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Abstract—The paper is devoted to problems at the intersection of formal group theory, the
theory of Hirzebruch genera, and the theory of elliptic functions. In the focus of our interest
are Tate formal groups corresponding to the general five-parametric model of the elliptic curve
as well as formal groups corresponding to the general four-parametric Krichever genus. We de-
scribe coefficient rings of formal groups whose exponentials are determined by elliptic functions
of levels 2 and 3.
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1. INTRODUCTION

All rings considered in this paper will be supposed to be commutative rings with unity. We will
use the following standard notation: Z is the ring of integers, Q is the ring of rational numbers,
Z,, is the ring of integer p-adic numbers, F,, is the prime field of order p, and Qv is the cobordism
ring of stably complex manifolds.

The coefficient ring Ry of the universal formal group Fy(u,v) = u + v + Y. a; jutv’d, where
i+j>2,i>0,and j > 0, is given by Z|a; ;]/J, where J is the associativity ideal (see Section 3
below).

According to Lazard’s theorem [14], the isomorphism Ry = Zleg: k = 1,2,...] holds (see [7] for
a new proof). The fact that there is no canonical choice of multiplicative generators ex, k = 1,2, ...,
gives rise to nontrivial problems of classifying formal groups over a given ring R up to a change of
coordinates u and v over R (see the case R =Z in [12]).

Given a ring R, there is an important problem of constructing formal groups over R such that
their coefficient ring is explicitly described in terms of multiplicative generators of the ring R. Each
solution of this problem contains information on the coefficients «; ; as polynomials in ey,.

According to the Milnor-Novikov theorem, the ring Qu is isomorphic to the ring Z[ax: k =
1,2,...]. In complex cobordism theory U*(-), the remarkable formal group of geometric cobordisms
Fu(u,v) (see [15]) over the ring Qy is defined. The homomorphism Ry — Qu classifying this group
is an isomorphism (see [19]). Using this result, we will identify the rings Ry and Qy.
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38 E.Yu. BUNKOVA et al.

The connection between formal groups and cobordism theory has led to a deep interpenetration
of ideas, methods, and results of these theories (see |2, 5, 11]).

One of the best known results of algebraic topology is the solution of the Milnor-Hirzebruch
problem on relations between the Chern numbers of stably complex manifolds, which was obtained
independently by Stong and Hattori (see [8, 20]).

Let us describe a result in formal group theory that is equivalent to the Stong—Hattori theorem
on the characteristic numbers of stably complex manifolds.

Consider the ring B = Z[a, by, ..., by,,...] and the series b(z) = x + byw? + ... + bt 4. ...
Using the formal group v + v + auv in complex K-theory, let us introduce a formal group F'(u,v)
over B by applying the relation

b(z +y + azy) = F(b(z),b(y)),

that is, by applying the general change u = b(z), v = b(y) of the coordinates u and v. The
coefficients of the formal group F'(u, v) can be expressed explicitly as polynomials in a, by, ..., by, ... .
The ring homomorphism hA: Quy — B classifying this group allows one to represent the image of
the coefficients o j of the universal formal group as polynomials in a,b1,...,by,... and to prove
directly that h is a monomorphism onto a direct summand. This result is equivalent to Stong and
Hattori’s result stating that the characteristic numbers with values in complex K-theory describe
all divisibility relations for the classical characteristic numbers of stably complex manifolds.

Let us formulate the results that form the basis of the present work (in parentheses we indicate
the numbers of sections in which the results are presented in the required form).

In [3] the addition law for the Tate formal group Fr(u,v) over the ring Z[u1, pa2, i3, f14, pg] and
its exponential fr(x) are described in terms of the Weierstrass gp-functions (see Section 5). Thus, a
five-parametric Hirzebruch genus L, : Qu — Z[u1, po, p13, f14, fi6] is obtained, and in its applications
one can use the classical theory of elliptic functions. We call this genus the Tate genus.

In [13] I.M. Krichever introduced the Hirzebruch genus in terms of the elliptic Baker—Akhiezer
function (see Section 6), and it allowed him to obtain important algebraic—topological applications
on the basis of analytic properties of this function. Note that all famous Hirzebruch genera turned
out to be specializations of the Krichever genus.

In [3] all Tate genera that can be realized as Krichever genera are described.

In [1] the formal group of the form

u?A(v) — v2A(u)
uB(v) — vB(u)

F(u,v) =

was introduced, and it was shown that the exponential of the universal formal group Fg(u,v) of
this form determines the Krichever genus (see Section 7).

In [7] the coefficient ring Rp of the formal group Fg(u,v) (see Section 7), as well as the coefficient
rings of its important specializations, is described.

In Section 9 all specializations of the Tate formal group that are simultaneously specializations
of Fg(u,v) are described.

Denote by Ss the coefficient ring of the formal group %3 (u, v) that is a specialization {A(u) = 1}
of Fg(u,v), and denote by Ro the coefficient ring of the specialization {ur = 0, k = 1,3,6} of the
formal group Fr(u,v).

Let S3 be the coefficient ring of the formal group .%3(u, v) that is a specialization { B(u) = A(u)?}
of Fg(u,v), and let Rz be the coefficient ring of the specialization {us = —u?, pg = —p1pus,
3ug = —pu3} of Fr(u,v).

Note that in [18] Von Oehsen found and expression for the exponential of the formal group
Z3(u,v) in terms of Jacobi polynomials.
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COEFFICIENT RINGS OF TATE FORMAL GROUPS 39

The main results of our study are as follows (see Sections 11 and 12):

The rings Si, kK = 2,3, are torsion-free, and the formal groups %y (u,v) are determined by
two-parametric elliptic Hirzebruch genera of level 2 and 3, respectively (see [13, 10]). Note that for
k = 2 this is the famous Ochanine-Witten genus [17, 22].

There exist classifying homomorphisms hg: Sy — R, k = 2,3, which are isomorphisms.

These results imply important corollaries in formal group theory and algebraic topology, because

e the ring Sy, which is multiplicatively generated by e, with n = 2" r > 1, is a subring
in Zlpz, pral;

e the ring S3, which is multiplicatively generated by e, with n = 3", r > 0, is a subring
in Zp, p3, el /{13 = —3pe}-

2. FORMAL GROUPS

A one-dimensional formal group law (or, briefly, a formal group) over a ring R is a formal series

F(u,v) =u+v+ Z a; juv? € R[u,v]] (2.1)
ij>1

satisfying the associativity condition
F(u, F(v,w)) = F(F(u,v),w)

and the commutativity condition
F(u,v) = F(v,u).

Note that if the ring R has no nilpotent elements, then the associativity condition implies the
commutativity condition (see [14]).

The exponential of a formal group F(u,v) over R is a formal series f(z) € R ® Q[[z]] determined
uniquely by the addition law

fl@+y)=F(f(),f(y),  f0)=0, f(0)=1 (2.2)

Thus, the substitution v = f(z), v = f(y) linearizes any law F(u,v) over R ® Q. The series g(u)
functionally inverse to f(z) is called the logarithm.
If R is torsion-free, then the formal group F'(u,v) over R is uniquely recovered from its expo-

nential f(x) because of the relation

0 1

— F(u,v = —. 2.3

55 )v:0 7 (2.3)
It is said that F'(u,v) is linearized over R if the exponential f(x) is defined over R. For example,
if F(u,u) = 0, then the ring R is an algebra over the residue field Fy and there exists a series
f(x) € R][x]] such that equalities (2.2) hold (see [14, 9]).

3. UNIVERSAL FORMAL GROUPS

The formal group Fy(u,v) =u+v+ ) «a; juivj over a ring Ry is called a universal formal group
if for any formal group F'(u,v) over any ring R there exists a unique homomorphism hr: Ry — R
such that F(u,v) = u+ v+ Y hp(a;;)u'v?. The homomorphism hp is said to be classifying.

Further we suppose that the ring homomorphism hp is graded, that is, the ring R is graded and
dega; ; = —2(i+j—1).

