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Abstract—In the paper, the explicit form of distribution function for the lengths of arcs connecting neigh-
bouring rational points on the unit circle whose denominators do not exceed given value, is given.
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The aim of this paper is the investigation of the dis-
tribution of the rational points lying on the unit circle.
Let us introduce the necessary notations.

Suppose that =2 and let (x,,y,), = 1,2, ..., N, be
all the points of the unit circle whose coordinates are
positive irreducible fractions with the denominators
not exceeding Q and ordered in accordance with the

increment of the value @, = arctan Ve, Further, let
X

0,=¢,—¢,_;,where 2<r< N. Finalfy, suppose that
t > 0 is any fixed positive value and denote by W(Q; ?)
the number of pairs of neighbouring points (x, _, ¥, _),

(x,, y,) that satisfy the inequality 0, < é The main

result is the following

Theorem. For any fixed t > 0 and Q — +oo one has

n@;n = [ nvav + o),
T 0

where T =0”°(nQ)"”,

the implied constant in O-symbol depends on t and the
continuous function h is defined as follows:

hv)=0 for 0<v<A2

! The article was translated by the authors.

@ Steklov Mathematical Institute, Russian Academy
of Science, Moscow, Russia

b Pacific National University, Khabarovsk, Russia

¢ Division of the Institute for Applied Mathematics, |
Far Eastern Branch, Russian Academy of Sciencess,
Khabarovsk, Russia

* e-mail: korolevma@mi.ras.ru
** e-mail: ustinov.alexey @gmail.com

321

hv)=v>Qlnv—1In2) for V2<v<2;
hv)y=v>(4Inv-3In2) for 2<v<4
h(v)=v>Q2Inv —4In( +V1—4v"") +In2)
for 4<v<n2+2
hv)=v>Qlnv—1n2) for 22+2<v<§;
h(v) =v > (11In2 =2Inv —8In(1 + V1 —8v "))
for 8<v<32+4
h(v)=v>(4In2 —4In(l+V1-8v"))
Jor v >3V2+4.

Remark. One can prove that the number N = N(Q)
of points (x,, y,) satisfies the relation N(Q) = Q +
T

O(@an) as 0 — +oo. Hence, the formula for W(Q; #)
can be expressed in the form

Wo;n =N (Q)I h(v)dv + O(T).
0

In what follows, we give the sketch of the proof and
the necessary auxiliary assertions.

The coordinates (x, y) of all rational points of the
unit circle with the conditions x > 0, y > 0 have the
form

_b-a _ _2ab
a + b at + b’
where 1 < a < b — 1 are any positive integers such that
(a, b) = 1. If a, b have different parity then the fractions
(1) are irreducible; if a, b are both odd numbers, then
the greatest common divisor of the numerator and the
denominator of any such fraction from (1) is equal to 2.

X

(1)
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Suppose that Q > 2 and consider the following
series of the irreducible fractions a/b ordered in the

increasing order and satisfying the conditions a* + #*< Q,
1 <a<b— 1. Inserting the fractions% =0, % =1, we
denote the resulting series as F .

The series F , is the analogue of the classical Farey
series Fp= {%, 1<a<b< 0, (a,b)= 1} and has similar

properties. In particular, the series %, can be con-
structed form % , ;| by inserting all the possible medi-

ants ba +2 with the condition (a + ¢)2 + (b + d)?< Q
+

between neighbouring fractions 5 < g. Moreover, the

neighbouring fractions € < 2 6f the series F o satisty

the equality ad — bc = 1.

Therefore, all the rational points (x, y) of the unit
circle such that x , y > 0 whose denominators do not
exceed Q are given by (1) when a and b run through the
natural numbers satisfying to one of the following con-
ditions:

(@ (a,b)=1,1<a<b—1,a>+b*<Q;

(®)(a,b)=1,1<a<b—1,a,b=1(mod2), 0<a*+
b* <20, that is, the conditions

(a)%e F o
(b) % € F,0\F . a, b= 1 (mod2).

