaluation of an integral.

Lemma 3 ([15], Lemma 6). Let f be a function decreasing on the interval [Py, Ps]
and let f(Py) — f(Ps) = Q. Then, in the notation of Lemma 1,

P
S[f] =(a,q) ; f(z) dz + O(DQq™1**),

where

vlag) = TG0 L S 5 O e (7)

4 T ki) slask

Lemma 4 ([15], Lemma 7). Let 7 > 0, let a function I(r)/r € C([0,7]) have
finitely many intervals of monotonicity, let |I(r)/r| < B for any r € [0,7], let
Y(a,q) be as defined in (7), and let 1 < Ut < a. Then

> w(a,q)1<5) = ”ng(;l) /0 @ dr + O(BU ).

q<TU
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4. Reduction to an integral involving the R6dseth function

Lemma 5 ([15], Remark 2). Let Q be a plane simply connected domain with rec-
tifiable boundary, let V' be the area of €2, and let P be the perimeter of Q. If A is
a sublattice of Z* of index d and N(A) is the number of points of A belonging to Q,
then

’N(A)— Z’ <4(P+1).

Lemma 6. Let 1 < I < a, (l,a) = 1, let 01 and 3 be positive integers, let

x1 and xo be positive real numbers, and let {s;} and {q;} be the sequences given

by the equations (4). We introduce an integer r = r(l,a;x1,x2) by the inequalities
Sr T2 _ S

AN — .
qr Z1 qr—1

Then the sum

Sa(01,02; 21,225 T) = Z Z 8a(bl = ¢)[pr,a(b, c) < TVabc|

b<z1a cLx2a

51|b 52‘0
satisfies the asymptotic formula
S1,a(61,02; 71,725 T)
a, 01,0 1oz
= a# /0 /0 [pz,a(h, tg) N RY atltg] dt, dts + O(Rl,a<331, ,7:2)),

where

Rla(fl?1,132)—x1a< S >+x2a<+...+ )

S0 Sr—1 dr dm—1
Proof. Consider the lattice

Ai(81,02) = {(=,y) € Ai: 01|, Saly}.

An arbitrary point (x,y) of A; is of the form (x,y) = ue_; + veg, where u and v
are integers, e_; = (0,a), and eg = (1,1) (see the property 3°)). A point of this
kind belongs to A;(d1,d2) if and only if the following congruences hold:

v =0 (moddy), au + v =0 (mod d2).

Hence, A;(d1,d2) is a sublattice of index d102/(a, d1,02) in A;.
Consider the sum

Sp = Sl,a,n(517 62; zlaIQ)
Z Z [ (b,c) € Ay(61,02), = < % < 8"—_1, p1a(b,c) < TVabe |.

b<z1a cLr20 n

51|b (52‘0
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By the property 3°) of the sequences {s;} and {g;}, all solutions of the congruence
bl = ¢ (mod a) for which s, /¢, < ¢/b < $,—1/qn—1 are of the form

b(u,v) = ug, + vgn_1, c(u,v) = uSp + VSn—1

with integers u > 0 and v > 0. Therefore,

Z Z (u,v) < 210, 61 |b(u,v), c(u,v) < z2a, Salc(u,v)]hian(u,v),

u>0 v>0
where

i (U, ) = [p1,a (UG + VGn—1,usp +v80-1) < TV a(ugn + vgn—1)(us, + vsp_1) |.

For n > r, the only substance in the two conditions b < x1a and ¢ < 290 is
in the first. Thus,

Su = Y [uan +van1 < w10, S1fugn + V401, alusn +vsn_1]hian(u,0).
u>0 v>0
The variables v and v take their values in the triangular domain u >0, v >0,
ugn + vqn—1 < w1a, whose perimeter is O(z1a/g,—1). Moreover, as noted above,
Ay(61,92) is a sublattice of index §12/(a, d1,92) in A;. Therefore, applying Lemma 5,
we see that (in the integrands, the previous variables of summation now take real
values)

Sn = M/ / [Uq'n + Vqn—-1 < xla}hl,a,n(uvv) du dv + O( ne )

0102 dn—1
(a,01,62) [ Sn - 10
= / / [ < < , Pra(b,c) < abc]dbdc—l—O( )
a6162 o Jo Gn—1 Gn—1
(a,01,02)

_ S
= // {q - q ——, pra(ti,ta) < Tvahtz}dhdtz
n 1

6152 n—1
+ O( 1 ) (8)
dn—1

Similarly, only the second of the two conditions b < zia and ¢ < zqa is kept
for n < r, and this leads to the equation

s = O] [T e ot ) <y
n 1 n—1
+O<m>. (9)