In the ring R one can select a subring Rp of coefficients of the formal group F(u,v). By
definition, the ring Rp is multiplicatively generated by a; ; = hr(cy ;). In the case when R = Rp,
the formal group F'(u,v) over R is said to be generating.
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We will speak of a formal group of a given form if additional conditions are imposed on its law
(along with associativity and commutativity). We will speak of a universal formal group of a given
form if there exists a formal group of a given form Fy(u,v) over Ry such that for any formal
group F(u,v) of this form over R there exists a unique homomorphism h).: Ry — R such that
F(u,v) = u+ v+ Y hY(hy(a;;))ulv?, where hy is the classifying homomorphism for Fy. The
homomorphism h}; will also be called classifying.

We will say that a formal group F'(u,v) over R is a specialization of a formal group F(u,v) over R
if there exists a ring homomorphism h{;— : R — R such that the ring homomorphism hp: Ry — R
can be decomposed as hfh F. In particular, each formal group of a given form is a specialization of
a universal formal group of this form. Thus the ideal Irp = Ker hf C R is defined. We will call it
the specialization ideal of the formal group F(u,v).

Let us recall the construction of the formal group Fy(u,v). To this end, consider the ring
U = Z[Bij;:1 < j € N and the formal series ﬁ(u,v) =u+v+Y Bijuv! with 8;; = B;j. Set
F(F(u,v),w) — F(u, F(v,w)) = S rijxutv’wh. Then Ry = U/J, where J C U is the associa-
tivity ideal with generators ; ;5. For the canonical projection m: U — Ry we obtain Fy(u,v) =
u+v+ > a;uv), where a; ; = (85 ;).

The classifying ring homomorphism hp: Ry — R is determined by the homomorphism EF:
U — R, /HF(,BZ-J) = a; ;. The associativity condition implies that the homomorphism ﬁp factors
through Ry:

U—Ruy— R.

By Lazard’s theorem (see [14] as well as [7]), the ring Ry is isomorphic to Z[ex: k = 1,2, .. ],
where deger = —2k. The choice of generators e is not canonical. If the ring homomorphism
hr: Ry — R that classifies the formal group F'(u,v) is an epimorphism, then one can choose gener-
ators e, ..., ep,... such that the set of nonzero elements hp(e;,) is a minimal set of multiplicative
generators of the ring R. Further we will need the following two lemmas, each of which allows one
to choose such a set of multiplicative generators.

Lemma 3.1 (corollary to Lazard’s theorem). Let a formal group F(u,v) over the ring R =
Z[Br: k = 1,2,...]/J, where degBr = —2k and J is a graded ideal, be generating. Then in the
ring Ry one can choose generators ey such that hp(ex) = Bi.

We present the construction from [7].

For natural numbers mq,...,my we denote by (mq,...,my) their greatest common divisor.
Using the Euclidean algorithm, one can always find integers A1, ..., \; satisfying the equality
)\1777,1 + ... +)\kmk = (ml,... ,mk).

For n > 2 define the number

d(n) = <<n>7 <">7W7 ( n >> _ {p for n = p¥, where p is a prime number, (3.1)
1 2 n—1 1  otherwise.

For each n > 1 we fix a set of numbers (A1, ..., \,) satisfying the equality

/\1<n41r1>+>\2<n;1>+...+>\n<n::1>:d(n+1). (3.2)

For any formal group F'(u,v) over a ring R, this allows us to introduce elements €, € R using the
formula

€, = )\1al7n + )\gagm_l + ...+ )\naml. (33)
Note that the set of numbers (\q,...,\,) satisfying (3.2) is defined ambiguously.
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Remark 3.2. If n+ 1 is a prime, one can set (A1,...,\,;) =(1,0,...,0) and €, = a1 .

Lemma 3.3 (see |7, Remark 4.4|). The generators ey of the ring Ry can be defined by for-
mula (3.3) for the formal group Fy(u,v). At the same time for any formal group F(u,v) we get

hF(ek) = €k.

For a € R, by @ we denote the element @ € R= R/I?, where I? is the ideal in R generated by
all elements of the form a;, j, a;, j, with indices i1, 42, ji, and ja each of which is not less than 1.

Definition 3.4. For a formal group F(u,v) over a ring R, we define a function pp: N —
N U {oo} such that pp(n) is the order of the element €, in the ring R.

Note that the value of pp(n) is independent of the choice of the set (A1,...,A,) in (3.2).

In the case of a generating formal group F'(u,v) over R, the ring R = Rp is multiplicatively
generated by the set of all elements €, = hp(ex) such that pp(k) > 1.

Denote by Fy 2(u,v) the universal formal group for the groups whose law F'(u,v) satisfies the
condition F'(u,u) = 0.

Theorem 3.5 [14, 9]. 1. The formal group Fua(u,v) is defined over the ring Rua =
Fo[y2, Y4, - s Vns - -], where n # 28 —1 for k> 1.

2. The formal group Fua(u,v) is linearized over Ry by the exponential

4. HIRZEBRUCH GENUS
For the series f(z) =z + > 50, frz**1/(k+ 1)! € R ® Q[[z]], where fx € R, we set

m
T
L =Li(o1,...,0m) =
fim f( 1 ) m) lel f(l‘z)’
where oy, is the kth elementary symmetric function of x1,...,%,,. For m = 3 we have

1 1 1 1 1
Ly(o1,09,03) =1 — §f101 + <Zf12 - 6f2>U% - (Zf% - §f2>02

- <%f13— %f1f2 + if:%)(f:f + <iff’ - 1—52f1f2+ %f3>0102 - (%ff’ - if1f2+ %f3>03—|-... .

The complex Hirzebruch characteristic class of a complex m-dimensional vector bundle £ — B
is the cohomology class

Lim(&) = Lg(ci(§),- .-, em(§)) € H(B;R® Q),

where ¢ (€) is the kth Chern class of the bundle &.
In the important special case of ¢;(§) = 0, we get

L0, ven(@) = 1= (377 = g )ea(®) = (9= 1hufat a)eatd

8
QIR RS S s s

1 1 1 1 1
+ <—1—6ffl+ 6f12f2 - 1_8f22 - Eflfi% + %f4>04(5) +....
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A smooth closed manifold M?" is called stably complex if for some integer m > n there is a
complex m-dimensional vector bundle & — M?" and an isomorphism of real vector bundles

p: T(M?) @ R2™™) 5 ¢

over M?" is fixed. The fundamental cycle (M?") € Hy,(M?",Z) corresponding to the canonical
orientation of the bundle £ is defined.
The complexr Hirzebruch genus Lf(M2”) of a stably complex manifold M?" is determined by

Ly(M™) = (Ln(€),{M*")) € R® Q.
The correspondence [M?"] — L(M?") defines a ring homomorphism
LfZ QU’—>fE@HQ,

which is called the Hirzebruch genus of the series f.
The Hirzebruch genus is said to be R-integer if it determines a ring homomorphism Quy — R.
The universality of the formal group of complex cobordisms implies that each formal group
F(u,v) over a ring R determines an R-integer Hirzebruch genus Ly: Qu — R, where f(x) €
R ® Q[[z]] is the exponential of this group.

Theorem 4.1 (A.S. Mishchenko [15]). The logarithm g(u) of the formal group of geometric
cobordisms Fu(u,v) satisfies the relation

un+1

n+1’

g(w) = u+ S [CP"]
n=1

Corollary 4.2 [16]. For any Hirzebruch genus Ly: Qu — R® Q, the formula

un+l

n+1

u+ i L;(CP)

n=1

= gs(u)

holds, where g¢(f(x)) = x. If the ring R is torsion-free and L: Qu — R is a ring homomorphism,
then L = Ly, where f(x) is a series such that

un+1

n+1

u—l—ZL[CP”] = gf(u).
5. TATE FORMAL GROUP

For a detailed description of the universal Tate formal group, see [3].
The general Weierstrass model for the elliptic curve in homogeneous coordinates (X : Y : Z) is
given by the equation

Y2Z + XY Z 4+ pusYZ? = X2 + 1o X?Z + X 7% + pe 23, (5.1)

which depends on five parameters pu = (u1, p2, 43, tha, fi6)-
A linear change of coordinates

1+4
yy — PEH 412
6
brings it into the standard Weierstrass model of the elliptic curve, which is given in the neighborhood
(X:Y :Z): Z +#0 in Weierstrass coordinates (z :y: 1) by the equation

(X:Y:2) (X+%Z:2Y+N1X+NSZ:Z),

y? = 42® — gow — g3, (5.2)
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where
g2 =3V5 — 2u1p3 — dpa, g3 = —Vs + voppiz — i3 + 2v2ps — dpt. (5.3)

The map t — (z,y) = (p(t), ' (t)), where p(t) is the Weierstrass p-function with parameters go
and g3, gives a uniformization of the curve (5.2).

