
XIII Äàëüíåâîñòî÷íàÿ ìåæâóçîâñêàÿ îëèìïèàäà ïî ìàòåìàòèêå

Õàáàðîâñê � 2011

Çàäà÷à 1. Ïóñòü M � ìíîæåñòâî, ñîñòîÿùåå èç 2013 ïàð âåùåñòâåííûõ ÷èñåë, òàêîå
÷òî åñëè (x, y) ∈M, òî è (−y, x) ∈M. Äîêàçàòü, ÷òî (0, 0) ∈M.

Ðåøåíèå. Ïóñòü (x, y) ∈M. Òîãäà (x1, y1) = (−y, x) ∈M è (x2, y2) = (−y1, x1) =
= (−x,−y) ∈M. Ïîýòîìó ëþáîé íåíóëåâîé ïàðå (x, y) ñîîòâåòñòâóåò äðóãàÿ ïàðà (−x,−y).
Òàê êàê êîëè÷åñòâî ýëåìåíòîâ ìíîæåñòâàM íå÷�åòíî, òî ñóùåñòâóåò ïàðà äëÿ êîòîðîé (x, y)
ñîâïàäàåò ñ (−x,−y); òî åñòü x = −x è y = −y. Ïîýòîìó (0, 0) ∈M.

Çàäà÷à 2. Ïóñòü rk(x) = sign
(
sin
(
2k+1πx

))
, ãäå x ∈ [ 0, 1], k = 0, 1, . . . .

Äîêàçàòü, ÷òî
1∫

0

rn(x) rm(x) dx =

{
0, åñëè m 6= n;

1, åñëè m = n.

(Åñëè x < 0, òî signx = −1; åñëè x = 0, òî signx = 0; åñëè x > 0, òî signx = 1).
Ðåøåíèå. 1) Åñëè m = n, òî rn(x) rm(x) = r2n(x) = 1, çà èñêëþ÷åíèåì êîíå÷íîãî ÷èñëà

òî÷åê x. Ïîýòîìó
1∫

0

rn(x) rm(x) dx =

1∫
0

r2n(x) dx = 1.

2) Ïóñòü òåïåðü m 6= n è n < m, m = n + l. Ôóíêöèÿ rk(x) ïîñòîÿííà íà èíòåðâàëàõ(
a

2k+1
,
a+ 1

2k+1

)
, ãäå a = 0, 1, 2, . . . , 2k+1 − 1. Åñëè x =

a

2k+1
+ y, ãäå 0 < y <

1

2k+1
, òî

sign
(
sin 2k+1π x

)
= sign

(
sin
(
π a+ 2k+1π y

))
= (−1)a .

Çíà÷èò, íà ñîñåäíèõ èíòåðâàëàõ òàêîãî âèäà ôóíêöèÿ rk(x) èìååò ðàçíûå çíàêè. Ïîýòîìó

a+1

2n+1∫
a

2n+1

rn(x) rm(x) dx = (−1)a
a+1

2n+1∫
a

2n+1

rn+l(x) dx = (−1)a
2l−1∑
b=0

a
2n+1+

b+1

2n+1+l∫
a

2n+1+
b

2n+1+l

rn+l(x) dx =

= (−1)a
2l−1∑
b=0

(−1)b 1

2n+1+l
= 0.

Ñëåäîâàòåëüíî,
1∫

0

rn(x) rm(x) dx =
2n+1−1∑
a=0

a+1

2n+1∫
a

2n+1

rn(x) rm(x) dx = 0.

Çàäà÷à 3. Ïóñòü a è b � âåùåñòâåííûå ÷èñëà. Êàêîå íàèáîëüøåå ÷èñëî âåùåñòâåííûõ
êîðíåé ìîæåò èìåòü óðàâíåíèå ex + ax+ b = 0?