If n = r, then the line ¢/b = x5/ on the plane Obc divides the angle s, /g, <
¢/b < $n—1/Gn-1 into two parts. In the first (s,/q, < ¢/b < z3/x1), one must
consider the condition b < x1a and in the second (x9/x1 < ¢/b < $p—1/Gn-1), the
condition ¢ < xoa. Therefore,

Sp= Z Z u,v) < z1a, T2b(u,v) > z1c(U,v), 61| b(u,v), 82 | c(u, v)| Ay ar(u,v)

u>0 v>0

+ Z Z c(u,v) < z2a, z2b(u,v) < 1c(u,v), 61|b(u,v), 2 | c(u, v)] by o (u,v).

u>0 v>0
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The variables u and v take their values in the quadrangular domain v > 0, v > 0,
ugr +vg¢r—1 < 10, uS, + vs.—1 < xoa, whose perimeter is estimated as (see the
property 6°))

Tia  Ta0 ria  Taa
O( 124 22 +m1(s,._1—sr)+x2(qr—q,._1)>=O< =2 )

qr Sr—1 qr Sr—1

Again applying Lemma 5, we arrive at the equation
(a,d1,02) t Sp—
S, = \a,01,02) / / |:q < 2 < —, p a(t1;t2) T4/ at1t2:| dty dto
T

(51(52 t1 qr—1
+ O<x1a 4 128 > (10)
qr Sr—1

Adding the equations (8)—(10), we obtain the desired asymptotic formula for the

sum, m

S1,a(01, 02521, 295 7) = Z Sh.

This completes the proof of the lemma.
Lemma 7. Under the hypotheses of Lemma 6, for any € > 0 the sum R,(x1,x2) =
Y Ria(z1,2) satisfies the bound

Ro(x1,22) < (w1 + x2)a'/?7e.

Proof. Using the symmetry of the sum R, (z1,z2) (it is preserved under the changes
Ty <> T2, S; < G¢m—j—1) and the property 5°) of the sequences {s;} and {g;},
we have the bound

a uwi—1 a wuz—1

131,582 < Z Z Z Z {uluQ—vlvz—a ngzjxl.

u
—1 91=0 us—1 v2—0 1

We introduce the new variables x = uq, y = uy —v1, 2 = U1, W = us —v2. Then

(21, x9) <<Za:1 Z Z Zzw—i—xy—a]

w20 z<woz/T Y2
-751
< E E E 2(xy — a).
a:<m22/x1 y<z

For any z one can partition the domain where the variables x and y take their
values into parts (z < v/a and x > /a) in such a way that the size of each of them
with respect to one of the coordinates does not exceed y/a. Applying Remark 2
and Lemmas 2 and 3 to each of these parts, we obtain the desired bound:

X XToZ X a
Ro(zi,m2) = Y. ;<;+\/5>a6+ > ;<z+\/&>a€
z<y/T1a/22 z>v/r1a/x2

< (SCl + $2)a1/2+5.

This completes the proof of the lemma.
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Corollary 1. Under the hypotheses of Lemma 6, the sum

Sa(01,00;1,09;7) = Z St,a(01,02; 21,223 7)
=1

satisfies the asymptotic formula

aw/ / pa(ty,to; ) dty dts + O((xq +x2)a3/2+5),

Sa(01,00;1,20;7) = ¥
102 0 0

where
a
*

a(ti,to; T Z pLa(t1,t2) < TVatita].
=1

Lemma 8. Let x1 and xo be positive real numbers. Then the sum

Fa(xlaZL'?;T) = Z [f(avbvc) g’r@} (11)

(a,b,c)€Ma(z1,22)
satisfies the asymptotic formula
Fo(z1,02;7) =

didz|a 5 |d2aq dz|dray
(dy,da)=1

:EldQ CEle
Z Mél > M5562)(a,51752)/ / Pay (t1,t2;7) dt1 dts
o Jo

2
+ O((xl + x2)a3/2+5)’

where a1 = a/(d1ds).

