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Çàäà÷à 1. Ïóñòü A � íåâûðîæäåííàÿ âåùåñòâåííàÿ ìàòðèöà ðàçìåðà n × n è At �
òðàíñïîíèðîâàííàÿ ê íåé. Ïðåäïîëîæèì, ÷òî A+At � íóëåâàÿ ìàòðèöà. Äîêàæèòå, ÷òî n
� ÷¼òíîå ÷èñëî.

Äîêàçàòåëüñòâî. Òàê êàê detA = det(−At) = (−1)n detA, òî n � ÷¼òíîå ÷èñëî.

Çàäà÷à 2. ÏóñòüN(a, b) � êîëè÷åñòâî âñåõ ðàçëè÷íûõ âåùåñòâåííûõ êîðíåé óðàâíåíèÿ

f(x) = x2016 + ax+ b = 0

îòíîñèòåëüíî íåèçâåñòíîé x. Íàéäèòå ìàêñèìàëüíîå çíà÷åíèå N(a, b) ïî âñåì âåùåñòâåí-
íûì a è b.

Ðåøåíèå. Ïðåäïîëîæèì, ÷òî N(a, b) ≥ 3 è x1 < x2 < x3 � êîðíè óðàâíåíèÿ. Òîãäà ó
ïðîèçâîäíîé

f ′(x) = 2016x2015 + a

íàéäóòñÿ äâà êîðíÿ â èíòåðâàëàõ (x1, x2) è (x2, x3). À ýòîãî íå ìîæåò áûòü èç-çà ìîíîòîí-
íîãî âîçðàñòàíèÿ ïðîèçâîäíîé. Ñëåäîâàòåëüíî, N(a, b) ≤ 2. Ïðè ýòîì N(−1, 0) = 2.

Çàäà÷à 3. Äîêàæèòå, ÷òî íå ñóùåñòâóåò:
à) ôóíêöèé f1, g1 : R→ R, òàêèõ ÷òî äëÿ ëþáûõ âåùåñòâåííûõ x è y

x− y = f1(x)g1(y);

á) ôóíêöèé f1, g1, f2, g2 : R→ R, òàêèõ ÷òî äëÿ ëþáûõ âåùåñòâåííûõ x è y

(x− y)2 = f1(x)g1(y) + f2(x)g2(y);

â) ôóíêöèé f1, g1, . . . , fk, gk : R→ R (k = 1, 2, . . . ), òàêèõ ÷òî äëÿ ëþáûõ âåùåñòâåí-
íûõ x è y

(x− y)k = f1(x)g1(y) + · · ·+ fk(x)gk(y).

Äîêàçàòåëüñòâî.

Ïîëàãàÿ y = 0, 1, . . . , k ïîëó÷èì ñèñòåìó èç k + 1 ëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî k
íåèçâåñòíûõ f1(x), . . . , fk(x). Òàê êàê ìíîãî÷ëåíû

xk, (x− 1)k, . . . , (x− k)k

� ëèíåéíî íåçàâèñèìû, òî ñèñòåìà íåðàçðåøèìà.

Çàäà÷à 4. Ïóñòü f : R → R � áåñêîíå÷íî äèôôåðåíöèðóåìàÿ ôóíêöèÿ, äëÿ êîòîðîé
f(0) = 1 è f(2x) = f 2(x) ïðè ëþáîì âåùåñòâåííîì x. Äîêàæèòå, ÷òî íàéä¼òñÿ âåùåñòâåí-
íîå a, äëÿ êîòîðîãî f(x) = eax.

Äîêàçàòåëüñòâî.
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Ïîëîæèì g(x) = f(x)e−f
′(0)x. Äëÿ ýòîé ôóíêöèè g(0) = 1 è g′(0) = 0. Ïîýòîìó g(x) =

1 + θ(x)x, ãäå θ(x)→ 0 ïðè x→ 0. Î÷åâèäíî, ÷òî g(2x) = g2(x) è ïðè ýòîì
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Íàïîìíèì, ÷òî äëÿ ëþáîãî y
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Ïîñêîëüêó θ(x · 2k)→ 0 ïðè k →∞, òî
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Òî åñòü, f(x) = ef
′(0)x.
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