In the neighborhood (X : Y : Z): Y # 0 in Tate coordinates (u: —1:s) (see [3, 21]) the equation
of the elliptic curve (5.1) takes the form

s =ud + pyus + pou’s + pzs® + paus® + pgs’. (5.4)
It can be seen directly from (5.4) that the coordinate s can be represented as a series s(u) €
Z[Mlv K2, 135 4, MG] [[’LLH We have
s(u) = u® + pyut + (o + p3)u’® + (ps + 2p1p0 + pf)u® + ..

Thus, the map u — (u, s(u)) determines a uniformization of the curve (5.4).

The classical geometric construction of the group structure on an elliptic curve in coordinates
(u, s(u)) in the vicinity of (0,0) determines a formal group Fr(u,v) over the ring Z[u1, p2, 13, f4, fie],
which will be called the Tate formal group.

Theorem 5.1 (see [3]). The addition law in the formal group Fr(u,v) has the form

p1 + pzm + (g + 2pem)k 1+ pom + pam? + pem®

U+ v—uv 5 5 3 57 (5.5)
1 — psk — pek (14 pon + pan? + pen?) (1 — usk — pek?)
where

— _ 1 2 3

o s(u) S(U)’ k= us(v) vs(u)’ n— m 4 uw + pom 4 pam® + pegm
u—v U—v 1 — pgk — pgk?
Modulo the ideal generated by p;u;, we have
Fr(u,v) =u+v—uv (,ul + pa(u + ) + pz(2u® + 3uv + 207)
+ 204 (u + v) (u? + uv 4+ v?) + 3ug(u + v)(u? + uv + 112)2) . (5.6)

Thus, 214 and 3ug lie in the coefficient ring R, but g and pg do not. Therefore, the formal group
Fr(u,v) over the ring Z[pu1, p12, 43, ft4, pt6) is not generating, while Rt ® Z,, = Zp|p1, 2, 13, fa, 6]
for any prime p > 3.

The problem of describing the coefficient ring R C Z[u1, pi2, i3, pa, pig] of the formal group
Fr(u,v) arises naturally. It is clear that the ring Ry coincides with the image of the homomorphism
classifying the formal group Fr(u,v). Below, this problem will be solved for formal groups that
play an important role in algebraic topology (see Theorem 9.1).

Corollary 5.2 [3].
0
%}"T(u, v) =1 — pyu — pou® — 2uzs(u) — 2ugus(u) — 3ues(u)?.
v=0

Theorem 5.3 [3]. The exponential of the Tate formal group Fr(u,v) is determined by the
series fp(t) € Qu1, 2, i3, 1, pel[[t]] that is the expansion at t =0 of

L p(t) — 75 (4pz + p1}) 7 (5.7

o (t) — pp(t) + F5 1 (dpe + pd) — ps

where the expressions for the parameters go and gs are given by (5.3).
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Corollary 5.4.
+2 ) 43 X 44
Fr(8) =t = + (i1 = 22) 37 — (1 = g + 1213)
4 2 2 g
+ (ul — 22pTpo + 1645 + 3641 13 — 48114) SRR

6. KRICHEVER GENUS

Let A be a lattice with generators 2wi, 2w € C, where Im(wq/wq) > 0.
The Baker—Akhiezer function is defined by the expression

o(z —x)
Bz, ) = ZE=7) e 1
@2 = e (6.1
where o(x) and ((z) are the Weierstrass functions for the elliptic curve C/A.

The following properties uniquely determine ®(z, z) as a function of z:

e for x = 0 it has a simple pole;
e for x = z it has a simple zero;

e it has the following properties under shifts by periods:
B (x4 2wy, 2) = B(x, z)e2 I —2C(wr)z, kE=1,2. (6.2)

In [13] Krichever introduced the Hirzebruch genus Ly, which is now called the Krichever genus,
where

B _explar)  o(x)o(z) B
f(z) = fxe(x) = S o(z—1) exp(ax — ((2)x), (6.3)
and showed that it has important algebraic-topological properties. Note that the series fg.(z)
depends on four parameters: z, «, wi, and ws. The parameters w; and wy of the lattice A can be
replaced by the parameters of the elliptic curve (5.2) uniformized by the Weierstrass p-functions
corresponding to the lattice A. We have fk;(z) € Q[a, p(2), ' (2), g2][[z]] (see [3, 6]). Namely,

a3 xt
fie(z) = 2 4+ ax? + (a2 + p(2)) 5 + (a3 + 3ap(z) — ¢'(2)) 3
+ <a4 + 60%p(2) — 4ap(2) + 9p(2)? — ggg> Z—T +....

The notion of elliptic genus of level N was introduced by F. Hirzebruch in [10] in connection
with a well-known problem in algebraic topology. For a natural N, a lattice A, and z € C, consider
an elliptic function g(z) with divisor N -0 — N - z and condition that the coefficient of =" in its
series expansion in the vicinity of x = 0 is equal to 1. From the theory of elliptic functions it follows
that such a function g(x) exists and is unique for given (NN, A, z) such that z ¢ A and Nz € A, that
is, N > 1. Set fx(x) = g()"/" with the condition that f4(0) = 1. The Hirzebruch genus for the
series fy(x) is called the elliptic genus of level N.

The elliptic genus of level 2 is defined by the Jacobi elliptic sine and is the Ochanine—Witten
genus.

Krichever in [13] realized fn(z) in terms of the Baker—Akhiezer function (6.1); that is, he showed
that the elliptic genus of level N is a specialization of the Krichever genus and is determined by the

conditions
n m n m
ZZQNW]_—FQNWQ, a:_2NC(wl)_2NC(W2)+C(2)7
n,m € {0,1,...,N — 1}, (n,m) # (0,0). It follows from (6.2) that for shifts by the period 2wy, the

function fx () is multiplied by an Nth root of 1.
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7. BUCHSTABER FORMAL GROUP

A formal group F'(u,v) over a ring R is called a Buchstaber formal group if it can be presented
in the form
u?A(v) — v?A(u)

Flu,v) = uB(v) —vB(u) ’

(7.1)

where

i=1 =1

Formal groups of the form (7.1) were introduced in [1].

Let us describe the construction of the universal Buchstaber formal group.

A formal group of the form (7.1) over a ring R is determined by its coefficients ax € R, k # 2,
and by, € R, m # 1. Denote by Fg(u,v) the formal group (7.1) over the ring Rp = Z[ay, k # 2,
bm, m # 1]/J, where J is the associativity ideal. Its coefficients a; ; (see (2.1)) satisfy the relations
(see |7, formulas (19)])

ayl = aq,
a; 1 = ay g = bi, 7> 1, (72)
Gij = a5 = 2bipj1 — Qipj-1,  4,J>1

(hereafter all congruences are considered modulo the ideal I?), so the formal group Fg(u,v) over Ry
is generating. Therefore, for any formal group of the form (7.1) over R, the classifying homomor-
phism h: Ry — R splits into a composition with a ring homomorphism Rp — R; i.e., the formal
group Fg(u,v) over the ring Rp is a universal formal group of the form (7.1).

Theorem 7.1 [7|. The ring Ry is multiplicatively generated by hg(ey), where n = 1,2,3,4,
n=p" with r > 1 and p ranging over all primes, and n = 28 — 2 with k > 2. In addition,

for n=1,2,3,4,

00
p fOT”I’L:pT,’I’L#2,3,4, T’Zl,
pB(n) = .
2 for n=2"—-2 k>3,

1

in all other cases

(see Definition 3.4). The ring Rp has only 2-torsion. In the ring Ry there are multiplicative
generators eqr_o, k > 2, such that hp(eqx_o) generate the ideal of elements of order 2 in Rgp.

In [1] it was shown that the exponential of the formal group Fg(u,v) is given by (6.3). Thus,
the universal formal group of the form (7.1) determines the Krichever genus.

Further we will describe the universal formal group of the form (7.1) with the condition
F(u,u) =0 over a ring with 2-torsion and show that it determines a new Hirzebruch genus.