Proof. To find the sum F, (1, 22;7), we introduce the parameters d; = (a,b) and
dy = (a,c) and write by = b/dy, ¢; = ¢/da, and a1 = a/(d1da). For any non-zero
summand we have (dy,ds) = 1. Therefore,

Fo(wy,m9;7 Z Z Z (a,b,¢) < TVabe]

didz|a b<zia c<zaa
(d1,d2)=1 (b,a)=dy (c,a)=d>

= Z Z Z [f(dldgal,dlbl,dgcl) g’l’dldz\/ alblcl].

didzla  bi<zid2a1  c1<z2dia1
(d1,d2)=1 (b1,d2a1)=1 (c1,d1a1)=1

Applying Johnson’s identity (see [19])

f(a,b,c) :df<z,z,c>,

we see that

Fa(ﬂS‘l,ZL’Q;T): Z Z Z [f(al,bl,cl) <T\/a1b101].

didzla  bi<zid2a1 c1<z2d1a1
(d1,d2)=1 (b1,d2a1)=1 (c1,d1a1)=1
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One can now express the Frobenius number in terms of the Rodseth function using
the formula (6). Thus,

Fenosn)= 3 > Y > dnbil-a)

didsla  1=1 bi<zida; ci1<z2diay
(d1,d2)=1 (b1,d2a1)=1 (c1,d1a1)=1

X [pra, (b1, 1) < TV aibiey |
DD NI INICID DD DI DI N TSNS

d1d2|a 61|d2a1 52|d1a1 =1 b1<.’£1d2(11 01<x2d1a1
(dy,d2)=1 d1]b1 d2ler

X [pra, (b, c1) < TV/arbier |
- Z Z p(d1) Z 1(62)Sa, (01,625 x1d2, ody; T).

didzla  61|d2aq dz2|d1ay
(d1,d2)=1

Substituting the result of Corollary 1 into the last formula, we arrive at the state-
ment of the lemma.

Remark 3. The same arguments applied to the sum
Galaor) = Y gln)
(a,b,c)eEMy(z1,22)
with ¢g(7) € [0,1] lead to the formula

a a
Galaveair) = ) d1d2g0(d1d2> 2

didzla 61 |d2aq d2ldray

(1) 1(d2)
D Dy UL

z1d2 pxadp
X / / g(T)dtl dt2+0(($1 +l‘2)a3/2+5).
0 0

Remark 4. Since the function p; q(t1,t2) is homogeneous, it follows that

to

pra(tita) =tipiq <) ;
tq

pl,a(é-) =Sp-1+ €Qn - min{snagqnfl}

where

for s, /qn < & < S$p—1/qn—1. Therefore, knowing the density p,,

a

pa(&) = Y [pral€) < TV/al], (12)

=1

one can readily find the desired function

pa(tl,tQ;T) :pa(tg/tl;’l'). (13)
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5. Auxiliary transformations
By the property 5°) of the sequences {s;} and {g;},

a uwi—1l a wu2—1

T) = Z Z*Z Z*[U1U2_U1U2:a’ %<§<%7

U1:1 ’U1:0 u2:1 ’U2:O

ug + Eup — min{vy, vy} < T\/ch .

Considering the cases vy > vy and vo < vy separately, we can write the desired
density in the form

pa(§;7) = XN (a; 6 7) + 1" (a;657),
where

aullau21

“(a;&;7) ZZ ZZ[U1U2_U1U2—G %<§<%»

U= 1’[}1—0 U= 1’()2 0

ug + &(ur —v1) <T\/&],

u11 auzl

“(a;&;7) ZZ ZZ[UIUQ_UI'UQ—CL E<§<%f,

v
ur=1v1=0 up=1v,=0 1
uz —v2 + §ur < TV a }

In view of Remark 1, the change of variables u; < us and v; < vy leads to the
equation n*(a;&;7) = A*(a; 1/&; 7). Therefore,
pa(§7) = AN (a;§57) + A" (a;1/&5 7). (14)

To evaluate the function A*(a;&;7), we rewrite the equation ujus — vive = a
in the form

ur(ug —va) + v2(ug —v1) =a

and introduce the variables © = uy, y = ug — v2, z = u; — v1, W = vo. Similarly,
the sum A\*(a;&; 7) can be written in the form

“(a;&;7) ZZ ZZ [xy—&—wz-a Y §<f, y+w+E€z < \/z

xT
z=1 z=1 y=1 w=0

Getting rid of the coprimeness conditions, we obtain

Nain) = 3 a5 i) (15)

d1d2|a
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6. An integral representation for the distribution function

Lemma 9. The sum A\ a;&;7) defined by the equation (16) satisfies the asymptotic

formula
ac_1(a)

(2)

O(71) = /07' Mdr,

r

/\(a;ﬁ;T) = (I)(T) —|—O€(R0(CL,€,7')),

where

af —1

r

dadB,  (17)

I(T,T):/ / [1 <afB <147 a+p—7<
Ro(a,&,7) = (a5/67_5/3§1/2 4 a3/47'3/2(§3/4 n 51/2) n a1/27(§1/2 n §—1/2>>as.

