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1. (2 points) For any square matrix A, we can define sin A by the usual

power series:
A2n+1

sin A = Z )" 2n+1)

Find sin A for A = ( ry )
0 =z

sinx ycosx
0 sinx /)’

Solution. A direct computation shows that sin A = <
2. (3 points) You add two random 20-digit base-2 numbers a = (ajg, . . ., ag)2
and b = (bg,...,bo)2 (leading zeroes are allowed). What is the probability
to have a carry of 1 from the last column (with aj9 and byg)?

Solution. Let p, be a probability to have a carry of 1 from the nth
column. Then py = 1/4 and

Prn
+2.

1 1 1 1 1
i1 = —-00+0]+-=-p,0+1]+—--p,[1 +0] +-[1+1] = -
P =700+ 0]+ 7 - pal0+ 1+ 5 -pall 4 0]+ 5141 =
The solution of this recurrence is p, = l inﬁ In particular p;g = % 53T -
Second solution. We have a carry of 1 from the last column iff ¢ + b >

220 The number of such couples is

2201 1
40
N = Za—2 ( 221)‘

So the probability to have a carry of 1is pjg = N/2%0 = £ — 7.

1
921

3. (3 points) Let f(z,y) be a polynomial with real coefficients. Can f(z,y)
satisfy following two conditions:

(1) inf(, yere f(2,y) =0,

(2) V(z,y) € R? the value of f(x,y) is strictly positive, i.e. f(z,y) > 07

(Give a proof or counterexample.)

Solution. f(x,y) = (1 — xy)? + z2.
4. (4 points) Find all pairs (p, q) of positive integers such that p?°'7 + ¢ is
divisible by pq.

Solution. It is clear that p | g. Hence g = goo17p. Substituting this gives
gorrp? | PO+ 2V, 50 gaorrp | [p2 4 g2, Tt means that p | gaorr and



¢2017 = PGa016- Continuing down we would have ¢ = ¢;p*°'7 and pq; | 1 + .

From this condition follows that either p = 1 or p = 2. In both cases ¢; = 1.
Answer: (1,1) and (2,22017),

5. Let f be a function on [0, 00), differentiable and satisfying

f'(x) = =3f(x) — 6f(2x)

for x > 0. Assume that |f(z)| < e * for x > 0. For n a nonnegative integer,
define p1, = [;° 2" f(x)dz (the nth moment of f).

(a) (3 points) Express p, in terms of py.

(b) (2 points) Find the limit lim £z . %

T
Nn—00 n

Solution. By the definition

fin = /0 00(2x)nf(2x)d(2x) = /0 OO(Qw)"_Sf @:)3— @) g =

— 2y — = [ 2 f(@)de = =2+ = [ na" T f(x)de = —2"p, + .
3 Jo 3 Jo 3
Hence
1 Cnlyp 1
Hn = 3 1 + 2_n,un—17 Hn = 3n i 1 + 2_kNO'

From the last formula follows that

n

P 3" 1
o n! —]}_[11—1—2—’“'

This product is well-defined because it converges absolutely.

6. (4 points) Formal power series f(2) = c¢g + 12 + c22% + . .. satisfies the
functional equation

[ f(z)== (2 #0).

Find the coefficients ¢y, ¢, co.

Solution. From the expansion f(2)7'In f(z) = ¢;'Incy + O(z) follows
that ¢o = 1. In this case f(2) " In f(2) = ¢;2+0(2?), so ¢; = 1. The coefficient
¢ can be calculated in the same way. From the formula f(z) ‘In f(z) =
z+ (o —t — 1) 22 + O(2*) follows that c; = ¢ + 5. The general formula is

(tk+1)k—1
k!

. The series f(z) is known as generalized exponential series.