Ðåøåíèå. Ïðèìåð óðàâíåíèÿ ex − x − 2 = 0 ïîêàçûâàåò, ÷òî ìîæåò áûòü äâà êîðíÿ.
Äîêàæåì, ÷òî áîëüøå êîðíåé áûòü íå ìîæåò. Ïðåäïîëîæèì ïðîòèâíîå. Ïóñòü èñõîäíîå
óðàâíåíèå èìååò áîëåå äâóõ êîðíåé. Òîãäà ôóíêöèÿ f(x) = ex + ax+ b èìååò äâà ñîñåäíèõ
èíòåðâàëà çíàêîïîñòîÿíñòâà, íà êîíöàõ êîòîðûõ îíà ðàâíà 0. Ñëåäîâàòåëüíî (ïî òåîðå-
ìå Ðîëëÿ), íàéäóòñÿ äâå òî÷êè, â êîòîðûõ ïðîèçâîäíàÿ f ′(x) = ex + a ðàâíà íóëþ. Íî
óðàâíåíèå ex + a = 0 èìååò íå áîëüøå îäíîãî êîðíÿ. Ïîëó÷èëè ïðîòèâîðå÷èå.

Îòâåò. 2 êîðíÿ.
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Çàäà÷à 4. Âåðøèíû âûïóêëîãî ìíîãîóãîëüíèêà M íàõîäÿòñÿ â óçëàõ (òî÷êàõ (m,n)
ñ öåëûìè m è n) öåëî÷èñëåííîé ðåø�åòêè íà êîîðäèíàòíîé ïëîñêîñòè. Êàæäàÿ âåðøèíà
ìíîãîóãîëüíèêà M çàìåíÿåòñÿ íà 4 ñîñåäíèå (ïî âåðòèêàëè è ãîðèçîíòàëè) òî÷êè â óçëàõ
ðåø�åòêè. Ìíîãîóãîëüíèê M ′ åñòü âûïóêëàÿ îáîëî÷êà âñåõ ïîëó÷åííûõ òî÷åê (ò. å. íàè-
ìåíüøèé âûïóêëûé ìíîãîóãîëüíèê, ñîäåðæàùèé âñå ýòè òî÷êè). Ñêîëüêî òî÷åê ðåø�åòêè
áóäåò ëåæàòü íà ãðàíèöåM ′, åñëè íà ãðàíèöå ìíîãîóãîëüíèêàM ëåæàëî P òî÷åê ðåø�åòêè?

Ðåøåíèå. Ïðîâåä�åì îïîðíûå ïðÿìûå ê ìíîãîóãîëüíèêóM , ïðîõîäÿùèå ïîä óãëîì 450

ê îñÿì êîîðäèíàò.

M

M ′

Ïîñëå ïåðåõîäà ê ìíîãîóãîëüíèêó M ′ îòðåçêè ãðàíèöû ìåæäó îòðåçêàìè íà îïîðíûõ
ïðÿìûõ ïåðåéäóò â íîâûå ñ òåì æå ÷èñëîì öåëûõ òî÷åê, à íà îñòàëüíûõ äîáàâèòñÿ ïî
îäíîé òî÷êå.

Îòâåò. P + 4.

Çàäà÷à 5. Ïóñòü
A0 =

(
2n−1, 2n−2, 2n−3, . . . , 21, 20

)
,

A1 =
(
20, 2n−1, 2n−2, . . . , 22, 21

)
,

A2 =
(
21, 20, 2n−1, . . . , 23, 22

)
,

. . .

An−1 =
(
2n−2, 2n−3, 2n−4, . . . , 20, 2n−1

)
� n-ìåðíûå âåêòîðû, è äëÿ íåêîòîðûõ âåùåñòâåííûõ x0, . . . , xn−1

(y0, . . . , yn−1) = x0A0 + x1A1 + · · ·+ xn−1An−1.

Äîêàçàòü, ÷òî max
{
|y0|, . . . , |yn−1|

}
> max

{
|x0|, . . . , |xn−1|

}
.

Ðåøåíèå. Ïóñòü x0, . . . , xn−1 � ïðîèçâîëüíûé íàáîð âåùåñòâåííûõ ÷èñåë, îäíîâðåìåí-
íî íå ðàâíûõ íóëþ è |xk| = max

{
|x0|, . . . , |xn−1|

}
. Òàê êàê

yk =
∑

06l<k

xl 2
n−1−k+l + xk 2

n−1 +
∑

k<l6n−1
xl 2

l−k−1,

òî |yk| > |xk| 2n−1 − |xk|
n−2∑
l=0

2l = |xk|.
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