Proof. We note that for known values of w, z, and y such that zy = a (mod w),
the value of z can be found uniquely from the formula

a—xy

w

Therefore, in view of the condition z < z, we can represent the sum A(a;&;7) in
the form

Ma;&r)= > > > dwlzy —a) [max{yo(x), y1(x)} <y < ()]

w<Tyvaf 2w/ y=1

S>> bdwlay — a)[max{zo(y), 21(y)} < 2 < 22(y)]

w<rtva€ y21 22w/

=YY aulew-w,

wgTVag (z,y)€Q

where
w? a
a+ ¢ —’U)T\/g a )
y()(fL')— r— ¥ ’ yl(m): w, :(/2(‘7;):*_’(11"‘?,
3
a+ *U/T\/E )
3 3 w a 1 w
n=———4 L )= @) - w(a+£),

and the domain Q = Q(a, &, 7) is given by the inequalities

w
TZ e max{yo(z), y1(x)} <y < ya2(z),
or by the equivalent conditions
w
v> g max{zo(y), z1(y)} <z < w2(y)-

For the sum A(a;&;7) not to be identically zero, the domain yo(z) < y < y2(x)
must be non-empty. The equation y;(x) = yo(x) reduces to a quadratic equation
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with discriminant —3r2 + 2r7 + 72 — 4, where r = w/y/a€. The discriminant can
take non-negative values only for 7 > \f Thus, the domain is empty for 7 < /3,
and the function A(a; &; 7) (as well as I(r, 7)) is identically equal to zero. Therefore,
in what follows, we everywhere assume that the inequality 7 > v/3 (corresponding
to the Roédseth bound f(a,b,c) > V3abe [20]) is satisfied.

We introduce the parameters

2 2
UOZ\/G/—"_u;._wT\/gg\/&) Ulz\/a7 Uy = a+w?

and decompose the domain 2 into parts by the horizontal lines
y=Up, y=Ui—w, y=Uz-w
and the vertical lines

.Z‘:UQ+%, xz = Un, x = Us.
For x < Uy + w/& we apply Lemma 1 to the function yo(z) by partitioning the

domain where the variable z takes its values into half-open intervals of the form
(X +w/€,2X + w/€]. On each of them we have

a_|_w72_w7-\/g 2

. 3 ¢ Uz 1

X — X =5 = < < .
Yo (CU) (x . %)3 X3 A()(X)’ AO(X) UO U2

For z > Up+w/¢ (y < Up) we apply Lemma 1 to the function xq(y) by partitioning
the domain where the variable y takes its values into half-open intervals of the
form (Y,2Y]. On each of these intervals we have

x,,()v —wry/g w1
O = T s T Y T Ay (YY)

Ap(Y) < Uy < Us.

For the function y;(x) we apply Lemma 1 for z < Uy, and for z € (X, 2X] we have

” L Ul 1

A1(X) < Uy < Us.

For the function z;(y) we apply Lemma 1 for y < Uy —w (z > U;). When
€ (Y —w,2Y — w] we have

m"()vaUi—L A (Y) < Uy < U
1Y A(w-'—y)SAYg_Al(Y)’ 1 x V1l x V2.

For the function yo(z) we apply Lemma 1 for z < Us, and for x € (X,2X] we have

2
” at e U2 1
= = = = Ay (X) < Us.
Ys (I) $3 >L73 AQ()Y)’ 2( ) 2
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For the function z5(y) we apply Lemma 1 for y < Us —w (x > Us), and for
€ (Y —w,2Y — w| we have

2
a+ w— U2 1
)= —S = 2=~ As(Y) < Us.
1(2/) (’LU n y)g Y3 AQ(Y) 2( ) 2
We apply Lemma 2 to the rectangular parts of the partition of 2 and Lemma 3 to
the sums S[z;(y)], S[y:(x)], i =0, 1,2. Using the relations

(™)

Slf =gl =5Slf1=5lgl,  w2(y) —21(y) < y2(z) — () <

N
I8

we arrive at the leading term

Z zbaw//Q dx dy

w<Tv/ak (a,§,7)

and the remainder

U}2 1/3 ’LU2 1/4 s
RO(Q,&,T)« Z ((a+€> +(a+§> Dw"‘w/

w<Tva&
Ww2\? D 1 w2\ /2
+ 0w (a <a+> +“’<w(1+>+<a+> +w1/2>>af
lere) g :
< (a5/67_5/3€1/2 —|—a3/473/2(§1/2 +£3/4) +a1/27(§1/2 +§—1/2))a5