8. COEFFICIENT RING OF THE BUCHSTABER FORMAL
GROUP WITH THE CONDITION A(u) = B(u)

Theorem 8.1 |7, Theorem 7.1]. The coefficient ring Sy of the universal formal group of
the form
u?A(v) — v2A(u)

Filu,v) = uA(v) —vA(u) ’

(8.1)
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where

[o¢]
Alu) =1+ Zaiui, a; € R,
i=1
18 multiplicatively generated by €,, where n =1 and n=2" — 2, r > 2. Moreover,

oo for n=1,2,
2
1

p1(n)

for n=2F -2 k>3,
in all other cases.
In dimensions n

equalities 2hy(ey,)

2k — 2k > 3, the generators e, of the ring Ry can be chosen so that the
=0 hold.

Theorem 8.2. The coefficient ring S1 of the universal formal group of the form (8.1) has the
form Zlay,az,as,a14, . ..]/J, where the ideal J is generated by the relations
2a2k_2 = 0, kf 2 3,

(8.2)
a1Q9k_o9 = 0,

k> 3. (8.3)
In particular, under the additional condition a; = 0, the ideal J is generated by (8.2).
Proof. Set A (u,v,w) = F1(F1(u,v),w) — F1(u, F1(v,w))
series A (u,v,w) is equal to

. As the coefficient of vw in the

Au) <%(A(u) ) —ay - A’(u)>

and A(0) = 1, the equality

2
A(u) = =(Au) — 1) —aq (8.4)
u
holds in the ring S;. Substituting it into the expression for the coefficient of vw? in the series
N (u,v,w), we arrive at the relation
LA

2 (A(w) — 1 — aju — a2u2) 0,
which implies that

2A(u) = 2(1 + ayu + agu?). (8.5)
Hence, in the ring Sy the relations 2a; = 0 (k > 3) and, in particular, relation (8.2) hold.
From (8.4) and (8.5) it follows that
A/(u) =a + 2a2u.

(8.6)
Consequently, ag1 = 0, [ > 1. From formula (8.6) and the expression for the coefficient of v?w in
the series .4 (u,v,w) we obtain the equality

A//

UQT(U) =A(u) —1—aju. (8.7)
Consequently, aqs = 0, s > 1. From (8.6) and (8.7) we find that the expression for the coefficient
of v?w? in the equation .4 (u,v,w) = 0 gives the equality

A
Lu) (2 — 8A(u) + 3a1u) (1 + aru + agu® — A(u)) =0

(8.8)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 292 2016



COEFFICIENT RINGS OF TATE FORMAL GROUPS 47

In the resulting equation the last factor has the form —(agu® + aqu* + ...). Therefore, relations (8.2)
imply that formula (8.8) is equivalent to the equality

al(a3u3 + aqut + .. ) =0,

from which relations (8.3) follow.

If the associativity ideal contains a relation that does not follow from (8.2) and (8.3), then such
a relation cannot contain a1 (a; and as enter the ring Sy freely, so the relation cannot contain terms
that depend only on a; and ag, and, in addition, ajar = 0 for & > 2). Since the ring &; contains
the subring Fylas, ag, a4, ...] (see Corollary 15.2), by Theorem 8.1 the relation should be of the
form 2P(ag, ag,aia,...) = 0. From (8.2) it follows that such a relation can be brought to the form
2ay' = 0, which is impossible due to the fact that as enters the ring freely. O

9. SPECIALIZATIONS OF THE TATE FORMAL GROUP
THAT GIVE BUCHSTABER FORMAL GROUPS

In this section we describe all those Tate formal groups over rings without zero divisors that de-
fine Buchstaber formal groups. In Lemma 9.3 we describe an ideal J in the ring Z[u1, o, pi3, pia, 6]
such that if a specialization of a Tate formal group is a Buchstaber formal group, then its special-
ization ideal Z contains J. In Lemma 9.5 we find all minimal prime ideals Zy, k = 1,2, 3, 4, contain-
ing J. In Lemmas 9.6-9.9 we show that Tate formal groups over the rings Z[u1, po, 13, 4, 6]/ Zk
are Buchstaber formal groups. Thus, in this section we prove the following theorem:

Theorem 9.1 (cf. [3]). A specialization of a Tate formal group over a ring without zero divisors
gives a Buchstaber formal group if and only if its specialization ideal T contains at least one of the
ideals

Zy = {p3 =0, g = 0, pg = 0},
Iy = {1 =0, pu3 = 0, pg = 0},
Is = {pf + p2 =0, pps + pa = 0, p3 + 3 = 0},
Zy={2=0, 11 =0, p3 = 0}.

Lemma 9.2. Let a specialization of a Tate formal group be a Buchstaber formal group. Then

A(u) =1 — pru+ agu® — pas(u) + (paps — ppia)u’s(u)
+ (13 + 3pe)s(w)? + (uapea — 3ppe us(u)?, (9.1)

B(u) = 1+ byu — pou® — 2uzs(u) — 2pqus(u) — 3pes(u)?.

Proof. According to Corollary 5.2,

0
%}"T(u, v) =1 — pu — pou® — 2uzs(u) — 2ugus(u) — 3ues(u)?.
v=0
On the other hand,
0
— Fp(u,v) = B(u) — bju + aju. (9.2)
ov w0
Thus, under the conditions of the lemma we obtain a; = —p; and

B(u) = 1+ bru — pou? — 2p35(u) — 2puqus(u) — 3pugs(u).
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For a formal group F'(u,v) consider the expression

<_g§—;F(u,v) + (%F(U,U)f - ]‘W%F(“’”)>

where k = ag—gyF(u,vﬂ

: (9-3)

v=0

1 d?

w0, v=0" Since the operator 54~ defines a homomorphism Z[[v] [v],

— Z
expression (9.3) for the series F'(u,v) € R][[u,v]] determines a series in R[[u]]. For F(u,v) = Fg(u,v)
this series is equal to

A(u) — agu® + bou®.

For F(u,v) = Fr(u,v), from the form of (5.5), using the conditions s(0) = 0, s'(0) = 0, and
s"(0) = 0, we find that this series is equal to

1 — piu — pou® — pgs(u) + pau(u® — s(u) + pou’s(u) + 2uss(w)? + paus(u)? + pes(u)?)

+ popizu®s(u) + p3s(u)? + 3ues(u) (u® + pou?s(u) + pss(u)? + paus(u)? + pes(u)®).
In view of relation (5.4),
s(u) = u® + prus(u) + pou?s(u) + pas(u)® + paus(u)? + pes(u)?,

this series takes the form

1 — pnu = pou® — pugs(u) + (pops — prpa)u?s(u) + (3 + 3p)s(u)® + (papa — 3ppe)us(u)?.

Thus, under the conditions of the lemma, we obtain the expression for the series A(u). O

Lemma 9.3. Denote by J the ideal generated by the relations
popis — pipia = 0, 2(p3 + 3u6) = 0,
p(p3 +3p6) =0, ps(paps + pa) =0,
Ape (13 + p2) = 0, w313 + 3pe) = 0,
26 (1 pg + 15 + paps + pa) = 0, 2p6(p; + p2)® = 0.

Let a specialization of a Tate formal group be a Buchstaber formal group. Then the specialization
ideal T contains the ideal J.

Remark 9.4. In other words, any specialization of a Tate formal group that gives a Buchstaber
formal group is a specialization of a Tate formal group over the ring Z[u1, po, ps3, pa, pig)/J, where
the ideal J is given by the relations of Lemma 9.3.

Proof of Lemma 9.3. Consider a formal series F'(u,v) of the form (7.1), where A(u) and
B(u) are defined by relations (9.1) for s(u) given by (5.4). Consider the series Fr(u,v) — F(u,v) =
> i ju'v?, where Fr(u,v) is given by (5.5). Lemma 9.2 implies that for the formal group Fr(u,v)
to be a Buchstaber formal group, it is necessary that v; ; = 0 for all ¢ and j.