Denote by @, the series of irreducible fractions g’
ordered in the increasing order and satisfying to one of
the conditions (a), (b). If €< ;—; are neighbouring frac-

tions in @, then one can show that the quantity 0=ad—
bc has only two values, namely 1 and 2. By (1), we have

>,

1+ (‘—’)2’
b

hence, x and y are strictly monotonic functions of the

2 b
1+ (‘—2)
b
fraction ‘Zz. Therefore, there is one-to-one correspon-

dence between neighbouring fractions €<l D,

and neighbouring points (x,, y,), 1 £r < N. Thus, the
initial problem is reduced to the determining of the
corresponding distribution function for the series @,

For the below, the set of pairs €<l neighbour-

ing fractions of the series @, split into 3 families 4, B,
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C according to the number of the fractions in the pair
(2, 1 or 0) lying in the series % ,. Next, it is convenient
to split some of these families to the classes and sub-
classes. Namely, the family 4 consists of the classes A4,
A,, A; that correspond the following conditions:

et b ¢ F:
D g ® T
2) Z +CC[ € F,p, but the numerators and denomi-
+
nators of all mediants of the form M, ,q =1,
pb+qd

P, q = 1, inserting between f—l and %, have different par-
ity;
(3

atc
b+d

above form inserting between € and 2 have odd

€ ¥y, and some of mediants of the

numerators and denominators, but all such mediants
do not belong to ¥ ,,.

Further, the family B consists of the classes B, and
B, that satisfy the conditions ad — bc = 1 and, conse-
quently, ad — bc = 2. Finally, the family C consists of
the single class denoting by the same letter.

The classes 4, and A; split into subclasses 4, |, 4, ,
and A; ,, A, ,, that satisfy the conditions

c<a, d<b, cd=1(mod2),

alc, b<d, ab=1(mod2),
and, consequently

c<a, d<b, ab=1(mod2),

alc, b<d, c,d=1(mod2).

Similarly, the classes B, and B, split into subclasses B, |,
B, ;and B, |, B, ,, satisfying the conditions

e F,)\F, (for B, and B,)),

S

;;le %, (for B, and B,,).

The following assertions allow one to find the
numerator and the denominator of neighbouring frac-
tion to given fraction from @,

Lemma 1. The following assertions hold true.

I % € ¥, then i is the neighbouring fraction to

2 in @, and the pair (Q; %) belongs to the class X if, and
only if the following conditions are satisfied:

ad = (modb), ¢ :@,

D, <d<D, D,=bf,+“—§,

DOKLADY MATHEMATICS Vol. 98 No.1 2018
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where
R
R
flab)= @,
R
d=1jforX=A,;

1
f(ab) = max( /%—F—lj,

. 1 2 1
sty =i (- B}

& =1for X=A, ,, and in this case we necessary have a,
b=1mod2

_ o_1_ Q_L_l
fl(a,b)—maXE\/R 2 1\/2R 2 2),

. 20 1
fab) = mln(l, /?Q_P_lj’

=1 for X= A;_,, and in this case we necessary have a,
b=1 (mod2);

l 2 1
fi(a, b)—max(\/Q — TQ 1?_2)’

2 1
ﬁ@m:-ﬁ—ﬁ,

& =1 for X= B, ,, and in this case d =y (mod2b);

1
ﬁ@@=%%—;—h

fla,b) = mm(\/zlg—i 2\/£_L_lj

R VR R
8=2 forX=B, ,, and in this case d=" (mod2b); (here
R=a?+ b2, and y=y(a, b) denotes some numbers such
that (7Y, 2b) = 1, different in different relations, in gen-
eral).

Q) If 5 € %, then % is the neighbouring fraction to

Cin @, and the pair (5; %) belongs to the class Y if, and

only if the following conditions are satisfied.

be = -§(modd), a =29
d
B <b<B, B—dg,+%

where the expressions for the functions g, = g.(c, d) are
obtained from the expressions for f(a, b) by the replace-
ment a to ¢, b to d, that corresponds to the class X= A, ,
Jor Y=A, , to the class X= A , for Y= A; ,, o the class
X=B, for Y= B, ,and Y= B, |, to the class for X =
B, . In the case X = Ay 5, Ay, the conditions a, b = 1
(mod 2) are replaced byc d=1 (mod2) for Y= A4, 1,A3 2

DOKLADY MATHEMATICS Vol. 98

No.1 2018

323

and the condition d =y (mod 2d), by the condition b =y
(mod 2d), where Y = Y(c, d) are some infegers coprime
to 2d and different in different relations, in general.