In the leading term we make the change of the variables © = ay/a/&, y = (/a€
and write 7 = w/y/a€. We then obtain

Aa; & 7) Z waw (R >+05(Ro(a,£,r>>,
where

I(r, 7 —a/ da/ [max{fB(a), B1()} < B < Ba(a)] dB,

_ 2
o) = LTI sy =t By = T

a—rT « (0%

The change 8 — B — r reduces the integral I(r,7) to the form (17). Applying
Lemma 4 and using the bound I(r,7) < r < 7, we arrive at the desired formula
for the sum A(a;&; 7). This completes the proof of the lemma.

Corollary 2. In the notation of Lemma 9, the function p.(&;7) given by (12)
satisfies the asymptotic formula

yT) = 280((1) T a T
pa(&i7) = g ®() + O-(R(a,€,7),

where

R(a’g’,r) _ (a5/675/3(§1/2+§71/2)+a3/473/2({3/4+§73/4)+a1/27(§1/2+§71/2))a6
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Proof. Using the equation

> wuts) o (55 ) = eta)

dldg‘a

we see by the formula (15) that

N ai6i) = £510(r) + Ou(Rolas6.7).

Substituting this equation into (14), we arrive at the statement of the corollary.

Corollary 3. The sum F)(x1,x2;7) defined by (11) satisfies the equation

Fi(zy,29;7) = | My (x1,22)|P(7) + Oc(R(a; x1, x2; 7)),

2
¢(2)
where

Rl ar,m07) = (@550 20y 4 a0) 4 a7 2 2
+ a3/2(a:1 + xg)(xi/zx;/zr + 1))a6

Proof. The desired formula is obtained by substituting the result of Corollary 2 into
the equation (13), then applying Lemma 8 to the result, and finally using Remark 3.

7. An integral representation for the density

To find the density p(7), we differentiate the triple integral defining ®(7) with
respect to the parameter 7.

Lemma 10. The density p(T) = (—<I> (1) can be represented in the form

22)/000/000[0[_’_6>T’ (a+5—7)2<aﬂ—1,

-1 dad
aa—fT min{a, 6}] a ﬂT.

Proof. Note first that for » > 7, the inner double integral in the equation

/d’"// [ <1412, a+ﬁ—r<aﬂr_l]dadﬂ

vanishes. We introduce a small parameter A > 0 and consider the difference

B(r+A) - / dr//[ <aB <1412

af —
r

1
at+fB—-171—-A<K <oz—|—ﬁ—7'}dozdﬁ

= @1(A,T) + @2(A77)7
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where

= [ 8 [[ freerer

a+B—-7T-AL0<a+ 8-,

aﬁr—l <a+57}dadﬁ,

2(A,7) = / dT//{ <1472 a+B—-7—A>0,

af —1 <r< af —1
a+pB-—rT1 a+pf—-17—A

}dadﬁ.

In the first case, one may assume that 7 > 2 because otherwise the integral ®; (A, 1)
vanishes for A < 2 — 7. It follows from the conditions

a+p=1+0(4), af =1+ O(AT)
that

+v72 -4 +v72 -4
0= TEVT A o), p-TEYA

Therefore, the area of the domain where o and § take their values does not exceed
O(A?). On the other hand, for a fixed o > 1 (if o < 1, then it follows from the
inequality o8 > 1 that 8 > 1, and one can reason in a similar way), the variable 3
takes its values in an interval whose length does not exceed

+O(A).

1472 1 72
-- =L
a a o«

Therefore, the area of the domain where the parameters o and 3 take their values
can also be estimated as O(r?A). Hence,

Al/3 QA T AQ
<I>1(A,r)<</ = ar +/ —dr < A%/3,
0 r Al/3 T
Therefore, ®1(A,7)/A — 0 as A — 0 and

. BT+ A) - O(7
p(T) :ilino ( A) ( ) A—0 A

Let the integration with respect to the variable r be the innermost in the inte-
gral O5(A, 1),

2(A,7) = //Q(A) o dﬂ/o {\/aﬁi_l S 7 mindes Ok

af —1 af—1 dr

—_—<r{—\—.