Using the recursion for the coefficients of the series s(u) given by equation (5.4), we obtain the
expansion

s(u) = u’ + paut + (0F + p2)u’ + (i + 2 + ps)u® + (ui + 3pdpe + 63 + 3paps + pa)u’
+ (H? + 4pS g + 3pp3 + 6ptps + 3paps + 3#1#4)108

+ (S + Bt + 6133 + 13 + 10p3 s + 1241 piopis + 23 + 643 g + Bpuopis + p)u’ + ... . (9.4)
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Substituting the coefficients of the series s(u) from (9.4) into 7; ; = 0 for i 4+ j < 11, we obtain the
assertion of the lemma. [

Lemma 9.5. Let T be a prime ideal containing J. Then T D Iy, for one of the prime ideals Iy,
(see Theorem 9.1).

Proof. Consider three cases:

1. Let 41 = 0 and pg = 0. The relations of Lemma 9.3 in the ring R without zero divisors then
take the form

6:“6 = 07 4:“2#6 = 07 2,“6(”% + N4) = 07 2”%:“6 = 07

which implies that either ug =0 and Z D Zo,or 2=0and Z D Zy, or s = gy =3 =0 and Z D Z3.
2. Let p1 # 0 and pg = 0. The relations of Lemma 9.3 in the ring R without zero divisors take
the form

pa =0, 3ue = 0, MG(H% + M2) =0,

which implies that either yug =0 and Z D Z; or ,u% 4+ e =0and Z D Z3.
3. Let pus # 0. Among the relations of Lemma 9.3 in the ring R without zero divisors, there are
relations

popts — puipia =0, ppg+pa =0, 13+ 3pe = 0;

from the two first relations we obtain p? + g =0, and so Z D Z3. [

Lemma 9.6. The specialization of a Tate formal group with specialization ideal I7 is defined
over the ring Z[p1, po] and has the form

U+ v — puv

Filu,v) = 1+ pouv

(9.5)
It can be presented in the form (7.1) with A(u) = B(u) = 1 — pju — psu®. This formal group
determines the two-parametric Todd genus.

Lemma 9.7. The specialization of a Tate formal group with specialization ideal Is is defined
over the ring Z[pua, pa) and has the form

uv1 — 2602 + vt + vvV1 — 26u2 + cut
f2(u7 U) = 1 — culv? ’ (96)

where § = g and & = p3 — 4uy. It can be presented in the form (7.1) with A(u) =1 and B(u) =
V(1 — pou2)? — 4pgut. Note that B(u) = 1 — pou?® — 2ugut — 2uopsu® + ... € Zlug, pa[u]]. This
formal group determines the Ochanine—Witten elliptic genus.

Lemma 9.8. The specialization of a Tate formal group with specialization ideal I3 is defined
over the ring Z[pu1, i3, pte) /{36 = —u3} and has the form

_ u?(1 = v — ps(v) — vP(1 — pu — pgs(u))
Fa(u,0) = w(l — pv — pu3s(v))? — v(l — pru — pgs(u))?’ (0.7)

where s(u) = u + ... is determined by the equation
B 2,2 2 2 3
s(u) = u” + prus(u) — pyus(u) + pss(u)” — prpzus(u)” + pes(u)”.

It can be presented in the form (7.1) with A(u) = 1 — pyu — pzs(u) and B(u) = A(u)?. This formal
group determines the elliptic genus of level 3.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 292 2016



50 E.Yu. BUNKOVA et al.

Proof of Lemmas 9.6-9.8. It was shown in [3] that a Tate formal group under the condition
that the relations of at least one of the ideals Z7, Zo, or Z3 hold is a Krichever formal group; that
is, it can be presented as a specialization of the universal Krichever formal group

b(u)B(u) — b(v)B(v) u2y?
(ub(v) — vb(u)) ’

Fir(u,v) = ub(v) + vb(u) — b’ (0)uv + (9.8)

where b(u) = 1+ but, B(u) = (V' (u) — V'(0))/(2u), by = X1, b2i = X2i, and bg; 11 = 2x2i41, Over
the ring B = Z[xx: k = 1,2,...]/J, where J is the associativity ideal. The formal group (9.8) is a
Buchstaber formal group with B(u) = b(u) and

A(u) = b(u)? — b (0)ub(u) — u?b(u)B(u).

Consequently, provided that the relations of at least one of the ideals Z7, Zo, or Z3 hold, the Tate
formal group is a Buchstaber formal group. By Lemma 9.2, selecting values for as and by, we
obtain the expressions for A(u) and B(u) indicated in the lemmas. In the case of Lemma 9.7,
we obtain B(u) = 1 — pou? — 2u4us(u) and additionally use relation (5.4), which takes the form
s(u) = u® + pou?s(u) + pgus(u)?, to obtain the relation indicated for B(u)?.

For Lemma 9.6 we obtain the expression for the formal group that determines the two-parametric
Todd genus:

u?(1 — pyv) — v (1 — pyu)

Fiu,v) = u(l = p2v?) —v(1 — pou?)”

The equality of this expression and its better known form (9.5) is verified by direct calculation.
For Lemma 9.7, by substituting the values of § and ¢ from the lemma, we obtain an expression
for the formal group that determines the Ochanine—Witten elliptic genus:

’LL2—’U2

Fi(u,v) = .
() uvV1 — 2602 + ev* — vV/1 — 2602 + eut

The equality of this expression and its better known form (9.6) is verified by direct calculation.
For Lemma 9.8 we obtain the expression (9.7). As follows from [4], the Tate formal group with
relations Z3 determines the elliptic genus of level 3. [J

Lemma 9.9. The specialization of a Tate formal group with specialization ideal Iy is defined
over the ring Falusa, 4, ] and has the form
w?(1 4 pes(v)?) + v*(1 + pes(u)?)

Falw ) = T 0+ 165(0)7) + 001+ it + prg5(0)D) (9:9)

where s(u) = u® + ... is determined by the equation s(u) = u> + pgu?s(u) + paus(u)? + pes(u)?.
It can be presented in the form (7.1) with A(u) = B(u) = 1+ pusu® + pes(u)?.

Proof. In Lemma 9.2, under the conditions of Lemma 9.9, we obtain

A(u) = 1+ agu® 4+ pes(u)®,  Blu) = 1+ biu + pou® + pes(u)*;

hence, by setting b; = 0 and ap = ug2, we obtain A(u) = B(u) = 1+ pou? + pgs(u)?.

So we get the expression (9.9). Now let us prove that this formal group is a specialization of a
Tate formal group. We have

s(u 2 s(v 2
(wo(u? +0%)) (12 + i 2L )

Fa(u,v) =u+v+ u+ v+ pouv(u 4+ v) + pe(us(v)? + s(u)?v)
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According to [3], for 1 = 0 and p3 = 0, the Tate formal group over the ring Z[us, 114, ug] takes
the form
pi2 + 2p4m + 3pem?

Fr(u,v) =u+v+k ,
r(u,v) 14 pom + pgm?2 + pgm?3

where expressions for m and k are given in Theorem 5.1, and equation (5.4) takes the form
s(u) = u® 4+ pou?s(u) + paus(u)® 4 pes(u)®. (9.10)
Over Folpua, i, pig] we obtain

(us(v) + vs(u)) (uz + 16 75(122129)2 )

v+ pia(s(u) + () + pg WETOR 4 OO

Fr(u,v) =u+v+

Thus, the condition Fy4(u,v) = Fp(u,v) is equivalent to the relation

s(u)? + s(v)? s(u) + s(v))3
uv(u2+v2)<u+v+,u2(s(u)+s(v))+u4 ( )uiv( ) —i-u@( (u);—_l—v(?)) >

= (us(v) + vs(u)) <u + v+ pguv(u 4 v) + pg(us(v)? + s(u)zv)>.
Excluding p4 from this equation and using relation (9.10), we obtain the identical equality. [

10. COEFFICIENT RING OF THE FORMAL GROUP DETERMINING
THE TWO-PARAMETRIC TODD GENUS

Consider the formal group (9.5),

Fi(u,y) = VT
1+ pouv
It is defined over the ring Z[u, u2]. Since
Fi(u,v) =u+v— puv — pouv(u +v) + ..., (10.1)

the formal group (9.5) over the ring Z[u1, ps| is generating.

The formal group (9.5) is a specialization of the Buchstaber formal group with A(u) = B(u) =
1—pu— ,uqu.

Corollary 10.1 (to Theorem 8.1). OQwver a ring R without 2-torsion, the universal formal
group of the form (8.1) is the formal group (9.5) over the ring Z[u1, p2].