) If % € Fo\Fy, then 5 is the neighbouring frac-

tionto % in @, and the pair (g; gl) belongs to the class C
if, and only if the following conditions are satisfied: a, b= 1
(mod 2), ad=2 (mod b), wherec=99=2 p <4<D,

Dya,b)=2b L - L 420
4R R R
Dy(a,by = 2b 2 — +2—“,
2R R

R=a?>+ b?, and d =y (mod2b), where (y,2b) = 1.
Let @', ¢" be the angles of inclination of the lines
connecting the origin with the points (1) of the unit

circle corresponding to the neighbouring fractions
from ®, Then

2cd

, 2ab
tan@' = , =49
¢ d’-c*

tan@" =
b —a

B

and hence, setting 0 = ¢@" — @' we get tan(g) =
)

ac+ bd o
the arc lengths 0 reduces to the derivation of the

. Thus, the investigation of the distribution of

asymptotic for the number of pairs (2 %) such that

o
ac + bd

< é, where 7 > 0 is any given quantity.

S

Denote A = =, x = AQ; then the above condition is

t
written as follows:
ac + bd > x. ()

Let W(Q, A) be the number of pairs (2 ;

ing to (2) and belonging to the class X,, where X; = 4|,
X, _Az X _Az 2,X4—A3 1> Xs _A3,2’X6=Bl, » X7 =
By 5, X3 =B, 1, Xo= B, », Xm C.

In the cases r =1, 3, 4, 7, 9, the condition (2) has

the form d > bx +ad ,R=

a .
=], satisfy-
b) y

= g2 + b? and in the cases r =

2.5, 6, 8 has the form b > dx—]‘e‘ﬁ, R=c+ . Con-

sequently, the accessory conditions to the given class
(sub-class) together with (2) are obtained from the for-
mulas of Lemma 1 by inserting into the signs of maxi-

mum in the expressions for f;, g, the quantity% (or by

the replacement f;, g, by the maximum of two quanti-
ties in the cases of classes (sub-classes) 4, B, ,, B, |,
and C).
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Transforming W,(Q, A) by Lemma 2 and Theorem 1
from [1] we arrive at the following assertion.

Lemma 2. For any fixed A > 0 and Q — +o° one has

W.(Q.M = K,.j.N@©Q) + O(T),

where X, =%, K,=% for2<r<7, K,=i for8<r<10,

the implied constants in O-symbols depend on \,
¢
J\) = I[hl(u) < )] - (hy(u) — hy(u))du,
0

E=1for1<r<9,&=12forr=10,

(1) = max («5 — u,&), hw=1 for r=1
u

h(u) = max (u,l - u,7—”),

u
() =min0,N2-u) for r=23;
h(u) = max(l — u,% - %,%),
h(u) = minw,N2 —u)  for r=45

h(u) = max(l,ﬁ ~u, &),

u

hw)=v2  for r=67,

h(u) = max (2 - u,7—”),

u
() = min(N2,2¥2—u)  for r=8,9;
(1) = max (1, &),
u
h(u) = 2 for r=10,

and the value [A] is equal to one if the condition A is true
and equal to zero in the opposite case.

Denoting by W(Q, L) the number of neighbouring

pairs from the series ®, such that tan(g) < L, by

10

Lemma 2 we get:

W(Q,1) = j(MNQ) + O(T),

KOROLEYV, USTINOV

where j(\) = %1'10») + /50 + 5V + (V) + éjgm) +

PN oy i B 0
2110(7») J; fydu, f(u) j'(\). Since 5 < tan(2) <
0

5 +03for0<0< g, then the number V(Q, A) of neigh-

bouring pairs from ®, with the condition 6 < XL sat-

isfies the inequalities

W(Q,M) SV (Q,M) < W(Q,v),

v=A+0\"'07).
Since the function j'(A) is continuous, setting ¢ = %,
we get:
WQ; ) =V(@Q,A) = jJ(MN(Q) + O(T),
where

i) = j Fu)du = j By, h(v) =2v 2oV,
0

2/t

The initial assertion follows now from the explicit
expressions for the function f, that can be obtained by
direct calculation of the quantities j(A) in Lemma 2.

Remark. It is interesting to compare the formulas of
the theorem with the results of [2] and, in particular,
with the formulas of the Corollary 0.4 of Theorem 0.3
for the distribution function of the angle between the
neighbouring segments connecting the origin with the
primitive points lying inside the disk of unboundedly
increasing radius.
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