a+p—rT a+pB—-—T—Alr
Here and below,

Q(A):{(a,ﬁ):a,ﬁ>0, af > 1, a+B>T+A}.
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The case in which the closed interval [offg_—lw = +%B_ _Tl_ A] contains the point
Vvaf —1 makes a small contribution to ®3(A, 7). Indeed, for a fixed value t =
a+ B —71 > A, the variables o and 3 satisfy the inequalities t — A < vaf —1 <t
Therefore, the variables take their values in intervals whose total length is O(v/A),

and we have the bounds
<l af -1 af —1 dr
—— </ —1<r L — | —
//Q(A)dadIB/O [04+57'\ ob 1\T\a+ﬂ7A} r
—1 -1
<<// [ af <Vad 1< af3 } dadf
Q(A) -7

a+p—T1 a+p Ala+8—1

<A/4—m<AWf

The case in which the closed interval [a‘fﬁ__l ,—af=1 ] contains the point
T at+fB-T—A
min{«, 5} also makes a small contribution to ®2(A, 7). To obtain the corresponding
bounds, we note that for 7 < 2 and A < 2—7 it follows from the inequalities a3 > 1
and min{a, 8} < (H_%B_ﬁ that this contribution vanishes. When 7 > 2, we may
assume by symmetry that o < 8. Then for a fixed [ we obtain

/oo[a+ﬁ>7—A, vap —1 < min{a, 5},
0

af-1 _ -
0L < minfa. 5} < W]d“

I af -1 af —1 dr

YA L+B—T<T<a+ﬂ—T—A}r

<</m{a+ﬁ>T—A, vap —1 < min{a, 5},
0

aff —

—_— d
a+pB—-T1 “

< min{eq, 8} <

af —1 A
a+pf-1-Ala+p—-71
< —AlogA.

Moreover, for a < f it follows from the inequalities acfﬁ_fT < min{a, 8} < Oﬁ‘}‘fiﬁ
that 8 changes within the limits

B1(A) < B < B, B2 < B < B2(A),

where

VT2 —4 +AF(r+A)2—4
51,2 = T:F+7 61,2(A) = z i (2T ) 9

B — Bi(A) < VA, Ba(A) — B < VA.
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Therefore, in this case the contribution can also be estimated as O(A3/2~¢). Hence,

Dy(A,T) = //Q(A) [\/aﬁ -1< % < min{a,ﬁ}} dadp

*l ap—1 af—1 dr 3/2—c
- <« - -
X/O [a+ﬁ—7\r<a+ﬁ—T—A]r +0(4 )

_ af -1 i
= [ VT < S5 < mintas)
A A 2
[ —— _ /2—¢
x<a+ﬁ_T+0((a+6_T)>)¢m5+0u92 ).

Here for a fixed t = o+ 8 — 7 > A, the variables o and ( take their values in
intervals whose length is O(t). Therefore,

af —1 . A 2
//Q(A [ ol 04+5 mm{a,ﬁ}] (04+5—7'> dovdp

<</ —dt<<A2_E.
N

Thus,

@2(A,7) _ _ af-1 ' _dadB 1/2—¢
A /A@i%wf1<a+ﬁ_7<mmmﬂﬂa+ﬁ_7+0@ ).

Passage to the limit as A — 0 completes the proof of the lemma.

8. Evaluation of the density

To find the explicit form of the density p(7), we draw the curves involved in the
integral representation

_%/0 /0 {a+6>7', (a+ﬁ—7)2<aﬂ—1,

af—1 . dadp
e < min{a, 5} ot fB—1

For v/3 < 7 < 2, the line a4 8 = 7 and the ellipse (o + 3 —7)? = a3 — 1 are rep-
resented in Fig. 1 by continuous arcs, and the hyperbola a3 = 1 by a dotted arc.
For 7 > 2, we add to these curves the horizontal lines 3 = 31, (2, 7 and the vertical
lines @ = «a, aa, 7 in Fig. 2, where

T—VT2 -4 THVTE -4

a1251:77 a2:ﬁ2: 2



1042 A. V. Ustinov

Lemma 11. The density p() satisfies the equations

0 if T€0,V3],
12 . .
p(r) = 7r<\/§, 47') if T€[V3,2],

12 V72— —4
THSVT \/72 lg o 3) if T€[2,400).

2 7'273

(T Jarccos —————

Proof. As noted above, the domain of integration is empty and p(7) =0 for 7 < /3.