Proof. Over rings without 2-torsion, in Theorem 8.1 we obtain hq(e,) = 0 for n = 2 — 2,
k > 3; i.e., the coefficient ring §1 of the universal formal group of the form (8.1) over rings R without
2-torsion is generated by the two elements €; and es. Consider the ring homomorphism hY: §1 —
Z[pq, po] classifying the formal group (9.5) as a group of the form (8.1) over the ring R without
2-torsion. From (3.3) we obtain €; = a1, and €3 = a1, and from (10.1) we get hY(el) = —u1 and

h (€2) = —pia. R
Therefore, hY" gives the isomorphism Sy = Z[uq, p2]. O
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11. COEFFICIENT RING OF THE FORMAL GROUP DETERMINING

THE ELLIPTIC GENUS OF LEVEL 2 (OCHANINE-WITTEN GENUS)

The formal group (9.6) over the ring Z[ua, 4] can be presented in the form
w2 — 02

uy/(1 = p20%)? — dpgo® — vy/(1 = ppu?)? — dpgu®
It is a specialization of the Buchstaber formal group with A(u) =1 and the series

B(u) = 1 — pou® — 2pqu® — 2pgpuau’® — 2pa(p3 + pa)u® + ... € L, pal[[u]] (11.1)
determined by the condition B(u)? = (1 — pou?)? — 4pgu. Since

Fo(u,v) =

Folu,v) = u +v — ppuv(u + v) + pau®v?(u 4 v) — 2pquv(u 4+ v)(u? +uv +0v?) +...,  (11.2)

the formal group (9.6) over the ring Z[us, p4] is not generating. Its coefficient ring R is a subring
in Z[ug, ug]. Further we describe the ring Ra.
Consider the universal formal group of the form

’LL2—’U2

Falu,v) = uB(v) —vB(u)’

(11.3)

where

B(x)=1+) ba', b €R
=2

Denote by Sy its coefficient ring.
Lemma 11.1.
Sy = Z[ba, b3, by, . ..]/J,
where J is the associativity ideal.
Proof. The formal group of the form (11.3) over the ring R is determined uniquely by its
coefficients by, € R. In the case of the formal group (11.3), from (7.2) we obtain

a1; =b; mod I2, 1> 1;

Qg1

1,
therefore, the formal group (11.3) over the ring Z[bs, b3, by, ...]/J is generating. [

Theorem 11.2 [7, Theorem 8.2|. The ring Sy is multiplicatively generated by the elements €y,

where n =2 k> 1. Moreover,
oo for n=2.4,
p2(n) = ¢ 2 for n=2F k>3,
1 i all other cases.
The ring Sy has no torsion.

Theorem 11.3. The ring homomorphism hy : Sy — Ry classifying the formal group (9.6) as
a group of the form (11.3) is an isomorphism.

Proof. Since Ry C Z[ua, j14] is a ring homomorphism, h;’ is an epimorphism. Let us show
that h;’: Sy — Z[pa, pa] is @ monomorphism. From Theorem 11.2 we find that the ring S, ® Q is
multiplicatively generated by the elements €5 and €4. From Remark 3.2 and formula (11.2) we get
hY(e2) = —po and hY (e4) = —2u4; therefore, S ® Q — Q[uz, p4] is an isomorphism. Because Sp
has no torsion, we find that So — Z[u2, p4] is @ monomorphism, which proves the theorem. [

Let us introduce the generators e; in Ry by Lemma 3.1 for 8 = b.
Corollary 11.4. The value ha(ey) is equal to the coefficient of u* in (11.1). In particular,
h2(€2) = — U2, h2(€4) = —2,&4, and h2(€2k+1) =0.
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12. COEFFICIENT RING OF THE FORMAL GROUP DETERMINING
THE ELLIPTIC GENUS OF LEVEL 3

Consider the formal group (9.7),

21— v — () —
Faln) = U e~ pas(0))? =

vA(1 — pau — p3s(u))
o(1 = pau — pgs(u))*

It is defined over the ring Z[u1, u3, ps)/{3p6 = —p3}. Here s(u) = u® + ... is determined by the
equation

s(u) = u? + prus(u) — piu?s(u) + pas(u)? — prpgus(u)?® + pes(u)®. (12.1)
The formal group (9.7) is a specialization of the Buchstaber formal group (7.1) with A(u) = 1 —
piu — p3s(u) and B(u) = A(u)?.

The initial coefficients of the series expansion of the formal group show that over the ring
Zlp, ps, p6)/{3pe = —p3} the formal group is not generating; namely, yg does not belong to its
coefficient ring R3. Further we will describe the ring Rs.

Consider the universal formal group of the form

_ u?CO(v) —v*C(u)

2 = 12.2
Jg(u, U) ’LLO(U)2 — ’UC(’LL)2 ) ( )
where
Cu)=1+ Zciui, co=0, ¢ €R. (12.3)
i=1

Denote by Ss its coefficient ring.
Lemma 12.1.
83 = Z[Cl, C3,C4,. . ]/J,

where J is the associativity ideal.

Proof. The formal group of the form (12.2) over the ring R is uniquely determined by its
coefficients ¢ € R, k # 2. In the case of the formal group (12.2), from (7.2) we get

a1y = c1, ai1=2¢ (i>1), aij =3ciyj—1 (i,5>1) mod I?% (12.4)
and, since ¢y = 0, the formal group (12.2) over the ring Z[cy, 3, ¢y, ...]/J is generating. [
Theorem 12.2. The ring Sz is multiplicatively generated by csr, where r > 0. Moreover,

o  for n=1,3,
p3(n) =43  for n=3", r>2,

1 in all other cases.

Proof. For the Lazard ring Ry, the generating elements e, determined by Lemma 3.3 satisfy
the conditions (see |7, formula (63)])

_(n+1 e 9 o
ai,j:< ; >d(n73—1) mod 7, i+j=n+1,
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where d(n) is defined in (3.1). Hence, taking into account the congruence (12.4), we get a system
of congruences mod I2:

hg(el) =Cy,
n+1
————hs(en) = 2cp, 1,
1 1y alen) = 2 "= (12.5)
1 n .
me M;:scn, 9<i<n—1, n>3
i Jdn+1)

In particular, when n = 3, we obtain the system

2h3(63) = 263, 3h3(63) = 303,
which implies that h3(es) = ¢3. For n = 4 we obtain the system

hs(es) = 2c4, 2hs(eq) = 3cy,
which implies that h3(eq) = c4 = 0. Now suppose that n > 5. We define the value

n+1 n+1 n+1 n+1 n+1 n+1
D(’I’L) = - ) - [ -
3 2 4 3 n—1 n—2
_((n\ (n n\ (n n B n
\\3 1)7\4 2) " \n—-1 n—-3))

Then (see [7, Theorem 7.9|)

D(n) _ [d(n) for n# ok — 2, (12.6)

dn+1) 2 for n=2"—2

Subtracting the congruences of system (12.5) from one another, we arrive at an equivalent system

dT;rll hy(en) = 260, 1 >3, (12.7)

(1) (T i o

ﬁ((?i;) (”H))hg 2<i<n—1, n>3 (12.9)
Subtracting the doubled congruence (12.8) from (12.7), we additionally find that

- Zé)(fi 3 haen) = 0. (12.10)

It follows from the congruences (12.9) that

D(n)
hs(e,) = 0. 12.11
dln + 1) 3(en) ( )
Hence, according to (12.6), we have hg(e,) = 0, except possibly the cases when n = p” and

n =270 — 2 where p is prime, » > 1, and rg > 3.
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In the first case the congruence (12.11) means that phg(e,) = 0. If p # 3, then the number
(n 4+ 1)(n — 3) is not divisible by p. Therefore, (12.10) and the condition that phs(e,r) = 0 imply
that hg(e,r) = 0. If p = 3, then the congruence (12.10) is a corollary to the fact that 3hgz(esr) = 0.

In the remaining case, when n = 2™ — 2, ry > 3, the congruence (12.11) means that 2h3(e,) = 0.
Considering the congruence (12.10) modulo 2, we obtain hs(e,) =0. O

Corollary 12.3. The ring S3 ® Q is multiplicatively generated by hs(e1) and hs(es). More-
over, 83 ® Q = Q[cy, c3] (see the proof of Theorem 12.7).

Theorem 12.4. The ring S3 does not contain elements of finite order.
To prove the theorem, we need the following assertions.
Lemma 12.5. The ring Ss does not contain elements of order p # 3.

Proof. Consider the ring homomorphism Z[c, c3] — S, where ¢; and cg are formal variables
that are mapped to the corresponding coefficients of the series C'(u) over 8. By Lemma 9.8, we
have the classifying ring homomorphism Ss — Z[u1, i3, it6) /{13 = —3ue}, under which ¢; — —py
and c3 — —p3. Theorem 12.2 implies that the ring homomorphism Zp[ci,c3] — Sz ® Z,, is an
epimorphism for prime p # 3. Since it can be continued to an isomorphism Z,[c1, c3] — Zp[p1, p3],
Zplct, c3] = S3 ® Zy is an isomorphism.

Thus, in the ring Sz there is no p-torsion for p #3. 0O

Lemma 12.6. In the ring Ss the multiplicative generators csr are related as follows:
E(r)e3r = 3n(r)egrr + Pr(cr,e3,¢52, ..., c3r), r>1,

where £(r) and n(r) are integers coprime to 3 and the degree of the polynomial P, with respect
to c3r is less than 3.

Proof. By equating the coefficient of vw in F3(u, Z3(v,w)) — F3(F3(u,v),w) to zero, we get
the equation

2(uC’'(u) (c1u — C(u)?) — 2c1uC(u) + C(u)® — 1) = 0. (12.12)

To verify the assertion of the lemma, it suffices to compare the coefficient of w3 in the equality
obtained with zero. [

Proof of Theorem 12.4. Let us check that there are no elements of order 3 in the ring S3. On
the one hand, the isomorphism Sz ® Q = Q[ey, ¢3] implies that the group S5 2m @ @, which consists
of elements of degree —2m of the ring S3 ® Q, is generated by the monomials ¢i" c5", where

my + 3ms = m, (12.13)

and thus its rank is equal to the number of solutions of equation (12.13) in nonnegative integers.
Hence, in the group S3 2m @ F3 the number of generators is not less than this number. On the other
hand, by Lemma 12.6 all elements of the group S5 2m @ F3 can be expressed in terms of monomials of
the form ¢’ il ..., where jo >0, 0 < j1,j2,j3,... <2, and jo + 3j1 4 3%j2 + 3%js + ... = m.
The number of such monomials coincides with the number of solutions of equation (12.13). There-
fore, the ring S3 cannot have 3-torsion. [

Theorem 12.7. The ring homomorphism hy : S3 — Rg classifying the formal group (9.7) as
a group of the form (12.2) is an isomorphism.

Proof. Since S3 is a coefficient ring, h;’ is an epimorphism. Let us show that h:\{: S3 —
Zlp, ps, pe) /{13 = —3ug} is a monomorphism. From Theorem 12.2 we find that the ring S3 ® Q
is multiplicatively generated by the elements ¢; and c¢3. From the expression for A(u) we get
hY(c1) = —p1 and hY (c3) = —ps; therefore, S3 ® Q — Q[u1, 3] is an isomorphism. Because of the
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absence of torsion in S3 we find that S — Z[u1, 3, ] /{p3 = —3ue} is a monomorphism, which
proves the theorem. [

Let us choose generators e in Ry by Lemma 3.1 for 8 = ¢y.

Corollary 12.8. The value hz(ey) is equal to the coefficient of uF in the series A(u) = 1 —
piu — p3s(u), where s(u) = u® + ... is determined by equation (12.1).

Corollary 12.9. The series C(u) satisfies the cubic equation
C(u)? — 3c1uC(u) — (14 (¢} + 3ez)u?) = 0. (12.14)

Proof. By substituting C(u) = 1 — pyu — pgs(u), e1 = —p1, c3 = —p3, and 3ug = —u3
into (12.14), we check that it follows from (12.1). O
Corollary 12.10. The function w(u) defined by the equality

0
— —_— / = —
W(U) - g/(u) - f (g(u)) - avF(u7v) =0 € R[['LL]]
satisfies the cubic equation
w(u)® = 3ciuw(u)? =14 2(3c3 — c)ud + (33 + )b, (12.15)

Proof. From (9.2), in the case of A(u) = C(u) and B(u) = C(u)?, we obtain
w(u) = C(u)? — cru. (12.16)

With this substitution, equation (12.15) follows from (12.14). O
Corollary 12.11.
C(u)(w(u) — 2ciu) = 14 (¢ + 3e3)u’.

13. EXPONENTIAL OF THE FORMAL GROUP DETERMINING
THE ELLIPTIC GENUS OF LEVEL 3
From Lemma 9.8 and Theorems 12.7 and 5.3 we get
Theorem 13.1. The formal group (9.7) is determined by its exponential

p(r) + %%

flz) = =2 (13.1)

3
My

¢ () — mp(e) —ps — F

where p(x) and ©'(x) are the Weierstrass functions with the parameters

1 1
g2 = g (3 +8us), g3 = 57 (3uf + 1203 + 8y15).

Proof. The ring R3 has no torsion; therefore, the exponential determines the formal group.
Taking into account that w(u) = f'(g(u)) and ¢; = —p1, 3 = —us, from (12.15) we get a differential
equation for f(z):

F1(@)% + 3 f(2) f'(2)? = 1+ 2(id — 3ps) F(@)® + (3us + 413)* f(2)° (13.2)

with solution (13.1). O

The solution of (13.2) is the elliptic function of level 3, which can therefore be expressed in the
form (13.1). For more details see [4].

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 292 2016



COEFFICIENT RINGS OF TATE FORMAL GROUPS 57

14. BUCHSTABER FORMAL GROUP UNDER THE CONDITION B(u) = A(u)?

In this section we present results concerning the series C'(u) that are based on the form of the
formal group (12.2). Some results of this section are also corollaries to the results of Sections 12
and 13 (in particular, to Theorem 12.7).

Theorem 14.1. For the universal formal group of the form (12.2), the series (12.3) has the
following properties:

1. The series C(u) satisfies the cubic equation (12.14).
2. C(u) € Z[1/3][c1, c3]-

3. C’(u) € Z[Cl,63,56]/{cg = 356}.

4

. The series C(u) can be represented as
C(u) = Co(u?®) + cruCy(u?),
where Cy(0) =1 and C1(0) = 1. In addition, the functions
Yo(t) = Co(t)® = 1+ est + 3c3est? + ... € Zley, es][[t],
Yi(t) = te3C1 (1) = &3t — 3c3est? — ... € Zley, e3][[t]]
are solutions of the quadratic equation
V()2 — (14 (¢ +3e3)t) Y (t) + tci = 05 (14.1)

in particular, Co(t)C1(t) = 1.
Proof. 1. Due to the absence of 2- and 3-torsion, the substitution ¢(u) = C(u)? — 3c;uC(u)
reduces formula (12.12) to the equation

with general solution q(u) = 1 + bu3. Hence
C(u)? = 3ciuC(u) = 1 4 bu.

Comparing the coefficients of u? on the two sides of the equation obtained, we find that b = ¢} + 3cs.

2. Equating the coefficient of u™ in equation (12.14) to zero, we obtain a recurrence from which
one can find ¢,:

Bent+ > T(ijk)cicior —3cicn1 =0, n>4, (14.2)

0<i<j<k<n
i+j+k=n

where
1 ifi=j=k,
T(i,j k) =43 ifi=j<kori<j=Fk
6 ifi<j<k.
Expressing successively the coefficients ¢, in terms of ¢; and ¢3, we find that C(u) € Z[1/3][c1, c3).

3. By induction we verify that for all n > 4 the coefficient ¢, can be represented in the form
¢n = c3P,_3(c1,c3,¢), where P is a polynomial with integer coefficients. To find ¢, we will apply
equality (14.2). If n # 3m, then we obtain the desired formula for ¢,,, as all the coefficients T'(i, j, k)
are divisible by 3 and by the induction hypothesis at least one of the factors in the product c;c;cy
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has the form c3P(cy,c3,¢6). If n = 3m, then among the coefficients T(i, 7, k) exactly one is not
divisible by 3, namely, T'(m, m,m) = 1. Since m > 1, the corresponding term has the form

3

3, = c3Pm—3(c1,¢3,06)° = 3366 Pm—s(c1, c3, Co).-

Hence, even in this case, the desired representation for the coefficient ¢, holds.