3

Figure 1 Figure 2

Consider the case when v/3 < 7 < 2. If « + 3 > 7, then a‘fﬁ__lT < min{e, 5}.
Therefore, the domain where the variables take their values is given by the condition
(a+B8—7)% < af—1 (the inequality a+ 3 > 7 follows from the inequality a3 > 1).
Thus, the integration is carried out over the interior of the ellipse (a + 3 — 7)% =

af — 1 (see Fig. 1). We introduce the variable z = a+ 3 — 7. Then

Oy = [*[ a7 <1 228

a+pB—-T1

A dx/ <a(z+7—a)|do

:/ (@ +7)? 4($2+)20]\/(m+7)2—4(x2+1)dw

0 X

2 \/(.CE+T)2 —4(z2+1)

1

where
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2:u)

The change of variable y = x — 7 leads to the integral (b= %, a 5

\/ _y _ 2 _ .2 Y
/ - =+/a*—y —I—balrctarliaz_y2

24+ b
— vV b? — a? arctan o+ 0y ,
Vb2 — a2\/a2 — 2

for which

@ JaZ =2
Y dy =7(b—\b? —a?).
e dy = ( @)

—a

27 T 5 12 5
w0 =G ( V) = 2 (V).

Now consider the case when 7 > 2. As above, the inequality (a+3—7)% < af—1
defines the interior of an ellipse. The condition - fﬁ_T < min{a, 8} is equlvalent to
the condition « € [0, 1] U [z, 00), B € [0, 1] U[B2,00). Therefore, the density p(7)
can be represented in the form

Hence,

2
p(r) = @(Jl +2J2),

where J; stands for the integral over the domain bounded by the segments AC
and BC and an arc of the ellipse AB, and J5 for the integral over the segment of
the ellipse cut out by the line segment DE (see Fig. 2).

The integral J; can also be found by the change of variable t = a+ 8 — 7:

PN
J1=/a2 x—\/72—4dx+ ¥\/($€+T)2—4(m2+1)
Ve S a2 x

dz.

Applying the formula

V(@ +7)2—4(z? +1) T . T—3x
de =+/(z+7)2 —4(2?2 + 1) — — arcsin ————
/ - Vs TP = T) = Laresin -T2

%log —4) + 207+ 272 — 4\ /(z +7)2 — 4(22 + 1)

T

in this case, we obtain

a—— i N
Ji = —= arccos ———— 72 —4 lo
! V3 4v/72 — g T2 —

We write the integral Jo in the form

B a2 (B)
Jo :/ dﬁ/ _ da
3e—vmy) ) @FB-T

3

B
- / (log(az(B) + 8 — 1) —log(a1(B) + 8 — 7)) dp,
2(r—v/72-3)
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where

cralp) = T PEV IR MG oL

An antiderivative of the integrand can be given explicitly:
/(log(ag(ﬂ) +8—71)—log(ar(B) + B — T)) dp = Fy(3),
where

Fo(B) = (B1 — B)log(Br — B) + (B2 — B) log(B2 — ) + % arcsin ;i%
+2810g 0T \/W

— Bilog(2617 — 4+ B(21 — 3B31) + B1v/ =362 + 46T — 4)
— B2 log (2627 — 4+ B(2T — 3832) + B2/ —36% + 4687 — 4).

Applying the Newton—Leibniz formula, we obtain the value of the integral J:

VTi—4 T T+3V12 -4
F = log(72 — 4) — 7log 2 — — arcsin ————— — 5 lo 7'2—3,
0(B1) 5 log( ) 82- % wz g Pelesl )
2 T T
F 7( - 2—3) =T rlog2— Llog(+? - 3),
0(3 T T ) 33 Tlog 5 og(T )
T T+3Vr2—4
Jy = J, = —= arccos ————— + — \/7'2 4log
2 1 73 T3
Thus,

6, 12 T3V = —
i 41
() = (T\[arccos 4\/77_ \/7' og .

This proves the lemma.

Proof of the theorem. Substituting the density p(¢) evaluated in Lemma 11 into
Corollary 3, we arrive at the statement of the theorem with the remainder term
O (R(a;x1,x2;T)a%), where

*1/675/3x1_1/2w2_1/2(w1 + x2)

+ a—1/473/2x1—3/4x2—3/4(x:13/2 n x§/2)

R(a;x1,22;7) = a

1/2 —1/2

—1,.—1 —~1/6
Ty TTH T Ty ) Loy a7 @ /8,

+ ail/z(xl + x2)(zy

This proves the theorem.
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9. Properties of the density
The graph of the function p(t) is shown in Fig. 3. We now prove the main
properties of the density.

P
,,,,,,,,,,,,,,,,, (2,8V/3/n)

Figure 3

Lemma 12. The following relations hold for the function p(t):
1) p(t) is increasing on the closed interval [v/3,2] and decreasing on the half-open

interval [2,400), limy_o_op'(t) = +00, and lim;_54¢ p'(t) = —o0;
) () 2t3+0( ), t — 005
3) Jo " p(t)dt = 1;
4) 57 tp tydt = 2.

Proof. The properties 1) and 2) follow immediately from the formula for p(t) which
was proved in Lemma 11.
To prove the property 3), we note that, by Lemma 9,

/ooop(wdtgé)fli“éo / dr// <1472 dadp.

Hence,

/Ooop(t)dt: (22)/01((1+7‘2)10g<1+r12> _k’grlf?ﬂ)(f
c [ (e ) )7

2 (52 a3+ 2 o)) -1
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An antiderivative for the function tp(t) can be found explicitly:

Fl(t)/ﬁt(\;gm)dt 3<5§+(4t2)3/2),

Fy(t) = / t(tﬁarccos 45%? 3/~ dlog )

t3 t+3vVt2 —4 t2—4)3/2 424
= —— arccos PovEm — 2 +4arctan\/t2 — 4 + ( ) log

V3 42 —3 2 2 -3

Here

Hence,

/Oootp(t)dtzgé)(Qﬂ—Ll;) - %

This proves the lemma.

Corollary 4. It follows from the properties of the function p(t) that for almost all
triples of numbers (a,b,c) € M,(x1,x2), the Frobenius numbers f(a,b,c) are of the
order of Vabc. In the simplest case, when 1 = xo = 1 and a > T3¢, we have

1 9 1
DTAEES] > [f(a,b,c) > mVabe] = — 0(74).
(a,b,c)eMg(x1,22)

10. Concluding remarks
The case of the function n(a, b, ¢c) which (for (a,b,c) = 1) is equal to the number
of positive integers m that are not representable in the form

m = ax + by + cz, z,y,2 20,

is of special interest. This function, together with the Frobenius function, describes
the work of two-contour networks (where g(a,b,c) corresponds to the maximal
diameter of the network and n(a,b,c) to the average diameter; see [20] and [21]).
The modified quantity

at+b+ec—1

N(a,b,c) =n(a,b,c) + 5 ,

like f(a,b,c), satisfies for d | (a,b) the equation (see [20], Lemma 1)
a b
N(a,b,c) =dN
@by =an (5 5oc).
Rodseth proved the formula (see [20], Theorem 2)

SnGn—
N(a,b,c) = bsp—1 + cqn — %(b(sn,l —8p) + clgn — qn,l)), (18)
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which holds (like (6)) for (a,b) = (a,¢) = (b,c) =1 and 8, /¢ < ¢/b < Sp—1/Gn—1.
The approach suggested in the present paper enables us to describe the distribution
of the values N(a,b,c) and other similar functions. It follows from the proof of
Lemma 9 that the probability density

L ; [max{r, aﬁr—l} < minf{e, 8}, af > 1

¢(2) max{r, aﬂ !
describes the joint distribution of the triples (a, 8,r), where
Uy _ dn ﬁ_ _Snl _ V2 o Sn

af€  \JaJE T vag' T Vet Vag

The same density describes the distribution of L-shape diagrams arising in the
study of two-contour networks (see [20]). For r > aﬁr_l this density (after adding
to the symmetric part) becomes the density

pla, B,7) =

C(;)r [T < min{avﬂ}y 1 < aﬁ < 1 _’_TQ:I’

which occurs implicitly in the proof of Lemma 10. Using this density, we can
write down the distribution function for the quantities depending on the quadru-
ples (¢n, Sn—1,qn—1,5n) = (u1,us,v1,v2) and on an additional parameter £ which
satisfy the relation

f(ul,UQ,vl,’UQ;f) = f(U2,U17112701; 1/5)-

For example, for normalized Frobenius numbers we have
1
fur, ug,v1,v9; &) = — (u2 + &uy — min{ve, {v1}).
3 )
By (18),

fur, ug, v1,02;6) = ﬁ(m + §ur — v1v2(ug — v2 +E(ur — U1))a_1)

corresponds to the numbers 2N (a, b, ¢)/vabe, and this leads to the distribution
function

22)/()“/Om/ow{aw—(aﬁ—l)(wﬂ—r‘aﬁr_1>gﬂ
(o, B,7) dord3 dr
/ dr// { <1472,

aﬂr— 1 (@=nB-ns-1)

r

a+f- < ;} dadp.
We can write down the distribution functions for the ratio N(a,b,c)/f(a,b,c) in
a similar form (thus implicitly answering Arnold’s question on the expectation of
this ratio; see [8], Problem 1999-9) and for the Frobenius pseudo-numbers with
three arguments (see [22]).
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