4. Let us substitute the series C'(u) represented as
C(u) = Xo(u?®) + uXy(u?) + u? Xo (u®)

into (12.14). Equating the two series containing u to powers of the form 3n + 1 and 3n + 2 to zero,
we obtain the respective equations

Xo(u?)? X1 (u?®) + ud X1 (u®)2 Xo (ud) + ud Xo (u3)? X0 (u?) = ¢ Xo(u?), (14.3)
Xo(u?)? Xo(u?) + X1 (v?)? Xo(u®) + ud Xo (u?)2 X1 (u?) = e1 X7 (u?). (14.4)
Combining them with the coefficients X1 (u®) and —Xo(u?), we arrive at the equation
Xg(u3)(u3X1(u3)3 - Xo(u3)3) =0,
which implies that Xa(u) = 0. Then equations (14.3) and (14.4) take the form
Xo(u®) X, (u?) = ¢y (14.5)

Let us make a single series from all the terms on the left-hand side of (12.14) that contain u to
powers of the form 3n. Equating this series to zero, we additionally obtain the equation

Xo(u®)? + X1 (u®)? = u3(c3 + 3e3) + 1. (14.6)

It follows from (14.5) and (14.6) that the series Yy(t) = Xo(t)® and Yi(t) = tX;(t)? satisfy the
quadratic equation (14.1). These are series of the form Y (t) = yo + y1t + 92t + ... that are
characterized by their initial coefficients

Yo(t) =143cst+..., Yi({t)=ct+....

Equating the coefficient of t” (n > 2) on the left-hand side of equation (14.1) to zero, we find that
the coefficients of Yy(t) and Y (t) satisfy the recurrence relations

n—1

:l:yn = (C? + 303)%1—1 - Z YeYn—k-
k=1

Therefore, both series Yj(¢) and Y7 (¢), being solutions of equation (14.1), have coefficients in Z[cy, c3].
For ¢; = 0 equation (14.1) takes the form

Y (t)(Y(t) — 1 —3est) = 0.

Therefore, all the coefficients of the series Y;(t) are divisible by ¢$, and thus the series C;(t) =
(Y1(t)/(tc3))Y/? is well defined. Setting Cy(t) = Yo(t)'/3, we get the required representation for the
function C(u):

C(u) = Xo(u®) + uX1(uv®) = Yo (u®)Y3 + V1 (u®)Y? = Co(u®) + cruCi(v®). O
Corollary 14.2. co =c5=cg=...=cC3p12=...=0.
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15. COEFFICIENT RING OF THE BUCHSTABER FORMAL GROUP
UNDER THE CONDITION F(u,u) =0

Theorem 15.1. Let F(u,v) be a formal group of the form (7.1) over a ring R without zero
divisors and F(u,u) = 0. Then the ring R is an algebra over the field Fy and

A(u) = B(u), agk+1 =0, aqp44 =0, Ek>0.

Proof. The condition F(u,u) = 0 implies that 2 = 0. By 'Hopital’s rule we have the formula

_u(2A(u) — uA'(u))
Flow) = =Bty —uBu)

(15.1)

thus asg11 = 0.

Let us introduce the notation N(u,v,w) for the expression F(F(u,v),w) — F(u, F(v,w)) and
dy for the operator Fo[[u]] — Fa[[u]] resulting from the reduction modulo 2 of the operator %% :
Z{(u]] - 2[[u]).

In this notation, modulo 2 the coefficient of vw in N (u,v,w) is equal to B'(u)(B(u) + aju) and,
since B(0) = 1, we have B’(u) = 0. At the same time the coefficient of v?w in N (u,v,w) is equal to

B(u)
2

” (A(w) + u?(ag + bo) + B(u)? + u2B(u)d2(B(u))).

Since the coefficient as of A(u) does not affect the form of (7.1), one can set as = by. We obtain
the equation

A(u) = B(u)(B(u) + u*da(B(u))).
Equating the coefficient of w in N (u,v,w) to zero, we arrive at the formula

B(u)B(v)F(u,v)

B(F = . 15.2
(Pluw) = 5 S (15.2)
The equation
(B(u) + u?dy(B(u)))* = 1 (15.3)
is derived from (15.2) by substituting v = w, as by I’'Hopital’s rule
F(u,v) _ (B(w) +w?dy(B(u)) \’
vB(u) —uB(v)|,_, B(u) ’
From the expansion
(B(u) + u?da(B(2)))* =1+ Y thu*
k=1
and the absence of zero divisors in the ring R, we obtain the relations by, = 0, £ > 1, and

B(u) + u?dy(B(u)) = 1. Thus

Corollary 15.2. The coefficient ring Rp2 of the universal Buchstaber formal group with the
condition F(u,u) = 0 is isomorphic to the ring Falas,ag, ..., a9k_q,...]. Its exponential has the

form f(z) =2+ 3 159 azk_szk_l, and A(u) = u/g(u), where g(u) is the logarithm of this group.
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Proof. Consider the series

o0
Y(x) =x+ Z an_2a:2k_1
k=2

over the ring Faolagr o, k > 2]. Since for n = 2¥ — 1 all binomial coefficients (’;), 1<j<n-—1,are
odd numbers, we have

00 ok ok B
Wz + 1) :x+y+kzzz)a2k_2mx_‘z - xw(x;_zw(y). (15.4)

Let (u) be a series inverse to 1 (z) and A(u) = u/vy(u). Setting z = ¥(u) and y = ¥(v) in
equation (15.4), we get a linearization of the formal group

uh(u) — vib(v w2AW) — v2A(u
$(@(w) + () = LW Z ) wPAE) — v A)

P(u) =¥ (v) uA(v) —vA(u)

over the ring Foagk o, k > 2]. Tts logarithm v (u) is equal to u/A(u).

By Theorems 15.1 and 8.1, the classifying homomorphism Rp 2 — Falag, as, . . ., agk_o,...] is an
isomorphism. [

The specialization of the Buchstaber formal group with the condition F'(u,u) = 0 is the formal
group (9.9),

Fa(u,v) = u?(1 4 pgs(v)?) — v*(1 + pgs(u)?)
e w(l 4 p2v? + pes(v)2) — v(1 + pou? + pes(u)?)’

It is defined over the ring Fo[jug, jt4, p1g). Here s(u) = u® + ... is determined by the equation
s(u) = u® + pou?s(u) + pgus(u)? + pes(u)3. (15.5)

We have Fy(u,u) = 0.

The specialization of the Buchstaber formal group (7.1) is determined by the relations A(u) =
B(u) =1+ /Lguz + ,uﬁs(u)z.

The initial coefficients of the series expansion of the formal group show that over the ring
Folpa, pia, ug] the formal group is not generating; namely, py does not belong to its coefficient
ring Ry4.

Theorem 15.3. The addition law in the Tate formal group with the additional condition
F(u,u) = 0 is defined over the ring Folua, pua, ig] and has the form (9.9). The logarithm of the
formal group Fy(u,v) is given by the function

u B s(u)

"1 g’ + pes(u)?  u? + pgs(u)?

g(u)

Proof. The initial coefficients of the series expansion of Fr(u,u) (see (5.6)) lead to the relations
2=0, up =0, and puz = 0. According to Lemma 9.9, these relations determine the form (9.9).

For (9.9) we have A’(u) = 0 and B’(u) = 0; therefore, from (15.1) we obtain Fy(u,u) = 0.

For the formal group Fy(u,v), from (2.3) and (9.2) we have

1

’
u) = .
gw) 1+ pou? + pes(u)?
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Over the ring Fo[ua, pa, pg] the series g(u) is odd due to the grading; therefore,

u

u) = .
904) = T3+ rgs(u)?

In view of the relations for s(u) from Lemma 9.9, this proves the last statement of the theorem. [
Corollary 15.4 (to Theorem 15.3 and Corollary 4.2). The Tate formal group F(u,v) with the

additional condition F(u,u) =0 determines a Hirzebruch genus Ly: Qu — Falpo, pa, 6] such that
B 1 B s'(u)
14 pgu? 4 pes(u)2 w2 + pgs(u)?’

> L(CP™u”

n>0

where the series s(u) is determined by formula (15.5).
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